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MATHEMATICAL AND NUMERICAL ASPECTS OF
ONE-DIMENSIONAL LAMINAR FLAME SIMULATION

B e m e )

Michel SERMANGE

Abstract .:. -

The aim of this paper is to solve several mathematical and
numerical questions related to the simulation of stationary and
unstationary premixed flat flames. Most of the results are obtained
1nhthe general context of complex chemical and diffusion mechanisms.
Th:-main mathematical results concern : (i) the a priorivpositivity
of the mass fractions, (ii) the sensitivity of the flame speed to
" the computational domain. The numerical method‘that I propose for
solving the stationary problem is a new combination of the pseudo-
-unstationary approach, the Newton iterations and thé adé?tive gridding.
The computation of HZ-OZ-N2 flames with various initial concentrations

(including the chemical extinction zone) shows the efficiency of this

method.

Résumé :

Le but de ce papier est de résoudre plusieurs questions mathématiques
et numériques liées & la simulation des flammes planes prémélangées sta-
tionnaires et instationnaires. La plupart des résultats sont obtenus dans
le contexte général de mécanismes chimiques et diffusifs cdmplexes. Les
résultats mathématiques principaux concernent : (i) la positivité a priori
des fractions massiques, (ii) la sensibilité de la vitesse de flamme au
domaine de calcul. La méthode numérique que je propose pour résoudre le
probléme stationnaire est une combinaison originale de 1l'approche pseudo-
‘instationnaire, des itérations de Newton et du maillage adaptatif. Le
calcul de flammes H,-0,-N, avec différentes concentrations initiales (y

compris la zone d'extinction chimique) montre 1l'efficacité de cette méthode.

1980 Mathematical Subject Classification : 80A25, 65L10.
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0. INTRODUCTION

The question of propagation (or no propagation) of a planar flame
in a premixed gazeous mixture covers a great variety of situations for
the following reasons :

(1) each different composition of the fresh mixture gives rise to
a different physical phenomenon ;
(1i) the diffusion and chemical mechanisms can be described by a rather
realistic or simplified model.

As an example of (ii), the hydrogen-air flame

2H2 + O2 —_— ZHQO

can be modelled by eleven elementary chemical reactions and eight species
(cf. J. WARNATZ [42] ) or by a more complex or a less complex chemical

mechanism,

When the flame model is chosen, the computation of planar travelling
waves present the following difficulties : (i) existence of a continuum
of solutions (in relation with the so-called "cold boundary difficulty"),
(11) the partial differential equations are strongly nonlinear, (iii) the
partial differential equations are stiff with disparate length scales,
(iv) the system can be very large (depending on the degree of simplifi-

cation).

Various methods have been proposed for solving these difficulties .
in a given chemical context. Most of these methods use an unstationary
approach (see for instance [6] [8] [9] [17] [23] [24] [32] [36] [37] [39]
[45] ). A more recent approach is to solve directly the boundary value
problem([351 [46] ). In the GAMM Workshop (1981) "Numerical methods in
laminar flame", some of these methods have been compared on the same
chemical mechanism describing the hydrogen-air flame (cf. J. WARNATZ [42] ).
The pérticipating groups were : DIXON-LEWIS, HEIMERL, JINNO & FUKUTANI,
REITZ, SMOOKE, THIES & PETERS, WARNATZ, ORAN.

%



Theaim of the present paper is to solve several mathematical

and numerical questions related to stationary and unstationary flames.

Most of the results are obtained in the general context of complex
chemical and transport models. The corresponding equations are described

in Sec. 1.

In Sec. 2, I give some mathematical properties of the unstationary

problem. The main result is the a priori positivity of the mass fractionms.

This property was known only for a simplified combustion model (cf.
CHUEH-CONLEY-SMOLLER [4] ). This a priori positivity of solutions is
important being a first step for obtaining the stability of numerical

pseudo-unstationary methods.

Sec. 3 is devoted to the mathematical study of the stationary pro-

blem. The main result concerns the sensitivity of the flame speed to the

" computational domain.

Sec. 4 contains a detailled description of a new numerical method
for solving theAstétionary problem. This method combines the use of
the pseudo-unstationary approach, the global Newton method and the mesh

adaptation.

The efficiency of this method is illustrated in Sec. 5 by the
computation of H2—02-N2'flamgs with complex diffusion and chemical
mechanisms. First, I have carried out the test of the GAMM Workshop
[42] (stoichiometric case). The method of Sec. 4 seems faster compared
fo’the other methods and as robust and accurate. Secondly, I present
new numerical results conderning-the chemical extinction of the HZ-OZ—N2
flame by increase of the inert concentration (this last study was sug-

gested to me by P. CLAVIN).
The results presented in this paper were announced in [331[341] .

Acknowledgment : The computations were carried out on the CRAY-1l with the

courtesy of the Scientific Council of the "Centre de Calcul Vectoriel

pour la Recherche'.



1. Problem formulation

1.1. Combustion equations in one-dimensional space

Let us consider a mixture of M species in one-dimensional space ;
conservations equations for total mass, enthalpy and masses of each
species may be written (see [3] [12] [39] [47] (48] ):

204+ 2w = 0 (1.1)
M . M
T S Ly y3T _ 3 BT
PUE P TDGE e ) ~ (F B g " wd *
= i=1 _
(1.2)
M
+ Z h,r,=0
i=1 i"i
3Yi aYi 5
P(gz—'+ u 3;—9 -~ Uimr; =0, 1 <dis<M (1.3)

The independant variables are the flow velocity u, the temperature

T and the mass fractions Y, of each species (1<i=zM,.

We shall consider that the diffusion fluxes Ui are given by one

of the following models :

1) Model recommended by Coffee-Heimerl [6] (see also [7 ] [16]1[40]1[417)

1 % 13
Ui= Yy pdifi'ax tY ey T TN T
where .
X = ¥y /my
1 M ’
L Y,/m,
=1 11 (1.4),
M 9%
] 1 1ot
e 2Py X, % TP TR

'



M
2) Approximation of 1) when I Y./m, = cte :

. , j=1 3 J
‘ Y
- i , 1 3T
Uy=pdy 55 Y Pdpy7 Yl
(1.4)2
' M My 1 3T
where U, = ii:l(p di = A+ Y, e dT,i -,1,-&)
3) The Mth species is in excess :
: oY
fod i 13T
Ui =p di G + Yi‘p dT,i T 3% 1 241 <M1
u,=- X U
M s
i=1
Sometimes, we shall take for Ui the more general expression :
M Y, ' oT (r\z)
= J o l.
Uy J.El ey (LY 5=+ W (1Y) 5

In the previous equations, p denotes the mass density of the mixture ;
A , the thermal conductivity of tgﬁ mixture ; hi’ the specific
enthalpy of the ith species ; hi = Efi (= Cbi)’ the constant pressure
heat capacityiof the ith species ; di’ dT,i’ the diffusion coefficients:
of the ith species in the mixture ; re, the mass rate of production of

the ith species per unit volume ; m,, the molar mass of the ith species.

' ~ The physically admissible domain for (T,Y) is

' s={ry ®*, r>0,v, 20,1515, I ¥ =1}.

The quantities m, are positive constant ; the~quantities Py, A, di’

i

d are given regular functions of (T,Y) ¢ S =8, where

T,1 * Ti
o M+1 M,
s = {(T,Y)e R ', T>0, I 'Yilmi>0};
i=1
P,A,dy are positive functions ; hi is a function.of T alone (T > 0) ;

dh,
hi = Efl is positive. The production terms r, are obtaines as sums

of contributions of all elementary chemical reactions. As a consequence,

the functions r, satisfy :



M
T ri(T,Y) =0 ¥(T,Y) ¢ § (mass conservation) (1.5)
i=1
r, (T,Y) 20 ¥(T,Y) e S with Y = 0 and Y =0 (1.6)
Remark 1.1 : )
1 29T

i) The thermal diffusion terms p Yi d which appear in (1.4)

. T,i T . 9x

are usually negligible, i.e. we can take dT 1
b

for the light species (ecf. J. WARNATZ [431] ).

ii) In the special case'd =0,d, =d ¥i" both models (l.4), and
T,i i ’ 2

?

= 0, possibly except

(1.4)3 are equivalent to

"1.2, Evolution problem in lagrangian coordinates

The flow velocity u can be eliminated from (1.1)-(1.3) by introducing
the lagrangian coordinates (t,z) defined by %§-= P, %%-= - pu. We
obtain the following problem (gk), where k refers to the choice of the

diffusion fluxes model (1.4)k.

;M M M h,r
oT aT 3 9T i1
(Zhl Y)===-(Z hlU)—-—( A= + I =0 (1.7)
=1 T 17 0t g=1 L 170z 0z 9z i=1 o :
(gk)
Ezi._ é—-U - 51 =0, 1 <1isy (1 8)
ot 9z i op ’ - e

1.3. Travelling waves
The travelling waves are the stationary solutions of (1.1)-(1.4) on

the spatial domain (- © , + ® ) ; as a result, (c,T,Y) is solution of : .

(/ pu = ¢, unknown constant,

M M M
R R L dT i .
{c 'E hi Yi - 'L hi Ui} = a;( A & * L borx 0 (1.9)
i=1 i=1 i=1
C.di _9_[} - = Q0 1 i< M (1 10)
ax dx 4 " f1 T % s is M, :
(1.11)

/ lim T(x) = Tu' lim Yi(x) = Yiu

XF> ~® X > =00
G,

-\



('f) (Tu’ Yiu prescribed consﬁants)
" ,

i} i;x:mr(x); =T, xl_)i:wyi(x) =Y. (1.12)
(Tb, Y ib unknown constants )
1lim %(x) = lim Z—ij;(x) =0 (1.13)
Xx+% o x+%
T(xf) = Tf (1.14)
where Xe, Tf are prescribed constants which fix the flaﬁxe with

respect to the x-axis (we could also fix Yio instead of T) ; the
~index k of (T k) refers to the choice of the diffusion fluxes model

(1.4)k .

2. SOME MATHEMATICAL PROPERTIES OF THE UNSTEADY SOLUTIONS
During Sec. 2, D denotes a bounded interval of R, T a real

positive number, Q is D X(0,T) ; we call smooth solution of (a"k)
on Q every regular function (T,Y) : Q - S which satisfies (Sk)‘V(z,t)e Q.

- In Sec,; 2.1 and 2.2, we precise the boundary conditions for which.
we have enthalpy and mass conservation. In Sec:. 2.3, we prove that §
is an invariant region for (?k), i.e. any smooth solution (T,Y) of
(? ) with initial values in S satisfies (T,Y)(z,t) € S ¥(z,t) € Q.
Thi‘; result is also important for computing stationary solutions by a

pseudo-unstationary approach.

2.1. Enthalpy conservation

Proposition 2.1. Let (T,Y) be a smooth solution of (£ We 1S ks 3, on
Q. We suppose that

ﬂ( —.aY_i( =0 ¥(z,t axlo | 2.1
e z,t)—az z,t) = z,t)e oD X (0,T) | 2.1

Then



/\

=

M r
X J b, (T(z,))¥,(z,t)dz = I Jhi(T(z,O))Yi(z,O)dz ¥t e (0,7) (2.2)

i=1 D i=1 D

Proof : First we observe that

R 9T _ 9
h{(T(z,t))gz'- Y hi(T(Z,t)),

h'i(T(z,t))% - g~z b (T(z,£))

We multiply each equation of (1.8) by h, and we add to (1.7). We

i
obtain
M M :
d , ) 3 9T, _

" We integrate (2.3) with respect to z over D. By (2.1), we obtain (2.2)

2.2, Mass conservation

Proposition 2.3. Let (T,Y) be a smooth solution of (glg)’ 1 <k <3,

on Q. We suppose that

M

) Yi(z,O) =1 ¥zeD |, (2.4)
i=1

M M
{z Yi(z,t) =1or I Ui(z,t) = 0} W¥(z,t) € IDx*(0,T) (2.5)
i=1 i=1

Then

M

I Y, (z,t) =1 ¥(z,t) € Q. (2.6)
=1 1

Proof : We add the equations of (1.8). By (1.5), we obtain

M M
LI U,=(1- X Y)U
-1 j=1 e



M .
The function ¢ =1 - I Yi satisfies
: i=1

9§‘£+-g-z-(uc¢)=o°pq.

We multiply by ¢ and we integrate in z. We obtain

U
1 [ 2.0 P 2. Loy 621 =
2 dt j o7 dz + 5 J 5z ¢ 2 -y LU 0L, =0.
D D
M . .
We have ¢ Uc = Z Ui' By (2.5), we obtain
. i=1
2 M

L Uc ) ]BD = [(151-U1)¢]3D = 0.

Hence

U
a 2 10 % ,
ac | ¥ dz=-g | 5 4
D D

Since (T,Y) is a regular function from Q in §, Uc is regular.

1
2

Thus, we can write

d 2 2
I J ¢” dz s o J ¢~ dz
D D
with a = sup I%;- Uc(z,t)l < ®
(z,t)eQ

' From Gronwall lemma, we obtain

{
J ¢2(z,t)dz < exp(at)J ¢2(z,0)dz =0

D D
dnd Prop. 2.2. is proved.

Prop.2.2  shows that (Ek),. 1 < k £ 3, is equivalent with the
following problem (E% )

N (equation (1.7)
(Si)'equations of (1.8) for 1'< i g M-1

M-1
YM'= 1 - z Yi

i=1
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o~
It is easy to prove that (Elc) is elliptic in z, i.e. the diffusion

matrix of (?k) is regular, whereas (gk) is not elliptic.

Remark 2.1. Without more hypotheses on the coefficients di’ the

diffusion matrix of (E%'), k = 1,2, is not always positive definite ; for this‘
reasoh,the existence of smooth solution of Q%k) or (éi) is not always guaran- {
teed.In the case k = 3, the diffusion matrix is positive definite (and dia-

gonal) and the existence of solution is proved (cf.B. LARROUTUROU [201]).

2.3. Invariant regions

We put
I, = {1,...,M} forl £k <2
I,= {1,...,M=1}

The main result of this section is

Theorem 2.1. Let (T,Y) be a smooth solution of (Ek) onQ, 1l k<3,

We suppose that

Yi(z,O) >0 ¥z ¢ D, ¥i ¢ Ik , 2.7)
oY
{¥,(z,t) >0 or Wi-(z,t) 2 0} ¥(z,t)e 3D x (0,1), ¥i e I, (2.8)
Then
Yi(z,t) >0 ¥(z,t) € Q, ¥i ¢ I (2.9)

Several authors (WEINBERGER [44'], CHUEH-CONLEY-SMOLLER [4 ] have
gilven necessar and sufficient conditions for determining thefinvariant

&)

regions of weakly coupled parabolic or elliptic systems. The system
(8k) is not weakly coupled ; nevertheless, we can adapt the method of

proof used by WEINBERGER in [441] .

(1) A system of m partial differential equations in m unknown functions
is said "weakly coupled" if the ith equation only contains derivatives
of the ith function.



_As a consequence, for 1 ¢ I

. Since r

- 11 -

Proof :#Each definition (1.4)k can be rewritten as

Y
i Y oT:
U = ai(T,Y) Frat

TR 5 ) Le

Vhere Xi and' F are smooth functions (we observe that,for Y

system is weakly coupled).

K’ Yi is solution of

2

oY 7Y oY

i i i
i ai(g,t) 7 * bi(z,t) 5z * ci(z’t)'Yi fi(z’t’Yi)

0z

Whgre as, bi’ ey

fi(z,t,s) = ri(T(z,t),Yl(z,t),...,Yi_l(z,t),s,Yi+1(z,t),...,YM(z,t)),

o(T(z,t) ,¥(z,t)) "}

We proceed now by contradiction. Let t* > 0 such that

Yi(z*,t*) =0 for some z* ¢ D and some i

Y(z,8) >0 ¥(z,£) ¥ DX 0,t™) , wj
From (2.10), (1.6), we have

£,(2,£,0) 20 ¥(z,t) e D x (0,t™)

Hence

Y

9z

3Y.
1
ot

2%y, -
- ai(z,t) — ¢ bi(z,t)
0z

We introduce

‘fi(z,t,Yi(z,t))-fi(z,t,O)

Y,(z,t)
u(z,t) = 1

0 otherwise

i

are regular functions on Q ;fi is defined by

if Yi(z,t) #0,

is a_smooth function, W is bounded on D % (0,T).

(2.10)

+ ci(z,t)Yi 2 fi(;,t,Yi)—f(z,t,O)



-12 -

We finally obtain that Yi satisfies

3y 52y 5Y

i i i *
Fra ai(z,t) 52—2 + bi(z,t) Sz + (ci—ll)(z,t)Yi 20 ¥(z,t) e Dx(0,t)

where ay, bi’ c, are smooth, a; is positive, M is bounded on D X (O,t*).
It follows from the maximum principle (cf. PROTTER-WEINBERGER [31]
th. 3.5-3.6) that :(i) if z* €D, then ¥,= 0 on Dx (0,t%), (11) if

z¥ ¢ D , then g; Yi< 0. Both cases 1) and ii) contradicts (2.7)

or (2.8), which proves Theorem 2.1.

Remarks 2.2.

1) In the case k = 3 (but not k = 1 or 2),; theorem 2.1 is also valid with
all strict inequalities replaced by large inequalities (cf.Remark 2.1).
ii) Proposition 2.1 and Theorem 2.1 yield the following a priori bound

0 < Yi(z,t) <1 ¥(z,t) € Q, fe Ik

f
J T(z,t)dz < ¢ (2.11)
D
But we have not Lm(Q) bound on the temperature, except in the case
d = 0 and Lewis numbers = 1, i.e. d, = d = or ¥i.
T,1 i cP 1

3. SOME MATHEMATICAL PROPERTIES OF THE TRAVELLING WAVES

In Sec. 3.1, we recall the classical enthalpy conservation for
travelling waves. We intend to solve (ﬁflg by.a finite-difference
method, so we need to formulate an approximate problem on a bounded
domain. In Sec. 3.2, we present an heuristic method for choosing the
boundary conditions on a bounded domain and we show that the enthalpy
is still conserved. In Sec. 3.3, we give an upper bound of the error
due to the truncation of the domain in the case of a single one-step

chemical reaction.

3.1. Enthalpy conservation
Proposition 3.1. Let (c¢,T,Y) be a smooth solution of (?fk), 1 sk <3,
with ¢ # 0, Then

M M .
‘Z hi(Tu) Yiu = ‘2 hi(Tb)Yib (3.1
i=1 - i=1
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Proof : We multiply each equation of (1.10) by h and ve add to (1 9).
We obtain

u M
d d d , 41, _
T B U R A G.2)

We integrate in x. By (1.13), we obtain (3.1).

Remark 3.1, Since h, are strictly increasing functions, it turns out

i
that (3.1) gives a unique value T, = T, (Tu’Yiu’Y which is called

b ib)’

the adiabatic flame temperature.

3.2. Heuristic choice of the boundary conditions

Let [a;bj'a bounded domain of R which contains x..
Let (c,T,Y) be a smooth solution of (?fk), 1 <k <3 . We integrate
(3.2) and (1.10) over (-~ ,a) ; we obtain

M M
ACa) %(a) + zl by (T(a))V,(a) = ¢ I (b (T(a))Y (a)-h(T)Y, ), (3.3)
i= i=1 i ’
a
U, (a) = c(¥ (a)- ¥, ) - J £, (T(x), Y (x))dx 3.4

- 00

The combination of (3.3), (3.4) gives

M M .ra
A(a) %g(a) =c¢ L (hi(T(a))-hi(Tu))Yiu+ z hi(T(a))Jri(T(x),Y(x))dx (3.5)
i=1 i=1

-0

If we suppose now that the reactions terms are negligible on the

region (~» ,a), we obtain

A (a) (a) c Z (h, (T(a))-h (T )Y, _ (3.6)
i=1

U (@) = (¥, (a)-1, ) | | (3.7)

As a result, we shall consider the following problem C?f )on a:

given bounded domain [a,b] which contains x_ and which is large enough :

£
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equations (1.9), (1.10) on (a,b),
. boundary conditions (3.6), (3.7) for x = a,
(T dy
k

dr 1, _ '
a;(b) = 'a';-(b) =0 (3.8)
T(xf) = Tf

The boundary conditions (3.7), (3.8) (but not .(3.6)) are those used
by Smooke-Miller-Kee in [35] (cf. also [21] ). Otherwise the reason
for which we don't use similar left and right boundary conditions is

that unburnt quantities Tu’ Y

ju 2Te prescribed, whereas burnt quanti-

Y are unknown.

ties Tb’ b

Proposition 3.2. Let (¢,T,Y) be a smoothlsolution of (7?;), 1l <ks3,
~with ¢ # 0. Then |

M M
151 h (T )Y, = ifl hi(T(b))Yi(b) (3.9

Proof. We integrate (3.2) over (a,b) ; we obtain
M M M
hi(T(b))Yi(b) =c I hi(T(a))Yi(a)- f

dT
z h,(T(a))U,(a)-A(a)5=(0) .
1=1 i=1 t=1 1 . dx

c

By (3.6), (3.7), we obtain (3.9).

3.3. Estimation of the error due to the truncation of the domain

3.3.1. One-step reaction with Le = 1,

In the case of a single one—step'reaction with Le = 1, the problem

(®) reduces to the following scalar equation :

=(d(u)u’)" + cu' = g(u) | (3.10)
u(-©) = 0, u(+=) = 1, u(0) = 0.5

The function g : [0,1]1-[Q, @) is supposed to be lipschitzian, dif-
ferentiable at 0, and to satisfy g(0) = g(l) = 0, g(s) # 0 for s € (0,1) ;
the function d : [0,1 }(0,») is supposed to be continuously differentiable.
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P

It has been proved that there exist a positive real number o
such that (3.10) has a unique solution for every c 2 o and no solution
for ¢ in the interval 0 < ¢ < c_ (cf. [131[141[15]1[38] ford=1l
and [25] for any d). We shall denote u_ the solution corresponding to
€y This solution seems to be the only physical one.

Let (a,b) a given bounded domain of R containing O ; the problem Cﬁ*)
(with Dirichlet condition for x = b) reduces to

-(du')' + cu' = gu)

, (3.11)
d(u(a))u'(a) = cu(a), u(b) =1

let a = ~b, Problem (3.11) has a unique solufion (cb,ub) satisfying
ub(O) = 0.5 (cf. BERESTYCKI et al. [2]) and this solution satisfies
(c£. M. MARION [251])

(cb, u) (co,uo) for b+ + o,

We have obtained the following new result concerning the system (3.11).

Theorem 3.1, Let (c,u) be a solution of (3.11) with b = + @ ., We suppose
that '

. _ d(s) (S) 1
d(0)g'(0) < a = sup RAL-PE-A8-2 S J d(s)g(s)ds (3.12)
0<s<u(a) s 0
Then
%(co+ (cg— 4&)1/2) <e¢ < <, | » (3.13)

Proof. The basic tool is the comparison of ODE's.

Fig. 3.1.
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The function ho(s) = d(s)u;(ugl(s)) is continuous from [0,1 Jin
[0,+ ©) and satisfies (cf. M. MARION [257] ) :

h!(s) = c_ - d(s)g(s). ,
° h_(s) (3.14)

By (©) = b (1) = 0, b1(0) = 3(e + (c2- 4a@)g' (@))%
1
Let o' be any real number in the interval o < a'< j d(s)g(s)ds
i) On one hand, h;(s) > F(s,ho(s)) for every s in theointerval
0 <'s < u(a) where F(s,y) = c_ - a's/y. We solve the differential
equation y'(s) = F(s,y(s)) with the initial condition y(0) = 0.
Since c, 2 (2 J k(S)g(S)ds)l/2 (cf. [25]), we obtain the two following

solutions 0

/2).

y,(s) = r s, withr

=1 (2-4amyt
+ 2(c° i(c0 4a')

Since h;(O) = %{co + (cg—dd(o)g'(O))1/2)> y;(Q);he comparison theorem
for ODE gives that

ho(s) >r.s for 0 < s < u(a) (3.15)

ii) On the other hand, we know (cf [25]that ¢ < c, and that the
function h(s) = d(s)u'(u-l(s)) satisfies

h(s) > ho(s)for u(a) <s <1 (3.16)

By (3.15), (3g16),~we obtain (cf. Fig. 3.1)

h(u(a)) = cu(a) > hb(u(a)) > r, u(a)
We take o' » « and we obtain (3.13).

Remark 3.2.

1) In the case g'(0) = 0, the first inequality of (3.12) is always
satisfied and the second one is satisfied when u(a) is small enough.
Moreover, the left term of (3.13) converges to <, when u(a) + 0.

ii) The case k(s) = cte, g(s) < sg'(0), studied by KOLMOGOROFF-
PETROVSKY-PISCOUNOFF [18] , never satisfies (3.12).
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)
3.3.2, One step reaction with Le 2 1 .
In the case of one-step reaction with Le = 1, the problem ()

reduces to the .following system (A = 1/Le)

-u" + cu' = f(u)v

- Av" + ev' = =f(u)v
(3.17)

u(-) u(+®) = 1

v(-~) =1, v(+) =0

[}
o
-

where f is a C1 function : [0,11-[0,%) with f(0)= 0 and f(s) # 0 for

'8 ¥ 0. .
We consider the following problem on the half-line (0,%)

-u" + cu' = f(u)v |
C =Av" 4+ cv' =£(u)v

-u'(0) + cu(0) = 0, u(+o) = 1
Caw'(0) + e(v(0)-1) = 0 , v(+) =1

(3.18)

As in the scalar case, there exists <, > 0 such that (3.17) has a solution

if and only 1f ¢ 2 c_ (cf. £223[26]),
We obtain the following new result

Theorem 3.2. Let (c,u,v) be a solution of (3.18). We suppose that

1
£'(0) < a = %- sup £(s) (1-s) < I £(s) (1-s)ds (3.19)
0<s<u(a) 8. 0
Then
e v @& -wtPscce, . | (3.20)

Proof : The function ho(s) = ué(ugl(s)) satisfies (cf. [26])

RO OPHE

h_(s) K ‘ | (3.21)

) = e -
ho(s) . cQ

hy(0) = B (1) = 0, b1(0) = Lo, +Cep- 4 £1 0’
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1
Let &' be any real number in the interval o < o' ¢ J £(s) (1-s)ds.
0

i) On one hand, the function v, satisfies (cf. [2]0[261])

1u () S v (x) s %(l-uo(x)).

As a consequence, hg(s) > F(s,ho(s)) where F(s,y) = c,-0's/y.

We obtain as in Theorem 3.1 that

ho(s) > r.s for0 < .5 £ u(a) (3.22)

_l, '2_ 11/2
where r_ = 2(co + (co 4a')""' ")

ii) On the other hand, since 0 < A < 1, we still have (cf. [26]) c < ¢,
and A
h(s) = u' (™' (s)) > h (s) for wu(a) < <1 (3.23)

By (3.22), (3.23), we obtain (3.21).

4, NUMERICAL METHOD FOR COMPUTING TRAVELLING WAVES

We describe the main aspects of our method : use of a pseudo-

unstationary approach (Sec. 4.1) and use of adaptive gridding (Sec. 4.2).

4.1. Pseudo-unstationary approach

The solution of (TG ;) on a given interval [a,b] will be computed

by the pseudo-unstationary scheme :

n+l . n M n+l
n nT “-T n+tl n 1Dy oy AT
e {c""¢C z hi(THU} o
i=1
n+l M
—g—x(xng—z ) + I hi('rn)r’il+1 =0,
i=1 <
n+l n n+l n+l
nfi "V om0 g et M g AT
h|F T T & Ta%a I My 1
M
1
W) = M@t (1 (@) -h (7)Y, H () -T)
i=1
n dTn+l M n dY?+1 n+l n+i
W o= (a)+ X uij = (a) = ¢ (Yi (a)- Yiu)’
i=1
T'n+l(b) - Yin+1(b) =0,
n+l .
T (xf) = Tf .
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where
| | n M n, ot
= '
Cp. 151 hi(T )Yi R
n n d,rn M dYn
Uy=¥Hya* t “13 ax
. i=1
n+l n+l _n+l I n n . n
r, ri(T LY 7)), A AMTL,Y), uij uij(T oY )

Remark 4.1, The system of partial differential equations derived from

n+l_n g™y
@) by substituting’T EanS 1 3 L (a:, Bti) is a variant

reading of problem (@). It can be shown, by the method of proof of

Theorem 3.1, that the region Y

i >0 is invariant for this system.

'Space discretizatjion

LetS = {a = x, < %) <l <xy = b} be a mesh of [a,b 1. Let

P1 be the space of polynomials of one variable of degree less or equal

" to one and let Véﬂ be the space

V) = {p ¢ c°(La,bD ;0| P,, 0 3 < N-1}
€ a . Exj,xj"‘l] € 1 )

The computations pfesented in this paper are obtained by loeking for-
a solution (¢,T,Y) in the space R % .V(¥) M+ and by making use of the
central differences both for second and first order derivatives. The
functions h'(T(x)) is approximated by the piecewise constant function

Gh given on each intervall x Xy j+l]lby

hy(TCx,, )by (T(x))
ohy(ra) = | IR 1)) 4 10k, ),
TCxy,)-TC)

hi(T(xj)) ~ otherwise.
With this choice of approximation, every approximate stationary
solution (¢,T,Y) satisfies the enthalpy equality :

M M

L h (T(®B))Y, () = £ h (1' )Y, -
{=1 i . i i=1 u’ iu
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Numerical comparisons between centered and various uncentered first
differences are in progress and will be reported by GHILANI (thesis

in preparation).

Solution of the discrete problem

The solution (cn+1,Tn+1,'Yn+l) of (J@) is computed by a global

Newton method, which gives the following organigram :

Initialization
Adaptation of the mesh (optional)
— a ]

Computation of thermodynamic and

diffusion coefficients

¥ <

Computation of reaction terms

- Resolution of - the linear system A
* no
< Newton's convergence ? >—‘>—

yes

no Convergence of the pseudo-

unstationary method ?

¢ yes

END
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The pseudo-~unstationary loop is the external loop ; the Newton's
ldop is the inner loop. The thermodynamic and diffusion coefficients,
which are costly to compute and not strongly nonlinear, are explicit
in time, so that they are computed only once in an external loop. Since

reaction terms are strongly nonlinear, they are computed implicitly.

Adaptation of the time-~step k

The timé—step k is automatically adjusted according to the rate of
convergence of Newton's method :
if convergence in less than ITMIN iterations, k is multiplied by 2
if no convergence after ITMAX iteration, k is.multiplied by 0.3 and we
restart Newton's iterations.
Typical values for ITMIN, ITMAX are ITMIN = 4, ITMAX = 6,

Linear algebra
' Each Newton's iteration consists in solving a linear system which

has the following structure :

. KZ +¢ bl = b2

(4.1)
Z, =T

i f

where K is a block-tridiagonal matrix, bl’ b2 two vectors.

The global matrix for (4.1) is no more block-tridiagonal. In order to
keep the block-tridiagonal structure (which is useful for the vectori-

zation), we solve (4.1) as

1 1

Z=XK b2 +cK b1 s 1f’ £
i.e. we factorize K by Gauss method , we solve two linear systems
Kz =b, Kz, =b, (negligible cost) and fimally we determine
Z= Z1 + c 22 by the conditlon'Zif = Tf.

Initialization

Two kinds of computations are done : (i) computation of a solution

of (C) with given values of all the (physical and numerical) parameters
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(ii) the study of the variation of the solution of () as a function

of some parameter.
In the case (i), we use the following initialization :

Tu + (T* - Tu)exp(x-x*) a<x <x

]

TO(X)
'1‘b + (T* - Tb)exp(x* - x) x'<x < b

IA
b

*x *
- - <
Yiu + (Yi Yiu)exp(x X ) a £X

n

Y, (x)

* * *
Yib + (Yi - Yib)exp(x -x) x<xsb

where T* . Tb’ Y;, Yib are initial values that have to be given ;
the position x  is determined by

T(xf) = Tf .

In the case (ii), we use a previously computed solution as
initial guess for the next computation, i.e. we use a continuation
method.

4.2. Adaptive mesh generation

When using the continuation method, we adapt the mesh to the
initialization. The method for doing this is to equidistribute some
welght-function (see for instance [10J[11 J[131([173(191[28]).

Hereafter, we give the function that we have used.

Let {m%,...,xN} be any subdivision of [a,b] and let U ¢ VCf)M,
M21l.Weput T={i,1 <1 <M, s.t. U; 4 0} . We suppose that I # §.

We define a function @U that we call (absolute) total variation

of Uon (a,t) :

t lUi(s)l

o (t) = J max
U max U.(T)- min U,(T)
3 del Te(a,b) * " Te(a,b) i

ds

For M = 1, @U is the classical total variation of U/(max U - min U).
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We observe that @U € V(75 and @U is nondecreasing. As a consequence,

ve can define an equidistributed mesh{x}of N+1 points, ﬁ-arbitrary, by

¢ (b) (4.2)

o = " U < N
@U(xj+1) = @U(xj) + < , 0sj<N

The new function U is defined by linear interpolation of U on the new
mesh.

Since ¢U € V(¥), the effective computation of {;} by (4.21 fs very
easy. The number of elementary operations for computing (x,U) from
(%,U) is O(max(MN,MN)). '

The number @U(b) is an indication of the complexity of the vector

function U, It's easy to prove that :

Proposition 4.1. For every Fand U e V¥ (with I # #), we have
i) 1 < @U(b) <N

ii) @U(b) =1 <=> Ui are ﬁonotone‘ and Ui(t)-Ui(a) are proportional

for every i, 1 < 1 < M.

We can also define a relative total variation of U by computing @v
with V = (Log Uysee.,Llog UM)' In the present computations, we take

the total variation @W corresponding to

W= (T,Yl,...,Y Log T, Log Yl,...,Log YM).

M,

5. NUMERICAL RESULTS

We have tested the algorithm discussed above on several typical
problems. One of them is the case of the scalar equation (3.10) with
such a choice of the function g that the exact solution is known
(example : g(s) = Zsz(l—s)) ; the corresponding numerical results will
be repbrted by M. GHILANI in his thesis. In this section, we test the
method on the determination of hydrogeﬁ—oxygenfniirogen flames with a
complete reaction mechanism and a realistic tfanspért model, First,

results concern the stoichiometric hydrogen-air case (test problem B
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of GAMM Workshop [42]) ; then we present a calculation which displays

a chemical extinction when the concentration of inert is increased.

5.1. Chemical and transport models

5.1.1. Reaction mechanism

For the computation 5.2, we use the reaction mechanism of the
test problem B (table II) of [42] ; for the computation 5.3, we use

the following reaction mechanism (for reference, see (42 ] [43]).

No. Reaction 3 An_1 =7 b E
(em” /mol) 8 kJ/mol
(N H +0, — OH +o0 2.2 - 10™ 0 70.3
(200 +0i = H so0, 1.8 - 10"3 0 0
(3)0 +H, — OH +H 1.5 - 10’ 2.00 31.6
(4)H +oH — 0 +u, 6.7 - 108 2,00 23.3
(5) OH +H, = H,0+H 1.0 - 108 1.60  13.8
(6) H +H0 — OH +H, 4.6 - 108 1.60 77.6
(7) OH +OH — H,0+0 1.5 - 10° 1.14 0
(8) H0 +O0 — OH + OH 1.5 - 100 1.14  72.1
(9 H +HM — H, +n 9.7 + 10'6 -0.60 0
(10) B+ OHeM = H,0 + M 2.2 . 1022 -2.00 0
(11) B+ 0,4M~ HO, + M 2.0 - 10'8 -0.80 0
(12) HO, + M = H +o0,+n 7.0 - 10° 0 192.1
(13) H  + HO, — OH + OH 1.5 - 10" 0 4.2
(14) 8 +HO, — H, +o0, 2.5 - 103 0 2.9
(15 0+ HO, — OH + O, 2.0 - 1013 0 0
(16) OH + HO, — H)0 + O, 2.0 - 1073 0 0

k = A('r/l()b exp(-E/RT), n = reaction ofder
M} = [H2] + 0.4[02] + 0.4[N2] + 6.S[H201

Table I

5.1.2. Transport model
The diffusion coefficient of the species i in the mixture is
determined by the formula (cf. [ 61 [7 ][16])

1-Yi

I X4/035(D

D,(T,Y) =
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whére_the binary diffusion coefficients Di (T) are given in terms of

3

pressure, temperature and thermodynamic parametérs of the species
(cf. [16] ). We take the thermal diffusion coefficients dT 4 = 0.
]
Two options are used for the diffusion flux : either (1.4)2 or (1.4)3.

The conductivity of the mixture is computed by (cf. [ 161[271)
1 M .
MLYD =3¢ I X A (D + )

1=1
: T X./A,(T)
, =1 + 1

1.

5.2. Numerical results for stoichiometric hydrogen-air mixture

Pirst numerical results concern the stoichiometric hydrogen-air

flame, f.e.

’

1, = 4 [0,]

2 u

T, =298K, [H,] =2 [0,] , [N 5

I:OHJu =EH]u = [HOz:Iu = l:I-Iz:Iu = 0.

The computation is performed with the following parameters : the length
of the domain is L = 500 mm ; xg = 0 and T, = 299 K ; ko = 10-3- ms ;
the values for the initialization are listed in Table II ; the mesh

has 70 points, hgiven in Table III.

Some computed values are given in Table IV and Fig. 5.1. These
results are in good agreement with those reported in [ 42] and the CPU

time seems shorter.

species H2 02 H20 H OH | HO2 0 Temperature

Ly PLEss D Ess 0.2 B4 1E-4 D 14 D LE4 2298 '}

fTb,' Tiv 0 0 0.2 0 0 0 0 2298
Table II

Values for the initialization
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0. 0.005 0.0  0.02  0.03  0.04  0.05
0.06 . 0.07 0.08  0.09  0.10  0.11  0.12
0.13 0.14 0.15  0.16  0.17  0.18  0.19
0.20  0.21 .22 0.23  0.245  0.26  0.28
0.30 0,32 0.35  0.36  0.38  0.40  0.42
0.46  0.46 0.48  0.50  0.52 0.5  0.56
0.58  0.60 0.62  0.64  0.66  0.68  0.70
0.75  0.80 0.85  0.90 1.0 1.2 1.4
1.6 1.8 2 2.5 3 4 5
8 15 30 50 100 200 500

Table IIY

Mesh (x in mm)

‘Diffusion flux (1.4),Diffusion flux (1.4);

Number of pseudo-time : 39 39
iterations : :
Number of Jacobians : 121 : 121
Flame velocity v (u/s) | 1.95 : 1.96
10° max ¥, : 2.77 : 2.77
10° max ¥, : 9.14 ; 9.15
10* max v, ‘ 6.34 : 6.36
HOZ : :
h o (3/8) X 345 | : 344
h n(3/8) : - 83.0 : -82.7
total variation 4,75 : 4.75
total CPU time (CRAY1) : 18 s : ' 18 s
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Temperature

. .
Iiolo.......~.

\
“ H02 )

- .
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P—— ——r—" .2 A | v "  ma v — T v -y

0 mm : 2.5 mm

Figure 5.1.

Computed temperature and species profiles.

in the stoichiometric case.

Remarks 5.1.

i) The computing time can be reduced by using the same Jacobian for p
iterations (modified Newton method). For p = 3, which seems the best
value for the case studied here, we obtain the convergence with :
Number of pseudo-time iterations = 25, Number of jacobians = 59,

CPU time = 13 s.

ii) A sufficient accuracy can be obtained with only half the mesh
points. The corresponding computing time is divided by two.
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5.3. Chemical extinction by increase of the nitrogen concentration

The chemical extinction of the H,-0,-N, flame by increase of the
inert concentration has been established analytically by several
authors (LINAN ; PETERS ; CLAVIN, NICOLI & PELCE) (cf. [ 5] [291[301),

in the context of a simplified chemical mechanism. Hereafter, we present -

a numerical study of this question for the realistic chemical mechanism
given in Sec. 5.1. (this study was suggested to me by P, CLAVIN).
The composition of the fresh mixture is now [H2] / E02] = 3, [N2] / [Osz A,

where A is a parameter 2 4,

We use a continuation procedure (with respect to A ) : the solution
of the governing equations for a gfvén value of A 1s used as initializa-
tion for the next value of )\ ; at the beginning of each computation, the
mesh is automatically adapted according to the method descr;bed in Sec.4,2
In proportion as A 1is increased, the flame speed decreases towards zero

and the é&hoice of (xf, Tf) becomes crucial.

Results of these computations are reported in Fig. 5.2 - Fig. 5.3.
They show a chemical extinction for ENZfV [02] = 21 ,'Tb'= 947 K.

3m/s  3000°K

»

Flame temperature

Flame velocity

aassfosaabosasbosnaldasssloasslaossaloanslansalasas

Om/s O°K'

T - Y

.)\ v v v Yy

Figure 5.2. .

Computed flame velocity and flame temperature
as functions of A = [N,V [02].
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T PPETE FTTSY FUTYE FTTTE PTTEY FYTYE FYWTYS PRYYE FYYY

Figure 5.3.

Computed temperature and species profile

near extinction ; in this calculation
A =21, X = 37.5 mm, Tf = 928K ; the
computed flame velocity and flame
temperature are v = 7mm/s, T, = 947K ;

the domain of computation is (0,500 mm).
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