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RESUME

Dans ce rapport, nous analysons l'influence d'une dzscretzsatlon en espace.
sur la propagation d'une source ponctuelle harmonique.

. Nous etudlons, pour différents schémas d'approximation de I équation des
ondes par différences finies ou éléments finis sur des grilles regulzeres, le comportement
asymptotique  en espace -de la solutzon élémentaire de I'équation de _Helmholtz associée.
Nous nous intéressons a la déformation des fronts d'onde et a la répartition d'amplitude le .
long de ces fronts. Nous quantifions I'anisotropie et la dlsperszon observées en fonctzon du
nombre d'onde et du pas de discrétisation. .

Nous mettons amsz en evidence ~des résultats qui complétent ceux de
l'analyse par ondes planes. Certains de- ces résultats sont classiques en crlstallographle,

La méthode d'analyse repose sur I utilisation des techniques de phase
stationnaire habituelles dans la théorie des équations aux dérivées partielles.

ABSTRACT

In this report we analyse the mfluence of a spatzal dlscretzzatzon on the
propagatzon of a wave generated by a harmonic point -source. '

We consider finite element and finite difference schemes on a uniform grid
for the wave equation. We study the asymptotic behavior in space of the elementary
solutian of the associated He'lmholtz equation. We lcok at the shape of the wave fronts
and at the dzstrzbutzon of the amplitude dlong these fronts.. We measure the amsotropy and
' the dispersion as function of the wave number and ‘the mesh size. .

We derive results which complement those that have been obtamed by plane
wave analy&s. Some. of these results are classic in cristallography

The method of analysis is based on stationnary phase techmques, commonly
used in the theory of partial differential equatwns.

 MOTS-CLES

Equation d'Helmholtz - Schema numerlque - Dispersion - Anisotropie - Phase statlonnalre
Comportement asymptotzc.

KEY WORDS

Helmholtz equation - numeric scheme - Dispersion - Anisotropy - stationnary phase -~
asymptotic behavior.



I - INTRODUCTION

In this article we analyze the influence of a spatial discretization

on the propagation of a wave generated by a harmonic point source.

We conSLder finite element and finite dlfference schemes on an uniform
grid for approx1mat1ng the wave equation in :R The point of view we follow
in this article is to consider the outgoing Green function for the stafionary
problem. We then cohpuﬁe the_asymptotic behaviour of the Green function.

The wave front and the amplitude of the-asymptotic wave completely

describe the anisotropy and the dispersion of the chosen discretization

of the Laplacian..

 Let us note that the asymptotic wave front will not be homothetic to
the wave surface as it is the case in the continuous problem . Thus for
discretized media both the asymptotic wave front and the asymptotic amplitude

are new characterizationsof the  anisotropy and dispersion of the schemes.

Our results are complementary to those which have been obtained by
using'plane wave analysis (see [1], [2], [3], [41, [5],,[6]).. Some of -

them are well known in crystallography.

Our, ana1y31s uses the method of stationary bhase. An outline of this
paper is as follows: ' ' .
In section 2, we present the problem and give the numer1ca1 schemes we
are going to study. We give the mathematical framework and. describe the prin-
- ciples of our analysis. The main results, theorems 2 1, 2.2 and 2.3 are glven
without proof (Detalled proofs can be found in [ J). The results are general
and valid for any of the numerleal schemes we con31der..F1na11y we introduce
- the concepts of discrete asymptotic wave fronts and discrete asymptotic ampli-
tude which will be of use in section 3 for the comparison of the schemes.
In section 3, we describe more prec1sely the results obtalned for each
scheme. leferent curves and diagrams are presented Flnally we compare the

schemes by cons1der1ng their properties with respect to anisotropy and
dispersion. '



I1 - METHOD AND RESULTS

Before studyingfbur problemllet us first recall the well known results

we can obtain for the Laplacian in Rz.

I1.1 - Helmholtz equation in R?

o

Let us consider a two dimensional homogeneous isotropic medium whbse

sound speed is equal to one.. The acoustic wave ¢ .corresponding to a
harmonic source vibrating at a fixed frequency w > 0 is supposed to
satisfy the following equation

2 .

d- -iwt 3
(2.1) E"%(X’t) - ap(x,t) = f(x) e . (%t) ¢ R

t , : .
f is a smooth function belonging to J?ﬂRz), the Schwartz space, which will

‘be called the source function. Looking for g solution to (2.1) such that
(2.2) o(x,t) =Aﬁ(x) et | (x,t) R

we find that u must be a solution to the Helmholtz equatiqn :

(2.3) C-mu-dfusf .

It is well known that (2.3) may have sevefal solutions for ® > 0.
In ordér to get an unique solution, one way consists of using the so called
limiting absorption principle (cf. [8]).. Indeed suppose that the medium
is slightly absorbing. In this case, instead of (2.1) acoustic wave
pfopagation ié governéd by the following equation :

€

3 ~ 3¢ y
(2.4) zﬁﬁg(x,t) + e (1) = M (x,t) = f(x) e T

where € 1is supposed to be strictly positive. The solution -¢€' to (2.4)

is such that :



o« iy omiwt
@5 gxt) =u(x) e
whére ‘ue(.) is the solution to

o : - o ol -
(2.6) _ Aue' Tewu, ‘_w u, = f

(2.6) has an unique solution ug in HZORZ). One then shows that;.when

€ tends to o, that U_ tends to u in H%OCORZ) where Uu is a $dlu£ion
to the Helmholtz equation (2.3). The function u is called the outgoing

. solution- to (2.32. This solution corresponds to the physical onezassociafed
with the source function f. It is the uqique solution to (2.3) which

satisfies the following Sommerfeld radiation condition at infinity :

. 8 3 1
(2.7) s—lr‘;(x) - dwu(x) = 0(;-37-2)
when r > +o with r = ]xl. -

Then we have

2 .

(2.8) u = G(.,w+i0) = f

G(.,w2+i0) is the outgoing Gfeeﬁ function‘:
(2.9) o G(X,wi+io) = 2 4t (ur)
.One.has‘:
2 o 2

2+1'Q) -w

(2.10) C-AG(. G(. wi+i0) = &

ﬁhere § .is the Dirac distribution at the origin.



Suppose that r tends to infinity. We .then get from (2.9)

| 2 o0 i 1 i(wr-m/4) -3/2,
(2.11) - G(x,w +i0) = : e + 0(r
? (2m) /% 2(wr)lZ (r)

G(X,t,02+i0) = G(Xw

to f =6, It is a circular wave and its asymptotic behaviour for large r

2,.

+10)e-1wt is a solution to (2.1) corresponding

is equal to :

| 2.0 i1 jw(r-t) -in/4
(2.12) G(x,t,w"+i0) _ e\ e , (£ >+ »)
S (2m)% 2(0r) 1% -

Asymptotically G(x,t w2+i0) is an outgoing circular wave propagatlng
with a speed equal to one and with a decreasing amplitude. Let us rewrite
(2.11) as

| o2 Adw 1rS(m 6) 3 o-im/4 .
(2.13) G(X,t,w"+i0) ""fﬂﬂ? . (r++ »)
(2m)

. > '
where (r,0) are the polar coordinates of X and 6 the unit vector
(cosB,sin6) with

(2.14) $(w,6) = w 8
2.15) A(w,8) = —%77 .
2w

(2.13) will be»well}adapted to the comparison with the discretized
case. 1In that case §(w,e) will not be colinear to 8 and A(w,0) will
depend on 6. Let © denote the extremity of the vector g whose the
origin is 0. For fixed w and R > 0 the aAymptoixc wave gront is the

set of points r8 such that rS(m 8). e R2 for © € 5y the unit
circle in ]R2 .



' The wave fronts are all homothetic. Two points belonging to the same
wave front are in phase.

' The continuous asymptotic amplitude'is_the set of points A(w,6)
for 8 belonging to 'Sl. It characterizes the angular variation of the
asymptotic behaviour of the solution along the wave front. Of course in

the continﬁous case asymptofic wave fronts and asymptotic amplitudes are

both circles with center O.

'11.2 - Discretized Helmholtz equations

Let h be a strictly positive number; h is the step size of the

follOwing uniform grid

={xeR%;x= (ph,gh) , (Px'Q)l'é %}

Let Lﬁ' denote the following set of square in;egrablevcomplex

sequences

2 2 2
EERUAES L 2 v ()]
S xeR2

. ) . h .
Lﬁ, is a Hilbert space for the following scalar product
(2.16) V (Vh,wh = h Z Vh(X Wh(X)
: th ' sth :
Let J?; be the dlscrete ‘Fourier transform defined on Lﬁ‘-'
" 1. -i k.x
@an (Fvp) (k) = vh(k) =plim ) vh(x) e
x<Rf

where ke Ky = [~ §1 % [- gl o



bﬁz is unitary from Lﬁ' onto L?(Kh). Letygr;' be the adjoint of
J?E.J?"; is the inverse of Fh and we have ‘ '

(2.18) CFEII) s Tim [ Gk e X e, xR
. Kh_- : ,
To the wave equation (2.1) on ‘Rz corresponds a semi discretized

. 2
wave equation on th

2 o
do, . —iwt

teR

.Ah is a discretized Laplacian and fh is an approximation of the

source f. Looking for a solution to (2.19) of the form

o -iut |
oy = Uy €

‘where up is a complex valued function defined on Rﬁ, we find that up ‘is

a solution of an discretized Helmholtz’equation
(2.20) - A ub ~ wzu = f
: o h™h h h

Leﬁ us suppose that fh(.) is a rapidly decreasing sequence, i.e.
¥nebl, sup (1+p~+q
(psa)e2?

We now describe the discretizations of the Laplacian which are

V2 1 (phagh)| < o

considered in this article. For any complex valued function Vh defined on
Rﬁ, let vp q denote vvh(ph,qh), We then consider the following classical '
. Mo .

finite difference and finite elements schemes.

Scheme 1 (Five points finite difference scheme)

v - -2v +v v =2v_  +v
+19 s 'ls ’ +1 ’ S -1
(2.21) --(Ahvh)p,q - . _ptl,q th q p-i.9 _ 'pP,q _Phg P»q



The order of this scheme is two. .For every regular function-
u(.,.) e C”ORZ) one has A

' h? é4u a4u 4,
(2.22) _ ~(apu)(ph.gh) = -(Au)(ph,qh) + (= + =) (ph,gh) + O(h") O
. ’ } o ) 3X1 3X2 _
Scheme 2 (Ql Fiﬁite element scheme)
o 1 Vp+1,q7Vp-1,94"p,9+1 "V p,q-1""pg
(2.23) f(Ahvh)p’q = _ 2 ‘ +
-2 Ypr1,q+1*Vp-1,q41"Vpr1,q-1"Vp-1,0-1""pg

oht

The order of this scheme is two. For every regular function u(.,.)

one has
' | . 2 .4 4 !
(2.24) -(apWph,ah) = - (au) (ph,gh) + s (2 + 2 W 4 4 DUy gn)
: o ’ . ' ‘ X X IX79X
N 1 9% 19%2.
+o(h?y . | 0

. Scheme 3 (Arakawa's ‘scheme)

p.a

2 Vp+1,q+vp-i,q+vp,q+l+vp,q-

_ ~ L4V
“BhVhlp,g =73 I .

(2.25)

1 Vpr1,a+1Mp-1,q+1Vpr1,g-11Vp-1,9-1"Vp, g
3 - _ 2h2 . = .

The order of this scheme is two. It is the only nine points approxi-
mation whose truncation error is isotropic at the first order. For a regular

funétion u(.,.), we obtain

. .hz

(2.26) - =(8,u)(Phsgh) = -(au)(ph,gh) - mz (a%u)(ph,ah) + O(h%) .
Every discretized Laplacian ”_Ah ié a bbuﬁdéd,self adjoint operator
in Lﬁ. In fact we have for every Vp e lp



(2.27) G (Zbpvp) (K) = Dh(k)oh(k) | V.k e Ky
(2.28) ' Scheme 1 : Dh(k) = fz- (s1n2 —k-%-rl + sihz Egﬁ) |
'(2.29) ~ Scheme 2 : ph(k) gi?(s 2cosk;h- 2cosk2h 4cosk1hcosk2h)
(2.30) scheme 3 : D, (k) = -32(5 -2cosk h-2coskyh-cosk; hcosk,h) .

The equation ? = Dh(k) is the dispersion relation of the scheme. When

|k|h is .small, w2 = Dh(k) must be an approximation to w2 = |k|2, the dispersion

relation for the wave equation. More precisely, we have :

| AN O S N 4,4
| 2_hZ 4 44
(2.32) | Scheme 2 : D (k) = [k|°- = (k1+k2+4k |k| 0(|k|*n
4 ) .

(2.31)-(2.33) clearly show that the anisotropy of scheme £ 3 will be _
less important than that of schemes=% 1 and 2.

The norm of the operator —Ah in Lﬁ is equal to sup Dh(k)
_ : ‘ keK,
and we have . ‘ _ h.

Scheme 1 : ||Ahl| =

Scheme 2 : | |a, ||

g e e T
[\ . .

Scheme 3 : {IAhlj



Mimicking the continuous case we want to define the outgoing solution
- of the discretized Helmholtz equation (2.20) by using the limiting absorptlon
principle. Let us consider the discretized Helmholtz equation with some

absorption in the same.way.asr(z.é) :

(2.348) - wzui -iew u;:‘ - Ahui = fh s (e >0) .

' Because of the selfad301utness of -Ah in Lﬁ, the equation (2.34)
has ‘an unlque solutlon uh in Lh for every € > 0. From the limiting
absorption principle (cf [2]) we deduce that for every (p»q) € 12 and
when wz is distinct from a finite set of exceptional values u;’q
tends to a limit p q as e tends to zero. - This 11m1t up is a

solution to the discretized Helmholtz equatlon and it 1s called the outgoing
solutlon of (2.20).

As in the continuous case we can express u, as a function of fh'

by using the so called outg01ng Green function for the dlscretlzed

Helmholtz equation.

Let - Gh be the discrete Dirac measure at the origin :

Sh - = 1
0,0 . ;?

=0 s | s ..
80,9 for (p,q) # (0,0) |

‘Note that S), belongs to Lﬁ. Let Gﬁ be the solution in Lﬁ to :

2

L c AE _
(2-35) . . -.w Gh - 1TWweE Gh - Ah Gh = 6h .
We have :
E o , ik.x '
(2.36) CE(x) = 21? [ =S dk , xRS .

Kp Dy (k)= ~iwe



10

As before from the limiting absorption principle we deduce
that for every (p,q) e ZZ and when w2 is distinct from a finite set
of values G° _ tends to a limit G as € tends to zero.
This limit den;ted by“ Gh(w2+10) .is éa11ed the outgoing Green function

for the discretized Helmholtz equation.

We have
(2.37) U = G (wP+i0) x f
' h = Gplw ¥10) = £
where
2 2.
(2.38) Upq=h" 20 Gy i(rio)f

=, P-p's9-q"
(p.aq )52 .

Let . 0(-Ah) be the spectrum of --Ah

Therefore we'héve :

(2.39) A Scheme 1 : o(—Ah) = [0;§%]
. h
(2.40) | Scheme 2 : g(-Ah) = [0,%1
h
(2.41) " Scheme 3 : U(*Ah) = [0, 16 Jé]
‘ . 3 h

2

Each operator -Ah is an absolutely continuous one. When w
does not belong to the spectrum Gh(w2+10) belongs to - Lﬁ but when w2
belongs to the spectrum of =By, Gh(w2+10) does not belong to L;. :
It is the objective of this article to give an expression of Gh(m +10)

and to study its asymptotic behaviour for large |x| when w2 belongs to
the spectrum of -Ah. Let Ph be the following curve



1}

-Th(w) = {k G_Kh ;th(k) - wZ = 0_}

Fh(w) is called a slowness surface. Let o (-A) be the following set :

S (2.42) | Scheme 1 : oc(-4y) = {0} v {;42}‘\1 {—hgz}
(2.43) Scheme 2 : o (~4y) = (0} u (& Elz} 0 {;32} u_{fz}

(2.44) Scheme 3 ¢ og(-4y) = (0} ) v 1 7 o & =
On Fh(w)-'VDh(k) is'different from zero except when wz belongs
to °c<-AH)‘

Following the CIASSical approagh (cf£. [91, [10], tll], [123, [133,
[14], [15]) it is possible to consider the limit of (2.36) as ¢ tends
to zero and to get an expression for Gh(w2+i6). For x = (ph,qgh)
we set -Gh(w2+i0,x)' instead of Gp’q(w2+io). :

THEOREM 2.1

For every ’wz' in 0(-Ah)—oc(-Ah) and fbi every X 1in

Rﬁ Gi(x) tends to Gh(w2+i0,x) as e tends to zero.
We have : ' :
(2.45) . - Gh(wzfio,X) = é%- P.V.[ 1 el KX gy 4

Kh-Dh(k)-m
- SRR N
* o ¢ dr(k)
.2 frh(w) VDh k I ’

where dy(k) <s the measure induced on Fh(w) by the Lebésgue
one. Gh(w +i0,X) Zs a solution to the discretized Helmholtz
equation ' '



12

Let us recall that if :
0, = {k K, [dist(r, (),k) < 8}

“for § small enough, we then have by definition of the principle value

value

ik.x

1 ikex . e '
P.V [ — e dk = 1im [ ——— dk .
K, Dh(k)-w o §+0 Kh-O(S Dh(k)-w

From (2.45) it is clear that w2 cannot belong to cc(—An) _
because in that case VDh(k) vapishes on ’Fh(w). The expression (2.45)
for 'Gh(w2+io) is well adapted to the study of the asymptotic behaviour -
of Gh(w +10,X) when |x| tends to infinity.

But for numerical purpose it is better to use an another

-expression for 4Gh(w2+10) given by the following theorem for the scheme ## 1.

THEOREM 2.2 |
In the case of the scheme £ 1 for wz in 0(-Ah)-0c(-Ah)'

one has .
B b :
_ 2 . | ria 1qo
(2.46). o Gpgletio) =g [ EZ(‘§—la +r%oc')'e G s
‘with.
wzhz'
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Detailed proofé'of theorems 2.1 énd 2.2 can be found in [16]. _
(2.45) enables us to study the asymptotic behaviour of ch(m2,+ i0, x) by
the method of statlonary phase (ef. [12], [17]) - Let us describe the dif--

ferent steps of the’calculation :

-

. . o -
For every X in ZRﬁ distinct from zero, one'has X = ro
with r = |x| and § = 2.

e 6 being fixed we study the ésymptotic behaviour
of Gh(w2+io) when r tends to 1nf1n1ty. First one shows that
R I R e S TS

behaves as

. Jik.x
j

2 Try() TATRIT (Yol ¥k

as r tends to infinity where ¢e( .) (resp. wé(.))' is a émobth
function on Fh(w) which is equal to 1 and different from zero in a
 small neighbourhoud of the points for which the exterior normal to rh(w)
'is equal to -] (resp.. 3. Gh(w2+10,x), given by (2.45), behaves as
ik '

i fPh(w) 1f°-(Ey| we )dY(k)

We then apply the methéd of stationary phase to the oscillating
integral fP () (cf. [8]) and we get the following result
h - o _ .

THEOREM 2.3

Let g (w,8) be the set of poznts Sh(w 6) on I, (w)
such that ' : '

thgsh(m,e))/[vnh(sh(w,e))| = 9.
For the schemes we are coﬂsidering _gh(m,e) is.alwdys a finite

' set and Cp(wsSp(ws0))s the Gauss cufvature_at point Sh(Q,e) in -
gh(w,e),does'not vanish. For. Sh(w,e) in Gp(w,8) the phase of
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N ik.x
. . . , e +
the oscillating integral [ TOTRT i (k) dy (k)

18 stationary and we have

| 2 . gl 1 - fﬁlg;}gz
(2.47) Gh(m +i0,r, ) = (2ﬂ)172 Sh(w,e)Egh(w!e) r

ejfgh(w,e).g eI, 032

when r » + ®
0(.) <s uniform with respect to § and
' . vyl | -1/2
(2.48) Ap(ws8) = WD, (S (ws0))] " |cp (wsSp(ws8))] - 0

Each term of the asymptotic behaviour of Gh(w2+i0,r,§)
is characterized by its phase gh(w,e).§ and its amplitude Ah(w,e)
They both depend on % and their variation with respect to § characterizes
‘the anisotropy of the scheme. Phases and amplitudes. are functions of the
product wh. The anisotropy of the stheme is much less important when
wh ~ 0 than when whn 1. We now define ﬁhe-discréte wave front and

the discrete asymptotic amplitude as in section 2.1.

‘wz € d(-Ah)-qC(-Ah) and R > 0 being fixed the discrete asymptofic

wave front associated with (w,R) is the set of points rg such that

- -+ 2
rS,(w,6).6 =R

and the discrete asymptotic amplitude is the set of points {Ah(w,e)e;gesl}.'

)e-1wt for each point of the grid. This

Let us consider Gh(w2+1o,x
function behaves, for fixed § and large r, as an harmonic wave propagating

with a phase speed equal to :



(2.49)

©

€ (w,0)

15

cg(w,e) Sp—
. > ->
Sp(w,0).8

: ) : o >
is the discrete asymptotic speed in the direction 6.
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IIT - DISCUSSION OF THE RESULTS CONCERNING THE SCHEMES

II1I.1 - Slowness surfaces for the schemes

The basic tool for studying each scheme is the corresponding plot of
the curves Fh(w). Let us describe them (see [16] for detailed geometrical

properties of these curves) .

. Scheme 1

Figure 3.1
. . . 2 - 4
Scheme 1 : The curves T, (w) for 0 < w” < —
— h — ne

For wh ~ 0, Th(m) is close to a circle and for wh v 2, Fh(w) is

close to a square (see Figure 3.1).
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Scheme 1 : The curves I‘h(m) for —42-'< W < =y
S h™ . h
: 2 N2 8 L
For w and w' such that w + (w')" = T2 Ih(w") - is, in the

square [0,%] X [0,%] , the symmetrical curve of I‘h(w), with respect to
the point (-ZT-TF'» , -21-%) ‘ | o ' |
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Figure 3.3.

2,2

Scheme 2 : The curves rg(w) for §-<w h~ <33
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ot
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f

Figure 3.6

Scheme 3 : The curves Ph(w) for 4 < w?hz < %?

II1.2 - Description and comparison of the results

Ih ordér to compare thé various properties of the schemes; we must’
- distinguish two cases. The‘fifst one corresponds to small values of  wh
and the second one to large ones. More precisely, in the first case,
the values of - ph wé}consider qofrespond to a number of mesh points per
wavelengtﬁ greater than five.  When wh 1is small, the asymptotiC'.b
behaviour of each discrete outgoiﬁg Green's function is very close to that
of the outgding Green's functibn for the continuous case. The main
diffetencés between thé.schemes come from the asymptbtic wave fronts and
the’asymptotié amplitude diagrams. When we use the schemes under bad con&itiéns,
i.e. when the value of wh corfesponds to a number of points per wavelength
smaller than 5, the asymptotic behaviour‘of each discrete outgoing solution
is no longer clése to the one for the continuous case. Purely ﬁuﬁefical

parasitic phenomena can appear as will be described later.
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I11.2.1 - Small wh

In this case, the set gh(w,G) (cf. section II.2) 1is reduced to one
element. Therefore, the asymptotic behaviour of the oﬁtgoing Green

function only contains one term and we have :

2,. © 2 . oo 1oy
.Gh(w f10,r,6) = Gh(m +i0,r,0) + 0(;37?)

where the asymptotic wave

is equal to .

2 ; Ah(w,e) -iw(t-r/cg(w,G))..

g (N
G, (WS+i0,r,8) = e
h (ZW)I/Z r1/2

e

. t )
where c:(w,e) and Ah(w,e)_ are respectively given by

The dispersion (resp. the an1sotropy) of the scheme can be characte~
rized by the variation of ¢ (w 0) with respect to wh (resp. 6).
Both dispersion and anisotropy can be directly seen from the wave fronts
Remark that Ch(w 8) is not the phase or.the group veloc1ty of a
numerical plane wave propagating in the direction 0. Thus our analysis

of dispersion and anisotropy is different from the one using plane waves,

Furthérmore this énalysis gives another way for descriBing the
anisotropy of the scheme;' In the continucus case the asymptotic amplitude
decays as l/r% ~ for large r uniformly with réspect to 6. In the
discrete case, this decay‘is,no longer uniform with 6. Thus the ésymptotic

- amplitude diagrams characterize the anisotropy of the schemes too.

Let us give the discrete asymptotic wave fronts for each scheme when

wh 1is sufficiently small. We shall denote by N the number of points per

wavelength ~ " A = -%? c=1, i.e.
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Figure 3.7

Scheme | : asyﬁptotic wave fronts for N = 20;10,5
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1.2 o

Figure 3.8

Scheme 2 : Asymptotic-wave'ffonté.for N = 20,10,5
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Figure 3.9

Scheme 3 : Asymptotic wave fronts for N = 20,10,5
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For each scheme the result is very good when N is greater than
twenty. From figures 3.7-3.9 it is clear that the main phenomenon is the
dispersion. The anisotropy can be considered as a "second order perburba-

tion".

The dispersion of the three schemes is the same when we look only at
the mesh directions. Therefore, in order to compare these schemes, we must
study their anisotropy more carefully. The dispersion of scheme 1 is most
important in the ﬁiagonal directions. For scheme 2, it is the opposite.

The dispersion of scheme 3 is almost uniform with respect to 6 , which
means that, as we could expect, the anisotropy for this scheme is very small.
Indeed, as far as tHe anisotropy of the schemes is concerned schemes 1
and 2 have oppositeAproperties. Then, we can expect that a convex combination
of them would give a scheme whose anisotropy would be less important. It can

be easily checked that

(-ah)y =

N |

{(—Ah)l + (‘Ah)z '}.

In fact, (-Ah)3 is the best choice for reducing anisotropy because
it is the only convex sum of (=A%)} and (- Ah), for which the truncation

error th(k)'~ |k|2| depends only on |k| at the first order (cf. 2.3).

Now, we look at the discrete asymptotic amplitude curves for
N = 5,10,20.
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Figure 3.10.

- Scheme 1 : Asymptotic AmpTitude diagrams fof'N = 20, 10, 5.
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- Figure 3.11

Scheme 2 : Asymptotic Amplitude diagrams for N = 20, 10, 5.
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Figure 3.12

Scheme 3 : Asymptotic Amplitude diagrams for N = 20, 10, 5.

The conclusions we have deduced from a careful study of the discreté
asymptotic wave fronts remain the same when we study the asymptotic ampli-
fudes..

Just remark that the difference between the discretéAasymptotic
- amplitude and the contlnuous asymptotic amplltude for scheme 2 is larger than

for scheme 3, for which it is larger than for scheme 1

‘Thus, with regard to the approximation of a spherical wave associated
to a Dirac¢ source, écheme 3 is better than - scheme 1 which is ‘itself better
than scheme 2. This conclusion is deduced from the‘cbmpariéon of the different
asymptotic diagrams. ‘Neverthéless, if we. are more interested inAgettingla
good approximation for the amplitude of the sélution the scheme 1 gives more

precise results than those obtained with scheme 3.
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111.2.2 - Large wh

In this case the comparison between the schemes becomes more

difficult because the results are highly distirct.

Our study‘) has pointed out the existence, for each scheme, of a critical
value We for the pulsation w. The results are very different depending
Qh whether w 1is greater than w. or smaller than Wee
2

Eqr scheme =#=1 we =.~‘ﬁ

S

2

il

For Scheme == 2 w

(9]
=
o>

For scheme %3 .

(]
i
Siro

When o < We there always exists a . unique asymptotic wave front

as in the continuous case but when  tends to W, both asymptotic
wave fronts and asymptotic amplitudes are highly disturbed. For example,
for scheme =% 1, the asymptotic wave front tends to a square whose.

sides are parallel to the mesh directions (see Figure . ) and the
asymptotié curves are no longer convex.Moreover the asymptotic amplitudes
badly behave when we look at the diagonal directions of the grid.
Nevertheless it is important to note that the discrete asymptotic wave
is always outgoing because.of the orientation of the vectors VDh(k)

for k belonging to the curve l"h(w) .
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- Figure 3.13

Scheme 1 : Asymptotic wave fronts for N =

3.18, 3.17, 3.16.

4,02, 3,8, 3.6, 3.4, 3.2,
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.
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T 1
-3. . "0 _ 3
' ‘Figure 3,14

Asymptotic amplitude diageram N = 5, 4, 3.8, 3.6, 3.4, 3.2.

When  passes the critical value Wes the asymptotic behaviour of
the discrete solution dhanges'drasticaliy.More precisely for o < wc
several purely numerical parasitic phenomena can appear and.then the
behaviour of the discrete solution has nothing to do with the continuous
one. The nature of the parasitic phenomena_réally depends on the scheme
one considers. For example, in the case of scheme 1, the aéymptoﬁic
wave becomes '"incoming' because the orientation of the unit outgoing
normal vector to Fh(m) changes. In the case of the scheme 2, the
curves Fh(w) are no.longer simply connected. Consequently the asymptotic
development of the solution contains several terms  and there exist

several asymptotic wave fronmts, some of them asymptotic branches.

In the case of scheme 3, the curves Fh(w) are no longer convex and
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therefore the asymptotic wave fronts can have - several branches in
' particular directions.

~All these parasitic phenomena are analogous to those wh1ch occur

in crlstallography (see [181). Their existence is due to the geometrical

~ properties of the curyes Ph(w) They are related to the fact that the

function D (k) 1is not, in the discrete case, a homogeneous function of

For each scheme, there is another cr1t1ca1 value w” for w which.

is the upper bound of the spectrum of the operator -Ah :

*_2/?
“h

For scheme =## 1 w =

* 2
h
* 4

h/—

‘When w is greater than o" » the outgoing Green's functlon is

For scheme %2

For scheme %3 w

exponentially decreasing with respect to r (see [16] for the details).

This study for large values of wh is not purely academic.
Indeed, in real experiments, all wavelengths occur and the parasitic
phenomena exist. However a careful choice of the discretization step.

h .is sufficient to reduce them.

111.3 ; Generalization of the results

-

‘ 0f course the method of ana1y31s we have followed here can be used
“for studylng more general schemes. The results we have obtalned for ‘the
small values of wh malnly the ex1stence of a unlque asymptotic wave
- approximating the contlnuous one, are clearly consequences -of the

consistency of the schemes. Therefore we can expect to generalize these
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results for a reasonable class of numerical approx1mat10ns to the Helmholtz
equations. 1In the same way, the convergence of Gh( ) to G (.)

when h tends to 0 can probably be studled But our study shows that

it would be d1ff1cu1t to give general statements for large values of wh
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