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Remarks on a flame propagation model

(Ret_narques sur un modéle de propagation de flamme)

Abstract : Two years ago, J. Sethian studied the propagation of a flame
front which was assumed to move in a direction normal to itself with
constant speed. The aim of this work is to compare both the problems and
the methods, used by ]. Setthian to solve them for this model of flame
propagation with the ones which appear in Geometrical Optics, Optimal

Control and first order Hamilton Jacobi Equations.

Key words : flame front propagation, ignition curves, characteristics,

geometrical optics, optimal control,' first order Hamilton Jacobi Equations.

Résumé : Il y a deuzx ans, J. Sethian a étudié la propagation d'un front de
flamme dont la vitesse de chaqqe point était supposée constante et dirigée
suivant la normale au front en ce point. Le but de ce travail est de
comparer 2 la fois les problémes et lés méthodes, utilisées par J. Sethian
pour les résoudre, avec ceux qui interviennent en Optique Géométrique, en
Contrdle Optimal et dans les équations de Hamilton Jacobi du premier

ordre.
Mots-clé : propagation du front de flamme, courbes d'ignition,

caractéristiques, optique géométrique, contrdle optimal, équation de

Hamilton Jacobi du premier ordre.
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REMARKS ON A FLAME PROPAGATION MODEL

Guy BARLES

Introduction.

In [24 ], J. Sethian Iintroduces a model of flame propagation and,
to investigate the shape of the flame front, he defines the notion of

ignition curves and an entropy condition. Our aim is ‘to make some remarks

on this model and on the methods used by J. Sethian to study it in the

éetting of geometrical optics, of optimal control and of the theory of

first order Hamilton Jacobi Equations, and particularly using the notion

of viscosity solution introduced by M.G. Crandall and P.L. Lions in [8].

We first briefly recall the model of flame propagation : as in [24 ],
we consider T a simple, closed, regular parametrized curve in :mz . The
region outside T is filled with a premixed combustible fluid and the
particles inside are burnt. At time t = 0 , the particles along I are
ignited : then we want to know the position of the flame front at all time
t >0 . As in [24 ], we assume that the flame front propagates in a

direction normal to itself with constant speed c .

Our aim is to compare both the problems and the methods, used to
solve them in [ 24 ], for this model of flame propagation with the ones
which appear in geometrical optics, optimal control and first order
Hamilton Jacobi equations. Let us just mention that geometrical optics and

optimal control are closely related with first order Hamilton Jacobi



equations and provide to their studies a lot of methods as we shall show.

In section I, we present in details the model and we state the
problems to be solved in order to determine the position of the flame front
at each time t > 0 . Then we briefly recall the notion of ignition curves
and the entropy condition introduced by J. Sethian . Finally, we give a
new "weak" formulation of the problen by using the indicator function ¥ of
the burnt region. We call this formulation "weak' since we no more need the

existence of the normal vector at each point of T .

The section II is devoted to show the connections between the model
of flame propagation and geometrical optics. More precisely, if we take
a convenient Lipschitz regularization of the indicatdr function of the burnt
region, which we still denote by ¢ and which you can imagine to represent
the mass function of burnt gas, we obtain that the propagation of the

curves {y = ct } is analogous to the propagation of waves surfaces in

some model of geometrical optics. Thetrefore, the mass fraction of burnt
gas satisfies an equation of Eikonal type
P

(1) T celpp] = O

4 In section III, we briefly introduce the notion of viscosity solution
for first order Hamilton Jacobi Equationms introduced by M.G. Crandall and
P.L. Lions in [8 ]. Then,>we show some relations between first order
Hamilton Jacobi Equations and Geometrical Optics which permit us to prove

that ¢ is a viscosity solution of (1).

In section IV, we give another proof of the fact that ¢ is a

viscosity solution of (1) by using some Optimal Control methods, in parti-

cular the Dynamic Programming Principle (cf. [101], [19]) . It is worth




noting that Optimal Control is closely related with first order Hamilton

Jacobi Equationms.

In section V, we consider the simpler case when I is given by
{y,x) / y = uo(x)} » u, at least continuous. We prove that, at each
time t > 0 , the flame front can be parametrized by y = u(x,t) where
u is the unique viscosity solution of
@) - BMo_c.yw|? - 0 .

We also study the directions of propagation when u is not smooth enough.
For that, we build "generalized ignition curves" ; roughly speaking, this
construction is similar to the one given by J. Sethian in [24 ] to study
the evolution of convex, non smooth flame fronts but is a little more

general.

Finally in section VI, we make some remarks, using the viscosity
solution formulation, in particular for the stability of the flame front,
its asymptotic behaviour, some possible generalizations (for example, to
non—-constant propagation speed) and for numerical simulation. Let us
finally mention that this formulation allows us to in&estigate flame fronts

~ propagation in ‘Rq with no more difficulties than in IR2 .

Our plan is as follows

I . Setting of the problem.
II . Flame front propagation and Geometrical Optics.
IIT . Some elements on the notion of viscosity solutions for
first-order Hamilton Jacobi Equations.
IV . Another approach of the problem : deterministic optimal
control.
V . Evolution of the flame front and viscosity solutions.

VI . Results based on the viscosity solutions formulation.



I. Setting of the problem.

We want to study the notion of a flame front, propagating in a premixed,
combustible fluid with no boundaries under the same physical assumptions
as in [ 24 ] . Thus, we consider the following simplified model.

Let T be a simple, closed, "regular", parametrized curve in ZRZ ;
we assume that the region outside I is filled with a premixed, combustible
fluid and that the particles inside T are burnt. At time t =0 , we
ignite the particles along T ; then the boundary between burnt and unburnt
particles changes. As in [24 ], we suppose that the flame front propagates
in a direction normal to itself with constant speed c¢ . So, if we denote
by (X(s,t) , Y(s,t)) the position of the front at time t , X and Y

must satisfy

- c~YS
X, =
x? + y2H1/2
(3) 3 s s
c'Xs
e * o2 v 2112
L S S

Now if T = {(X(s,0) , Y(s,0))} is sufficiently smooth, we know by [ 24 ]}

that, for t small enough, the position of the flame front is given by

c-t-Ys(s,O)
X(s,t) = X(s,0) -
[(x_(s,00)2+(¥_(s,0))2 /2
(4) S S
cet*l (s,0)
Y(s,t) = ¥(s,0) + >

[x,(s,0)%%(x (5,002

The straight lines t >~ (X(s,t),(Y(s,t)) are called the ignition curves.




As we have seen above, they enable us to determine the position of the
flame front for t small enough if T is smooth. But if t is not small
enough, ignition curves can collide and we must indicate how the motion of
the flame front continues beyond the point of the first collision.

Another question, closely related to the preceding one, is to know what
happens when the flame front is not smooth enough (i.e. when the normal
vector is not well-defined). As J. Sethian remarks, this problems are
similar to those which appear in the Characteristic method for hyperbolic

systems (cf. [6 ], [14],[15], [18 ], for example) : the fact that the

solution does not remain smooth (in general) even when the initial condition
is smooth implies that we can not defined globally the solution by the:

Characteristic method.

In[24 ], J. Sethian answers these questions by introducing an

entropy criterion :

A propagation flame front satisfies the entropy criterion if once a

particle burns, it remains burnt.

In fact, he gives a "weak" formulation of the propagation by intro-

ducing the indicator functions of the burnt region i.e.

1 if (x,y) 1is burnt at time t =0

0(x,y,t) = 1 if  (er)? >Min [ (x-X(s,0)) %+ (y-¥(s,0))?]
S
0 otherwise

This formulation is said to be "weak" because it requires less
regularity of T than the preceding formulation but it obviously gives the

same flame front for small t >0 when T 1is smooth .

Now if we denote by  the burnt region at time t = 0 (the region

inside T ), we have :



) 0(x,y,0) = 1_(x,y)
Q
and
(6) p(x,y,t) = (so(xl,yl,O))

sup
|x—x]]2+|y-y1|'2 < (ct)2

Since we are only interested in the shape of the burnt region

{(x,y) / ¢(x,y,t) = 1} , we are going to replace (5) by
(7) e(x,y,00 = (1 -dey) , B+ dlexy) , 29

to have morevregularity for ¢(x,y,0) especially on T .

From now on, we shall denote by x the couple (x,y) .

Remark I.l1 : Notice that this "weak" formulation allows us to comsider
more general flame front propagation : indeed we can take every closed set
Q2 , which may be not connected or not bounded, as the initial burnt region.
Moreover, we shall see that the study is not more difficult in ZR3 than

in :Rz .

Remark 1.2 : From (6) and (7), we see that the burnt region at time t is

{(x,y) / ¢(x,y,t) 21} and the flame front is {(x,y) / ¢(x,y,t) = 1} .



II. Flame front propagation and geometrical optics

We are going to show the relations between the model of flame
propagation described above and geometrical optics by a simple example.
For more details on geometrical optics, we refer to[5] and [17].

Let us just mention that geometrical optics methods occur in the study of
Hamilton Jacobi equations and particularly for viscosity solutions as we

shall see in the next section,

We consider the following problem :

.
2 €
3 112 - cz-AuE = 0 in ]RN x (0,%) (N = 2 or 3)
ot
(8) 4 ue(x,O) = eels(x)/e . vo(x) in IRN
€ .
Ju .
v (x,O) given

u® is a complex valued function which represents either the electric field

or the magnetic field, S and . v, are real valued functions, € >0 is

small.

The aim of geometrical optics is to study the propagation of the
electric or magnetic field in the case of short waves length i.e. when

€ - 0 . Largely inspired by [5 ], we are going to construct an expansion

€

of u of the form

ubx,t) = e:eis(x’t)/€ vE(x,t)

where vE(x,t) = vo(x,t) + ev](x,t) + ...

But we restrict ourselves to the first term of this expansion in ¢

i1.e. 3

b



EeiS(X,t)/e

9 u(x,t) = sV (%,t)

Inserting (9) in (8) yields :

2

(10) (s,)

- cz(VS)z' = 0 (terms of order 0(6_1) )

2 2 ~
(an Sttvo + ZStvot c ASvo - 2c V-S-Vvo = 0 )
(terms of order 0(1) )

(10) is called the Eikonal equation; (11) is the Transport equation.

Now let us consider the solution § satisfying

(12) s, = clvs| = 0

By analogy with the plane wave case where S(x,t) = wet — kex , we define

w and k by
w o= St(x,t)

k = - VS(X,t)
So that (12) yields
w(k) = clk]

which is the usual law of propagation in the vaccuum (cf. [17 ]). To study

(12), it is physically natural (cf. [17 ]) to introduce the Hamiltonian's

system of ODE for the rays x(t) and the wave numbers k(t)

E@© = Fww,x@)  ,  x0 = x
(13)
dk(t) ow =
L - k@), k(O =k

Since w does not depend on x , we deduce :



k(t) = k

(14) ok
' x(t)

]
»
o
.+
0
7
(¢}

(ol

Now imagine that S(x) 1is equal to ¢(x%,0) defined in part I . Since

ko = - Vp(xo,o) , if T 1is smooth and if X €T ,vsince v(x,0) is
constant on T , ko kbelongs to the normal at‘ X and is oriented

outside € ; then TEET is the unit outward normal and (l14) represents
exactly ignition curves. So the propagation of T is the same in the
model of flame propagation and in the one of geometrical optics ; the

curve moves normal to itself at constant speed. In geometrical optics,

the curves {S = c' } are called the waves surfaces. So the waves surfaces

move normal to themselves with constant speed c .

Let us just remark that (13) is not well-defined if VS(xo) =0,

As long as S 1is smooth, we have

£ @m0 = E @m,0 + 2,0

ow
—w__—aI k

. = 0

Hence as long as S is smooth, we have

(15) | S(x(t),t) = s(x(0))

Remark II.l1 : 1In geometrical optics, one usually uses the analogy with
Mecanics (cf. [16 ] and [17 ]). In mecanics, the Action S 1is solution of
a first—-order Hamilton Jacobi equation

3S

E + H(x,VS,t) = 0
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where H  is the Hamiltonian function of the particle, p = VS its iﬁpulse
and S is associated to the Lagrangian p - %%-— H .'Therefore, using |
the analogy, we have, in particular, that the Lagrangian in geometrical

. optics is given by k- %5-4 w which is identically 0 . This is a conse-
quence that the propagation of rays is analogous to the motion of zero mass

particles.

But in the same way as ignition curves collide, it may happen that
the mapping T x(t) does not remain a C] diffeomorphism, and
in particular does not remain injective, such that S is no more defined

by (15). This implies in particular that § ~does not remain smooth.

Remark II.2 : We now explain this phenomena in a physical way (cf. [5 ]
and {7 ]). Multiplying (11) by ;o and adding to the conjugate of (11)

multiplied by v, s we obtain

2 2 2
(16) v [Ty, = VeleTeke|v |T) = 0
Since w,_ = v e k and k = - VS , we have
t 9k t A ’
- . ov
Ve T T W

Hence @

2 2 2 ow 2] _
a7n Gl AN o V-[w S “|v, | ] = 0

'w2|v°|2 is the wave energy. From (17), we get the usual law of energy

propagation of geometrical optics (see [5 ] for details) : the emergy

density is inversely proportional to the density of rays at the point :

i.e.

as @) @, = 6Py B x,0 - (5G]

where J(xt) is the Jacobian determinant of the transformation xf .



Since w is constant and non zero along the trajéctory x(t) , it follows
that energy becomes singular at the points where J(xt) = 0 : these points

are called caustic points. Physically, at these points, the energy is very

important but remains finite ; in fact, the approximation of geometrical

optics is inadequate. Mathematically, expansion (9) fails.

We come back to the study of (12). In geometrical optics, it is

natural to introduce the Lagrangian function defined by
(19) L(x) = sup ((x]k) - w(k))
k

which is the dual convex function of w (cf. [51]).

Ramark II.] and the computation of é% (s(x(t),t)) above shows that

the "Action" associated to L is =S . Then, geometrical optics laws give

t
(20) (-8)(x,t) = ~Inf (-8)(E(0)) + j L(é(S))dS]
. {g | E(r) = x} _ o

the infimum being taken over all differentiable paths & which terminate
at x at time t . S given by (20) is the unique "smooth" solution of

(12) up to the time when caustics form. Observe that, in our case :

. 0 if |x| <e
L(x) =
+o ' otherwise
Hence
(-S) (x,t) = inf (-s(E(0®)))
E(e) = x
£l <c. pp

Since £(0) can be anysof the points y such that |y-x| <ct , we get :
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21) A S(x,t) = sup (s(y)) ‘
|y-x] < ct '

which is exactly (6).

In the next section, we briefly present the notion of viscosity
solutions for first order Hamilton-Jacobi Equations but let us already

point out that S given by (21) is the unique viscosity solution of (12).
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IIT. Some elements on the notion of viscosity solutions for first-order

Hamilton Jacobi Equations.

We give a brief introduction of the notion of viscosity solutions for
first order Hamilton Jacobi Equations in the case of initial value problems
and a summary of its properties for the sake of completeness and of clarity.

A complete presentation can be found in[8 ), [7] or[19].

We are interested in the following problems

%% + H(x,t,u,Du) = 0 in. ZRN x (0,=)
(22) . N
u(x,0) = u, (x) in R

which is called the Cauchy problem for Hamilton Jacobi Equations. Let us
first mention that these types of problems occur in Mecanics, Optics and

Optimal control.

It is well-hnown that, in general, (22) fails to have classical
solutions - i.e. of class C1 ~ even when u, is very smooth. On the other

hand, several authors proved the existence of generalized solutions - i.e.

. 1,0, N
in wlocaR

in general (22) has many generalized solutions and this lack of uniqueness

x (0,T)) - which satisfy the equations almost everywhere. But

is a problem in view of applications. Moreover, to prove existence results,

one usually applies the vanishing viscosity method i.e. approximating (22)

by
au® € € . €
(23) ryalie g*Au + H(x,t,u ,Du’) = 0 .

However, due to the presence of the non-linear term H , the analysis of the
limit when € + 0 requires the knowledge of numerous and sharp a priori
‘estimates which are very difficult to derive, and even not necessarily valid

in the general case.
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Nevertheless it is obvious that the "good" solution of (22) (if it
€

exists) must be the limit (in some sense) of u .
The idea of M.G. Crandall and P.L. Lions is to use the Maximum
Principle : let u® a smooth solution of (23) and let ¢ € Cm(lRN x (0,°)) ;

if (xe’ts) is a local maximum point of ueﬂp in RN x ]O,» [ , then

ou® _ ab
e Fertd 7 o3; (xc»t.)
Du“(x_,t)) = Dp(x_,t.)

€ <
Au (xe’te) < AP(Xe,te)
In (23), this gives

(24) %@ (g t) = Eebp(x,t) + Hlxg,t,us(x ,t),Do(x,t)) < 0

And we can do the same by replacing "local maximum" by "local minimum",
then in (24) < O 1is replaced by 20 . So we have replace equality (23)
by two families of inequalities (24), ¢ € CC®" x (0,%)) .

Now assume that u° converges uniformly on compact subsets to u ,
u € CGRN x (0,2)) . If we take ¢ in CwGRN x (0,o)) and if we assume that
u-y has a strict local maximum point (xo,to) in RV x ]0,» [ , then there
exist (xe’ts) conzerglng to (xo,to) such that (xe’te) is a local
maximum point of u -y . So we have (24) and it is easy to pass to the limit

in (24). This leads to the following definition.

Definition III.I. Let u € CGRN x [0,=]) .

(i) u 1is a viscosity subsolution of (22) if and only if



for all ¢ € deRN x ((0,2)) , at each local maximum point

(xo,to) of u-d in R x ]0,o [ , we have

(25)
8¢ <
c (x,oty) + Hix >t ,ulx ,t ),Dd(x ,t )) < O
(ii) u 1is a viscosity supersolution of (22) if and only if
for all ¢ € CWGRN x (0,)) , at each local minimum point
. N
26) (xo,to) of u-¢ in R x )0, [ , we have

ad
37 (Xgety) + H(x ot ,ulx ,t ),D(x .t )) = 0

(iii) u is a viscosity solution of (22) if and only if u satisfies

both (25) and (26).
Remark III.1 : This definition requires only u to be continuous.

The first property we want to mention is consistency : If u is a
viscdsity solution of (22) and if u 1is differentiable at (xo,to) in

RN x]0, [, then

du ~
3 xo,to) +H(xo,to,u(xo,to),Du(xo,to)) = 0

so that any viscosity solution of (22) which is in W;é:GRN x (0,®)) is
a generalized solution of (22).
The most important property concerns uniqueness results. We need the

following assumptions

27) _ H is uniformly continuous on ZRN x (0,T) x (-R,R) x §k

FR<o, ¥yT <)
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¥R<w, yp€R such that for XGIRN,tE(O,m),

(28)

-R< s <T<R wehave : H(x,t,r,p) - H(x,t,5,p) > Yp(r-s)
(29) lim sup {IH(X,t,r’P)'H(Yst,I‘:P)I ’ lx_YI (]+lp|) <e ’

ed 0

|rl<R.c€<o,w>} = 0 (¥ R <o)

We denote by BUCGRN x (0,2)) the space of bounded uniformly continuous

functions in R\ x (0,) . The result is the following

Theorem IJI.1 : Let u and Vv be respectively viscosity sub- and super-

solution of (22) with respective initial conditions u, and v, -

(i) Under assumptions (27), (28), (29) and if u and v are in
BUCC(RN x (0,0)) , we have

*) FOSOMER o1 S FOTEE o
L GRN) o o L ORN)

vl

where y =7y, , R = max {“uﬂ . ]
| R = © L&Y )
(ii) Under assumptions (27), (28) and if u and v are in wl’mGRNx(O,m))

then (*) holds.

This result is actually more than an uniqueness result, it is a
comparaison result of Maximum principle type. Then one can obtain existence
results (several of them using in an essential way the preceding comparison

result) ; we do not give any detail about existence results, we refer to
(191, [20], [25], (13 ), (2], [31.°

We now explain some relations between viscosity solutions of first—order
Hamilton Jacobi Equations and Geometrical Qptics. We consider a particular
case of (22) :
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g—‘t’ + HDu) = 0 in RY x (0,®)
(30) N
u(x,0) = uo(x) in R

One particular case of (30) is the case when H(p) = +/—|p| which gives
the Eikonal equation (cf. (10)). Then, it is natural (cf. Remark II.l

and [ 16 ]) to introduce the Hamiltonian system

e %% PO, % = %

dl) . . B0, x®) ’p(0)>% Du,, (x,)
Since H does not depend on x , we deduce

p(t) = Du (x)

x(t) = x_ + tH'(Du_(x,)) B
As long as u 1is smooth we have

£ @®,n = & x@,0 9§§§l - Vu(x(t),t)

But p(t) = Vu(x(t),t) , then

£ @&®,0 = - HDu (x,) + B Dy (x))Du_(x,)
" Finally :
x(t) = x_ + tH'(Duo(xo))
31
u(x(e),t) = u (x)) + t [H' (Du (x)))-Du_(x)) - H(Du_(x ))]

This method is called the Characteristics method for first-order Hamilton

Jacobi Equations ; in fact, the Characteristics method is applied to the

hyperbolic system



dp -
-J'E“' (H(P))x = 0

where p represents Du(x,t) .

But as in geometrical optics, caustics form and we must be able to

define u after.

From now on, we assume that H is convex. We consider the dual convex

function of H as in (19)

(32) L) = sup (G|p) - H) = H ()
p .
and we define u by
. A
(33) . u(x,t) = Inf {uocgm)) +J H*(é(s))ds}
E(t)=x : o

* ., i s .
But H is convex, so by Jensen's inequality

t . t
I H@Es))ds > t B [% ]

é(s)ds]

o o

and
t
F [ b - o [rE0)
o

Then (33) becomes, setting y = £(0)

(34) - U(X,t). = ;igiRN .{uo(y) -~ {EEXJ]

which is the well-known Oleinik-Lax formula which gives the unique viscosity

solution of (30).

Remark III.1 : Denote by SH(t)uo the unique viscosity solution of (30).

Sy is the semi-group associated to H (cf.[7],181),[19]). 1f H

depends only on |p| ,» we have
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S_y(Bu, = - S (8 (=u ).

So that in this case the Oleinik Lax formula can be applied to concave

Hamiltonian.

Using the remark above in the case of flame front propagation where

H(p) = —c|p| , we get
(x)

(35) : SH(vt) u_

= sup (u_(y))
|y-x] < et °

then taking uo(x)'= ¢ (x,0) defined by (7), we obtain the following result.

Theorem ITI.2 : Let ¢ defined by (6) and (7), then ¢ is the unique

viscosity solution of

%—‘é -ce|pu] = 0 in RBY x (0,) (N =2 or 3)
. N
u(x,0) = ¢(x,0) in R

: Let us finally remark that (35) allows any continuous function u,

so if ¢(x,0) 1is defined by (7), we can take any initial burnt region 0

in ]R2 or ]R3 .
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IV. Another approach of the problem : deterministic optimal control.

Another possibility to prove that ¢ 1is the unique viscosity solution
of (36) is to use deterministic optimal control method and in particular
the Dynamic Programming Principle. In fact as regard of (33), (35) or (6),
the analogy with deterministic optimal control is obvious. We now present
the classical form of the Dynamic Programming Principle in deterministic
optimal control problems for a sake of completeness and of clarity (see [ 10 ]

and [ 19 ] for more details).

We consider a system which state is described by the solution (t)
.yx

of the following problem

dyx(t)

3t - b(yx(t),V(t))

y (0 = x€R

where v € Lw(O,w,V) , V 1is separable metric space - the space of Controls %

and ‘b- satisfies

b € c®" x v)
(37)
vvev, b,v) eW®" and  sup I,y | < 4o
vEeEV ?

Notice that (37) ensures existence and uniqueness for Yy -

Then we define the cost function J(x,t,v(-)) by

t -2s -At
J(x,t,v(e)) = I f(yx(s).V(s))e ds + uo(yx(t))e
o |

where f satisfies (37), uoew”“’(mN) and A>0 .
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Now the optimal cost function u is defined by

u(x,t) = Inf  (J(x,t,v(-)))
v(e)

The Dynamic Programming Principle is the following result :

Theorem IV.l : We have

h -\ ~Ah
u(x,t) = Inf {I f(yx(s),v(s))e Sds + u(yx(h);t~h)e }
v(e) o :

for all h & (0,t) .

Remark IV.]l : The Dynamic Programming Principle is an essential tool to prove

that u 1is viscosity solution of

%‘ti + H(x,u,Du) = O in R" x (0,»)
where . ‘
H(x,r,p) = sup {b(x,v)ep +21r - f(x,v)}

R vey
(cf. [19 ]).

In our context of flame propégation, it takes the following form
Theorem IV.2 : Let ¢ defined by (6), then we have

"(38) p(x,t) = sup {o(y,t-h)}
' |y=x] < e-h

Remark IV.2 : Let us first notice that (38) is a particular case of theorem

IV.1. Let us take

~

v = (ver'/ |v] <1}

b(x,v) = v
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and
Then to have "sup'" instead of "inf", it suffices to change u, in -u,
and u in -u.

Remark IV.3 : Physically, (38) is obvious. It means that to have the shape
of the flame front at time ¢t , it suffices to know its shape at any time

t' <t and to use the laws of propagation described in part I.
Now let us show to prove that ¢ is a viscosity solution of (1) by
using (38). We only prove that ¢ 1is a viscosity subsolution of (1), the

proof that ¢ 1is a viscosity supersolution of (1) being exactly the same.

Let ¢ € CmGRN x'(O,OO)) and assume that -y has a local maximum
point (xo,to) in ]RN x ]0,o [ . Then

‘p(xo’to) - w(xo,to) 2 p(x,t) - P(x,t)

for |x—x°,| + |t-t°| small enough. So using (38), we have for h small

enough
pix ,t ) = sup ((y,t_-h))
e e Jy=x | <ch °
o
< sup W(y,t ~h) +@(x ,t ) =~ Y(x ,t ))
» ly-x,| <ch
Hence :
sup (W(y,t ~h) - ¥(x_,t)) = 0
|y-—xo| < ch

But since ¢ 1is C]

Vst mh) - Y(x,t) = Wplx,t ) e(y-x)) - o€ (x_,t )+h + O(h)
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We deducé

- _ o
ly-xsTp< o (W(xyst) (y=%)) = =& (x ,t )h + Oth) = 0.
[o]

Notice that

sup (W(x_,t )(y-x)) = ch|W(x_,t)
IY'XOI<°h o’ 0o’ ‘o I Xo oI

Dividing by h and letting h -+ 0 we obtain
a .
-5% (xo,to) - clV\D(xo,to)I < 0

which we wanted to prove.
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V. Evolution of the flame front and viscosity solutions.

In this section we are interested in the propagation of a flame front

in.ZRN (N = 2 or 3) which is given a time t =0 by

r = {(x,y) €r"!

xR /y=u (x)}

where uj is at least continuous. We assume that the region above C is
filled with a premixed combustible fluid and that the particles below C
are burnt. Our aim is to describe the propagation of C after the ignition
of the particles along (or on) C at time t = 0 . The law of propagation
is the same as the one described in part I. Our interest for this particular

case is motivated by the following remark :

Remark V.1 : Let us recall the indicator function of the burnt region ;

in our context, it takes the particular form

1 if y < u, (x)

_ . 2 . 2 2
. (39) p(x,y,t) = 1 if (ct)® = min. (|x—s| + |y—uo(s)| )
s €ER

0 otherwise

This implies that the burnt region at time t is of the form

e, = {(x,y) €RV!

t x R I y<u(X,t)}

And so the flame front at time t is parametrized by
y = u(x,t)
Therefore instead of taking ¢(x,y,t) as unknown function, we now take u .

As in [24 ], we first define the ignition curves. In this context
they take the form :
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¢

: u'(s)
X(s,t) = - cote : ° +.s
(a+lnHY?
(40) 4
Y(s;t) = ct + uo(S) ,
s+ (sNH 12
\ .0

The same problem holds : if t 1is small enough and if u is smooth we

can define u by

(41) Y(s,t) U(X<S,t),t)

but it may happen that the function s -+ X(s,t) fails to be a diffeomorphism
(for example, fails to be injective) so that u is no more defined by (41).

And this situation is closely connected to the loss of regularity of u .

Then the description of the flame front propagation is given by the

following result :

Theorem V.1 : For all .t > 0 , the position of the flame front is parame-

trized by y = u(x,t) where u is the unique viscosity solution of

%%-c/I-PIVUIz = 0  in R x (0,®
(42)
u(x,0) = UO(X)

for all u, € CGRN) .

Proof of theorem V.l : The proof is particularly easy using the "weak"

formulation given by (39). In fact :

u(x,t) = max {y ER | ming ([x—s|2+|y-u°(s)12) < (ct)Z}
‘ s ER

Then we deduce that :

(43) u(x,t) = sup {uo(y) + »/(cv:t:)2 - |y-x|2}
A ly-x] < et
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We.leave it to the reader to check that this is exactly the Oleinik-
Lax formula which gives the unique viscosity solution of (42) in the setting

of remark III.1. This ends the proof of theorem V.1.

Remark V.2 : Let us remark that ignition curves given by (40) and as regard
of (31) represent exactly the construction of characteristics for (43) used
in the study of first order Hamilton Jacobi equations. For introduction and
details on the characteristicsmethod we refer, for example, to R. Courant

- and D. Hilbert [6 ], F. John [14,15], P.D. Lax [18 ], P.L. Lions [19 ] and
H. Rund [23 ]. '

We now consider  the following problem : when u, is not differentiable

at one point, how can we describe the propagation ?

To answer this question, we consider u, concave. If u, is smooth
the characteristics method defines u at each point but if u, is not
differentiable at one point (take uo(x) = —|x| ) the mapping s + X(s,t) ,
which is defined only at the point of differentiability of ug s fails to
be surjective. Intuitively, there is not enough ignition curves. We are
going to define "generalized ignition curves" to fill in the empty regionms.

For that, we need the following definition :

Definition V.1 : Let v GCC(RN) , the superdifferential of v at X, G]RN

denoted by D+v(xo) is the set (possibly empty) defined by

| . N v(x)-v(x,) - (p| x-x)
(44) Dv(x)) = {p ER | 1;m+s§: Ix_x;T 0}

Now we can define ‘''generalized ignition curves"

(45) @00 = {[s =B, u@ + =)y ertu @)

AT e TR
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Each point gives a set of ignition curves. Let us just mention.that
. . +
if u_1s differentiable = . i
i o i entiable at x_ , Du (x) {Duo(xo)} Our result is

the following :

Theorem V.2 : Let U € Wl’mGRN—I) concave and let t > 0 . For all
x GIRN_] » there exists one and only one couple (s,p) € CIRN—])2 such that
(45) X = § - __EL_ and ] € D+u°(s)
1+]p|? |
and then ’
(46) ux,t) = u (s) + —S—

V1+|p|?

Remark V.3 : This result shows that the directions of propagation are those

which are normal to one element of the superdifferential.

Remark V.4 Forﬁ ué € WI’wGRN;l) , the existence of (s,p) still holds
but, in general, there is no uniqueness (take uo(x) = |x| ). But we then
have :

47) u(x,t) = sup {uo(s) + —ct /] x=3s - __C__._EP____ ,

V1+|p|? V1+|p|?

s GIRI\'—l , p € D+ﬁo(s)}
The proof of this claim is essentially based on the ideas of the proof of

theorem V.2.

Remark V.5 : This construction of "generalized ignition curves'" is similar
to the construction given By J. Sethian in [24 ] to study the evolution of
a convex, non-smooth flame front - i.e. by reparametrization of the initial
curve -. Remind that a convex front is a front for which the burnt region

is convex ; this corresponds to u, concave.
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Remark V.6 : In our case, we can answer a question formulated by J. Sethian
in [ 24 ] . The problem is the following : by J. Sethian. method or by the
method of theorem V.2, we are able to describe the evolution of a convex,
non-smooth flame front. Now if we take any sequence ui which converges
uniformly to u, , does the sequence u®  of associated propagating flame
front converges, at least pointwise, to u ? Of course, the answer is easy
by looking at (43). But we can also‘argue by using the comparaison result

for viscosity solutions (see section III) which gives

T N e [
L R x(0,®)) L ®Y)

Physically, the inequality above may be interpreted as a stability property

of propagating flame fronts. (See section VI, for more details).

Proof of Theorem V.2 : We know that u is given by (43)

u(x,t) = sup [uo(y) + /(ct)2—|y—x|2J
y-x| < ct

First we claim that the supremum is not achieved on the circle
{v | |y-x| = ct} . Indeed, assume on the contrary that the supremum is

achieved at 1y, satisfying |y°~x| = ct , then

u (y)) = u (y) + »/(ct)"z-ly--xl2

N—1) , we get

Since u, € wl’wGR
2 2 2 : 2
(ct)” - |yx|® < ﬂDuollm .. |y—yo|

Take y such that y-x = a(y°~x) with o € (0,1) then we have

-|Y‘y°| = (l“a)lyo—x] and the inequality above gives

(l-az)lyo-xlz < ﬂDuollz . (]—a)zlyo_xlz
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Dividing by (l-a)2 and letting o + 1 , we get a contradiction. Moreover
2 .
y > (ee)>=|y=x|H Y

the supremum is achieved at only one point s

is strictly concave on {y | |y-x| < ct} , hence

(1,0 + (et ]s=x| D2 > u ) + (o ®-ly-x|H?

~ Therefore
u @) - ug(e) + (ev)ly-x|D2 - ((err?-|sxDH < o
letting y - s , we obtain that p givén by

p = (s-%) ((ct)z—ls-x‘|2)1/2

belongs to D+uo(s) . Then a simple computation gives

PN RI Y %

1+ |p|?
and
(e fsx|H? - St
V1+|p|?
Finally
x = s-—PE_  and u(xt) = u(s) + —SE—
/1+|p|2 /1+[P|2

Thié proves the existence of (s,p) .
Uniqueness is a consequence of the following lemma :

N-1

Lemma V.1 : Let u_ € wl’wOR ) concave. The superdifferential of u

is decreasing in the sense that
N-1 + +
? 5125, €ER y ¥ P €D uo(sl) , ¥ P, €D uo(sz) , we have

()-pylsy=sp) < 0
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We end the proof of theorem V.2 using lemma V.l. Assume that there

. ‘ et + .
exist §;,5,,P) and P, such that p €D uo(sl) » Py €D uo(SZ) which

satisfy .
ctep, ctep,
X = §, = —————— = g = e——
' 1 —_—— 2 —_—
2 : 2
i+|p, | }/‘1+Ip2l
with 5 # 5, -
Th
en . . D
- = t . ] - 2
5,5, c

‘ 2
Il 12 vislp,|?

Using the convex function f = p - /1+]p[2 » Wwe may write the equality above as

s;=s, = ct [£'(p)-£'(p,)]

And so )
(sl-szlpl‘Pz) = ‘ct (f'(p])—f'(p2)|pl-P2)

Moreover f satisfies
(£' (o)-£' () |py=p,) = [max (£(p;),£(p,))] 3+]p,-p, |2
P P9/ |P17Py P1/s1iPy P17Py
This inequality contradicts lemma V.l since P # Py because s # s, -

We omit the proof of lemma V.l which is a classical and easy result of convex

analysis.

Remark V.7 : A similar result holds for geﬁeral convex initial burnt regiomns.
Indeed, let © a convex unitial burnt region and let T = 3Q . For each

X €T , we can define a set of '"generalized normals" by

y-x
N — (o]

N(x ) = {q €R lim [—l—l-__ q] < 0}
° l y x5 Y%, l

yE€T
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Now recall that the propagating flame front at time t is given by

T, = {x€R /dxD =t}

Then one shows easily that for each point x € Ft » there exists one and only

one couple (xo,qo) such that X €r, q, E’N(xo) , Iqol = ] and

X = X + ct-
[o} ) q0

This means that the directions of propagation are those of the '"generalized

normals".
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VI. Results based on the viscosity solutions formulation.

In this section, we make some remarks using the new formulation of

the evolution of the flame front by viscosity solutionms. ~

1. Stability of the flame front and comparison results.

We consider the formulation of part V, where the unknown function is
directly the propagating flame front. If we take two initial burnt region
Ql = {y < u‘])(x)} and QZ = {y < uz(x)} , at each time t > 0 the associated
propagating flame fronts are parametrized by y = ul(x,t) and y = u2(x,t)

2

where u] and u” are the viscosity solutions of (42) respectively

associated to u; and ug . Then by comparison results, (see section III)
we have )
2 1 2 1
fu=u’ll < lu —uoll o N (N=1or 2)

L™ ®'x(0,)) °© o r¥®Y

-

This inequality may be interpreted as a '"stability" property of the propagating
flame fronts : when two flame fronts are close to each other at time t = 0 ,

they remain close.

This property is not correct for general initial burnt regioms. For
instance, take SZl = {(x,y) E]R2 | a <x2+y2 <1}, (0<a<1) and take

Q, = {(x,y) e Rr?

892 are close together in the sense that each point of BQ] is within a

] a+¢ <x2+y2 <1} (e small). At time t =0 , 3521 and

distance of " € to a point BQl and conversely. But at time t = a/c ,

we have Qtl: = {(x,y) €]R2 | xz-l-y2 < l+ct} and Q; = {(x,y) G]R2 |
£ <x2+y2 < l+ct} . So,- 39; is not close to 8&2: . Nevertheless, one may

. . . : e . . t
consider that this approach is not satisfactory since in our example Ql

and Q; remain close.
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If we define the distance between Q] and Qz by

d(Ql,Qz) = max | sup (d(x,QZ)) ; sup (d(x,Ql))]
x € Ql xEQ2

the correct stability property is given by the following result.

Theorem VI.l : Let Ql and 92 be two closed initial burnt regions and
let ,Qf. and Q; be the associated burnt regions at time t > 0 . We assume
that d(Q],QZ) <e<1l, then

t At

Proof of theorem VI.l : We need the following lemma.

Lemma VI.1 : Let Q be a closed initial burnt region and let QF be the
associated burnt region at time t > 0 . Let ¢ be the mass fraction of

burnt gas associated to Q by (6) and (7). We have :
ty +
if d(x,0) Zct , w(x,t) = (1-d(x,27)) = (1-d(x,Q)+ct)

First we prove Theorem VI.l by using Lemma VI.l. Let ? and ¥y
associated to § by (6) and (7). Since 2 and p, are viscosity solutions

of (1), we obtain, by comparison results for viscosity solutions :

"pl—‘panmQRNx(o o) < "‘pl(.’O)-\oz(.’O)"L”GRN)

We.leave it to the reader to prove that d(Ql,Qz) = d(Q?,Qg) .

Using this property and (7), we obtain easily that

“991 ("0)'?2(’:0)" .

< d(Q,,R,)
LC!RN) 1272
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Then for all t > 0 and all x€]RN » we have

lo, (x,0)w, (1) < d(Q,2,) < e < 1
Therefore, if x € Q? » We can estimate wpz(x,t) by

0, (,0) > 1-d@),0,)
Using Lemma VI.1, we deduce that either x € Q; or

d(x,95) < d@,2,)
Finally

t
sup . (d(x,Qz)) < d(Q],Qz)
x € Ql

In the same way, we obtain

sup . (d(x,nf)) < 4,9

)
xEQz 2

So £t -
d(Q],9) < d4(9;,0,)

which we wanted to prove.
Now we give the proof of lemma VI.I.

Proof of Lemma VI.l1 : ¢ is given by (6) and (7) then

o(x,t) = sup ((-d(y, )" + d(y,0%))
[y-x | <et .

Since we have d(x,Q) =ct , all the points y which satisfy

are in @ . Then a simple computation yields

+
p(x,t) = [1- inf (d(y.Q))]
ly-x| <ect

ly-x] <ect
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This equality obviously gives

e(x,t) = (1 -d@xQ) +ct)?

Since Qt = {y G]RN / d(y;Q) < ct} , it is easy to see that
d(x,Q0) =.ct + d(x,Qt)

And the proof is complete.

2. Aéymptotic behavior when t + 4o :

In the context of part III, where the unknown function is the mass -

fraction of burnt gas, the formula

p(x,t) = sup v (x,0)) ,
|y-x| < ct

where ¢(x,0) is given by (7), shows that the flame front at time t >0
is given by {x E]RN / d(x,9) = ct} ; then for such x we have, if Q is
bounded

lx=x_[=1x. ] |x]  [x=x_|+]x_|
—— 0% ° g < ° ° for all x €Q
ct ct c t [o}

Taking the infimum, estimating lxol by B = sup Ixol , we obtain

We conclude as in [24 ] that the shape of the flame front becomes circular.

In the context of part V, using results proved by P.L. Lions [19 ]

or G. Barles [1 ], it is easy to see that

u(x,t) - ¢t = sup u, uniformly on compact subsets

IRN— 1
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when t » +° . So, the flame front becomes flatter. This behavior is quite
different from the one described in [ 24 ] (and above). It is a consequence

of the shape of the initial burnt region. Moreover let us observe, in

another way that the example when u (x) = /l—|x|2 if |x| <1 and ©
otherwise, can not be viewed as the restriction to the half-space {y =0}
of the propagation of a flame front whose initial condition would be the

unit circle !

Remark VI.1 : We can take for more general laws of propagation for the

flame front. Indeed let us just consider the following example : in the

context of part V, we assume that the velocity ¢ depends on x . It is

easy to see that the flame front u satisfies
Ju

(50 - e i+vu]? = 0 in R

N (N =2 or 3)

If ¢ € Wl’mGRN) , we have for (50) comparison results (see section III and
[81,171, [19]) and existence results (see [19 ], [20], [251], [13 ],

[2], [3]) for viscosity solutions.

Remark VI.2 : Numerical Methods.

To solve (36) or (42) various numerical methods exist ; essentially

- Vanishing viscosity methods, i.e. approximation by

€2
auf_ - Y1+ |Vu-| i
ot : IVUCI

- Hyperbolic schemes.

The reader can find details about these methods in [4 ], [9 ], [11 ],
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