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ABSTRACT

We study the dynamic behaviour of an unreliable two-machines trans-
fer line with finite interstage buffer.

We prove a convergence towards a steady-state.

RESUME

On étudie le comportement dynamique d'une ligne de transfert & '
deux machines séparées par une zone de stockage de capacité finie.

On montre la convergence vers un régime permanent.
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1 - INTRODUCTION

In th1s article we consider a two-machine transfer line (Fig.L.1).
It flows into and

'The material to be processed entersthe system at Machine-1.
out of the buffers and then to Machine-2, after which it leaves the system.

h

_ X R
Machine-1 ' //::::: ~ Machine-2

Buffer

FIG. 1.1

Two machines transfer line

o Each machine is unreliable, it breaks down at random time while it
is operating and stays under repair for a random length of time.
As a consequence of this feature, we associate to each Machine a
random process vi(t) (i ¥_1,2) with values in {0,1} (1 if Mi is operational

and 0 if Mi'is under repair). _
Here operational means that the machine is able to process material.

ASSUMPTIONS

i) The transportation time is not taken into account.
i1) An inexhaustible supply of material is available .upstream
and an un]imited'storage area is present downstream.
iii) We suppose that each vi(t) is a stationary markov process,
(i = 1,2).
i.e. We assume that there exists :
p;» 15 ERY i=1,2

2

such that : '
i ¢



If
L}
it

1}

0}

p;S = prob {vi(t+6)

rys = prob {vi(t+6) =1/ vy(t)

0/ vi(t)

iv) We consider that the production rate of Mi,when it is opera-
ting, is given by :
¢, ERY (i =1,2)

DENSITY FUNCTIONS

Let us denote by X(t) the storage level at time t and by h the
buffer's capacity.
If (i,i)e {0,1} and x € (0,h] then we give the following nota-

tion :
Figxst) = prob {u (t) = i, vy(t) = §, X(t) < x}
The associated DENSITY FUNCTION is :
oot) = o t
1J(X t) = 5 F, (X )
The behaviour of the transfer 1line can be described by the fo]]o—
wing system (cf (2], [5],...) :
of
0
st - - (r*rp)fog *+ Pifig + Pafpy
1 1
3t (etpdfyy +rpfig * ryfer + ()
(1.1) ,
\ 3¢ ’r
10 | 10
5 100 * Paf1y - (Py#TR)fg - ¢y <
X
of of

01 | | 0l
5" T2 foo t Prf1y - (Potry)fgy + ¢ =

This system was studied in the steady state by GERSHWIN S.B.,
PROTH J.M., (cf. (3], (4], [51,...)

THE PURPOSE OF THIS WORK IS TO STUDY THE DYNAMIC BEHAVIOQUR.

We use the METHOD OF SUCCESSIVE APPROXIMATIONS to solve (1.1) in
section 2 and we study tle asymptotic behaviour in section 3. |




We can, without loss of generality, assume that :
p1:p2:p ; r{].:rz:r

and . -

Cp=¢ =c¢

(We have the same results for P17 Pps 1] # 1y, Cy # c2).

2 - THE METHOD OF SUCCESSIVE APPROXIMATIONS TO SOLVE (1.1)

The system (1.1) can be written as follows :

afoo M ' .
5t * 2" foo = P (i + fgy)
afll : ,
a5t * 2P fip = (fp + o)
(2.1)
3f,q  of - -
10 10 i}
3t t Cax t(Pr) fg = fg ey
af of
01 01 L .
5t ¢ Tax t(P) fop = fog v P fp
Let us associate the following prob]em :
af . of i .
STt Ot Df = Af ~in @
(Pa’37 f(x,0) p.p. x € Jo,h[
flO (O,t)"—' o s f01.(h,t) = B
where
2 =(0,h) x (0,+x)
= (foor f110 F100 for)
0o 0o p p] 2r 0 0 O
A= [0 0 r r : D = 2p 0 O
r p 0 O 0 par 0
r p 0 O 0 0 pr



0 0 O
C= 0 0 O
0 0 ¢
0 0 0 -
X
/. //
t t ,
FIG. 2.1
We define the sequence of successsive approximations as follows :
#0x,t) = £(x,0) p.p. x €(0,h)
and : ‘
(n+1) . . .
f (x,t) as a solution of the following problem :
_ 1) (n+l)
(" i (1) _ ,o(n) .
3t + C T + Df = Af inQ
#M1)(x,0) = £(x,0 0,h
(Pn+1) (XQ ) - (x’ ) p'p~ XC ( ) )

1
#otH (0,1) = fp0t) ¥ >0

e(n+l)

'fOl (h,t) = f01(h,t) Yt>0

We have the associated system :

®



8f88+1)+ 5 f(n+1) B (f(n) N f(n))
st Mg = P Ufyg 01

'a_fl(_?__ﬂ)+ 2p #{M1) o (¢(n) , ¢ln),

(5. ) 3t P ="+ o
n+l 5F (n+1) af(n+1)

10 10 (n+1) - (n) £(n)

gt * ¢ Tax + (par) Fo7 = r fag’ 4 f)
1) (n+1) ‘ '

aF(N+ of . N
01 °To1 . e(n+l) (n) (n).
5t -c X + (p+r) fOl =r fOO +p f11 .

This system is hyperbolic and can be integrated along the charac-

teristic curves :

X;(t) , i=1,2,3,4

given by :
dX dx dx dX
1 2 3 4
at 0t =0, =g —=-¢
X
(h, t- (=X,

i ot

FIG.2.2

The characteristic curves

REMARK 2.1

“Each characteristic curve gives the evolution of the‘.stOrage
level. ‘

Along the characteristic curves (Sn+1) becomes a system of ordina-

ry differential equations.



Let us denote :

el ={nt)eo:x>ctl , eJ=0\e]
91={(x,t)€n:x<h-ct}., Q5= e\a]
X
h
(x-ct,0)
0
X}

LA A Cay B A Ay Ry Ay A A e A
Sy s PV

X+C N A /
et0) wt
. ! LA / / / -
;Fod /‘ / / ‘/ ; / 9
s s,
o / ./ 4 /l [ pa




' '-2rs. -2rs
—g-g;e f(()8+1)(x t-s)] =-pe [f§8)+f(()?)] (x,t-s)
0 <s <t
[ -2ps -2ps’
‘i ” . 0 <s <t
(2.2) [-(p+r) =(
’ —g—s- [e s1’£(';“’1)(x-cs,t-s)] = e pfr)%[—rft()g) fﬂ‘)](x -cs,t-s)
0 <s <t 'if (x,t)CQl
0 <s <x/c if (x,t) CQ;
(p+r) -
%si [e r (’1‘+1)(x+cs t s)] = e(p+r)s[—rf(()") (ﬂ)] (x+cs,t-s)
{0 <s <t if x,t) €s’21
0 <s <X if (x,t) € g,
; : Therefore : R , _ | '
v X -2rt .ot -2 7 ‘ :
f(()g‘*l) (x,t) = e fog(x:0) +p .é'e ts [f§3)+f(()’1‘)J (‘x,t-s)ds
G t -2ps . ,
fgr{fl) (x,t) = »fu(x,O) +r {e [58)+f(()1)J (x,t-s)ds
-(r+p)t t -(p+r)s (n). . )'
e flo(x-ct,0)+ Je [rfog +pf1'1’ (x-cs,t-s)ds
0 .
T " on €5
-(r+p)x/c x/c -(p+r)s (n) (n) v
(2.3) e flo(O,t—x/c)+ .{)’ e [rfoo +pf (x-cs,t-s)ds
if (x,t) e€a’ 2
-(r+p)t t -(p+r)s (n) (n) 4
( ) e fOI(x+ct,0) _.é'e _ [fOO +pf11] (x+cs,t-s)ds
n+
(x,t)= ' if (x,t) € 9]
h-x ’
-{r+p) (1) hoxyy . G SPRIS T s
e fOl(h,t-(—c—))+ _é' e [\rfo0 +pf11 (>$+cs,ts)ds
if (x,t) € 5

(*) We use MACSYMA language to solve (2.3).



can show that :

is a majorant.

THEOREM 2.1

-10-

Since n o
g(n) _ ((0) Ef(k) ) 17(k.1)‘,]
k=1
We have : '
im o (M) 2 (0 T (k) | plke1)y
N =0 k=1

For the proof of the convergence of the infinite series (2.4) we
) k A

Mt) ™
o e el = o)

Indeed, if we consider that

X +
—<t when (x,t) € 322
and
h-x -
— <t when (x,t) € 2,
Then

O A IS RUGN [1() R

. 2
o -l o g sl w0 = g

We have then proved the following

If f(x,0) € L™ (0,h) and M = max (Z 'Aijl)where
i\J

(A = A. Then, there exists a UNIQUE SOLUTION

i1 si,j<a
of (Pa,B) such that :

lrcol = (o,hy 5 IFO] = (g pyexp(mt)

»
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LEMMA 2.1

If f(x,t) is a solution of Pd,B such that o > 0, B > 0,
f(x,0) 20 p.p, x € (0,h) then : '

f(x,t) 20 ¥t>0, p.p. xe(0,h)

3. ASYMPTOTIC BEHAVIOUR

Let us write the associated steady-state equation :
(6) | ¢ 4L+ Dg = Ag in (0,h)

where

9= (990 9435 9100 9y)

Let us state the following

THEOREM 3.1

If f(x,t) is a solution of (Pg.o) then
(3.1) -Mt 7
ool = o S IFO = g ¥t >0

COROLLARY

| Every solution f(x,t) of the dynamic prob]ém (Pa 8 ) converges
’

towards the solution g(x) of the steady-state equation (G) such

that glO(O) = a and 901(h) =B, when t—>, ’

Moreover : -Mt :
(This inequality estimates the speed of convergence).
REMARK 3.1

l If y € R such that Dy = Ay theny = (Ap/r, Ar/p, A, A)
for any A € R
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From Lemma 2.1 we deduce the following

LEMMA 3.1
If o
(3.3) 'foo(X,O)[ < Ap/r 0 lf-l.lk(rx,O)l S Xr/p p.p. x € (0,h)
_ [f16060) s & ommg 'fj‘oi'_("fxao)l s X ~ p.p. x €(0,h)
Then o -
'(3 1) lfOO(x’t)l s xp/r , Jfll(x.’t)l S Ar/p
¥t>0 , p.p. x €(0,h) ..

PROOF OF THEOREM 3.1

i) Estimation of flo(x,t) for t > (h/c)
(3.5) af af.

10 10
: 3t * C Tx + (p+r) f101= r fOO +p fll

Along the charhcteristic'curves,(3.5) becomes :

d -(p+r)s ' -(p+r)s
e flo(x-cs,t-s) = e [«fbo-pfll] (x-cs,t-s)
where '

+
1

0 <s <x/c if (x,t)eQ ;

0<s <t if  (x,t)EQ

Usihgv(3.4) we deduce :
' x/c -(p+r)s : +
lf (x,t)] £ X S (psr) e ds for (x,t) € Q
110 0 2
Since for t > h/c we have (x,t) € Q‘é
. -(pr)x/c -{p+r)h/c .
ro(l-e " S )

A1
[}
>
—
—
1
(11

' ' lflo(x,t)
Therefore

(3.6) . ¥t >h/c, lflo(x,t)lé OXx 3 0<0 <1

Simi]ar]y.

Tt >‘h/c . |f01(x,t) <02



(3;8)

(3.9)

(3.10)
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ji) Estimation ofj00 (x,t)

I
5t t 2" fgg = p("10 for)

|foq (xsh7c)| s /v

Along the character1st1c curves, (3.8) becomes :
4 |2rs -2rs '
<= |e OO(x,t-s) = p(f10 01) (x t- s) , 0<s<t

Hence : S =2rt : . t -2rs :
fog(Xst) = e fy(x,0) +p '%:e‘ [f1g+fgy] (xst-s)ds

We deduce from (3.6), (3.7) and (3.8) :

-2rt t -2rs
(x t)'s e Ap/r + 2p0XS e - ds . ¥t22h/c
0 .
lfoo('xst)l

-2rt
é Ap/r + 0 Ap/r [l-e
Thus : -2rh/c]

-2rt
lf O(X t)l < Ap/r [6 + (1-0) e . ] < Xp/r[e +(1-0) e -

Then,for :
2 2h/c,

Ifoo(x,t)lé o' ap/r

foo!
Hence:

78

where -2rh/c

0' = 0+ (1-0) e N 0<0'< 1
Similarly, for t 2 2h/c
oo oo
Making similar estimations for
Q) = (0,h) x (2h/c,+ =)
for x. (0,h) and t 24 h/c
2
flo(x,t)|< e° A
: 2
|egy(xst)] < 0% A
lfoo(x,t)i < o? Ap/r
f1,(x,t) o Ar/p

ing, = {(x,t)€Q: t > h/c)
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Then we have If(t)l L® (O,h)é‘kn "f(oﬂl [
for

t 2 2nh/c 0<k<1

Finally, if
: -tn - ct,
k =e 0 and M =—20

Do e Ui ",?f-Mt~«Anjn' b S
: ”f(tﬂl,fb (O,h) §4e¢ta"f(0*| 1> (0,h)-) ¥t >0

\
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