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Abstract

In this paper we consider a class of hyperbolic systems in
diagonal form with dissipation. We study the Cauchy problem for which
we obtain the existence and uniqueness results of generalized solution-

i.e. solution in Wl’°° ; assuming the dissipation term ‘large enough. -

Key_words : Hyperbolic - Dissipaﬁioﬁ - Generalized solution;

Résumé

Dans ce papier on considére une classe de systémes hyperboliques sous
forme diagonale avec terme de dissipation. On &tablit pour le probléme
de Cauchy 1'existence et‘l'upicité de solution généralisée, c'est-a-dire
de solution dans wl;w; ceci sous la condition que le terme de dissipation

est assez grand.

Mots clefs : Hyperbolique - Dissipation - Solution généralisée.



HYPERBOLIC SYSTEMS IN DIAGONAL FORM .-
WITH DISSIPATION, IN SEVERAL SPACES VARIABLES :
EXISTENCE AND UNIQUENESS RESULTS

0. Bennouna

Introduction

It is well known that for the Cauchy problem of first order

hyperbollc systems in diagonal form :

Buk N Buk
5t f z A (t,x,u) — + ck(t X u)uk =0 in HT
i=] %5
(x)
u (0,%) = w (x) in RY , 1<sxsH
where | u = (ul""‘uM)
- =N
IIT = ]J0,T[ xR ,

vk(x), A;(t,x,v), ck(t,x,v) are given smooth data; a smooth solution
exists only locally in time and singularities i.e. formation of shocks

develop in a finite time.

In this note we prove that the addition of dlsSLpatlon term permit
us to obtain the existence and unigqueness of global generalized solution
i,e. a Lipschitz continuous solution which satisfies (%) ‘in the almost

everywhere sense.

To obtain the necessary a priori estimates we use a successive

approximation method.



For N = 1, similar results are obtained under other types of

dissipation condition in [1]1, [2].

I. PRELIMINARY RESULTS

I.1. Notations, assumg&jon; and dgfinjtions

We make the following assumptions about the data ;

(1) The functionms A;(t,x,v), ck(t.x,v) are bounded and continuous and

have bounded derivatives with respect to x and v.
(2) vk(x) is bounded continuous and has boundéd derivatives.
(3) ck(t,x,v) -0 <0 ¥ (t,x,v) € HT XIRM .
Let us give now the definition of a generalized solution of (x).

Définition 1.1 : u is a generalized solution of (x) if wu ¢ [W]’Q(HT)]M

and satisfies (*) in the almost everywhere sense.

Let y;’k(T) be the k~th characteristic curve passing through

(t,x), which satisfies

@ t t t t
Ve, k(T = X - ] A (853, 1 (8)5uls,y, 1 (5)))ds
T
¥1 s 0stT<tsT.

We shall prove some useful lemma concerning y; k('r).
. ’
1.2. Some lemma

We have :

L3



Lemma | : Assume .that (1) holds and let u ¢ [wl ’m(IIT)]M.
. Then

(5) BRI IO I [0l lexpl ety 1 ¥ < B
where

Oy

a}‘k " 1%u
w}\k(U) = “—GJ'K_H“ +M ”"3‘{?”00 HH”«»

llax ==l = Sup sup - (IA (8,%,v) =\ (8,x" W/ | [x-x"| )
se[O T] )

R x,xeR
k k
|5l = max II I
v o 1<peM - 0% o
Ak
||au || = max sup sup (I)\k(s,x,ul,...,vz,uzﬂ....).

sel0, TJ N vz,vzel{

- Ak(s’x’ul goee ’vi’u2’+l g .o) I/lv!'-vil)

ou Suz
||§;|lw = 1mix l|1;;1|m

Proof : We consider the function Hxl |2 on the curve y k('t) yx+h k('r),
thus we get by integration by part that

| " t -

(6) Hy, -y, @112 = 2 [ G, ()3, (82> (8,5, (8),u(s,y, (D))
, T

- A, (8,y_,,(8),u(s (8))1ds + Hh||2

Kk {85 Yo (8750085 Yyuy '
. o

=2 [ (y,,,(8)-y, (8)). [N (s,y,(5) uls,y,(s)))

T

- Xk(s,yx+h(s),U(ﬁ,yx(s)))lds



+2 f:<yx+h<s)-yx<s)>-.cxkcs. wen (@)
U (8,5, ()X (8,5, (8) uls,y, oy ()]
as + | 0|2
=1+ 11+ |||,

We estimate separately I and II. We have

' BAk t 2
7 D22 ||gplla ] g, )8 Yyup 1 (8711 ds
: T
N, t '
(8) II < 2 i ||5G;1|m}f Ilyx’k(s)-yx+h’k(s)||
T .

lug (8,3, (8))ruy (s, ,; (s)) |ds
oA t
k du 2, .
s 2M | |57l Ilgj.;ll‘,.,fT Hyg, ik ) Yyan, 1 (1175
Combining (7) and (8) we get that
2
|y, (T - yx*h(T)[l <
) ¥ A
: 2 k k ou
[ I011% expraceed (| gl Loon 115211, 11381103
which completes the proof.
Let us denote
t t t t
9) R k(1) = exp fT e (83, (8)suls,y, | (s))ds
which satisfies the integral equation
t t t t t
(10) . ' Xx’k(r) =1 + L‘ Xx’k(s)ck(s,yx’k(s),u(s,yx’k(s)))ds
¥1, O<Tt=<tsT.

We have :



Lemma 2 : Assume that (1), (3), (5) hold. Then we have

an | |x;”k(1‘)-X;*h’k('r)i <
| | t
expl-(t-T)a [ |

ck(s,yx(S),u(s.yx(s)))
T

= e (8,3, (8),u(s,y, ,, ())) |ds]
¥heR ,
The proof of this result is easy using the fact thatl |
|expa - expb| s max(expa,expb)|a-b|

¥a,beR .

II, EXISTENCE RESULT

To prove the existence of a generalized solution of (*) we

shall use the successive approximations method.
‘ For w e [Wl‘w(HT)]M> let us denote’
(Tw), (t,x) = x* (O)V(yt (0)) 1< k.ﬁ'M'
k't %,k X,k ’ =R
vhere y; k('t) is the solution of the integral equation
k]
t t R - -t
| ARG R S fT A (833, o (8)5u(s,y, o (8)))ds
¥1 , O0=s1t=sts<T.

We define the successive approximations as follows s



(s°(®)v), = v, ()
(12)
(™ @w), 0 = @StV (X, =0,

We shall establish some a priori estimates, more precigsely we have :

Lemma 3 : Under assumptions (1), (2), (3) and

(13) a2y +y, MHv||w1’°°
we have
(14) 1 n+1 '
(v )-8 (v | s ||v -
e I8 <11Vl e

¥n=0 , Vtel[0,T] , ¥hxeR

where

A 9
v, = max( 121, 1128

oA 2]
1z = w11 1B
|x| = max lxi| ¥ x e]RN .
1<i<N

Proof : Indeed we have

(15) (&™), c-(5(0™ 1), by | =

I :: k, n(o)vk(yx k, n(o)) x+h k, n(o)vk(yx*h k, n(o))l .

$ |Gy e 0O Ky o OV Gy ()] +

l(Vk(y

Xk, n(0)) vk(y

t
x+h,k n(o)))xx+h,k,n(0)I

=1+ II .



o

: Then, using lemma 1, 2, we get that

. . . |
I s ||vif, exp(-at). [ |e (s,3,(s),v(s,y,(s))
0

- o (s, x'+h(s)’v(s’ SNOMNITE
< [1vllq exptae) « [IgE 1, I SO AL L
.: . a . n ‘ .
+ ul]v| | expCor) . [|S]], 1128y L

& t . .
» fo | lyx,k(S)-YX"'h,k(s)l Ids ..

Thus,

, : 3s(.) %,
(16) I < ||vl], exp(-at). <l| e MII e =511

t : o -
{) ’lyx,k(s)-yx+h,k(§)ljds"

On the other hand, we have

. t
(n | fo||Yx,k<'5>'yx+h,k<8>||ds <
ot oA ‘
[Inl] ] exptemo) gt L + oI55, H"’—“—’-ll..l.,, s s
t n
|1nl] fo_exp[s(yl oy, 12332V yaas
ﬁence,
t ‘ 35(. )" 1 \~1
as fo ¥y, 169 Va1 () [ 1ds < [l Ovy + 2y, Il———&—le) .
,exp[t(Yl+MY2 llas( || )]



and then, we get
! rs (0] |lvll, exer sy sy, (128620 e
. We also have, in a similar way
3 : . 3s(.)™
(20) II < ”5%”00 ||h|| expl (-oty  +ty, ”'—s‘('a'),;’l”m)t] .
Combining (19) and (20) we obtain finall&
|Sn+d(t)V(X)—Sn+1(t)v(x+h)| <

n ' .
[Tnl ] vl o exelury o, [LEEL TSI

Let us denote

8™ (o)v
L () = ||[==— g
(21) and
L = sup L_(t)
n ocesT P

thus we have Vproved that

L, (t) < llvllwl,oo expl (-o+y, +My,L )t] .
On the other hand, we have

NORRIE RN

0 ox! loo wl,°°

By s vl ) e
since (13) holds, we have.

R (e MY2£O <0

and then



L < .
s |lv|'wl,”
By induction,we see that
L) < ||
RCENIEII
which is exactely (14).
We have :
Lemma 4 : Undef.conditions (l), (2), (3)'énd (13), we have the estimate

n+l c+0)v(x)-sn*._‘(c)v(x)| <

T‘T'S

Hvll lmmx(llé\llm,ll II )exp(-at)

@,

¥ t,0 ¢ [0,T] ; n20 s ¥ X e‘R

n+l

(23) ™! (es0W 0= <s“*‘(c)v> x

c+e
x k,n
t+6 ’ Bv

S

= &; xx,k.ﬁ(o) [ (y yK, n(O)) Ak(s’y ykyn (0, (s" (s)v)(yx kon

t+0
x,k, n(o)) - X (O)Vk(yx k,n

v, (v ©))

@)»

*+ o s,y Jk,nt0)> [Ca (s)V)(yx K, n(0)))vk(yx k,n

(0))1ds .
Thus,
‘ I( n+l

(t+6)v)k(x) (s“”(:)v)k(xn <

IGI(II e Ilé\kllm + Hvkllw Heyl 1) exp(-at)

which implies (22).
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Now, from the above a priori estimates we obtain the following

existence result.

Theorem ! : Assume that (1), (2), (3) and (13) hold, then there exists a
generalized solution to (*) with the initial condition v(x)

given by
(24) u(t,x) = lim §"(t)v(x)
' o

uniformly on any compact subset of 'RN and unifothly'with

respect to t.

Proof : Indeed, from the estimates (14), (22) and the uniform boundedneas

of the sequence Sn(t)v(x), we get that, for some subsequence, there exists
0 A
u(t,x) € C (HT)
such that (24) holds.
After some calculation, we have

(25) ||yt

x,k,n(T)Py:tﬁ,k,m(T) ' l s

C,T(exp(C,T)) ||s®C.Iv=8"()v]],
¥1,0s<T1t<tsT
hence,
. t t - . .
(26) lim Ilyx,k,m(T)”yx,k.n(T)ll 0 uniformly in (T,x) .

m,n->wo

Thus, there exists y; k(‘r) such that
. b}



-11 -

. t . '
@7 o @ = x - [ Ayl () uls,y, (8)))ds
] ,r ’ k] . ‘
~ and we obtain tﬁat
(28) uy (£,%) = k(o)v (yx l‘(0)) N I<sksHM.

Finally from (28) and the fact that u(t,x) isALipschitz continuous

we see that u(t,x) 1is a generalized solution of (x).

fl

ITI. UNIQUENESS RESULTS

We shall prove now that u(;;x) is the unique generalized solution

of (;).
Indeed, let v(t,x) be'aﬁothet gengzaiizeq solytion pf (*)
and let '
(29) Yy 1o = x = [ A8y, o J(8),v(syy, [ (8)))da
» ] ,[ | ] ] ’
then
(30) v, (t,x) = X (0) Vk(yx X, MO
t 3v ' e
| fo X, k",(0)[ (s.y v (043 (s,y v(O).V(.q.yﬁgk.‘p)
3v
(8, K, V(O))*ck(s,y K, V(O),V(S.Y K, v(0)))
: 8 ?
vﬁ'(*s"y”i,'l(tev ] ds
t
= xx,k,w(O)
On the other hand, we have
‘ ..t t t |
(3n _ | |lu(e)v(D) ], < ¢, {) llyx,k,u(s)’yx,k,v(s)llds +
: .

<, f [uCs)=v(s)||_d



-2 s

and
o 19 s €755 | 5
c f |u(s)~V(s)||m+c4 f llyx K. u(s)-y;,k,v(S)llds .
T
Hence
‘ ézu '
(33) [Tu@®)v®)]]|, s ¢ e f ys X, u(s)-y k,v(®1lds
and
' t : c,t t
(34) 17 1,0 Yy @ S eg e fT |{uta)~v(s)||, ds .
Combining (33) and (34).yields- '
; (cp¥c, )t t ¢ _ _
e® @], s ejeqe 2% [ [ |Ju@~v@]], d5 ds
0 s
and then,

¢6C ¢
[ue)v(e)|[, s et e” [ |lu(e)-v(a)]], ds
: 0

this yields

(35) | lu®=v(e)||_ =0 ¥t e L[0,T]

which completes the proof.

Remark ‘1 : We can prove similar results for the problems :

N ou M

ou
k i k
3t ¢ zxk g (Erxsu)g= ¢ Zzl Cpgly = O

uk(O,x).- vg(x)



4}

-13 -

under the supplementary condition ¢

the matrix (°kz) isvéommuting,witb the diagonal matrices (A:).

@37 1<isN.

Then using the same techmic qé‘above‘Yields the result.

Remark 2 : Let us consider the qu&silinehr'hypérbolid system

(38)
' auz

30 -
3t ") "0

vhich arises in fluid mechanics, monlinear elasticity, and other fields of .
continuum mechanics. With the change of variables

ow - 3w
(39 . B Tl TR Sl 4

(38) is equivalent to the second-order‘nonlinéﬁx wave equation

2 !

3w ) ow
.___.-__o"(.._..:r -
.atZ ox X 9

For (38) it is known that there exist functions r and g

called Riemann invariants (see [3]}, [41)
(=)
1

r= +

.u y ’
u, + [ o' (w!? av

(40) ?, : ,
s =u, - f i d“(v}tfz dv .
6 |

As we can see, r and s satisfy

(*) we assume o' > O.



(41)

(42)

- 14 -

A

or _ 1/2 ar -
5? o (ul) -a—x- 0

ds 1/2 3s _

Hence if we consider the perturbéd problem
or;

or 1/2 °T¢

€ _ - _E _ -
5t "0 W) g mer =0
98 4s 08

€ 1/2 ""e _ -
T + 0'(ul€) T € 8¢ 0

then theorem 1 implies the existence and uniqueness of a generalized solution

of (42) with smooth Cauchy data for € 1large enough.
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