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ANALYSIS
OF DEHN ALGORITHM
BY CRITICAL PAIRS

Philippe LE CHENADEC




RESUME

Le formalisme des paires critiques et des ensembles
symétrisés de régles de récriture fournit de bons outils pour
1'analyse de 1'algorithmes de Dehn. Une telle anaTyse donne une
caractérisation des groupes de "petites réduction" au moyen des
diagrammes de Cayley. Les conditions classiques C(p) et T(q) sont
obtenues comme cas particuliers.
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Analysxs of Dehn algonthm by critical pairs

Philippe Le Chenadec

INRIA, Domaine de Voluceau
. Rocquencourt B.P. 105
78153 Le Chesnay Cedex, France

ABSTRACT

Symmetrized sets of replacement rules and critical pairs in
reductions provide a good framework for the analysis of Dehn"
-algorithm for the word problem. This analysis gives a geometri-
" cal characterization of small cancellation groups by means of
Cayley diagrams, including as special cases the usual C(p) and
T(q) conditions. :

1. -lntroduct.ion :
This paper analyses Dehn algorithm for the word problem in groups by rewrit-
ing techniques. Since Dehn's first investigations [Deh11,Deh12], the class of
small cancellation groups has been intensively studied. Two styles of proofs
for the fundamental result exist: Greendlinger's one [Gree60a,b] based on
word combinatorics, and Lyndon's one [Lyn66] by more geometrical means.
The proof presented here stands half-way between these two trends. It begins
with combinatorics on relations that naturally give geometrical interpreta-
tions. The basic tool is rewrite rules, a useful and unifying concept emerged
from symbolic computation [LeC85]. Buiicken [Bii79a,b] has first given a proof
based on this technique. With respect to his work, the present paper
emphases on rules configurations reducing critical pairs (minimal divergent
points in derivations) and having simple geometric meaning in terms of Cay-
ley diagrams. The number of such diagrams is infinite but finitely generated
by the defining relations of the group. The word problem algorithms described
by rules refines Dehn algorithm in that length-preserving reductions are
allowed. For example the group G=(4,B,C;ABC=CBA) does not satisfy the clas-
sical conditions and non-confluent Dehn reductions exist [Gre60a]. However,
it falls under our conditions. Roughly speaking, these conditions are the clas--
sical C(4) one together with non-existence of diagrams like the following one,
where each region corresponds to a defining relation:

Fig. 1

The next section is devoted to a detailed analysis of the symmetﬁ'zation algo-
rithm, a restricted case of a well-known completion procedure [Knu70] whose
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application to groups can be found in [LeC85]. The study of rules
configurations involved in reductions of critical words is the matter of the
third section. The proof of the main theorem and a discussion on some exam-
ples concludes the paper.

2. The Symmetrization

A presentation of a group G is a pair (G,S), G a set of generators, S a set of
defining relations from the free monoid (GUG™!)*. These two sets are sup-
posed to be finite. ‘Knowledge about the following notions is assumed: freely
reduced words, cyclically reduced words, symmetrized sets of relations (ssr),
Cayley diagram of a presentation and S-diagrams, S a ssr, pieces between
relations and conditions C'(1/p).C(p) and T(q). p.g positive integers. For
definitions we refer to chapter V of [Lyn77]. The usual interpretation of con-
ditions C(p) and T(q) is localized to a single region and vertex respectively.
We shall define diagrams concerned with sequences of regions.

Let us define the basic notions of rewriting [LeC85]. A rule is a pair (A,p)
of freely reduced words from GUG™!, noted A—>p. A rewriting system Ris a
finite set of rules. The word w R-reduces on w', w > w’, iff there exists a rule
A—>p in R and words a,b such that w=aAb and w'z=apb. The reflexive-
transitive closure of this relation is noted . For example the set
Fg={aa"!'—>1,a"'a —>1|a €G} defines the usual free cancellation (the index G
will be dropped when clear from the context). Successive reductions will be
represented by concatenation of arrows. The reduction relations will be sup-
posed well-founded. This is achieved if all rules A—>p satisfy an inequality
A>p where > is a partial (non-reflexive) ordering such that:

i) . VYww w >w' =>VYVuv uwvduw'v.
i) Yuyv |ul>|v| = udv. ,
ili) The partial ordering > is well-founded.

Throughout the paper, all orderings will satisfy these three requirements. Let
AA—>p and Au—>v be two rules, 4#1, the pair (pu,Av) is called a critical pair
between these rules. It is resolved or confluent iff there exists a word w such
that pup>w and Av-pw.

Of particular importance in this paper are the critical pairs between a

rule in F and another one in R If a, - --a,~>b; - b, is a rule,
a;.b;€GUGT!, we define its normal pairs to be the three pairs

(@1~ py by bpal), (g Gy @ity o by),

and (a, ! --a7?!, b ' - b7!). They are the critical pairs between the rule

and the canonical system of groups (cf. [LeC85]). The symmetrization algo-
rithm resolves some of the reduction ambiguities by transforming normal
pairs in new rules according to a given ordering. We assume that the ordering
is total, R(w) denotes a normal form of w under the rule set RUFg.

Group Symmetrization Algorithm

Input F : A finite set of defining equations. < : An ordering.
- Rg:=¢; The set of rules.

E4:=E; The set of waiting equations.

RRy:=¢,The set of deleted rules.
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So=¢; The set of rules whose normal pairs are ‘.riot computed. -
i:=p:=0The step counter and the rules counter.
Loop I3 RR; # ¢ Then { choose a pair (uq,vy)<RER;; RRiﬁ =RR; -{(ugvolt}
If E; # ¢ Then { choose a pair (uo,vo)EE;, F .y —L'.} {(wgvol} 3
If RR‘ VE; #¢ Then Create_ Rule(R;(uy), R;(‘Uo)) ' :
Else { If S;=¢ Then Success
Else { choose a rule kin S;; S;.1:=S;— {Ic b
Let E;,, be the set of normal pairs of rule k,; 1. =it 1 m
where Orea.te _Rule(u,v) =
If u=v Then i.=i+1
Elsei If u>v Then { A=u, p:=v |
Else u<v Then { A:=v, p:=u {;
p=p+1;
K={k | k:a—>B<R; and «a is reducible by P A—)p}
RR;yy:={(a.B) [k:a—>BER;, k€K } U RR,;
Riyp={k:a—>f'|k:a—>BeR;, k€ K, B'=(R;Up A-ép})(ﬂ)}
Uip A—>p};
S;41:=5; Ui{pli=itl e

The first result about this algorithm is technical, but important in the Sequel
It expresses a contmmty between stable rules (which are never reduced nei-
‘ther ehrmnated)

Lemma 1 .
Let k:aAb—>p be a. stable rule, a,beGUG™!. If the p‘resentation G
- satisfies C'(2), then ,

i Al) l a” 1o—>\b is stable or a~ p Ab n a stable rule
'u) m: pd "1-—>a.)\ is stable or pb~! 7> . —-) al, n a stabdle rule.

Prooj By symmetry, we only prove i). The computation of normal pairs gen-
erates at some iteration the pair (e ~!p,Ab). As k is a stable rule, the rule
i: Ab—>a~!p cannot be generated. This yields only two cases, either the first
expressed in i), or the pair has been resolved. In this latter case, as Ab and p .
are irreducible by the stablhty of k, there exists a#1 and a stable rule
n:a~lu—>v with a~'p=a~'ua. The stability of n follows from the fact that
every left member from R is R;-reducible for all j=i. But our rules are not
length-increasing, thus ja~ y,lzfvl That is, by assumptlon C'(2), two of the
relations deduced from rules n and k are equal: a 'uv~1=a~1pd~Ir"1. We
have the reductions

alp=a"lua > Aba” a-ﬁ}\b

which provesi) s

Proposn.lon 2
Given both a group presentatmn G and an ordering >, the symmetriza-
tion algorithm always terminates. Let T' be the set of rules computed,
then if k: A—>p€l’, we have : :
- The words Ap~ !, A\71p, pA~! and p~1A are relations.
- If [N +]pl=2p +1 thon IX[=p+1,|pl=p.
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- If I\ +1p|=2p then [A|=p=|p| or [\|=p+1,|p|=p-1.

If G satisfies C'(2) then

- The set S={ A"}, pA~1|k: A—>p€T'} is the ssr of defining relations.
-lfUveS and |U|>| V| then Ugsp> V71

- A mon-confluent critical pair results from a superposition on a piece
between two relations. )

Proof. Observe first that reductions always halt as the given ordering is well-
founded. We first prove the termination of the procedure. For each rule
k: A\—>p€R;, and all j2i, there exists another rule l: a—>f in K; that reduces A
(possibly l=k). Next, the number of words that may appear in any rule is
finite: as only normal pairs are computed and rules are inter-reduced, these
words are subwords of the symmetrized set of ‘defining relations. Therefore
only a finite number of rules can be generated. At some iteration, no new rule
is created. Afterwards, the pair of numbers of marked rules and waiting
equations lexicographically decreases at each iteration. Therefore, the algo-
rithm stops.

Let T" be the set of rules computed. If k: A—>p€Tl’, then both left and right
hand sides are in Fcanonical form. If the word Ap~! was not in F-normal
form, then rule k£ would be of the type N'a—>p'a, a€GUG~). One of its normal
pair is (A',p'aa™!), whith Frnormal form (A'.p'). But all three -cases A'—>p’,
p'—>AN' in I, or A'=p’ contradict either the [~irreducibility of rule k or the fact
that A#p. For the same reason, the word Ap~! is cyclically reduced. And the
remaining cases are similar.

Set A=a X’ in rule k, then the normal pair (A'.a~!p) is confluent as long as
the symmetrization halts. Therefore, A’ being T-irreducible, we must have
la~!pl2|X’|. But [@A'|2]p| by length hypothesis, so that 0<|a)X'|—|p|s2. Thus,
if |A|+|p|=2p. we have p=<|A|<p+1, and if [Al+]p|=2p+1, we have
j ] +§s| Al=p+ 3 This proves the length assertions.

First, let aR be a word in S, a€GUG™!. We know from the first assertion
that aRis a relation. By definition of S, we get R~'a~'€S. Thus we only need
to prove Ra€S. Let first aR be of the form Ap~!, then A=aX’' and lemma 1
implies two cases, either l;:a~lp—>N\'€T" or there exists a#1 such that p=p'a
and 5 a~1p'—>N'a~1€l". Involving the definition of the set Son these two rules
gives Ra€S. Second, we have aR=pA~!. We apply now two times lemma 1. First
there exists a rule l;:A'd —>ap'el’ where N'd=A, beGuUG~!. It follows that
l,:ap'd~'—>N'el. Applying once more the lemma we get the rule we were
seeking for, l3a”I\'—>p'db~!. By definition of S, we get in this latter case
Ra€S. Thus this set is precisely the symmetrized set of defining relations.
Note that we omit in the proof the second cases of lemma 1. This case is
exactly the one we studied modulo subword’'s labels. Now, if UVeS and
|U|>|V], then
—UV=Ap~}, the length identities imply | U|=|A|, thus there exists U’ such that

AU'=U and U'V=p~!. We have the following derivations:

U=AU'wpU'=V 103> V!

~UV=pA~! implies |U|>|p| and 3U’, 3a €GuG~! with palU’'=U and aU'V=A"1.
Then, by lemma 1, we have the following derivations:

U=paUgs VIU—U 3> V!
Now, to conclude the proof, let (AE,DC) be a critical pair:
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1.5c — g B*1

- such that the common non-empty subword B is not a piece from S. Neces-
sarily, two cyclic permutations of the relations associated to rules & and 1
are equal. For example:

[lc:AB—)D

BD™'A = BCE™!
= D14 = CE™!
=> DD'AE= DCE™E
= AFE =gr DC -

'I_‘hé last equality implies that the critical pair is resolved »

Thus, to a rule A—>p we can associate a set of relations, namely A7l its
inverse and all cyclic permutations. Prop.2 claims that unresolved critical
pairs are computed by superposition on a piece. If the ssr S satisfies C'(4),
they are I™-irreducible.

Lemma 3
If S satisies C'(4), then every critical pair computed from a piece is,
perhaps after F-reduction, in F,['-normal form.

Proof Pick up two rules that superpose on a piece. The match includes at
most the whole piece, which splits in three words: the matching subword B,
non-empty, a prefix 4 and a suffix C, both possibly empty:

ki aAB — BC™!

l: BCy = A-1§
The critical pair is P=(8C~1Cy,aAA~15). It reduces by F in @=(87.a8), words
By and .aé being F-irreducible. Suppose the word Sy I-reducible, the other
‘case being similar. Both § and y are F,[-irreducible, also there exists a [-rule

m: Ap—>T, such that )\ is a proper suffix of § and p a proper preﬁx of 7. We
have three cases:

1) A is not'a piece between rules m and k. Two associated.relations are ident-
ical:
AT 1=AC"1B"14'a™18;, where BA=f (1)

Then C is the empty word. Otherwise, p and C~! sharing a common prefix
by (1), rule I would not be F-reduced at subword Cy. The same remark
implies that B or A is the empty word, this contradicts our assumptions.:

2) p is not a piece between m and !, the same deduction remains valid:
pT A\=p7,6"1ABC where py,=y

Actually, the words A and C share a common suflix, the F.I-irreducibility of
BC! (as right member) implies C=1. But k would then be of the type
Ua —> Va, this is impossible by Prop.2.

3) A and p must be pieces. By C'(4) assumption ]}\pl<%l)\p‘r"1|. But rules are
not length-increasing, contradiction. This achieves the proof s

We keep in mind that, together with the C'(2) condition, what we really do not
want is the existence in I" of the two following configurations:

adB — BACT! arAAB —> gC! .
LYBCpy —> A~1 R BCy —> A™'pé  Pieces ABCAp.
N T T Ao —> T



-6 -

The symmetrization algorithm generates a normalized or symmetrized
presentation I' with nice syntactic properties. Note that the notion of sym-
metrized set of rules or normalized presentation contains the two notions of
Dehn algorithm and of symmetrized set of relations. The points of divergence
in reductions are critical pairs computed from pieces. The next section is
devoted to the analysis of these points. So far they are irreducible. Thus we
shall force their reduction by the concatenation of conterts. But let us see
first two examples of I'rewriting systems, the latter is C'(2), the former is not.

The defining relation is TTA=TTB=1. The piece TT in fact defines the new
relation BA~™!. Moreover, the relation T74 is no more of the form Ap~! or pA™!
(cf. Prop.2), we have lost the fair properties of I':

A —> B Br —> 1!
A7Y 5 gt B —» 1!
T —» B! B'T'>S T
rir' > B rigto T

The following I" set shows the necessity in the definition of S for both Ap~! and
pA~}, its defining relation is ABCD=DCBA.
DCBA =  ABCD DICBATt —» AT C1DY
BCDA™* — A~'DCB Bc\D'A — ADiC'p!
B'A'pc — cbA'Bt BAD™'¢' - Cc7'DAB
DA-1B1C! —» C'BATMD D'ABC -»  CBAD™

The relation ABCDA™'B~'C~'D™! is not Ap~! but pA~! by the first rule, and
DCBAD™Cc-1B~14™! is Ap~! yet by the first rule, but not pA~! (for both T sets,
well-foundedness is trivial). :

3. Critical Pair Reduction by Contexts

Lemma 2 claims the I-irreducibility of critical pairs. This section analyses
their reductions forced by the concatenation of contexts. With the notations
of 1, a piece ABC gives a critical pair P=(aé,8y). The members of P are F.I-
irreducible. We study reductions of this pair under left or right contexts,
seeking confluence conditions or irreducibility criterions for the word
reduced by the context. ‘

A left (resp. right) context is a F,I-irreducible word uM (resp. T'1), where
M (resp. T), possibly empty, is absorbed by free cancellation, while u (resp. 7)
is a proper prefix (resp. suffix) of a Irule left member. Contexts create a I'-
redex after F-cancellation of # or T. The study being symmetrical with
respect to ad and By, we restrict our attention to the word fy. Reductions
start from uMBy and gyTT.

Lemma 4 ,
If in the reduction by a left (resp. right) context of By, B (resp. 7) is
absorbed by F-reduction, then, in this contezt, the critical pair P is
confluent. '

Proof. As B and y appear in the contexts, we rewrite them in uMg~! and
771TT. For left contexts, we have

UMB™By>uMy - ()
Therefore, the word uMgB~'aé is also reducible by a rule inI". We have, by rule
k, B~ 'a=gC~'B~14"!, and the second member of this equality being a piece,
the hypothesis C'(2) and Prop.2 imply B~laz}> C~'B~'4"!. Writing BC=aU,
a€GuUG™! (B#1), lemma 1 applied to rule ! gives a 14716 Uy
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Consequently, we have the derivations:
uMplad ;> WUMC1B™14716 = uMU"a."A"tS P uM7y.

Together with (2), this establishes the confluence.
‘The other case is similar, let us just give the reductions:

Byy 1 TT2>BTT
and aé‘-y"‘ T‘r,? aABCTT by Prop.2.
‘—>BC~ICTT by rule k.
BTt =

From now on, we suppose that the two words M and T do not completely
absorb their neighbour g or 7. We first detail the action of left contexts. We

.may write $=M~'8,, so that uMBy4>uB;y. The next reduction is performed by

the I'rule m: uu;—>vvy. As usual the word v, points out a possible F-
reduction. The study splits in two cases, according to the fact that M is
empty or not. Let us analyze the latter case. For this purpose, we assume the

Hypothesis 1 : The presentation G satisfies C'(4).
Consequerntly, if PQ¢ is a relation where P,@ are pieces, ("I,T;s PQ.

Lemma 5 ‘
Given a reduction of By by a left context with F-reduction, then

- When B is cancelled by FT-reductions, the critical pair is confiuent in
this context.

- Otherwise By reduces to a word ¢, F-irreducible, I‘-redum.ble only with
the following configuration :

k:adB s M'uwilgeC?
L:BCpyy —> 4716

AL § morup, > vl

niABp o

Pieces : ABC, pyvi', Ba. A p.

Proof. '
Case 1, the reductions do not cancel a proper subword of 8. We may write

Bi=pgVy Bz where B,#1. Then

“MBy > puvy ﬁz‘/',? 22128 ﬁz7 Vﬁz7 ®.

The word ¢ is in F-normal form. First, the word u, is a piece between rules Ic
and m. Otherwise we could write:

mvitvu=pg v B CTI BT AT M
This identity implies, as M#1, that the word uM is Frreducible, which contrad-
icts the context F° I‘-lrreducxblhty Thus the piece between k and m is u,v;t.
From lemma 3, we know that both B,y and vf; are F ,-irreducible
(strictly speaking, in the latter case, this lemma does not apply, but its proof

does as the reader may check, one occurrence of Bz in k's right member
rather than in a left one being here immaterial). Thus, a [-rule reducing ¢
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must be of the type n: AB0—>w where A#1 and p#1, A suffix of v, p prefix of 7.
Thus we get the configuration LL whose known pieces are ABC and vl By
three identifications of relations, we get: :

—A is a piece between rules n and m. Otherwise we have v;=1 (rule k is
irreducible and B;#1 by hypothesis of case 1). For the same reason y.l-l
which contradicts the irreducibility of the left context pM.

—pB2 is a piece between n and k. Otherwise C=1 (irreducibility of I and p#1).
Furthermore v =1 (irr. of m and A#1). Then the two words A and u, share a
common suffix. This is impossible by Prop.2 applied to rule m.

—p is a piece between n and l. Otherwise C=1 (irr. of k). The words Band 8,
share a common suffix, as B#1 and By#1 (hypothesis of case 1), we have a
contradiction (Prop.2 and rule k).

Case 2. In the reductions, the word § is entirely cancelled. If 8, is not a piece,
we may identity rules m and k:

Bupwitvlu=g,C 1B~ 1A la~1 Y

Hence, as M#1, the context uM should be F-reducible. Thus B, is a piece, and
the assumption C'(4) and Prop.2 applied to rule k show that
Mag> B,C7'B71A7!. The critical pair is confluent by lemma 1 applied to
rule i: .

KUMBY > 1B1Y
uMaéF? uBCIBT AT > Hﬁly .

If M=1, the word pf7 is reduced by the rule m: gy, —>vv,. Also the words 8
and p; have a common prefix.

Lemma 6 _
Given a reduction of Sy by left context without F-reduction, then
- If the reduction is done by a piece between S and the contezt, we get a
word ¢, Firreducible, [reducible only under the configuration 1L
(where M=1).
- Otherwise, the critical pair is confiluent in this context.

Proof. Again we consider two subcases whether or not the common prefix
between g and u, is a piece.

Case 1. The prefix is a piece. Necessarily, u,v;! is a proper prefix of . Other-
wise, hyp. C'(4) and Prop.2 imply that: ag> BC™'B7!A™! as g is now a piece.
But a is irreducible as proper left member subword. We may write f=u,v;18,
where g,#1. Then ufy—>vg,7, and we are in the first case of lemma 5 with
the configuration LL, where 8, replaces 5 and the word M has disappeared.
Case 2. The prefix 1s not a piece. . have the rule identity:
BC 1B 1A \a" =y wilv1u. 1f B is a proper preﬁx of uy, then there exists a
word ¢ and @a€GUG™! such that u;=fae. The rule identity implies the
existence of C' with C™!=aC'"~!. As the word ufy contains the left member of
m, these two equalities imply that the rule [ is not reduced in its left member
BCy=BC'a ~lay, where ay,=7.

Hence w, is a prefix of g: B=uf, and the rule identity becomes:
p v =aABCB T uf! (3)
Case 2.1. If 8, is the empty word. Then (3) implies .
w vy =aABC _ (4)
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And we have v =1. Effectively, as v, freely cancels a part of 7, rule l would not
be F-reduced if both C and v, were non-null. If C=1, as B#1, rule ! inter-
‘reduced implies that v,=1. And if C#1, then v,=1 necessarily. The rule
_ configuration is now:

l: adb —>BC!
k: BCy —> A~'6
m:uf —>v

In any case we have confluence of the critical pair in the context u.
uBy—>vy (5)
If |a|>|u|, then a=u~'a’, a’#1, then v=a'ABC from (4). Both ufy and y.ad

reduce on a'd. If laISI;,Ll then u=p'a™!, u' possibly empty. Then (4) gives

W ~ly=ABC and :

pad=p'atadp>u'é (6)

If |u'|<]A|,then A=u'"14’, A’ possibly empty. We have v=4'BC and vy reduces
to u'é, with (6) this gives the desired confluence. Otherwise |u'|>]|4 | implies

wl=Ap""t, u"#1. The identity (4) becomes u"~'v=BC. Then u'6 reduces on vy
‘by lemma 1 applied to rule .. This with (5) proves the confluence. :
Case 2.2. If B, is non-empty, then by (3), g} contains the suffix v;. Other-
wise, there exist two words v/;#1 and 7, such that v{!=g,v'1! and y=v'7!y;.
Once more the left member of I would not be reduced at subword v',v'{ i! on
the join of Cand 7.,

Thus, there exists B2 such that 5-#-151-}1-11/1 182, B2 possibly empty. Then the
identity (3) becomes: i
plv=aABCB5! (7)
Now, uﬂ-y,? vBz7. But this last word is F-irreducible. Thus, by (7), v or ﬂz is
empty. If v is empty, then
pabd=,C C1B- 14" a 1ab by (7).

Fr> B2y by Prop.2.
and the critical pair is confluent in the context.

Otherwise, B,=1. Then by (7) either v contains the suflix BC so that ugys> v7
is further reduced, or it does not and vy is irreducible. The reader may check
that in both cases, there is confluence. We just sketch the proof:

|a]>|u|=>a=u"1a’, confluence on a'é.
|a|<|u|=>u=p'a™, u' possibly empty.

If |A|=}u'], then confluence on w'é.

If |Al<|u'|, then confluence on vy u °

We now study right context reductions. The main difference with the left
case is that reductions of By first reduce 7, subword of right member, while g8
is subword of left member. However, the two analysis are still very closed The
reduction starts thh ByTT->By,T where y=y, T~

Lemma 7 -
~ Given a reduction of ﬁ-y by a right context with F-reduction, th,en
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- If 7 is cancelled by FT-reduction, the critical pair is confluent in this
contexzt.

- Otherwise By reduces to a word ¢, F-trreducible, I-reducible only with
a configuration : '

k : aAB - giAC!

L: BCyoitr T 5 415
LR{m: 771 A —> 01003

niAyp 0000 o

pieces : y,, ABC, orlr Ap.

Proof. As usual we spht the proof in two cases.

Case 1. The I-reduction by T does not entirely absorb the word 7. Then
v,=7207 7, and m: 7;7—>0,0. The word T, is a piece. Otherwise the equality
oilryTo =017, T8~ ‘ABC'yz implies that the context Tt would be reducible.

We have therefore the configuration LR. Let us give succinctly the reasons
why the three words u, v;, and v are pieces:

—u not piece =» C=1. But, the words u and B sharing a common suffix, rule k
would not be reduced.

—72 not piece =» g;=1. But the two words T, and v share a common prefix,
rule m would not be reduced.

—v not piece = 0,=1, and ‘rl'l. 72 have a common suffix, rule { would not be
reduced.

Case 2. The [-reduction cancels y. This case is the symmetric case of the left
context. The rule m becomes m: 7,7;7—>00. If 7, is not a piece, then 7T is
reducible as proved by the equality 7,70"'o; 1=y, T"16"1ABC. Thus, 7, is a
piece between rules m and [, and the critical pair is confluent: -

On one hand ByTT3>B7,7. On the other hand cxéT-r,? axABCv,T1, because
6Ts> ABCy, from C'(4) and Prop.2 applied to rule .. We conclude with
ad TTF-? 87,7, by application of rule k»

When T=1, the word ByT is reduced by the rule m: 7,7—>0,0, hence 7, and ¥
share a common suffix.

Lemma 8
Given a reduction of By by right context without F-reduction, then

- If the reduction is done by a piece between y and the context, then we
get a word ¥, F I-irreducible, [-reducible only under the configuration
LR (where T=1).

- Otherwise, the critical patr is co'nﬁuent in this context.

Proof.

Case 1. This suffix is a piece between | and m. Then 7,07 ! is a proper 7 suffix.
Otherwise the left member of L would be the concatenation of two pieces. This
is impossible by assumption C'(4). We get a configuration, identical to LR
except in the word T, presently empty. The conclusions still hold.

Case 2.The suffix is not a piece. Then T, is a 7 suffix, as in the opposite case,
the identity 6~'4BCy=10"10,0717, would imply the reducibility of rule k& with
the common suffix of g and C. We are ailowed to write y=y,7;.
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1) If v, is the empty word, then the crlt.lcal pair is confluent (same proof as
in case 1 of lemma 6). ‘

2) In the other case, 7 is of the form y,07 1, and gyT W B720. The identity
deduced from the relations associated to rules | and m gives
6-1ABCy,=707). This implies, by F-irreducibility of By,0 that either 75 or o

" is empty.
—If 6 is empty then adT=adsé™ lABC‘yz +> aABCy, ,—.? B72. The critical
pair is confluent. '
—If 7, is empty, then either 7 or o has a suﬂ'xcxently large subword to ini-
tiate the confluence of the critical pair (details left out). Thls completes
the proof of last lemma on reduction by contextss

To resume the behaviour of a critical pair concatened to a context, we have

two possibilities

~ —Either the confluence of the two members is possxble

—Or we get a word ¢ (resp. ¥) F-irreducible, Ireducible only with a
- configuration LL (resp. LR). The syntactical form of divergence points in
reductions of any word is known. Of course, we have the configurations RR
" and RL corresponding to reductions of the other member of the critical pair
ab.

k: M7 ' W'ila,AB —s ﬁvC'-l_ k:onaB —> BC
I: BCy —>A"ps . |[L:BCy —>AT'&o T
. RL{m: upu'y —> VAV RR{m: 77, —>o'po,
n:Xagp o n:iAdp o
Pieces: agz, ABC, X\, wv'tlop. Pieces: &3, ABC, '1'7', A, p.

| 4. Confluence of Dehn Algorithm

We first reformulate the fundamental result of small cancellation theory by
means of symmetrized sets of rules. Let G=(G,S) be a finite group presenta-
tion where S is a ssr satlsfymg the conditions C(8), or C'(4) and ’l'(4) Then
every word in (GUG™!)* equal in G to the unit element has 1 as unique FI*-
irreducible form, where I' is a symmetrized set of rules. The aim of this sec-
tion is to prove this confluence property of words equal to the unit element.

In fact, we shall prove a more general result, based on the non-existence
of configurations including LL, LR, RL and RR (cf. §3). Given an ordering, the
symmetrization procedure computes a finite set of rules I described in sec-
tion 2. We always suppose that the ssr S satisfies the condition C'(4) Let #
be a word such that:

i) ;? 1,
ii) 3W'#1, F.l—irreducible, such that Wz> W'
Let us define two sets of descendants of W:

MW) ={Z|W2> Z} and Qo(W) ={ Z| We> Z, kred(Z)=i1}}

where Fred(Z) is the non-empty set of Z’s normal forms under the relation
7> - We localize a point of strong divergence in the dag of W's descendants.
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Lemma 9
There exist two rules k and l from [' and two words U,V with:

k: aAB—>BC™' L. BCy—>A"1$
where ABC is a piece between k and I, both U and V are F ,I-irreducible,
Y=UaABCyV belongs to A(W), Y>> Y =UByV (or UadV) with frred(Y,)=
{1} and Y5> Yp=UadV (or UByV) with 1¢ krred(Yy).

Proof. The following inclusions {1}cQq( W)CA(W) are strict from the hypothesis
on W. As every element in A(W) is less or equal than ¥ for our well-founded
ordering, we may pick up a maximal element Z, in {ly. Soon, we have two
words Z; and Z, with the following figure:

AN

Z, 2
“ t ]
1 X#1,irred

Fig. 3

If 1erred(Z,), then let Q,( W)=0Qo( W)NA(Z;). We have the following inclusions:
{1} < Qi (W) c A(W) and Q,(W) C Qo(W)

as Z, satisfies the hypothesis upon W. By iterating the process, we built a
decreasing chain of sets:

QO(W)Dol(W)D SR DQn(W)D ce

By noetherianity of reductions and finiteness of T, the set Qy( W) is finite and
that the sequence of subsets is stationary from some index such that
{1}¢ brred(Z,). Thus, the following set is non-empty:

O(W)={Z | ZeA(W), 32,.2; s.t. Zip> Z; {l}=hred(Z,) and 1¢ krred (Z,) }.

Choose a minimal word Y in this set (W) for the given ordering. The rules
that reduce Yon Y;, i=1,2 do not belong to F: all the critical pairs of this set
are resolved. These reductions are performed by a non-confluent critical
pair of ' Otherwise, we would have the following figure:

Y=EX\FAG

/

E‘plFA26 Alezc

Ep,Fpz
Fig. 4

By Prop.2, a non-confluent critical pair comes from a superposition on a
piece between two relations. Thus, with the notations of 1 we have
Y=UaABCyV with two rulesk and l. If the word Uis reducible by a rule i from
FUL', U>U’, the following diagram contradicts the minimality of Y and con-
cludes the proof =
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. Y.
UﬁC-lC"yV U'aABCyV UaAA™6V

i k UL koo
UBC vV : U'adA™18V
Fig. 5
In this figure, the two words 8y and aé behave symmetncally We restrict
ourselves to the case where 87's has 1 as unique normal form. After a step of
I-reduction and perhaps some steps of free cancellation, the word Y reduces
on Y,=UByV and on Y,=UadV. As Y, can only reduce on the unit element
and U,V,B,7 are F,[-irreducible, every reduction must start at either Ug or
vV. Moreover, we can detail the structure of U and Vw1th respect. to reduc-
tions, as these two words are entirely cancelled:

Lemma 10
The structure of the words U and Vis expressed by the identities :

U=[J.nM lMl
V=T 1T, mTm

where the u; (resp. 7;) are preﬁ:: (resp. suffiz) of left members of rules
my (resp. n;) in I, non-empty ezcept possibly p, (resp. 7,,), such that
th.ere emsts a reduction path from Y, to 1 whose subsequence of Ir-
reductions contains the subsequence (My);=...n (resp. (nj)j=1...m)
whose each element reduces the corresponding word y; (resp. T ) in U
(resp. V), the words M; (resp. T;) expressing possible free cancellations.

We now precisely analyze this sequence of reductions. The first reduction
steps operate on u,M,By or on ByT,T,;. None of these two possible reductions
gives the confluence of the critical pair as the two reduction dags are totally
disconnected. From lemmas 4 to 8, the first reductions give the words ¢ and
Y. Our second assumption (after the C'(4) condition) asserts the non-
existence in I’ of the configurations of the previous section:

Hypothesis 2 : none of the configurations LL, LR, RL and RR appears in .

Observe that by hypothesis 1 no L neither R configuration exist. The words ¢
and ¥ being irreducible, the next rewriting step reduces either a U suffix or a
V prefix. When these reductions occur on the side of 8 opposed to the first
reduction side, we get a word ¢é=v,8,7,0, F-irreducible. Thus, we examine the
remaining cases: uMav, 8,7 and 87,0, To7,.

The Case uy;Mov B2y. First, Mp doesn't freely cancel all vy. Otherwise, the rule
m, il where u,'v'T! is a piece shows that Mpu,, with the subword
vitu, reducible on vy'uy'! would be reducible. But Uis F, P-lrreduclble Next,
with m: uaus —->v2u2 we have the ldentlty

vi=Mz'uz'v2" "3 where 53;51 and uo'va'"!is a piece.

Suppose a contrario that there exists a prefix P of uz'v2'! such that
Vl—Mz 1p. Two relations associated to m; and my, are Pv'yu'Tlur!Ms! and
w'av'5 v, Then Pis not a piece, otherwise the context U would be reduci-

ble by Mzu.lﬁa Pv',u'T! Thus, the two relations are syntactically equal, this
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implies first M3=1, second pzu,, subword of U, would be F-reducible. Clearly,
all these cases are impossible, the existence of the non-empty word g5 and of
the piece u'a1'5! follows. And we have uaMav 18275 V2B3B27=¢.

The Case 7,0, To72. With the previous reasoning, T, does not freely cancel all
the word ¢,. And if ny : T'27;—>0"305 then o3=730'5'72T5!. Note that the rela-
tions defined by the two rules n;, 1=1,2, are presently:

Tslri7 10’ P (where P isa suffix of 0'5!7";) and Tp05l0'317,.
And the subword By, remains unmodified by this new reduction:

By20, ToT277> B727302=X.

Thus in any case, the second step of [-reduction does not affect the the
B and v's of the previous I-reduction. We now turn to the I-reducibility of
the three words ¢,6 and x. The three cases will be successively detailed. We
first remember the configuration that yields the word, and summarize the
various possible reductions in a table, whose leftmost column contains the
reducing configurations. The last rule in each configuration reduces a sub-
word of the three words ¢,¢ and x, subword intersecting at least two succes-
sive components. If one of its left members components is not a piece, the
identical relation is displayed in the second column. The last one reports a
consequence of this identity: a rule includes a freely reducible subword or
possesses a non-empty prefix or sufflix common to both its left and right
members. Thus all components of the last rule left member are pieces.
Reduction of ¢.

aAB —> M{'pwilgeC?
BCyyo' 7T T7Y —> A716

mpy —> vy

T’l‘rl - 0'101
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Identiﬁcations

Configuration
PV T T P

Consequences

AB2Yap—>w

Ap.. =NV 'y - rule 1 n.r.
M’y VA P A=p. lu’l‘1 rule 2 n.r.
Ap—Dw .
AAB—>MT ' (W' IBACY | ACTIBTY =) rule 2 nr.
BCpyo' it TV —>A71 | p..A=p..BC rule 1 nr.
A=W
BCyAo' T T —>4716 | Ap.. -)\a' iy rule 2 n.r.
T T,—>0' 00 p..A=p..T'[ ‘al rule 1 n.r.
L Ap—>w v
aAB—>M{ u' 1V1 T80 | ABa...=AV U] rule 3 n.r.
BCpy 0’7l TT1 —>A718 | Byp..=B,C1B! rule2nr.
My =V AV p...B2=p...BC rule 2nr. .
ABop—>w e
aAB—>M{ ' 1V1 TIBAC™Y | Ays...=ACT 1B rule 1 n.r.
BC'yga’ Ay Tt —>4718 | yap..=700' T, rule 3 n.r.
T\ T1—>0" 1p0 p..72=p.. T o', rule 2 n.r.
AYop—>w .
aAB—>M ' W iB,C1 - | ABy.. =N T rule 1 n.r.
BCyqo' Tl T —>4716 B272...=B2C~ 1B~ 1. rule 2 n.r.
Bl VAV Y2P...=720' 711y rule 4 n.r.
T 7,—>0"1p0 p..72=p.. T lo’ rule 2 n.r.

aAB
BCy
Ml
Malt'z

>
6
%
—->

M1 #11’11520 -
A~ 5
M3 v 5183V
Vzl/'z

All conﬁguratlons but the last one are L, R, LL, I.R configurations.
Reduction of xz
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Reduction of yx.

Configuration Identifications Consequences
P =M oV pBav'y | Ap. SRV s rule 1 n.r.
Mol a—>VAV p..A=p.. u'av's! rule 2 n.r.
Ap—Dw
aAB—>M{ u' W ilpB2Ct | Ao..=A rule 1 n.r.
Bl DM VBN | pA=p 't rule 2 n.r.
Ap—Dw :
QAB—>HM{ W VWTIBACTY | Ap..=ACT BT rule 2 n.r.
BCpy—>A"16 p..A=p...BC rule 1 n.r.
[ AD—D>W
aAB—>Mi! 1;1.'11!' ;j,lopzc-l )\ﬁa...=}\u'2/.l,'2"l;._. . rule 2 n.r.
'y —>Ma w5 B’y B3.. A=B3...14'2V'3 rule 3 n.r.
MUapl'a~DVaAV'g p..Ba=p..u' W't rule 2 n.r.
AByp—Dw
AAB—>M W iBCl | Mg =N rule 1 n.r.
BCpy—>A~16 Bao.. A=Ba.. ' V't rule 3 n.r.
mip > M W' BNV | p..B2=p...BC rule 1 n.r.
L ABp—>w
aAB—>MT ' wiiBC70 | ABs...=Aviau's . rule 3 n.r.
BCpy—>A"16 3352--;531"1#'1—1--- rule 1 n.r.
M DM WV S1BaV | Bap...=BCTIBTLL rule 2 n.r.
Halt'a=—>VaAV'p p..B2=p..BC rule 1 n.r.
ABafop—>w
The last configuration and the first four rules one are new.
adB —> pgc?
BCyyo'{ir, ?‘1"1 -> 4715 N
ThT1 > 047302 Tz
T'2T2 - 0'20‘2
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Configuration Identifications Consegquences
chB—)/S)\C‘.’I }\p...=)\C‘IB"!... ruie 2 n.r.
BCpyso' 717\ TT1—>A718 | p..A=p..BC rule 1 n.r.
Ap—D>w .
BCyAo' TIT TV —>A718 | Mp..=A0'T i,y rule 2 n.r.
T T1—>0"1p730' 3172 T5! | p..A=p.. T 0", ‘rule 1 n.r.
A=W ‘ '
ThWT1—>0" 1 73A0' T T Tt | Ap..=Ao'g ;. rule 2 n.r.
T'3Ta—>0'2005 p..A=p..T'z1d's rule 1 n.r.
AD—>w ' ¢
aAB—>BNC™! | Aya..=xCTIBTLL rule2 n.r.
BCya0' {1 TV A7 | yap...=yp0' 17 rule 3 nr.
T T1—>0'1p730'3 17 T35t | p.ya=p..T'[ 10", rule 2 n.r.
AYop—>w K
BCyAa' 71T T —>A718 | Ays...=ho' 17 rule 2 n.r.
T T1—>0'1730'3 7' T3t 73p...=730'3 17'5... rule 3 n.r.
T'3Ta~>0'2005 p..73=p...T's1a's rule 2 n.r.
AYap—>w
aAB—>BAC™! Ayz..=ACT1B~L rule 2 n.r.
BCy,a' T\ T —>A4718 | 7oy3...=720' 717, rule 3 n.r.
T T1—>0'1730'5 73 T3 ! Y30...=730'5 175, rule 4 n.r.
T'aTa—>0'2005 p..73=p...T'5a'5 rule 3 n.r.
AY2yap—>

*We interpret configurations geometrically by S-diagrams. All configurations
“-with the same number of rules give the same diagram. Paths in diagrams are
" orientated. Moreover, they are ordered as words, with the ordering used in
the symmetrization. A graph associated with a configuration of n+3 rules
n>0 will be denoted by C,. The boudary cycle of each region is a relation
from the ssr S. It splits in two non-empty disjoint paths, an interior path and
an exterior one. This latter path belongs to a single region and will be labeled
clockwise with respect to this region, the interior path being labeled
counter-clockwise. With this convention, the associated words are equal in G
~and the hypothesis imply that they are comparable by the ordering. The

smaller one is represented by a dashed line. Let us recall that an interior
edge, thus belonging to two distinct cycles, represents a piece between two
" relations. The first diagram Cj encodes all L and R configurations:

adAB —> BAC!
LY BCpy — A1
AN D

aAAB —> BgC™}!
R) BCy —> A™1pé
AN > w

We give the remaining épnﬁgurations without labeling, and with the conven-
tion that the upper cycle is the last rule, o being its exterior edge, its neigh-
bours being A and p.



The following diagrams are composed of n four-gons such that the three inte-
rior edges path is greater than the exterior one, of two triangles whose exte-
rior edge is greater than the concatenation of its two interior ones, and
finally of a closing cycle with n+2 consecutive interior edges, whose concate-
nation is greater than the exterior path w. We give an example of labeled C4
corresponding to the reduction of B3B27273:

—_.___.—- —_— e
-~—
-
S

- -
P "’ \ﬁ\

P - - mmy N G S -~ ’—___ - e —— -~
=" == TN
T L e e T T T S e T T T TN

—~— -

GEFT s oSy T T T T =T
P A Pl ¥ =<\
/ A £y \> 325 > Y2/ Saa 73 /’-\\\\
! ! ' L3 [ ad "l—
Vian'zs Y vhi't! AABC o' 71y {ozir

L L pa p .4
e < gy < p— ) p
(Mauy)™ (Mya)" (61,)™! (1,T2)™"
Fig. 9: 04.
All forbidden ¢, i=0,....4, are represented on this graph. Thus, our third

assumption, which inciudes as a special case the Hypothesis 2, is:
Hypothesis 3 : No diagram G, , n=0, exist for the given ordering.

Thus the three words ¢, & x are F.I-irreducible. Under this assumption, this
creation of irreducible subwords goes on:
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Lemma 11 4
The word Y, reduces on Yz=v,B,_;‘ " B272 "' Ym-1m. wWith for
1=2--'n-landj=2---m-1:
ii) The word Ygis F I-irreducible.

Proof. By induction on n+m. The induction hypothesis is the structure of
the previous rules and the irreducibility of the word still reduced:

) -~ -1
n G TITL = NI T

Co gyt -1 -
My Wb > Mg e VENBEV

where B¢#1 and 7,#1, pr+1V'ed; and o' [T, are pieces. The word
Yea=VeBr—-1 " " Bay2' ' 71-101 being irreducible. We have seen that this
hypothesis holds for rules k,l ,m, and n,. And the next reductions must freely
cancel either the word M.,, or T,,. After what the reduction by either rule
My 4y Or Ny, may occur. The description of cases u, My 827 and By20,T272
shows that these two new rules have the previous form. Then, the word
Yes1041=Ve+1Br * * - B2Y2 ' * - 71014 is irreducible by the non-existence of the
- configurations C;, i=1 - - - max(k+1,l+1). Note that the deductions using the
non-confluence of Y;, j=1.2, are now replaced by the irreducibility of both
My 1ty and 7, Tp4q w

We have proved that the word Y, reduces on a non-null word Y3 F.I-
irreducible, in contradiction with the construction of Y. Therefore, under
hypothesis 1 (C'(4)) and 3 (C;,j=1-- ), if a word W reduces on 1, then 1 is its
only irreducible form:

W, 1€hred (W) => Frred (W)={1}
Let W be a word such that W=¢gl. There exist words W' and Ty, ..., T, such
that W'=T R T{! - - T, R, Tg!, where R;€S, the ssr of defining relations.

Moreover W is computed from ¥’ by adjunction or deletion of F-redexes. We
thus have the following diagram:

! Moo N
' * W
F 2 ~ - uk-
. ~ \
~
u —

S v
~ ) «}F,I
. ~ - \ D'
-~ . F?’\ 'F A
~‘\\ . ’ \\ ,l"‘\
L~ ~
FOr\'&\\. \\ ‘
S~a N \
-~ N
SN
‘%1
Fig. 10 '

which concludes the proof VW, W=gl=>kred (W)={1}.
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Theorem 12
Let G=(G.S) be a finite group presentation satisfying C'(4) and without
S-diagram C; i€N, for some ordering, then the symmeirized presenia-
tion of G computed with this ordering solves the word problem for G.

Corollary 13
If the presentation G satisfies either C(6) or C(4) and T(4), then Dehn
algorithm solves its word problem.

Proof. As G satisfies C'(4), if G also satisfies T(4), then no C; diagram exists as
they all include an interior vertex surrouded by three consecutive regions.
Observe that T(4) was not sufficient in the proofs of lemmas 5-8. If G satisfies
C'(6), then by C'(4), Cq is prohibited, while all the other ones include three
consecutive pieces reducing to the rest of the elementary circuit or relation
(i.e to the words M; 4 4, Mqa, 6Ty and 7,;T;4,). This is impossible by C'(6) as
the length of three consecutive pieces in a relation is strictly smaller than
the remaining part of this relations

5. Examples

The present proof was initiated by H.Bucken [Biic79b]. He began an analysis
of the symmetrization, isolated the words Y, and gave the irreducible form of
Y,. The present proof profits from experimentations done with an implemen-
tation of the symmetrization [LeC84]. A thorough analysis of symmetrization
was possible, implying the discovery of diagrams. The contexts, while indexed
by N, are finitely generated by the symmetrized presentation, also their non-
existence can be checked.

Now, we may discuss the hypothesis of the main theorem. There are two
of them, first C'(4), second the non-existence of C; configurations. As the
first assumption implies the non-existence of Cg, we may ask whether C'(4) is
only used for this purpose? The answer is no, as shown by the following sym—
‘metrized set of the group G,=(a.b ababa"b'l)

a~lba —> bab b-la=ls —> aba"!

bab~! — aba abab —> ba
a"lp~la7! > bpa~lb! aba"lb! — b-lg-?
b~la~1p! — a~p"la ba"lb"la —> a lb-!

b~lab — ab-la™? baba™!l —> a~lib

The presentation is C'(2), but not C'(3). Hence it does not satisfy the first
hypothesis. However, it satisfies T(4) as every relation begins with a letter
and ends with the other one. Thus no C; configuration appears in its Cayley
diagram. However, Dehn algorithm does not solve its word problem. Thus the
condition C'(4) is necessary. If we take the same notations as in the proof, we
have for example:
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Z=aabbb " labba~'b
aababba=1b ! Y=aabbabd "‘a"‘ba“b\i‘
Y,=a.ababaa.."‘ba“b ! Y,=aabbaaba -1g=1p-1
aababba~'b"!
i —

ababa =11

baa~1p~?

Fig. 11

The word Z both reduces to 1 and Y, irreducible. But Z is not minimal, Y is
minimal (cf. beginning of prev. §) and the corresponding diagram is

k:badb~! _3 aba
l:5"'a"1b —> abda™!
m, :abad —> ba
‘m,:abab —>ba

The original piece is b~'a™! with only 4=1, then g=ab=u,=u’;. The point is

that, no word v;8,7 exists, as 8 is entirely canceled by the m, reduction. The

rule m, has its left member composed of the juxtaposition of two pieces, con-
. tradicting C'(4). The diagram has an interior vertex of degree four:

Fig. 12

The right members of the rules are delimited by the dashed areas. This exam-
ple shows clearly our use of condition C'(4).. The case Ap—>w, where both A
and p are pieces occurs with the rule l. The non-existence of such rules is
constantly use in the study of critical pair reduction by a context. The other
application of C'(4). including the previous one as special case, is:
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C(4): if P{PRUES, where Py P, are pieces, then U",—._'? PP,

This proposition is an assumption on diagrams rather than a diagram itself.
Another example is the group G,=(4,B,C;ABC=CBA) whose one sym-
metrized set is: :

CBA —> ABC C'AB —> BAC™!
A"ICB —> BCA™! ABCA™' —> B

B la~lc — cA"lp! BcA™\B™Y  — 4-lc

C-1B-14™' — A°lp-ic! cAT'BTicT! —  Brigt!
B-1C™'A — AC-1B™! BACT'B' — (C14

This group is C'(5) but not C(6). And it does not satisfy T(4). Then, we have
for example the following non-confluent derivations [Biic79a]:

ABABABCA™CBCA™'B~1A-1p-ic-1p-ic-1p-ic-!

~

' ABABABCBCA~CA~\B-AB-‘c-'B-lc-'B-lc-!

y

ABABABCA™'CA™'CA-'B-'c-1p-ic-'B-iCc™1 .
ABABABCA~'CA™1B~'aA-'B~1Cc-1B~!Cc!
ABABCBCA -113-!;1 -ip-ic-ip-ic!
ABABCA™'CAT'B-ic1B-Cc!
ABABCA -1341A-IB-1 c!
ABCA ilB-1 c-!
cBB-'c!

1

Fig. 13

The associated diagram is a C; one, the last rule being a ABz72p0—>w.
k :A"1CB —> BCA™!
l : BCA™'B™! — A"IC
m, : ABCA™! —> CB
ny: CA"1p~ic~t —> B4

—> 4-1
o : BCA™'\B™ ATC

T}}e last rule being a Aayd,p—>w one. The corresponding graph is therefore:



However, the following syrnmetnzed set for G, is also canomcal all its critical

' pairs are resolved. It is confluent on all words.

ABC —> CBA
c-1B-14-1 — g-ip-ict!
BAC!? —> - C™4B -
CA-1B™! — B4
AlcB —> BCA™!
B-lc™14 —> AC™'B!

Its noetherianity is proved by induction on word length: at most one reduc-
tion reduces the first generator, and the rules are not length-increasing. The
fact that the present proof applies to this symmetrized set follows from the
ordering which is non-length-increasing, from the fact that all superposxtlons
occur on non-pieces, thus no C; diagram exists, pieces have length 1 while the
relation has length 6.

In constrat to the usual geometric proof [Lyn77,ch.5], the present one
deals only with elementary properties of words. So does the proof by Green-
dlinger [Gre60a,b] based on the reduction Fg. In the reduction dag of a word,
we have localized a point of divergence, so that no numerical result relative
to the original word can be given such as Greendlinger lemma. However, local-
ization exhibits critical diagrams. .
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