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ABSTRACT : We study the asymptotic behavior when t »+ of viscosity solutions
to the Cauchy problems for first-order Hamilton Jacobi Equations. Our results
- concern the existence and the nature of the limit as also some estimates on the
rate of convergence. C ‘
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RESUME: Nous étudions le comportement asymptotique lorsque t »+= des soiu-
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ASYMPTOTIC BEHAVIOR OF VISCOSITY SOLUTIONS OF

FIRST ORDER HAMILTON JACOBI EQUATIONS :

G. Barles.

Introduction.
We consider here the following problems

%% + H(x,t,u,Du) = O in @ x (0,®)
(D

u(x,0) = uo(x) in Q, ux,t) =p(x,t) on 23 x (0,®)

'

. N . . .
where § 1is any open subset of R , H(x,t,r,p) 1is a given continuous
function which is called the Hamiltonian, uo and ¢ are given functions
(initial and boundary conditioms). When we take Q = ZRN , there is no

boundary conditions.

In this work, we are interested in asymptotic behavior when ¢t + +
of viscosity solutions of (1). Our results extend or complement those '
obtained by S.N. Kruzkov [7,8 ] or P.L. Lions [9 ]. Before detailing
these reéults, let us mention that a complete preseﬁtation of the notion
of viscosity solution may be found in M.G. Crandall and P.L. Lions [4 ],
M.G. Crandall, L.C. Evans and P.L. Lions [3 ] or P.L. Lions [9 ], and that
existence results for (1) may be found in P.L. Lions [9,10 ], M.G. Crandall

and P.L. Lions [5 ], P.E. Souganidis [11 ] and G. Barles [1,2 1.



¥

. N . .
In section I, we treat the case when Q =R |, u, 1s uniformly

continuous and H depends only on p . This section contains two parts.
. N

In the first part, we assume that H(p) 2 H(0) = 0 in R ; we prove

that if there exists v a uniformly continuous viscosity solution of

HOV) = 0 in R

such that u,-v is bounded from below, then u(x,t) converges when

tt 4o to u which is the maximum viscosity solution of :
. o

H(Dw) = 0
(2) in R
0w < u
This result extends the one proved by P.L. Lions in [9 ] where u  was
supposed to be bounded (and so one can take v = 0 ). In the second part,
we assume that the gradient of u, is bounded. We describe the behavior
of u(x,tj when t 1 +o under assumptions which concern the behavior of

Du_(x) when |x| > +~ and the differentiability of H .

In section II, we complement the result obtained in the first part
of section I by giving some estimates on the rate of convergence of u(x,t)
to u _(x) . These results are obtained essentially under assumptions which
concern the shape of the zeros of H , the behavior of H and u, -
In this part, an essential tool is the Oleinik-Lax formula (cf. P.L. Lions

[9D.

In section II1I, we consider the case when #]RN . We give two
kinds of results : first when § is convex, H depends only on p , is
continuous positive and H(0) = 0 and if (1) has a viscosity solution u ,

we give results of the same sort as in section II. Let us just mention that



we also need some assumptions on the boundary condition ¢ and particularly
an assumption on the rate of'convergence'of ¢ when t t 4o , Then we

treat the case of general Hamiltonians and general domains : we prove that,
if there exists a viscosity solution u of (1) and under assumptions
concerning the convergence of H when t t 4o and on its dependence on

r, qm(x) = lim u(x,t) exists and we give some estimates on the rate
tt o
of convergence.

The methods used in this paper are the classical methods uéed in
the study of viscosity solutions of Hamilton Jacobi equations : here it
is essentially the building of convenient viscosity sub- and super-solutions,
the Olein;k-Lax formula and the use of comparizon results for viscosity
solutions. We refer the reader to the bibliography for details on such

results and methods.
The plan is as follows :

I . Asymptotics in IRN : general results.,

I.1 Results for nonnegative Hamiltonians.

I.2 Some results for lipschitz initial conditions.

II . Asymptotics in ]RN : some estimates on the rate of convergence of u

to u .
©

III . Asymptotics in bounded or unbounded domains :

III.1 The case of convex domains.

111.2 One result on general domains.




I . Asymptotics in rY : general results.

We denote by UC(0) (resp. BUC(0) ) the space of uniformly continuous
functions in ( (resp. bounded uniformly continuous). Let u € UcaRNx(o,oo))

the unique viscosity solution of :

Jdu N

— + H(Du) = 0 in R

3t x (0,x)

(3)
u(x,0) = uo(x) € UCGRN)

where H 1s continuous.

Our aim is to obtain general results on the behavior of wu(x,t)

when t 1 +o ,

I.1. Results for nonnegative Hamiltonians :

Our result is the following :

Theorem I.!1 : Let H € C(IRN) and u, € UCORN) such that H(p) = H(0) = 0 .
Assume that there exists v € UCGRN) viscosity solution of

H(Dv) = 0 in ]RN

. . *
such that u,~vV 1s bounded from below, then u(x,t) converges in CGRN)

when t t +o to u_(x) which is the maximum viscosity solution of

(*) i.e. uniformly on compact subsets of RV .




2) - inm_.

Remark I.l1 : The positivity of H 1is quite necessary as one can see by

looking at the foilowing example :

au - _a_t_'l. = 1 0
3t~ 3x 0 in R x (0,»)
u(x,0) = 4sin(X)

then u(x,t) = sin(x+t) .

In the same way the existence of Vv 1is necessary. Indeed take
H(p) = |p| and u, not bounded from below ; them u is given by the

Oleinik-Lax formula :

u(x,t) = Inf (UO(Y))
ly-x| <t
and so u(x,t) +» —» when t t +o . Now it suffices to remark that every

viscosity solution of

I_Dv] =.0 in ]RN

is a constant: and so u,-v is not bounded from below.

Remark I.2 : This result generalizes those obtained by P.L. Lions in [9 ]
where u, is assumed to be bounded and so one can take v =0 . In.
theorem I.1, the existence of v ensured the existence of the maximal

viscosity solution of (2) which is automatic if u, is bounded from below.



Remark I.3 : The same result holds if we assume that H(p) < H(0) = O

in R' and v-u_ bounded from below. But in this case u converges to

u  which is the minimum viscosity solution of :
(-]

H(Dw) = O
in R

Now let us mention an important extension of theorem I.I.

Corollary I.l : Let HECCIRN) and u GUCGRN) satisfying lpu I
o o LQGRN)
Assume that there exists ‘v UC(IRN) viscosity solution of :
H(Dv) = Min H(p)
[p] < IlDuollw
so that u -v is bounded from below, then u(x,t) + [ Miill I H(p)-t
lp] < lpu
converges in C(lRN) when t 1 +o to the maximum viscosity °=
solution of :
H(Dw) = Min H(p)
lp| < l]Duollm
w S u, .
Remark I.4 : In the setting of remark I.3, the same result as corollary

I.]1 holds if we assume that there exists v € UCGRN) viscosity solution of

H(Dv) = Max H(p) in ]RN

lp| < lpu I



such that v-u = is bounded from below. Then u(x,t) + Max H(p)-t
N |p|.<llnudll°°
converges in ‘C(R ) to the minimum viscosity solution of : :

H(Dw) = Max H(p)
Ipl < fpu ll
. 0 ®

Z u
w = U

Many extensions of the same kind can be made, particularly if H 1is bounded.

Proof of theorem I.l : The proof is almost exactly the same as those given

by P.L. Lions in [9 ]. But we give the proof for the sake of completeness.
The proof consists in showing that wu(x,t) is compact in CGRN) . First
we prove that u-v is bounded from-below. Consider w(x,t) =

C=v(x) - |l (uo—v)—“ w 1is viscosity solution of :

&Y ’ .
%‘E" + HDW) = O in RY x (0,
Cw(x,0) .= v(x) - | (uo-v)-“

L ®")
and »w(x,O) < u(x,0) . So, by comparison results for viscosit;.y solution
(see [3 1, [41,151,161,[9]1), we have |

v(x) - | (‘uo-v)_" < . u(x,t)

L°@®Y)

Moreover, since H =0, we have

u(x;t) < u(x,s) < uo(x) ¥ x G]RN , ¥0<s St




So, we get : - I(uo—v)-llw< u(x,t)-v(x) < uo(x) - v(x) . Therefore, u-v

is bounded on compact subsets of ]RN uniformly with respect to t .

Now if p, denotes the modulus of continuity of 2z we are going

to prove that :

(4) p (M < p, (b , ¥h>0
-0

For that, it suffices to remark that for all h>0 and e E]RN , -|e| =]

u(x+hee , t) 1is viscosity solution of

-g—: + H(Dz) = 0 in R x (0,=)

z(x,0) = uo(x+h°e)
Then, by comparison results for viscosity solution (see [3], [4 ], [5],
[6] and [9 ]) we have :

I.Iu(x+he‘,t:)-u(x,t)ﬂ < uuo(x+he)-u°(x)l o N

L”®x(0,%)) L ®Y)

which gives (4). Then u(-,t) is compact in CC(RN) and so it exists a
sequence t_ t + such thavt u(-,tn) converges in CORN) (i.e. uniformly
- on compact subsets) to a continuous function u_ . But since u is
decreasing with respect to t , u(-,t) converges in CC(RN) to ixw

when t 1t o,
In order to prove that u_ is a viscosity solution of

HQu) = 0 in B

. let us give a different argument from the one in [9 ].
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By uniqueness result, we have W (x t) = u(x t+T) . NOWvlet"f“T.+gf :mT

converges uniformly on compact subset of IR X (0 w) to u_ (x) wh1ch is

H
1

viscosity solution of R .“.”",“’
Wit
2 4H02) = 0 in B x (0,m)

ot

z(x,0) = um(x)

by staBilit:y results for viscosity solutions. And so we have the result.
It remains to prove that u_ is the maximum viscosity solution of (2).
First we have to remark that there exists at least one solution for (2)
which is v - I (u -V)-"L“’QRN) . Now let @ a viscosity solution of (2),

W is viscosity solution of

'g—f-'* H(Dw) = 0

w(xso) = w(x)

Now by comparison result for viscosity solutions (see [31,1[4], [5 1, [6],
[9]) we have : wu(x,t) > w(x) and so u (x) 2upx) . This ends the proof
of Theorem I.1.
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We do not give The proof of Corollary I.] which is a straight forward
adaptation of the ideas of the proof of Theorem I.l1 in the setting of the
following remark :

Remark I.5 : This remark is due to M.G. Crandall and P.L. Lions [4 ].

Let u € UCQR" x (0,)) satisfy HIpul and let
o N
" . Tw x 0,
YEC R x (0,0) chen if (xo’,to) is a maximum (or a minimum) point

of u-y¢ , we have :

Ipw(x_,t )| < lpul .
° e I”®" x (0,))
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I.2. Some results for lipschitz initial conditioms :

In this part, we are interested in problems like

g-% + H(Du) =0 in BY x (0,
) .
u(x,0) = uo(x) ' in ]RN

where H is continuous and u_ is lipschitz and Duo(x) + p when

|%| » +o . The main result is the following :

Theorem I.2 : Let HE CCIRN) » differentiable at some p GIRN with
H'(p) # 0 . Let u, satisfy : A

6) Ibul . < +o
. ) oLmORN)V

(7 -[Duo(x) -p| = 0(|x|_a) , when |[x| + 4w, where a > |

and let u the viscosity solution of (5). Then, we have

(8) u(x,t) - pex + H(p)*t - u_ (ER) uniformly on compact subsets
of ]RN when t t +o , where u_ = lim (uo(x)-p-x) .
le -+ <00
Remark I.6 : A typical example is uo(x)‘ = pex and we know that u(x,t)

is given by

u(x,t) = pex = t-H(p) .

After the proof we shall give other comments on the assumptions.
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Proof of theorem 1.2 : First we prove the existence of u_ . Let us define

v by :

v(x) = uo(x) - p*x
By (6) and (7), it is easy to prove that there exists C €R such that :

v | < co(1 + [x|H7!

and thus v is Bounded on RN . We are going to estimate |v(x) - v(y)l

when |[x| and |y| + +o in order to prove that v converges as | x| + 4o .

Step 1 : y = Aex with A > 1 . We have :

1
j DV((+E(=1))x)« (A-1) +x dt
o]

[vAx)-v(x)| =

<

jl C(A-1) |x|dt

o I+ (t(-1+)x|®

We make the change of variable : s = (eQ=-D+1) | x| :

[Ax] .
vOx-v(x)| < f —Lds
x| 1+ [s]|®
Remark I.7 : Since the function s - 3 is integrable the quantity
1+s]

+ 0 when le ; +o .

IIAXI C ds

x| 1+]s]®

Step 2 : |y| = |x| . There exists a rotation R(8) such that :
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i . y = R(e)ox

1
J Dv(R(s8)x) * % (R(s6)x) ds

lv(y)-v(x)] =

1

C d

< J —C L Reso)W)| ds
o l+|R(se)x|a ds "

But I.:—s (R(s8)x)| = 6 , hence we have :

Ce21

v(y)=-v(x) <‘
| | l+|x|a

Now we can conlude : let y and x €ER" and assume |y| > |x| , then :

e o )] - e v

By steps | and 2, we can estimate the right-hand side by

+

|v(y)=v(x) | <

1 1

|yl - - -
vy -v(x)| < Jl IC(l+s°‘) ds +:21C(1+]x|%
X

This inequality (and remark I.7) proves that v has a limit when | x| + +
" denoted by wu_ .

Now we prove (8). We denote by z the function :
z(x,t) = u(x,t) - pex + H(p)-t - u,

We now observe the following : using step 1 and letting A + +o ye obtain

+00

(9 |z(x,0) | - |v(x)-u°°| < I C'(l-i»sm)-l ds
X
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and it is easy to prove that 2z 1is a viscosity solution of :

'g_z + H(Dz+p) - H(p) = O in BN x (0,»)

z(x,0) = uo(x) - prx - U

We are going to prove that :

lim z(x,t) =2 0
t T 4o

by constructing a convenient viscosity subsolution.

1]
Let us denote by ¥(x,t) the quantity (t:+l)B -1- g..I___P_Tg'gp; . x .

We have the following result :

+00
Lemma I.l : The function w(x,t) = - [ C(l*—]sla)-l ds is a
viscosity subsolution of Vix,t)
v . N
T + H(Dv+p) - H(p) = O in R x (0,»)

for some positive constants € and B, (¢ <1) .

Moreover, w(x,0) < z(x,0)

Let us complete the proof of Theorem I.2 by using the result of
Lemma I.l1 : by lemma I.l and using a comparison result for viscosity solution
(see [3], [41, 5], 161, [9]) we have

wix,t) < z(x,t)



?
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Therefore :

“lim  z2(x,t) > ~lim  w(x,t) = O
tF 4 . tt 4o

and it is easy to see that these limits are uniform on compact subsets of

N . .
R . In a similar way we prove that :

1im 2z(x,t) < O
t 4 4o

by using @ defined by :

A, oo -1
wix,t) = I : C(l+|s|a) ds
a;(xs t)

. = B - . 'H' .
where Qj(x,t) = (t+l) l‘+ € 5 (p) X ..

This ends the proof of theorem I.2.

Now we prove Lemma I.l.

'
First we prove w(x,0) < z(x,0) . Since = € H,( ) . x <e«|x| < |x]|,
H' (p)

we have
J#OO
]

H' (p) .
ETH (] ¥

and then, by (9) : w(x,0) < z(x,0) .

400
C(l+|s|a)-lds > Jl |3C(1"'|S|a)-ld3
x|

Now we prove that w is a viscosity solution of

N, Hv+p) - H(P) = O  in R x (0,

ot

Since w € CmCIRN x (0,»)) , it suffices to prove :

\
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%+umwm-ao>< 0

we have :
Du(x,t) = DP(x,t) * C (1+|p(x,t)]|*)"!

Since Dy(x,t) = - ell':l—',((p%% » we have

lpwl < ¢ . ¢ .
(-]

W , H(Dw+p) - H(p) . Using the fact that H is differen-

Now we compute 3t
(x,t) :

tiable at p , we have uniformly in

c-g(t+ B! _ C°€-IH'(p)i+ 0 [ - )

W
=7 + H(Dw+p) - H(p) =
at l+|w(x,t)|a 1+|w(x,t)|a ]+|¢|°’

Hence we have :

% + H(Dw+p) - H(p) = IC la (B(t:ﬂ)e"l - elH'(p)| +o ()
1+

- '
Let us choose € >0 such that ¢ ! o (g) <_|H_2£p0_| :

-g-‘t‘:-’ + H(Dw+p) - H(p) < |C |°‘ [B(t:+l)8-l - E_IH;_(.L)J.]
1+

, .
We choose B = inf [l , iz(m) and the proof is complete.

Remark I.8 : Looking at the proof, we can see that H'(p) exists and is -

different from zero is an essential assumption. And it is not surorising
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consider the case when H is convex, continuous and H'(p) = 0 then

we have :

H(p+q) - H(p) = H'(p)eq = O

If we denote by G(q) = H(p+q) - H(p) , G is convex continuous positive
and G(0) =.0 . In this case, the behavior of z(x,t) is described in
part A and may be quite different from the behavior of z described in

"this part.

Remark I.9 : Let us observe that if we add a "perturbation ¢ (€ DGRN)
for example) to u, s this does not-change the asymptotic behavior of

u(x,t) . It is a striking difference with the context of part A .

Remark I.10 : The assumption |Du°(y)-p| = o(ly]™ with a>1

when |y| + +o is necessary in order to have such a behavior. More
1,00, N

precisely, if H € wlocGR ) and if U, satisfy :
(10) IDu | < + o -
. o) ﬂwGRN)'
(1) |Du_ (x) - pex| = 0(]x|™® when |x| ++= , with o<1 .

Let u the viscosity solution of (5), then we have :

luG,t) -px+ tHE)| < ct™@sc  if a<1
or - \ : .'
lu(k,t) = pex + t H(p)] < C + Logt +¢C if a=1.

This result is optimal (for the exponent 1- 0) as one can see by looking

at some example like :
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u -u = 0 : in R x (0,®)
X
u(x,0) = I dsa
o l+|s|
X+t

ds

where u(x,t) = j
’ o 1+s|®

Let us briefly describe the ideas of the proof of this result. The

proof consists in estimating the function 2z given by :
z(x,t) = u(x,t) - pex + t H(p)

As in the proof of theorem I.2, z is a viscosity solution of

(32 + HDz+p) - B(P) = O in B x (0,)

z(x,0) = uo(x) - p°x

Using (10) and (11), we show easily that

c

[Dz2(x,0)| <
l+lx|a

and so |[z(x,0)| < Cllxll-é-t- c, -

Now since H € Wi;:GRN) and ||Dz||m <+ , z is respectively viscosity

sub- and supersolution of

(12) %E-- E-|Dz| = 0 in R x (0,)
(13) 2z, Ee|Dz| = 0 in R x (0,)

ot
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Now let us consider v viscosity solution of (12) with v(x,0) = z(x,O)‘

and v w‘riscosity éolution of (13) with- :vl(x,O) = z(x,0) . Using

comparison results for viscosity solutions, we have
14) v < z < vy

To conclude it suffices to use the estimate above on z(x,0) and the

Oleinik-Lax formula which gives 'V~l and v, (cf. remark II.4). Then :
inf (v, (x,0)) < z(x,t) < - inf  (v,(x,0))
ly-x| <Et S "~ |y-x| <Et
Therefore :

< z(x,t) S Cl(|x|+Et)l-a‘+ C

2

. Ly
- Cl(|x|+m,:) % -c 2

This ends the prodf.
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II . Asymptotics in R\ : some estimates on thé rate of convergence of

u to u .
B 2]

Our purpose is to give some estimates on the rate of convergence of u
to u when u, is bounded from below. Let us first remark that as in
[«+3
P.L. Lions [9 ], when H is convex or if {p | H(p) = 0} is convex, ‘u_

is given by :

(15) u (x) = Inf N [u (y) + sup (X'Y[P))
y ER H(p) = 0

(See P.L. Lions [9 ] for the proof of this claim).

So in all this section, we will suppose that C = {p | H(p) = 0}

is convex and we assume that ing u, = 0 (this is no loss of generality
' R
because when we change u_ in u_ - Infu , u is changed in u - Inf u_,
_ [} [o} ]RNO R o)
by the uniqueness result). We will also use the following assumptions and

notations :

(16) H(g) = A(d(q,0))" where A>0, v>0 and

d(q,C) = Inf (|p-q])
pEC

(17) A = {x€R'/ u (x) = 0}

(18) lu, o] < me]x|7B

x| for |x| =1

Remark II.l1 : When C = {0} , the only viscosity solutions of :
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HOV) = 0 in R"

are the constants and u, has to be bounded from below if u exists.

So in this case we do not lose any generality.

The results depend strongly on the shape of C and we list the

various situations in three different results.

Proposition II.1 : We assume C = {0} . Let H satisfy (16) with v =1 .

Then, u = 0 and :

(i) If A#¢ and if v> 1

0 < utx,t) < @A)V gy (e Y/

where y(v) = (lv'—l) VIV Ghile if A48 and v =1
u(x,t) = 0 when d(x,A) < At

(ii) If u satisfies (18) :
0 < u(x,t) < Bet Y

where y = - B[1+(B+l)(\)—l)]—1 and B is a constant which depends on

A,v,x,B.

Proposition II.2 : We assume that C is a neighborhood of 0 . Let H

satisfy (16) with v > 1 and assume that .

C D {x/ |x|]<e} , e>0 . Then :




22

1 oe u (x)y v/v-1
(1) If v>1: |u(x,t)-u (x)| < (At) 1/v-1 Y (v) [° ]
uo(X)
(ii) If v=12: u(x,t) = u_(x) for t=>
Aeg

Before giving the third result, let us give some notations and

definitions :

D = {e GIRN/ sup (e|p) = 0}
H(p)=0

Notice that if C 1is not a neighborhood of 0 , D is not equal to {0} .

Then we introduce E defined by :
E = A+D = {x/x=y+e , yE A, e €D}

Remark II.2 : If C = {0} , we have D =R and E =R" .

Proposition II.3 : We assume that C 1is not a neighborhood of O .

Let H satisfy (16) with v =1 and let u éatisfy (18), then we have

u =0 and :
o

(i) If A#¢@ and if x€E :

0 < u(x,t) < (At')ml/\)—l

vV (g () Vv if v>
u(x,t) = 0 when g(x) < At if v=1

where g(x) = Inf -{le~|> / e €D, x-e € A}

(ii) If A=@ or if x€E :
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0 < u(x,t) < Bt Y

where y = - B[ l+(B+1)(\)‘1)]-l

A,v,x, B.

and B is a constant which depends on

Remark II.3 : The above results extend or complement those obtained by
S.N. Kruzkov [7,8 ] or P.L. Lions [9 ] and are optimal as one can see by

looking at some examples. For instance, consider the following problem

a—‘é*‘l%lv*" in Rx (0,) , v>1
u(x,0) = |x|

The viscosity solution is given by the Oleinik~Lax formula :

u(x,t) = Inf (w (y,t))
y €ER

-v/v-1 ¢

where Y(y,t) = |y| + (v=1) v =1/v-1 Ix_y'\)/\)-l

Now let us take x > 0 ; then the infimum is achieved for y € (0,x)
because Y(~y,t) <y(y,t) if y <0 and \D(Zx—y,t) <Yy,t) if y>x.
So we have to compute the infimum on (0,x) of :

g+ (v=1) N A% B VAR (x_y)v/v-J
let us remark that, as u(x,t) -+ 0 when t 1 + s for t larger enough

we may only consider y such that y <% because Y(y,t) =2y . Then,

either the infimum is achievedin 0 or we have :
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oy
3y (y,t) = 0

So : ,
1= oy IV e tivl g

This implies : x-y = yt which is impossiﬁle for t larger enough, Then

the Infimum is achieved in 0 and

u(x,t) = (y-1) vjv/v-l 1/v-1 lxlv/\"l

This example shows that the first result of proposition II.1 is optimal.
The same kind of computation by taking H(p) = (d(p,B(0,1)))Y or
[e[&) |V with uw (0 = |x] or (1+]x])7B .

Remark II.4 : We have the same result if H is nohpositive and if
H(-p) = H(p) for all P EJRN . It suffices to remark that, if SH is the

semi-group associated to H » we have :
S_y(t) u, = = Su(t) (~uo) .

Remark II.5 : We shall often use .in the following the dual function of
F(q) = |p|“ (with v > 1), let us just recall that ¥ is given by :

F*(p) = sup o ((P(Q)-F(q)) = -y(v) lplv/v-l v>1)
q ER '

where y(v) = (v-l)-v-v/v-] » and if v a1 , we have

~ +o if |p| >1
F(p) = { ,
0 if |p| <1
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Proof of Proposition II.l : Since uo(x) 20 and since 0 is viscosity . .

solution of u, + H(Du) = 0 in IRN x  (0,2) , we have by comparison ;esults

for ‘viscosity solution (see [3],[4],[5] y(61,191)
0 < u(x,t)

Moreover by (16), u is viscosity subsolution of:

%% +Alpu]¥ = 0 in RN x (0,%)
(19) | |
‘ u(x,0) = u (® in BY

 then, if we denote by Y the viscosity solution of (19), we have by the

comparison result for viscosity solutioms :
' N
u(x,t) < u(x,t)

. . : . v Y Lo N, .
Now it suffices to over estimate u(x,t) . It is easy because u .1s given

by the Oleinik-Lax formula

if v=21:

(20) Yx,t) = Inf [uo(y) . oo an V] lx_ylv/v—lJ
y €ER .
if v=1:
@n © Y(x,t) =  Inf (3, ()

ly-x| <At

If A#@, let x €A such tl;gat |x-x | = d(x,A) . We take 'y =x_ . in (8)
't\x'(x,t) RS uo(xo) + P(v) (At‘.)_’l/\)-‘l | c)--'x|\)/\)-l
' o ‘
0
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which gives the first part of (i). And if At >'|x~x°|, we can take y = x

in (21) which gives the second part of (i).

1f A=¢ and if u_ satisfies (18), U satisfies :

(22) ?f(x,t) € Inf N (Mlyl-a + w(\)) (At)-l/v-l |x_y|\)/\"‘l)

y €ER

One has to compute an optimal "y" to take in (22). We give :

)
ly| ~ ¢

where & = (1 + (8+l)v(v-l))-.l . Then from (22) we have :
Yx,6) = o(e”PS
This ends the proof of proposition I.l.

Proof of proposition II.2 : The beginning of the ptoof is the same as in

the proof of proposition II.1. We have
0 < u(x,t) < U(x,t)

N, . . .
where u is the viscosity solution of

du v
3t + A(d(Du,C)) = q

u(x,0) = uo(x)
Notice also that, since u(x,t) * u_(x) , we have

(23) Cou (x) < u(x,t) < 't\x'(x,t)
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Since the zeros of H and d(+,C) are the same, u converges to u

when t 4§ +o by (fS)'and by (23), we have

. !

0 < u(x,t) -~ u (x) < ulx,t) - u (x)

We are going to estimate k(x,t) - u (x) . Since (d(-,C))v is convex U

is given by the Oleinik-Lax formula

Utx,t) =  Inf [uo(y) + sup o ((x-ylq) - Ac-(d(q,cn‘f]
: yER . q ER
"which is also : ’ .

n ‘ . . ,
u(x,t) = Inf o Sup . Sup (uo(y)+(x-y|q)-At|q-qolv)
yER q€R qOGC

" because d(q,C) = Inf |q-q°| .
q, €C

Now we are going to estimate uo(y)‘+‘(x-YIQ) - Ath—qolv . (This

is the basic argument of the proof)

u, () + Gyl - Atlamqyl¥ = u ) + eylo+Ge-yla-q)-A la-q "
Now, if .v>1 , we claim that we have :

u () + (x=y o) - Atla-q |V <
-l/v—llx_y!v/v—l

< u () + sup (x=y|g,) + Y(V)(AL)
q, €C _ ‘

And if v =1 , we have :
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if |y-x| €At :

u (y) + (x-ylq) - At]q-qolv < u (y) + sup (x-y Iqo) .
q, € cC :

Finally :
(24) 't\x'(x,t). < Inf N [uo(y) + sup _(x-quo) + w(V)(AC)-l/v-l .

y €ER q, €C

. ix-YIv/v-l] if v>

(25) i(x,0) < Inf [uo(y) + sup (x-quo)] if vo=]

ly-x| < at q, € C |

(o]

To conclude, it suffices to remark that we are only interested by the point

y such that :

Ho() ¢ swp (x-yfq,) + 9 Ao TV Vv u_(x)
c

9

- Then, y must satisfy

sup (x-quo) < u (x) - u,(y) < u, (x)
qo €EC

But B(0,e) CC, so the following inequalities hold

elx—yl S s;pc _ (x-y'qo) < uo(x)

9%
Finally :
: u_(x)
(26) [x-y| < =2
€

And the same estimate holds if ve,
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Using (26) in (24), we deduce :

'ﬁ’(x,t) < Ian uo(_y) + sg‘p (x-')tllqo)] +

y ER q, €C B '
1oy (uL(x)y v/v-l
v o 2]
. " u_(x)
Using (26) in (25), we obtain that u(x,t) = um(x) for t > 0 .
Ae

This ends the proof of proposition II.2:

We do not give the proof of proposition II.3 which is a straightforward

adaptation of the ideas of proofs of propositions IIL.l and II.2.
Let us finally mention a result when H(p) > A-ll"]v with v <1,

Proposition 1.4 : Let H satisfying : H(p) >A|p|v with v<1 , and
let u, € Wl’wCIRN) . Then u_=0 and we have :

(1) If AFB, un) =0 if >SEA g

(ii) 1If u, satisfies (18) : u(xv,t) ﬁO(t-B) .

Proof of proposition I.4 : ‘The idea of the proof is very simple : if
lpull <1, then lpul <1 and we have :
O o ) © :

[Dul”2

= |Du|
and we can apply the results of proposition II.I.

Remark II.6 : We must recall here that if u(°*,t) € Wl_ ’w(IRN) ,» the sub-
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and superdifferential of wu(.,t) at every. point of ]RN are bounded by -
Ipull .
©0

Now let u € W' CIR ) and let o defined by : a= ﬂDu ll .
Since H(p) > A|p| » by companson results for viscosity solut1ons (see
[31,0(4),0[5),(61,[9]) we have :

u(x,t) < 'ﬁ'(x,t)

where § is the viscosity solution in ]RN x (0,®) of :

Ju Vv
a—lé-l-AlDu] = 0

u(x,0) = ug (x)

Now we are going to estimate 1 . We consider u (ax), the viscosity solution
associated to A (x) = u, (ax) 1is u(ax sy O t) by a uniqueness result (see
[3],[4],[5],[6],[9]) Moreover, since we have :

n,
llDullm < IIDuQIIm

then V(x,t) = U (ox , a’t) satisfies ﬂDv" <1 . By remark II. 6, it is

clear that v is a viscosity sobsolutmn of :

au

3t + A|Du| =

(27)
U(X,O) C= uo(ax)

Let v be the viscosity solution of (27), we have by comparison results

for viscosity solutions (see 31,041, [51,[61,1[9D)
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Vix,t) < v(x;t)

So, we deduce :

u(x,t) < Ux,0) = ¥ [5.3\,] < v [55}
(0] (o] a o]

But if A# 9, uo‘(ax) =0 for xeﬁ-‘ then :

v(x,t) = 0 when t =2d [x . le\'] -Afl
and -

u(x,t) =0 ‘ when At=d(x,A) IIDuollolo-\’

Then if A = ¢ and u, "satisfies (18), we have
u(x,t) = BeEP

#

where B depends on A, x , B and “Duo“oo .
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III . Asymptotics in bounded or unbounded domains :

In this section, we are interested in the asymptotic behavior of
the viscosity solutions of two kinds of problems. First, in convex domains

Q , we consider the same type of problems as in section II :

%‘E. + H(Du) = O ) in @ x (0,»)
(28)

u(x,0) = uo(x) in @, u(x,t) =¢((x,t) on 9N x (0,)

H 1is a continuous positive function, H(0) = 0 . u, and ¢ are bounded

uniformly continuous function.

Then, we give a result, (in a non necessary convex domain) similar

to those obtained by P.L. Lions in IRN » for the following problem :

g—‘t‘- + H(x,t,u,Du) = 0 in Q x (0,0)
(29)

u(x,0) = u (x) in Q, u(x,t) =¢(x,t) on 3Q x (0,)

where H 1is a continuous function. u, and ¢ are bounded uniformly

continuous functions.

III.]l. The case of convex domains.

We use the following notations and assumptions :

(30) Q = Qx (0,0 , 3% = 3 x (0,0 UQ x {0}

3D #(x,0) = u_(x)



33 .

(32) A {x€ a3 (or Q@ if s =0) /vy(x,s) = 0}
(33) pe| < waslap® ,  g>o0.
(34) lp(x,8) -9 ()| < Bet *, a>0.

We always suppose that H 1is continuous positive function such that.
C={p / H(p) = 0} is convex. H(0) = 0 . We also assume that -
Inf w(y,s)) = 0 (without loss: of generality).

2% ‘ o - -
We know by the results obtained by P.L. Lions [ 9 ] , that if H - -

is convex and if ¢ satisfies :

(%) p(x,t) = ¢(y,s) <‘_(t—s‘) H* [ﬂ] . for all (x,t),(y,s) € 3%

t-s
s <t

1

then (28) has a unique viscosity solution u given by thé Oie'in'ik—Lax formula

\\
u(x,t) = Inf [w(y,s) + (t=s) H
(y,8) €3% l“s“

Proposition III.1 : Assume that there exists u € BUC(Q x (0,)) viscosity

solution of (28). Then as t 1 +o , u(x,t) { um(x) uniformly on compact

subsets to u_ , which is the maximum viscosity solution of

R(Dv) = 0 in Q
v = ¢ on 99
‘.’. < uo . ) ;in\. Q
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Moreover if H is convex (or if C is convex) u  is given by :

u (x) - Inf [spm(y) + sup (X'Y'IP)]
@ y € 39 H(p)=0

The proof is a straightforward adaptation of the ideas of P.L. Lions [9 ]

and so, .we do not give the proof. -

Proposition III.2 : Assume that H(p) >A-o|p|v and that there exists
u € BUC(R x (0,o)) viscosity solution of (28). Assume also that ¢ satisfies
(*) with H = A'plv and (34). Then u = 0 and :

W I1£ A A6 Jun ) [ <@V yo) @xa VT for v >

u(x,t) = 0 when A(t-s)>d(x,As) for v =1

_ (ii) 1£, ¥s >0, Ay = @ : if there exists s such that ¢ (y,s)
satisfies (33) then =

wx,t) = 08 where §= B (1+(v-1)(g+1)) "
for v21.

(iii) If,Vs>O,A'-¢,then:

u(x,t) = o(t™) y = Inf(a, (v-D)"1)

Now when Q is bounded, we can give a result true for any convex C :

Proposition III.3 : Assume that H(p) >A(d(p,C))v and that there exists

u € BUC(Q x (0,0)) viscosity solution of (28). Assume also that ¢ satisfies
(*) with H = A(d(p,C))Y and (34). Then we have :
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(i) If v>1: u(xt)~-u(x) = o(t™)

with y = Inf (a , 1/v-1) .

(i) If v=1: |uee -ym|= 0™ .

kemark III.lj:' The above results extend or complement those obtained by
S.N. Kruzkov [7 ] or [8 ] and P.L. Lions [9 ] and are optimal as one can
see by looking at some examples like F(p) = |p[v or (d(p,B(0,1)))"

or |(plA)]Y . ’ ‘

Remark III.2 : As in remark II.4, we can say that we have the same results

with H negative and such that H(p) = H(-p) .

We just give the proof of proposition III.3. The proof of proposition

III.2 is a straightforward adaptation of the proofs of the section II.

Proof of Proposition III.3 : We only give the proof when v >1 . By

the same argument as in the proof of proposition I.2, we have
"
u_(x) < u(x,t) < u(x,t)
where U is the viscosity solution of :

%% +'A(d(Du,C))v = 0 in Q.
u(x,0) = u (x) in Q, u(xt) = @@x,t) on 32 x (0,«)
'% exists because ¢ satisfies (%) with A(d(p,C))v (see P.L. Lions [9]).

n . . .
and u =u (with obvious notations).
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In the same way as in the proof of propogition II.2, we have :

Y(x,t) < Inf [v(y.s) + sup (x-y/p)‘ +
(y,8) €3°Q H(p)=0

£ ) (A(t=8)) VT ey VIV )

To conclude, it suffices to remark that ]x-y| < diam(Q) and take s = t/2
ty -0
then Iw(y,s) -tpm(y)| < B (—2-) .

. Therefore :

U(x,t) < Inf [cpm(y) + sup (x_y/p)} . B_zt_:_éa'*w(v)(%)-l/v-l_
y € 30 H(p)=0

TR . (diam Q)v/v-l
u_(x)

This ends the proof of proposition III.3.
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III.2. One result on general domdins :

We will use the following assumptions :

(35) H is uniformly continuous on Q x (0,T) x (-R,R) x ER‘
for all R,T < 4 , .

N

(36) VR<oo,3YR>0 such that for x€Q, t€ (0,») , pER ,
-R<s<t<R, .
H(x,t,r,p) - H(xst:spp) > YR(r"s)
(37) _ p(x,t) - ¢, (%) uniformly on 93Q
(38) . H(x,t,r,p) -+ Hw(x,r,'p) uniformly on compact subsets of xR x]RN
(38') H(x,t,r,p) - Hw(x,r,p) uniformly on § x (-R,R) leN for all
! 0 <R <+, : ' o
(38") H(x,t,r,p) -+ Hw(x,r,p) uniformly on @ x (-R,R) x ER _for all
0<R<+» ., ‘ ' A
(39) “u € BUC(Q x (0,)) viscosity solution of :
ou - . -
a—t-.+ H(x,t,u,Du) = 0 in 2 x (0,»)
(40) ‘ ; .
u(x,0) = u (x) in Q, u(x,t) = ¢(x,t) on 3 x (0,)
where uj and ¢ are bounded uniformly continuous functions.
41) listup {IH(x,t,r,P)'H(Y,t,T:P)|_ / lx‘Y|(1+|PI) <e ’ lrl <R,
- . € I, 0: . I . ’ . c s ;

t>0} = 0 Afor.all R < 4o ,
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Proposition III.4 : Under assumptions (35), .(36), (37), (38), (39) and

(41) u converges uniformly on compact subsets of § to u, , when

t § 4o where u, 1is the unique viscosity solution of :

qm(x,u,Du) = 0 in @
2,)
u = ¢ on o

-]

Moreover if u € wl’wOR x (0,)) and if (38") holds or if (38') holds

we have :

(42) Fug, 0w, (1, < 17D 6 gy v

: t
[2 R° e-y(t-T) + ] edY(t_s)f(s)ds)
T

_ where aVb = sup (a,b) , R, = ful o » Y=Y, and
L (Q x (0,o)) o

f(t) = IH(x,t+s,r,p)-H(x,t,r,p)ﬂ -
L (ﬂx(o.w)x('Ro.Ro)xB,Duu )

in the first case and

£(t) = TH(x,t+s,r,p)-H(x,t,r,p)l - , N
L (@x(0,=)x(-R ,R )x R")

in the second case and

- T = Inf {6 |ve' >0, £(8") <1} .

Remark III.3 : T exists because by assumption (38') or (38") , f(t) + 0

t
when t t 4o and the term J e Y(; s)"f.(ea)nia + 0 when t t +© because
T

we can estimate it by : {E%I) exp[-y{sng) + sup f(s) .
t+T

2
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Remark IIT.4 : This result extends those proved by P.L. Lions [9 ] in R .

" Remark III.5 : The assumption (36) with Yg > 0 is essential even for

the first part of the result as can be seen from the f'ollowing example :

ou _ du _ . :
3 5% 0 in R x (0,)

‘u(x,0) = ‘sin(x) in R ..

In this example we have (36) with Yg 50 and (35), (37), (38) (even (38')!)
(39) and (41) are satisfied. But u(x,t) = sin(x+t) has not the behalv.ior
~described in proposition III.4. ‘
Proof of proposition III.4 : Let us take a sequence t, t 4 . Since

u € BUC(Q x (0,»)) , u(-,tn) ‘is compact in C(Q) by the Ascoli theorem.

Hence there exists a subsequence, still denoted by t, o such that u(-,tn)
converges uniformly on compact subsets of 2 to v € C(R) . We are going
to prove that u_, the unique viscosity solution of (P.), exists and

that v = u_ . This will imply the result because the uniqueness of u_
and the fact that every sequence tn t 4+ has a subsequence t'n. such
that u(-,tn,) converges in C(Q) to u_ imply that u(-,t) converges
in C(Q) to u_  vhen t t 4o, '

Let us define u"

by :
. .
u(x,t) = u(x ,t+t:n-'1‘).

where T >0 . u is well-defined for n larger enough.

Moreover un(x,T) = u(x,i:n) and u® is viscosity solution of :
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n . T )
% + H(x,t+t ~T,u",Du") = 0 in Q x (0,°)

un(x,O) = u(x,tn-f) in Q, un(x,t) = p(x,t+tn-T) on dN

Since u" is compact in BUC(R x (0,»)) , there exists a subsequence,
still denoted bye u” , such that u" converges uniformly on compact subsets
of R x (0,) to uE BUCQ x (0,»)) .

By the stability result for viscosity solution, we obtain that P

is viscosity solution of

"
Brn 0D = 0 in @ x (0,)

Moreover 3(x,t) - ¢w(x) ~on o and %(x,T) = v(x) .

_ Now the existence of u_ is given by the following Lemma :

Lemma III.1 : 3(-,t) converges uniformly when t t +o to u_which

is the unique solution of ().

First ve complete the proof of proposition III.4 using Lemma III.I.
We recall that z(x,t) = u_(x) is, by Lemma III.1, the unique viscosity
solution of :
92

3t + Hm(x,z,Dz) = 0 in Q x (0,

z(x,0) -uw(x) in Q , z(x,t)n«p@(x) on N

By the comparaison result for viscosity solutions (see [3 ], [4 1, (51,
(61, [9]) we have :
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le¥ @-2)1 < 1Ux,00-u ()0
L (Q x (0,»)) L (Q)
Therefore : | '
eYT ﬂ\}-umﬂ o L ﬂeYt('t\x‘-z)I o | < .2 Ro
' L (Q) L (@ x (0,o))
So : _
v(x) - um(x) < 2 e-’Y'r Ro . ¥x€Q

But T 1is arbitrary, so we have v = u_ . And the proof of the first part
is complete. We do not give the proof of lemma III.l which is totally
similar to the proof of the second part of proposition III.4 which we

give now.

We prove (42) under the asst_uﬁption (38'). The proof in the case of
(38") and u € wl’w(ﬂ x (0,0)) 1is exactly the same in the setting of
Remark I.5. '

The proof consists in estimating the quantity :

bu(e,T+e) = u(e,T'+e)l
L™ ()

where T is defined in proposition III.4 and T' > T..

In order to do this, we remark that u(e,T+¢) 1is viscosity solutioﬁ
of

% + H(x,T+t,v,Dv) = 0 in Q x (0,»)

v(x,0) = u(x,T) in @ , wv(x,t) = p(x,T+t) on 30

And the same result holds for wu(e,T'+e) , changing T in T'.
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Then u(s,T'+e) is respectively viscosity sub- and supersolution of :

%‘é + H(x,T+t,v,Dv) = £(T+t) = O
and ‘

%%-+ H(x,T+t,v,Dv) + f(T+t) = O
Using comparaison results for viscosity solutions (see [3], [4 ], [5],

[6],[9]) we find

43) luCe,T=t)-u(e, 7400 < 1eYE D o regyp(e, T8
L") L™ (@x(0, 1))

T+t
[ZRoe Yt o, J e_Y(t—s)f(T+s)ds
o

The inequality (43) shows (using remark III.3 and (38')) that u(-,t) is
a Cauchy sequence wheﬁ tt 4+ in L7(Q) and so u(e,t) converges
uniformly in © to a continuous function which we can prove to be u_
by (for example) the method given in the proof of Theorem I.l. Moreover
u_€ BUC(R) and the modulus of continuity of u_ is estimate by the

modulus of continuity of u in space.

Letting T' t 4o in (43) gives the inequality (42), with the change

of variable 6 = t+T .

This ends the proof of proposition III.4. Let us just remark that in

the proof of (42) we have given completely the proof of Lemma III.I.
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