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ABSTRACT.

In this paper, we present an algorithm for solving linearly constrained
problems. The method is based on two ingredients : the direction is computed
by a bundle prineiple and the constraints are treated through an active set
strategy.

We point out the difficulties which arise when the objective function is

nonsmooth, in particular concerning the choice of a constraint to relax.,

We show that some non degeneracy hypothesis is necessary to obtain

convergence.,

Key words : nonsmooth optimization, bundle algorithms, linear constraints.

RESUME .

Dans cet article, nous présentons un algorithme de résolution des
probldmes avec des contraintes linéaires. Deux aspects sont pris en compte
pour le développement de la méthode : 1la direction est calculée par
une méthode de faisceau, tandis que les conditions sont traitées avec une
stratégie d' ensemble actif.

Nous mettons en évidence les difficultés qui apparaissent quand 1la
fonction d'objectif n'est pas régulidre, en particulier pour le choix de la
condition 2 relaxer,

Nous montrons que 1la convergence est nécessalre avec une certaine
hypothese "de régularité". |

Mots clés : optimization non différentiable, algorithme de faisceau,
contraintes linéaires.
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I. INTRODUCTION.

{

Given some function f : R n >R one is interested in solving the following
problem (P)

minimize f(x)
(P)
subject to Ax £ b
x€e€R"

where b is an m-vector and A an mxn matrix.

The so-called active set algorithms constitute a large class of methods
for handling this kind of problem. A typical iteration of these methods can be
described as follows. Given a feasible point X, (i.e. a point such that
) Sb):

Axk

1) identify the set é?k = {1 |(Axk)1 = bi} of active constraints ;

2) compute a descent direction d which satisfies the propertycyd d =0
wherecai is the submatrix of A constituted by the rows of A corresponding to
g,

3) relax one or’éeveral constraints if some relaxing rule allows it. If

it is the case, compute a new direction dk as above ;

4) perform a line search along dk with maximal step
8, = max {t |A(xk + t dk) S b} in order to get a new feasible point
xk+1 = xk + tk dk.

Many methods have been proposed. They differ by the choice of a descent
direction and the relaxing rule. The gradient projection method of ROSEN [16]
has been the first method in this area., The descent direction dk is computed
as the opposite of the projection of the gradient on the subspace of active

constraints, namely

o _ t t,-1
dk = Zﬁdk v f(xk) where ﬁzﬂi = I Gﬁfk (Gﬂfk,esz) Gﬂ{ ..

k
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If | d, | is small i.e. if the function f is approximately minimized in the
subspace {x | @/q[ x =/b} then a first order estimate M, of the Kuhn-Tucker

multipliers : = - (Gﬂicjf )y Gﬁf Vf(x ) is computed. If all the components
of M are non negativek then xk gs an approx1mate minimum. Otherwise, the

constraint corresponding to the most negative component of M, is relaxed. In

k
order to get a new feasible direction, only one constraint can be deleted.

In other methods, as for example in [3], [4] and [9] a descent direction
is computed as the solution of a quadratic programming problem (Q) associated
with f

minimize Vf(xk)t d+yaty d )
Q)
subject to off d = 0.
k

Here Hk denotes an approximation of the Hessian matrix of f at X, For

the relaxing rule, they use, as approximate multipliers, the Kuhn-Tucker

multipliers associated with the solution of the quadratic problem (Q).

Active set methods are subject to zigzagging or jamming phenomenon : thé
iterates oscillate between several subspaces (see [20]). It is the case; for
example, for the method initially described by ROSEN. Several ways of
preventing such phenomenon have been considered. Mec CORMICK in [10] does not
restrict the step in the line search to be of the form x, + t d with t ¢ Ok

k k
but rather performs a line search on the function f(PGgf(x)) e-active set

k
methods are another way of avoiding zigzag. The seté@k of active constraints

at X, is replaced by the set g}i = {i |(Axk)i 2 b - €} where ¢ is a positive
tolerance. This approach is used, for example, in [17]. Finally, a third way
of keeping out of zigzag is to refine the relaxing rule. Rather complicated
relaxing rules have been established in (213, [14] and [3]. BYRD and SHULTZ,
in [1], define a general relaxing rule and show that a large class of
algorithms using it are convergent., Their relaxing rule is not too restrictive
but allows only to eliminate one constraint at once. DEMBO and SAHI [2] have
proposed a more flexible relaxing rule which authorizes to delete several
constraints simultaneously.

The first two approaches can be generalized easily when the objective
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function is ‘nonsmooth. For example, SREEDHARAN [18] extends the method
developed in [17] to solve problem (P) with é special nonsmooth objecpive
function. On the other hand, it is quite easy to generalize the e-active set
method -‘to the nondifferentiable case. A particular algorithm, in nonsmooth
optimization, working with e-active set is given in [12]. An everltasting
difficulty with these methods is the choice of ¢ : which suitable € to
choose ? How to update e ?...

. In this paper, we are interested in solving problem (P). when the
objective functionm f is convex but not necessarily differentiable. Convexity,
which is not essential for our study, is assumed only for simplicity. We
present and prove the convergence of an algorithm which generalizes the
gradient projection method of ROSEN with a relaxing rule inspired by the study
done in [1].

‘The main difficulty encountered in the nonsmooth case is the following.
At each point, one has at our disposal a set of approximate multiplier vectors
and non longer, as for the differentiable case, a single multiplier vector.
This leads to some trouble when defining the relaxing rule. First, it is
sometimes necessary to relax several constraints simultaneously. The second
problem is how to choose constraints to delete by examining the sign of the
components of the multiplier veectors.

In section 2, we introduce the notations used in this paper. ¢

We define, in section 3, an f-stationary point and an algorithm to find

such a point.
The study of the approximate multipliers is done in section 4.
Finally, section 5 is devoted to convergence theorems.

FI. SOME DEFINITIONS AND NOTATIONS.

In this paper, we work on the space R n equipped with its scalar product <.,.>
and its associated norm | . |. The origin of R" is denoted by 0.

Ah- n-vector x 1s said to be non negative if all its components are non
negative. Given a set S, the writing | S| = q means that S contains q
el ements.
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Likewise, given a qxn matrix B, we denote by IB lthe number of its rows
(|B]=a). For i, 1 S 1 S q the row i of B is represented by the transposeq

n-vector (B)i' We introduce the projection matrix P

- /
PB =1 - Bt (B Bt) ! B, provided B is of full row rank.

B associated with B,

We say that some matrix C is contained (resp. strictly contained) in B
and we note C ¢ B (resp. C < B) if all the rows of C are rows of B (resp. and
B is different from C).

We denote by X the feasible set of problem (P) : X = {x |Ax S b}.
Given some n-vector x and some non negative number £, we define, (see [15])
the f-subdifferential evaluated at x

3, f(x) = (8 €R"[£(y) 2 f(x) + <g,y-x> - L ¥y eR "}

The subdifferential 3, f(x) is simply noted by éf(x). An element of 3f(x) is

called a subgradient. In what follows, we suppose that a function

g : R "LoRr" s given whose value at any point x is an element of Bf(x). By

means of the function g, we define a "weight" function P:R n x R n + R ¥ by :
n
¥x, Yy ER " p (x,y) = £(x) - f(y) - <g(y), x-y>.
The value of p indicates the error obtained at x by linearizing f around y.

The algorithm described in section 3 builds a sequence {xk}ke 5 The set

of active indices é@k = {i I(Axk)i = bi} at the iterate X, 1s divided in two

subsets : the set IL of indices associated with relaxed constraints and the

set Ik of remaining active indices. The submatrix Gﬂ{

K composed of the rows

(A)1 for i belonging to £2k 1s divided accordingly intocﬁﬁL = [Ak] .
A'
k

IIT. AN ACTIVE SET METHOD.

In this section, we define L-stationary points and &-multiplier: vectors

and we describe an algorithm for finding f-stationary points.

Some positive tolerance % on the results is introduced for numerical
reasons just as in [8].
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3.1. Some definitions.

, . ) * *
In what follows,' we consider a point x belonging to X, the m x n

*
submatrix A of its active constr_gints and a tolerance % > 0.

- - % * .
Let A be an m x n submatrix of A . The point x is said to be an
f-critical point associated with A if there exist vectors M € R m and

*
g € azf(x ) satisfying the following equality

(3.1) g+ A°Mao.

. %
The point x 1is said to be ¢-critical if it is an f&-critical point
-— * ’
associated with some submatrix A of A .

* -— *
If x 1is an f-critical point associated with a submatrix A of A, the

vector M which appears in relation (3.1)‘ is called an ﬂ,-multiplii'er vector

associated with A and g. When the submatrix A is of full row rank, the
f-multiplier vector M associated with g and 4 is unique and given by

Me- EEH' 7 g.
*
More generally, if x is an f-critical point associated with a full row

o= *
rank submatrix A, the evaluation at x of the g¢-multiplier vectors

multi-function associated with K,@/%_ is defined by
: A

(3.2)

oMo x) = (- AEH T glge (") and g satisties (3.1)1.
A .

* ' —
The point x is said to be f-stationary if there are some m x n

-— * —_
submatrix A of A and some non negative m vector M such that :

* —
(i) x is critical for A ;

(i1) M eahl_ (x).
_ A
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Note that, an f-stationary point as presented above is nothing else than
a special f#-solution of problem (P) as introduced in [(19]. In particular, an
*
f-stationary point x (€ X satisfies :

£(x") SE(x) + 2% V¥xeé X

3.2. The algorithm.

As pointed out in the introduction, the principal steps‘performed by an
aétive set algorithm are : (i) define a.descent direction, (ii) relax one or
more constraints leading to the computation of a new direction if some
relaxing rule allows it and (iii) perform a line search along the direction.

The scheme of our algorithm'is slightly different in that there is a

possible loop between steps (i) and (ii). A sequence {xk}ke N is built as

follows. Let xk €. X be given.

1. Determine the set of active indices £2k = {1 [(Axk)i = bi}' Initialize

the set of indices of relaxed constraints IL = @ and the set of indices

of remaining active constraints Ik = égk' Identify the active submatrix
A

@€f=k
. .
Kk Ak
satisfying : A

2, Compute a descent direction d dk = 0 and AL dk s 0.

k k

3. Relax some constraint i, if a relaxing rule allows it ; update
I, ¢ Ik / {i,}, IL « IL u {i,} and go back to step 2. Otherwise, go to
step 4.

. Check for optimality.

5. Perform a line search along the direction dk to obtain a new feasible
point.

Let wus suppose that at an iterate xk we have at our disposal the

submatrixcyik of active constraints divided intoGyﬁk = [Ak

A" ] . One way of
k



generalizing ROSEN' s approach in the nonsmooth case, is to project the origin

“of R ™ on the convex set PA' (air(*k5) and to take that prejection as a
‘ K ‘ :

descent direction. Unfortunately, it is generally not possible to determine

the l-subdifferential.azf(xk) explicitly and to compute the projection. The

set 3 f(x ) is therefore ‘replaced by a convex = set G obtained from

subgradients g = g(yi) i = 0,...k accumulated successively by the algorithm

k . : K k .
G = = Y H = 1 3 ’ .
y {ifo gl A 201 =0,k ;T =1 fo M plx,>y,) § 8}

i=0 i

On the other hand, as will be shown further, it is sometimes necessary,
in the nonsmooth case, to relax several constraints simultaneously. In order
to be sure that the direction computed is feasible relatively to the relaxed
oonstraints. the gradient of deleted constraints are introduced in the
computation of a descent direction as done by SCHULTZ in [17] for the
differentiable case.

Finally, a feasible search direction d, at x_ is obtained by solving the

Kk k
quadratic problem (3.3)
Lok . t .
minimize § |P, (I 1 g + I vy (A)5) | 2
k i=0 jGIL
A, v
k ;
subject to I Ai = 1
i=0
A 2O 1=0,..k
4 ' ' '
(3.3) v, 20 jer
k
T A, p(x, ,y.,) S &
1=0 i k_ i
f k
3 = - L t
ane setting dk ?A (8k'+? 8' (vk)J (A)J) with 8 .Z (Ak)i 8 where (Ak)1
k Jelk i=1

ti= 0,...k and (v )

K3 je IL are solutions of (3.3).

Let us note that the quadratic’ problem (3.3) of computing a direction dk
ecan be easily solved by the method given by MIFFLIN in [11].
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Once the search direction is computed, if non additional relaxing occurs,
a line search i1s performed along that direction. We use here the line search
described in [6] which extends the one of WOLFE for the nonsmooth case. The
active set method generating feasible points. the step taken by the line
search is limited to the maximal feasible step t& = max {t|A(xk + ¢ dk) S b},
Another bound ti > 0 computed from approximated multipliers is imposed which
fntends to limit the step in the vieinity of a critical but non stationary
point, in accordance with what 1is done 1in [1]. Given the bound
ek = min {t&, t;}, a negative number Vi approximating f'(xk, dk) and three
positive scalars m,, m,, m, satisfying m, < m, <1 andm, + my < 1, the line

search proceeds as follows.

If the approximation Gk of the g&-subdifferential 1is good énough, the
direction computed is a descent direction and, as in WOLFE's method, the line
search furnishes a step t '

K S ek satisfying
(3.%) Flx, + b d‘.‘) Sfx) +m, ¢, A
and either
(3.5) (g(xk e dk), dk) z my vV, (serious step)
or
(3.6) tk = ek (maximal step).

Otherwise, if the approximation of the subdifferential is not good, the
step tk performed by the line search satisfies (3.5) and

(3.7) p(xk, X * b dk) s m, 8.

k

The subgradient g(xk + tk dk) will enrich the approximation Gk of the
subdifferential azf(xk).

It remains to define a relaxing rule which will lead to a'conver'gent
algorithm. '

The relaxing rule yhich extends .the one proposed by ROSEN is based on



approximated multipliers

| to-1 K | £
(3.8) Mk = - (Ak Ak) Ak (z () + I (v,), (A)))

g
1=0 k1 ™1 JGIL k'J J

where the mumbers (i), i = 0,...k and (v ) Jer) are solutions of the

quadratic problem (3.3). If some. relaxing :cgurs, only a constraint of
negative multiplier is deleted. The relaxing rule is steered by the one
described in [1]. First a constraint must not be eliminated too often in view
of avoiding zigzag. In short, it is better not to relax if some constraint has
been added at the previous iteration. On the other hand, a relaxing has always
to be done in a neighbourhood of a critical but_non stationary point in order
to force the multiplierAvéctor components to be of the good sign (here, the
neighbourhood is defined by_;ldk IS d where d is some given positive number).
Moreover, only one relaxing may happen at a point in BYRD and SHUQTZ'S rule,
In the nonsmooth case, one is sometimes forced to relax one constraint even if
the BYRD and SHULTZ's rule does not allow it. We then relax if the search
direction dk becomes arbitnarily small, say if the following inequality holds 3
|dk IS o where ak is a positive but decreasing number tending to zero if an
infinite number of eliminations qccur.

' To summarize, the relaxing rule is given by the following scheme : relax
some constraint i, such that‘(Mk)1 = min {(M ), |1 e Ik} if and only if the
. ] .
two following conditions are fulfilled

(1)‘ (Mk)10 <0;

(i1) efther | d |s o

or

|a, |$dand . no constraint was added at the arrival at x

k
. no constraint 'has already been deleted (i.e.

Ik =@).
If some relaxing occurs, diminish o to force it toward O.

The complete algorithm can now be described.
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Let be given some positive tolerances : £, 0 < B <1 ; c; d; a; m,
m,, my withm, <m, <1 ; m + my <1 and a feasible starting point x € X.
The algorithm proceeds as follows.

Step 0. Initialize : X4 ¢ X, Yo ¢ Xo, o ¢ a, & « 8(¥,), k « O.

k

submatrixed, of A. Set 1, =&, and I - 0.

Step 1. Define the active set at x, 57 = {1 ]| (Ax,), = b,} and the active
—_—— o k1 i

Step 2. Compute a descent direction dk by solving problem (3.3).

Step 3. Determine the approximate multlpliebs vector M, given by (3.8) and

identify

k

- - 2 .
v, ldk | S

where Sk is the multiplier associated with the last constraint of (3.3).
We refer to [8] for an interpretation of v, a8 f (xk.dk).

Step 4. If some constraint i, is to be deleted according to the relaxing rule
defined above update the indices sets : I, < I, / {i,) noc I Ll
diminish o P « B @ and go back to step 2. Otherwise, go to step 5.

Step 5. Check for optimality. If ldk |- 0 stop (xk is an f%-stationary point).

Step 6. Compute the maximal feasible step te = max {t |A(xk+ t d) S b}and

the limiting number

o

— - . ir (Mk)i < 0 for some i
Iml? ), |(Mk)1 < 0}

+ » otherwise

and perform a line search along the segment line [O.Gk] with Ok = min {t&. t;}
to obtain a step tk satisfying either (3.4) and (3.5) (serious step) or (3.4)
and (3.6) (maximal step) or (3.5) and (3.7) (null step). Compute Yirp = X +

1 kK
tk dk and gk+1 =g (yk+1).
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' If - a serious step or a maximal step has been- performed : define
xk+1 = yk+1 ; update k « k+1 ; go back to step 1. ’

If a null step has been obtained‘by the line search : define xk+1 = xk,
Ik+1 = Ik and Ik+1 = IL ;- update k « k+1 ; go back to step 2.

3.3. Some assumptions and notations.

In this paper, we suppose that the following assumptions hold :
» The function f is convex ;
. the feasible set X is not void ; .
. the set {x |f(x) S f(x,)} n X is compact ; :
« all the submatricesGﬂ{k encountered during the progress of the algorithm
have full row rank ;

. stop at step 5 of the algorithm never occurs.

IV. STUDY OF THE SEARCH DIRECTION AND OF APPROXIMATED $-MULTIPLIER VECTORS.

4.1, Feasibility of the search direction.

The first thing to do is to show that the direction dk is feasible with
nespect to the active constraints. in order to avoid t! = 0 at step 6 of the

k
algorithm.

Proposition 4.1,

The direction d computed by the algorithm satisfies

k
. t :
. .
(4.1) <(A)j’ dk> S0 ¥je€ Ik Ik (with equality for j € Ik)
and , .
(4.2) <d .. 8> - S, p(xk, yi) sV, i=0,...k. : ‘
groof.

£) As the direction is computed from subgradients projected on the subspace {d

lAk d.= 0} we have Ak dk = 07
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Moreover, optimality conditions associated with the quadratic problepm
(3.3) can be written as

20 jerI s.t.

H ‘ -
IS B0 ()20 1m0,k (v, ]

k
t
d =- % (A), P g, - L (v), P () ;.
k e kLA SE jery K4 AT
(u.3) <-dk, PAk g,> f sk p(xk, yl) +Y20 {=0,...k

(with equality for i such that (Ak)i « 0)

(4.4) -d, P, WH20 je I

k. Ak J

(with equality for j such that (vk) » 0).

J

Complementarity conditions
y ,

s I (J\k)i p(x

s ¥,) =S &
K o0 k' 71 k

Now, as proved in [8, page 267] for the projection matrix PAk it“holds :
<d,, PAk g = <d.,g> ¥geRr"
and, in view of (4.4) we then obtain
(4.5) <d, (A)§> sovije IL;
$1) Multiplying each inequalitj of type 1 {n (4.3) by (Ak)i.fgnd each

fnequality of type j in (4.4) by (\;k)j and adding, we obtain the expression of
the number j as :

J=-]dl®-s 2

Replacing j by its value in (4.3) we get (4.2). o
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4,2. Study of appnoximahggfzﬁmultﬁplrgn-vgoturs.

The aim of this study is to show that, under some non degeneracy
agsumption, after-reﬁgxingrfn the vicinity of a critical but non stationary
point, the direction’eomputed in the new sﬁbapaee has a norm bounded from
below by a positive number.

4.2.1., Study of the continuity of the L~-multiplier vectors
—— < - —
multi—fonqbion,

We establish two preliminary lemmas.

I

L emma 4.2,
v . ¢ .
= = P | g% ; 150 . ‘
Let dk PA .(gk + Z,; (vk)j (A)J) be a direction compgtgd by the
K Jer R
k

. k

algorithm with gk Bifo ‘Ak?t Btf

Then, the vector gﬂ belongs to aﬁf(xk),
Pyoof.

See [19].

Eemma 4.3,

There exist positive numbers. d and M such that for each k € N there
holds : |dk | s d and IMk | s M (where IMk | means the euclidian norm of M, in
I
R>7k ). A RS -

S

Proof.
_r——

We suppose, without loss of‘genera;tty, that the indices gets&lk and IL

keep fixed valués I and I'. The active submétr!x is divided 1ntoGyf; = [AI]
. A L]
Il
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(1) For K€ X, the directiou'diﬁqbtalned by solving the quadratic programming

problem is given by :

B ot k
t o -
d =-P, (g + L. (v) (A))) withg =3I (1), g..
k Ap Uk Jen K J TPk Tyl w1 B

It obviously holds

(%.6) ld, |s IPAI gk'}. ‘

Moreover, in view of lemma 4,2 we have
|
8.7) g € 32 f(xk).

As the sequence {xk}kEN is bounded by hypothesis and the f~-subdifferential

i3 locally bounded (see [7]) we deduce from (4.6) and (4.7) that the sequence

(dk}keN is bounded.

(11) It thus remains to show that the gsequence of approximated multipliep
vectors is bounded.

Suppose that there exists some index {, and some subsequence {M }

kkEN'c N
suck that
M), |} =+ e,
gy 11+ =
k € N
For k belonging to N*, the sparch dlbechlon can be rewritten
(1.8) 4 =8 - (v (A)§ -zl
jer' ie1
Dividing (4.8) by (Mk)1 we obtain
(]
8.9 d L X g ‘(“k)j - M), ¢ ¢
ki, ki, JeI k1, o ier/{i,} ki, ¢
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Let us set (\) ) (Mk)i ¢
Ve = L m—-——r (A) - % ™oy, (A)i'
jerr ° ier/{4,} k io

As the sequence {dk}keu and {gk)keﬂ are bounded we have by taking the
limit into (4.9)

t
lim Vi = (A)1

kK + »

k € N

o

and since every vector v, belongs ta the subspace span {(A)? LeTuI 7 (1,))
this contradicts the faot that Ak isror full row rank, o

A necessary property to ensure convergence of algorithms in the
differentiable caée is the continuity of approximated multipliers at a
oritical point. This property ls translated, in the nonsmooth case, as the
upper-semi-continuity of- the multi valued approximated £~multiplier vectors
runction at an f-c¢ritical polnt L

Propbsition 4.4,
T

' : ' *
Let us suppose that there exists some subset N'c N and some point x for
‘which the indices sets 1
relations hold :

K and I' have fixed values I and I', and the fqllowing

{x} =+x ;
K kew

K +» o

. f8.10) {dk} >
k €N
k »

3

If we denote by A = [:I] the active submatrix we can state :
I

* —
{1) the vector x is an f-critical point asspciated with A ;

(11) there exists a subset N" ¢ N' of indlces, a|I | ~vector M* and a non
. *
negative | I' | -vector v such that




*
M} M ;-
ko o

k € N"

[M:] ee//é_ (x").
A

v

Proof.

The direction associated with some k belonging to N' is given by

) .y ) [ A . t
(4.11) d =-g - (v). (A -5 (M), (a)..
k Kogerr K3 qer KT
From lemma 4.2 we have
f
(1.12) g ? 31 (xk)
L o »
and, as the sequence {x k}keN" tends to x the relation (4.12), the

upper-semi continuity of the 2~subdirrerent1al and lemma 4.3 1mp1y that there
exist a subset N"CN' of indices and vegtoprs g € ax f(x ) and M such that

*
(4.13) {EL} * 8
. Kk + o
k € Nv
*
(3.14) M} M,
k K > o
k € N"

As the set { ¢ v (A) s Vv, 2 0} 1§ closed, relations (4.1Q), (4.11),
jer J J J
(4.13) and (4.14) exhibit the existence of scalars v

the following equality hods :

j20, Jer for which

* * * .
g + I v, (A)? + At M =0, 0

The 1limiting number t; used by line ‘search is governed by the

multipliers,
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Proposition 4.5,

The sequence Lti}ke"ﬂ - of Lim;tlnx steps evaluated at the points

{% )y 18 bounded from below by a positive number,

Proof.

Obvious from lemma 4.3 and the defipition of the numbers tzk; o

Proposition U4.6.

]
Let us consider some cluster point x of the sequence generated by the

*
-algorithm and some subsequence (xk}keu'c N qonverging to x .

If the following hypotheses hold

(1)

(1)

* " .
X 1s not an f2-stationary point ;

(@1 »0;
kk-)wJ"
k € N'
then, the subsequence {tﬁ}keu' is bounded from above,
Proof. .

We will prove this by contnadiction, Let us suppose that (1) and (i{)
- +hold and that there exists a subset N"cN' of indices for which the following
relations are satisfied ’ ' ‘

(4.15)

(4.16)

I,=1=1'0I% T el ;

e I, M) 2
i 20 ie1?, (Mk)1 <0 {€12;

either I2 = @ or (M )1 +0 vigi12,

'k-bno_

k € N"

k




If we denote by & = :1 the active submatrix we conclude, in view of
]
proposition 4,4, that : I

*
(4.17) the vector x is.an f-critical point

.. ‘ . o *
and there exists a subset N" N' of indices, a | 1 | ~vector M and a non
*
negative | I'| -vector v such that

(4.18) M) > Mo
K » o

k € N"

(4.19) [M:] € oMl_ (x
A

v

But from (4.15), (4.16) and (4,18) we obtain

*
(4.20) (M)

20 terr (M')1 -0 1812,

.
The relations (4.17), (4.19) and (4,20) mean that the point x s an
f-stationary point which contradicts hypothesis (1).

4,2.2, Degree of conﬁidence to put in z-multlplier vectors associated

T

with an 2- critioal point and non d ege neracy hypothesis.

In differentiable optimization, the multiplier associated with some
constraint expresses the cost of the constraint (see [13]). Unfortunately the
f-multiplier vectors as defined in (3,2) do not have this property, On the
other hand, one has sometimes to relax more thap one constraint at a time,
which was not the case in differentiable optimization.

To see this, consider the following example,
minimize f(x) .

subject to x ER ?, Ax § Q
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where A is a 2x3 matrix given by A w[?; _?]. Let us suppose that the function

' *
f 1is convex and that the subdifferential associated with the point x = (0,0)t
is the following ¢

a(x") = {(_?), (‘(‘))}

*
Set % = 0. The vector x 1is an %-stationary point associated with A and
*
the set.of g-multipliers vectors at x is the segment

* 0 -1
Q%A(x ) = L)y Tyt

If only one constraint is relaxed, the point x* remains %-stationary. But
if constraints one and two are altogether eliminated the vector x* is no
longer an f-stationary point. The trouble comes from the fact that the sign of
multipliers associated with one constraint is not well defined. To prevent

such an event we must impose some non degeneracy hypothésis.

Non degeneracy..

* * . ‘
Let be x € X an %-critical point for (P) and A the submatrix of its
, .
active constraints. The point x is said to be non degenerate if it holds

- * ' *
A ch =>0¢e({Prglged fix)}

sN

As the function f is convex, the non degeneracy hypothesis simply'says
*
that the vector x is an %-solution (see [15]) of the problem

minimize f(x)
; * » *
subject to A x = Db

x .
(where b is the restriction of b to agtive constraints) but that, after the

elimination of .any constraint, it is no more a solution of the new problem,

Study of multipliers under the non degeneracy hypothesis.

We show that the situation described in 4.2.2. can non more happen i.e.
‘that the sign of components of f-multipliers vectors is well defined at a non

degenerate f-critical point.
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Proposition U4.7.

*
Let us suppose that x is a non degenerate %-critical point for (P) then :
* *
(i) the matrix A" of active constraints at x is of full row rank ;

(i1) for any given active index i, the ith component i of all elements of

* *
Gy%%f(x ) have the same sign denoted by sign (Gyﬂa* (x ),

* .
(111) the point x 1s not an f-critical point associated with a submatrix A -

*
strictly contained in A .

Proof.

We will show that (ii) holds by a method of contradiction. Establishing
(i) can be done analogously . Property (iii) is a definition.

Let us suppose that there exist some active index i, and two elements of
C/%* (X ) for which the signs of the component 1, are not the same i.e.

* * * % * m*
de, , 8. € 3, f(x ') and M,, M, ER such that

(4.21) g, +A M, =0
* *
(4.22) g8, + A UMy =0

* *
with (M), <0 and (M,), > 0.
iO 10

But, in that case, there exists some scalar g belonging to J]0,1[ for
which there holds

* *
(u M, + (1-p) Mz)i = 0.
4]
Multipling (4.21) by u and (4.22) by (1-u) and adding we obtain :
* Xt *

g + A M =0

* * .
where the vectors g and M are defined as
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* * ) *
g =ug, +(1-p) g, € 81 f(x )

* * o
Moo=y M+ (1-p) M,
* . '
and the identity (M )i = 0 contradicts the non degeneracy hypothesis. o
[\]

The sign of components of approximated gf-pultiplier vectors is well

defined in the vicinity of a non degenerate g-critical point.

Proposition 4.8.

. .
Let us consider some cluster point x of the sequence generated by the

: *
. Let us suppose
algorithm and some subsequence {xk}ke N'cN converging to x : PP

that the subsequence {dk}ke N tends to zero (which implies that x is an
: *
f-critical point in view of proposition U4.4.,)., If moreover x 1S non

degenerate then, for k large enough in N' we have :

) o <A

K
() P lehhy &, <o) s
(111) M) <0 ¥1s.t. (Gy%é, (x')), < 0;
(iv) M) >0 ¥ie€ é@L s.t. (Gy%a* (x*))1 > 0,

The above proposition can easily be proved using propositions 4.4, and
y,7.

Consequence of multipliers analysis : two fundamental propositions.

The two following propositions, which appear as a consequence of
‘multipliers analysis,‘are essential for convergence proofs. They ensure that,
under some conditions, the search direction i1s not adherent to zero..




21

Proposition 4.9.

o k
Let us consider some cluster point x of the sequence generated by the
algorithm its active submatrix A and some subsequence {xk}keN' N converging
*
to x . Then, there exists some positive scalar £ = £(x ) such that :

*
(1) if x  is not an f-critical point, then for all k belonging to N' - large
enough we have |dk [> € ;

*
(ii) if x is a non degenerate %-critical point then we have ]dk |> g for all
k belonging N' 1large enough for which one of the two following situations

occurs.
A*
a) @dk S
#* *
= = = 1.
b) @e{k A and Ji s.t. 11, andSign (@/%A* (x 7))
/
Proof.

Let us suppose that we can extraot a subsequence {d, } converging

k'kEN"™ N'

to zero for which the indices sets Ik and IL keep fixed values I and I'.

If we denote by A -[AI] the active submatrix then, in view of proposition
A
I!

%* . —_ *
4.4, the point x is an f-critical point associated with A. If moreover, x is

- *
non degenerate then we conclude from proposition 4.8 that A = A and that
*
v1{Sign(@%A*(x))i--1}->1e1

which completes the proof.

Proposition 4.10.

. : *
Let us consider some cluster point x_ of the sequence generated by the

*
algorithm and a subsequence {xk}keN' N converging to x . If the following

hypotheses hold :
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(i) IL =@ ¥ k€N ;
(ii) {d.} »0;

kk->w

k € N'

* .

(iii) x 1s non degenerate ;
. '
N

(iv) X 18 not f#-stationary ;

then, for k belonging to N' large enough, if some constraint is relaxed at X’
ew

the new computed direction dk satisfies ]d I> E (where the number E is

defined in proposition 4,9). Moreover, only one elimination can occur.

'
o

Proof .

The proof of the first statement follows from propositions 4.8, 4.9 and
the choice of the eliminated constraint.

If an infinite number of eliminatldns occur during the progress of the
ew

algorithm then, for k large enough we have o < & and the direction dk
computed after deleting satisfies |d |> &> o

relaxing rule, no other elimination ean Qceur, o

and, in accordance to the

V. CONVERGENCE STUDY.

In what follows, we consider a cluster point x of the sequence generated
by the algorithm described in 3.2, We denote by A its active submatrix.

5.1. Infinite number of null steps performed at a point.

' *
We first examine the situation in which {xk} stops at x for some k and

only null steps are performed from then on.
Theorem 5.1.

*
If there exists some iterate xJ = X in which an infinite number of null

*
steps is performed then x is an g-stationary point.




Proof,

As no constraint is added in case of null step, the active set becomes a
fixed set say I. Moreover, using relations (3.7) and (4.2) we can show, as
done in [8], that there exists some subsequence {d }

* K'KEN' c N
zero. Then (see proposition 4.4.), the point x is an f-critical point and, if

converging to

no relaxing occurs, the components of approximated multipliers are of the good
*

sign. Again, by means of proposition 4.4, we show that x is an %-stationary

point,

0

We now suppose that the sequence generated by the algorithm does not stop
at some iterate, i.e. that only a finite number of null stbps occur at each
point.

During the convergence proofs, we will work on the subsequence of
iterates in which either a serious step or a maximal step is performed, i.e.
for which xk+1 * xk. For simplicity and without impeding the proofs, we still

index this subsequence by N, and we will consider a subsequence {x, !}

* k’'kE Nc N
converging to the accumulation point x ,
a .a .,a ,a , 8 I A ) £ W 2
We denote by d Ik' Ik’ Ak and Ak (resp. d» Ik’ Ik s Ak and Ak the

direction, indices sets and active submatrices computed at the arrival at a
point xk (resp. before leaving xk). If no confusion is possible, we simply

IV, l.
write dk’ Ik’ K Ak and Ak

a 5
Remark that the submatrix Ak is simplyeﬂf;. Futhermore, we always have
d a '
Ak C Ak'

5.2. Two fundamental properties.

The convergence proof rests on two fundamental properties which are the
ones used by BYRD and SHULTZ in [1]. The first property results from the fact

that the step performed by the line search is bounded by the number t;-

Proposition 5.2,

*
Let us suppose that the point x is not an %-stationary point. Then the
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*
sequence {xk+1}keN' converges to x .

Proof.

As the subset of indices N' is arbitrary it suffices to show that a

*
subsequence of {xk+1}keN' converge to x . Two cases are to be considered.

i) The sequence {Id& l}keN' is boundéd from below by a positive number Y. From
the line search rule (3.4) we have

f(x +1) s f(xk) +m,

v
k tk k

or, in view of the definition of vk.
flx, ) S f(x) - m t |q* | 2
'Y Kk A "
which gives

f(xk+1) s f(xk) -m Y|x - x

kot ™ % |
and because the function f is bounded from below we then obtain

- 0.
% ™ % '} K ,

K €N

f1) We can extract some subsequence {Idi |} converging to zero. For k

KEN" C N!
belonging to N" we have

s L
x =t la s 2 14, |

%4
but the value of t2 is bounded (see proposition 4.6) and then |xk+1 T X | »o.
. . K> o
keN"

The second proposition is a consequence of the convergence of the
algorithm for the unconstrained problem.
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Proposition 5. 3.

If there exists a subsequence {xk}keN"c N+ for which the step t, obtained
by the line search satisfies tk < té then the sequence of directions computed

before leaving points of that subsequence satisfies {d&} + 0.
K +» o

k € N

Proof.

The proof which uses proposition 4.5 is quite similar to the one of the
theorem 2.5.3. of (8] and is not given here,

a

During convergence proofs, it will be sometimes more adapted to use
proposition 5.3. expressed the following way.

Proposition 5.4.

If there exists some subset N"cN* of ‘indices and some positive scalar d
for which there holds

|d£ |2 d ¥ kenw

then, for all k belonging to N" 1large enough, some constraint has to be

. 1
added by the step from x to x  , (i.e. t = t}).

5.3. One technical lemma.

The following lemma is necessary to show convergence. Its proof, which is
of little use, is postponed as an appendix.,

kemma 5.5.
*

Let us suppose that x 1is not an 2-stationary point and that there exists
some subsequence {xk}keN"c:N' for which there holds :
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(1) (€1 »0;
kk+m
k € N"
1,
(ii) tk < te s
t 48 . ' 2
(111) , <(A)j, d.> Q vije Ik H
a
then the subsequence {dk 1}keN" converges to zero on N".

Remark that relation (ii1) is satisfied in particular when Ikl = Q.

5.4. Convergence results.

We first study the situation in which a finite number of eliminations
occur.

Theorem 5.6.

Let us suppose that a finite number of eliminations occur during the
*
progress of the algorithm then the vector x is an L-stationary point.

Proof.
Under the stated assumptions, there exist some 1ndex K, some submatrix A
of A and some positive scalar q for which there holds . '

4
= = ] - < 1.
¥Vkz2KkK a o, Ak A, Ik @ and tk Fk

{) From proposition 5.3, the subsequence of directions {d&}keN'

to zero and then, the point x is an freritical point (see proposition 4.4),

converges

{i) Let us study the signs of the multipliers computed at x . For k belonging
“to N large ehough, we have

ldkls o andI;(z=¢'
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but according to the relaxing rule, this means that the vector Mk of
approximated multipliers associated with the directions dz are non negative,

In view of proposition 4.4, we then deduce that x is an &~ stationary point.

Let us now study the general case in which an infinite number of

eliminations occur.

In convergence proofs, we will suppose that k is large enough in order to

satisfy :

(5.1) Y <g
Two additional lemmas are needed.
Lemma 5.7.
*
The vector x 1s an g-critical point for (P).
Proof.

We will prove this property by contradiction. Let us therefore suppose
that x is not an g-critical point for (P) and let us consider some iterate

X for k belonging to N' large enough. As x is not an g-critical point for

k'
(P), using proposition 4.9 we obtain

(5.2) la, . 1>¢

k+1
and from proposition 5,4, we have

a L

; : : : ' a )
which implies (using (5.1), (5.2), (5.3) and the relaxing rule) A = Aeqe

L
Therefore A& 1 2 A . A recurrence process, Justlfied by proposition 5.2 leads

*
to |Gﬁ¢ | > m whlch 1s impossible. Then, x is an %-critical point for (P).
k+m+1



Lemma 5.8.

. .
Let us suppose that x is not f%-stationary for (P). Then one of the two
following situations occurs.

*
(1) For every subsequence {x converging to x ‘there exists some

k kel c N
integer K such that

- N *
VkeN s.t.k2K, of =A.

k
(ii) There exists some subsequence f{x }keN cN
-~ * *
¥V kEN Gﬂf cA, Gﬂf = A,

k = k+1

Proof.

The proof is quite analogous to that of lemma 5.7.

We can now establish the convergence theorem.

Theorem 5.9,

*
If the vector x 1s non degenerated it is an &-stationary point for (P).

Proof .
. . . ‘
From lemma 5.7. we have that x is an f-critical point for (P). We use
again a contradiction method to show that x is an %-stationary point for (P).

Let us suppose that x 'is ‘non degenerate and that there exists some active
*
index i for which sign (oM 4(x My = -t
- A

a) Let us show that we can extract a subsequence {xk}keN" for which there
hold :
. *
(5-") {X } > X :
k K +» o

k € N
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*

(5.5) o =A ;

K C

and either

a
(5.6) (a) V¥ keN"|d |s o
or

(5.6) (b) ¥ keN"t . <t! . and {3} = o.
k-1 ° k-1 kw70

k € N"
Two cases are to be considered depending on the issue of lemme 5.8.

i) 1f situation (i) of lemma 5.8 occurs, for k belonging to N' large enough we
havecﬁf - af andgﬁf = A Therefore, t, < t; and, according to proposition
5.3, the subsequence {dk}keN' tends to zero. On the other hand, in the present
situation, any constraint eliminated before leaving x remains active. We then

k

have, from lemma 5.5, {dk+1}k€N' + 0. And, in view of proposition 5.2, the

sequence {xk+1}k€N' satisfies the appropriate properties.

{1) If situation (ii)*of lemma 5.8. occurs, there exists some subsequence
{x }keﬁ converging to x for which the associated active submatrices satisfy

- * *
¥ k€N, - C A, = A
eﬁa 3 G”ik+1
but this means that tk = ti and then, we have for all k belonging to N large

enough either ldk+1 | s % o1 (in which case {xk+1}k€ﬁ is the subsequence we are

looking for) or IL21 = @. Indeed, some adding being made by the step from X,

a
to x, . if | iy | %+ the relaxing rule does not allow to eliminate before

*
avi . But, in tn = !
leaving X o1 , e second case, we havecy&;+2 A and tk+1 < tk+1 and

L a -
from proposition 5.3 {dk+1}keN 0 and, according to lemma 5.5, {dk+2}k€N

Therefore, the sequence {xk 2}k€§ satisfies the appropriate properties.

+ 0.



33

g

b) Consider the subsequence constructed in a. The subsequence of directions

{dk}keN"

belonging to N" large enough

tends to zero (see(5.6)) and from proposition 4.8 we have, for k

(5.7 M )

R . *
Ky <0 (rgsp.)O) ¥i s.t. (Gyﬁa*(x ))i < 0 (resp.>0).

The relaxing rule, relations (5.6), (5.7) and the existeﬁce of a negative
f-multiplier show that some constraint i, of negative z-multiplier has to be
deleted before leaving the point xk. Only one constraint may be relaxed (see
proposition 4,10). Therefore,

L * :
1}, = {1,} where Sign (Gy%%* (x Ny, =0
And, according to relation (5.5), propositions 4.1, 4.10 and 5.4, there holds

(5.8) o <A /W, v W),
k+1 0

where (A)1 is some row of A which is not contained in A . Now, for k large

enough, we have od © A which contradicts relation (5. 8).
k+1
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Agpendix.

Proof of lemma 5.5.

Let us denote by N (resp. Nk 1) the index of the last subgradient added
a
).

before computlng the direction dl (resp. dk+1

1) The direction d& is defined as

N

L , |
G = = P2 K ) g vr (v b

)
kom0 K1 gep K Y
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)

where (Ak)i.i = 0,...Nk gnd (vk)J Jje IL are solutions of (3.3).

From hypothesis (iii) we deduce,
) Ny ' t
(A.1) d =-P (" (\), g +1 (v.), (1))
kT el P g ser kI

11) As eﬂa s Gﬁ{k+1’ we have from (4.2),

a 2 - a - =
(a.2) [df | *ss.,, px,,,, ¥) - <dpg 2”4; B> " Sipq L 1= 0N,

Multiplying each inequality i of (A.2) by (Ak)1 for i = 0,...Nk and adding we
obtain (see (A.1))

N .
|di+1 |2 s S+ ifz Ny Pl e ¥y) - Siey ¢ (di+1. d&)
Qr
a Ny
[dgeq 12 85, 2 O e v - e v )
a ) Nk
* <y G S, {150 Wy Pxs yy) - 8

and then, in view of the last constraint of (3.3)

a 2 k
| deq |23 Syt 150 (Ak)i {p(xk+1, y,) - P(x,» ¥}

(A'3) + <d:+1 ? di‘>-

fii) Let us show that for all positive ¢, there exists some integer K for
which we have,

N
k
(A.4) YkenN", k 2K ifo My 00 ¥) = p(x,s ¥)) S e,
The points Y, obtained by null steps from points X, satisfy in view of
(3.7, - i -‘

f(xmi) - f(yi) - <g(yi), x21 Ty smy g
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As the vectors g(yi) belong to the sets ar(yi), this inequality leads to

g(yi) € 82 f(xz.).
i
But the points generated by the algorithm belong to a compact by asswnpﬁion
and, as the subdifferential is locally bounded, the vectors g(yi) are bounded.
Therefore, for k belonging to N" large enough we have, from proposition 5.2
and the continuity of f
f(x

);f(x)-<g(y1),x x> Se¥i=0,...N

k+1 k+t Tk K

and, by definition of the weight function, this implies

p(x, . yi) SPOQHY,) v eV i 0yuv N

Then,

N
k
5 (Ak)1 {p(x

o )»- p(xk'. yi)} S €.

ke’ Vi

iv) From relations (A.3) and (A.4) we deduce that for all positive € there
exists an integer K such that ' '

¥KEN", k2K |dg,, |?*s Seey € | dp.s lldi Lo

But, from optimality conditions (5.2), we see that. the number Skﬂ 'is bounded
by some positive scalar, say §, and then, for all positive e, there exists

an integer K such that :
¥KEN", k 2K |dk+1 |(|dk+1 |- |di |) ss e

and this relation can only occur if the subsequence {dkﬂ }keNﬁ tends to zero.
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