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I, INTRODUCTION 

The problem of detecting changes in the properties of systems or signalà 

is of particular interest both for failure detection in dynamical systems, 

industrial processes..., and for segmentation of digital signals in view 

of recognition. This problem has received an increasing attention these 

last fifteen years, in many fields of applications as can be seen from 

the survey papers |20| |13| [10| and the more methodological works |s| |15] 

|af. 

In the present paper, we address the problem of detecting changes in 

the AR part of a multivariable ARMA process, or equivalently changes in the 

eigenstructure of a multivariable system. In addition to the detection 

problem, we also consider diagnosis problem, namely the decision concerning 

which poles and modes have changed. These types of problems arise for 

example in the domain of vibration monitoring of structures submitted to 

natural excitation, such as offshore platforms. In such a case, the change 

detection anñd diagnosis problems are still more complex : because-the 

excitation is not measurable and nonstationary, it has to be considered as 

a nuisance parameter. For a complete description of this application and 

the underlying motivations, we refer the reader to |5|. In order to solve 

these problems which cannot be solved by likelihood methods |5 , we recently 

proposed some new instrumental tests, the numerical properties of which 

have been investigated in |3| for scalar signals and in |5| for multivariable 

systems. 

The purpose of this paper is the investigation of the theoretical pro- 

perties of these tests with special emphasis on the connection between our



instrumental tests and. on one hand, recent.results conéerning the {ins- 

trumental variable idefitification method'l19|, and, on the\other hand, 

robustness properties of likelihood ratio tests. Accordingly, tHe paper is 

organized às follows. In sectt'ion II, after problem formulation, we consider 

£he question of optimization of the number of instruments and of the reduc- 

tion matrix to be used in the test. In section III, we give a special 

attention to the AR case, for which we show that the optimum power of the 

test ‘ is attained with a finite number of instruments. In 

section IV, the comparison with the accuracy of the IV identification method 

is done. In section V, we investigate the connections between local like- 

lihood tests and our instrumentàl tests, and show that these last ones are 

min-max optimal in the scalar caêe. In section VI, we show that, in the 

scalar caseL the use of a finite number of filtered instruments results in 

attainirg the asymototically optimal power of the test. Finally, some 

conclusions are presented in séction VII. 

II, AN INSTRUMENTAL STATISTICS : DEFINITION AND OPTIMIZATION 

In this section, we first iËtroduce our instrumental statistics for 

solving the problem of detection of changes in the AR part of a multiva- 

riable ARMA process. 

Then we exhibit the optimum number of instruments and reduction matrix 

to be ùsed in order to optimize the power of the test. We recall that, 

in this paper, we consider the statîonary case. We refer the interested 

lreader to |5| for problem statement, test implementation and numerical results 

related to the nonstationary case. 



1. Problem statement and test definition 

We consider a multivariable process, described either by the state-space 

representation : 

(1) 

n r Ç 
where Xte:R ,Yt€R , cov [Vt+1] Ü , 

or equivalently by the ARMA representation : 

N
 E > 

y = } A %,* } BE n 

where [Et] is a standard white noiîse. 

As mentionned in the Introduction, we are interested in detecting and 

diagnosing small changes in the state transition matrix F (resp. in the AR 

parameters (A,) ), while the state noise covariance matrix Q (resp. the 
15i<p 

M.A. part (Bj] ] 1s unknown (and time-varying in |5]|). We assume 
O<j£p-1 

that a nhominal observable model (H,> FÛJ 1s available, and thus a nominal 

AR model BÛ also, where : 

T 
8 = [Ap,...,A1] ‘ {3)



‘A new sample Y1,....YS is observed, and, following à model validation 

approach, we wish to test whether it 1s conveniently described by the 

refesre”se model 90 or not. Fof this purpose, we use a local approach 

|11| |7| |14|, 1e we consider the following hypotheses : 

where 60 is a possible change 

statistics by : 

where 

Q 
l*0 : 6 = 6 u 

p 
=
 D
 

®
 

T 

p ** Ÿtp- 

is the vector of instruments 

E 

® 

Notice that UN[s) 

. 

Â4 V-s 

may be generated in another way, using the following formula 

no change 

N+1? 

NOOT 
7 t 

Y - 6 

(4) 

(5)



‘where 

RÛ[s] …. Rq_1(s) 

» , » E MROIS OS (6) 
p,G :,J ,, ; 

Rp_1[s] —… Rp+q_2[s] 

is the empirical Hankel matrix in which : 

. T Ra(8) = ë Yaam Ÿ * 

Then, denote by : 

1 

= E, (— (s) ' (6’ 'ä€ P.G 0 [S 5€ P,Q ) Ï 

the expected  value of (6) under the hypothesis HÛ. 

Finally, we introduce the corresponding vectors : 

U CLÆ.N(s] col [Uä (s)) 

(7) 

obtained by stacking the Nr columns of Uä(s] on top of each other, and : 

© - co1 cel) ; “ (



Under the no change hypothesis HÛ. Wt in (4) j1s a MA process, uncorrelated 

with ZË ; and UN(s] 1s zero-mean. Under the vaothesis I—l1. we have : 

Î S 
T 1 N ,T 0 E, (U,(s) = Er—{z(v-e@)+—ï2@-(e—en 

V3 t=1 t E en t U 

T 
_1ep,N 66 - (8) 

correspondingly, 

E1[üN(sn _= (‘ïp n 0 115® . 

Therefore, using UN(s]. we will be able to detect any change 60 belonging 

to the range of 16pTN . Let us now investigate this point. 

We first 1n£roduce the following classical notations : 

HO 

ÔF ' HaFo 
p[HÛ,FÛ] = ; (10) 

P_1 

ÉF 

LQ - N-1 and N'Fp69) = (Sp-Fo50><""#Fa  ©p) ; (41) 

where —]ED(Xt Yt] A 

From now on, we assume that the nominal representation (H_,F,) (1) is 

ebservable and that the following factorization holds : 

4ep,N = ÛL(HO,FÛ]' ‘cN[FÛ,GÜ] (12) 



CL 

where dZN(FÛ,GÛ] is of full row rank n. In such a case, because of (12), 

the only changes on 6 we will not be able to detect with the aid of UN[s] 

are those that satisfy : 

GH,F ) 6 -0 (13) p 0’ C0 

But these that last changes do not correspond to any change in the minimal 

representation (1) of the system. The reason for that is as follows. It 4s 

well known that the representations (1) and (2) are connected through the 

equation : 

T 0 0‘p+1 (Hy-F5) © =0 | .(14) 

and any 90 satisfying this relation leads to a valid ARMA representation 

of the system. But two different parameters 90 and 60 + 60 satisfying both 

(14) are precisely related through (13). 

Consequently (9) means that any change in the minimal representation 

pf the system will result in a change in the mean value of the process 

Uyfs) (4). 

Furthermore, it may be shown that (even under nonstationarity assumptions 

|12|] the following local asymptotic normalities hold : 

U (s) °{ under]—lÛ , — (Û,îN] 

underl—l1,' ‘uN(s] ——:—{;—_}f((æ;_N ® Ir? ô®, îN }



.p-1 
N ,NT T n =1=Ë-p En Z, 254 © 44 Vens) (15) 

Às the covariance matrix of ttN' 

Finally, before defining our test, we recall a classical result in 

gaussian hypothesis testing. Let U be a random variable distributed às 

v4°(u.X]. For testing u = O against u = My , the log-likelihood ratio is : 

=UTX'1Mv-%.v M $ Mv — ; (16) 

Ff M is of full column-rank, the maximum l4kelihood estimate of vis : 

. 41 _ 
v }m LU — | [ (47) 

and including it in (16), we get : 

1 
T=-50U 5" n 5 T F" u | - (1a) 

If M is not of fyll column-rank, let E be the matrix containing the 

pbasis vectors of a complement of the kernel of M ; then : 

v = E8 + v,



-10- 

where. y € Ker(M), and thus : 

u=MV=MEB 

with ME of full column-rank. In this case, the x2 statistics : 

V EM en m En H* y | (19) 

£s tHe ELR test for testing'u = QO against u = M'E B. 

Using (9) and a reduction matrix D'such that : 

_dT T | ”“«p,N " @r1 (20) 

1s of full colum-rank, (19) results in our instrumental test : 

_ . 4 
t = T =1 T ç-1 l e-1 g‘s) ‘uN(s) y UM y DM IN ‘uN… (21) 

with M given by (20). 

As shown in |12l |46l,1)6p N and XN may be replaced by their corres- 

ponding sample means computed on the new record, even in case of nonstationary 

excitation. Therefore, the test (21) may be also implemented in this last 

çase of nonstationary MA part. 

Numerical experiments emphasizing the efficiency of this test àre 

reported in |3| for scalar signals and |5| for multivariable systems.
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2. À criterion for performance evaluation 

Ffom now on, we invèëfigatè the performance of the test (24) using 

the following classical performance index:for a fixed level (or false alarm 

probability) &, the threshold'is given by : 

P, (t, > A ca (22) 

ànd the performançe index 1s the power of the test : 

[ =P,l [t0 > À) _ (23) 

which is to be optimized. . 

Because of the asymptotical normality (15) of q1N(s] under both hypo- 

theses H, and H, |12| the asymptotie distribution o?'t (21) 1s à X 

distribution with n r degrees of freedom under both11 andîl—l1 Under}H, this 

distribution is non central, with non centrality parameter equal to : 

T . r-80 "n ° (24) 

where 

, -1 - p 
- -1 T #1 w1 €e-1 T 

p - (äP.N®Ir] îN M (M îN M} M îN ('Œij e Ir] (25) 

and M is given by (20).



.- 12- 

Consequently the test threshold À is chosen in (22) independently of N 

and D, and the asymptotic power of the test, for a fixed level à, is : 

U 
B,n 5P CX “tnr, YD > ÀD (26) N,D 

» 
As the function y P (x 2(m,v)>À) is 1ncreasing whatever À is, the power 

BN D is an increasing function of y (24), which is a quadratie form. Therer 

fore we will consider the optimization of this quadratic form defined by 

N,D° 

$. Influence of the reduction matrix 

We first show that PN D does not depend upon the reduétion matrix D 

introduced in (20). As D is such that : 

À 8æ - 
Ç D p (HÛ,FÛ] 

£s invertible, and because of the factorization {12) of the Hankel matrix, 

we have : 

T Û T. @ 1 

and cmTy-1 m. ET@1) («0'e13 %(" ® 155 ‘ Qu) N E r N r° éN N r ®Ir 

Therefore, we may rewrite (25) as : 

=1 " 
- -1 OT 0 -1 OT 0 0 ° Én OI É @1) céter 4T @1» é2er) 

-1.0T 
îN p,N ® Ir) 

0 s-1 OT T (9£@1p) é'e1] , t€N @1,! (ÔË ® 1) 

= [‘IQD'N ®1,) î&‘[‘ËLN @ 1,) (27) 

= PN



.- 13- 

- In all these computations, we make extensive use of the properties of the 

Kronecker product, as summarized in l21| for example. 

4, Optimizing the number N of instruments 

We now ‘show that the sequence [PN)' is nondecreasing, with respect to the 
N)p ‘ 

ordering of positive matrices; for this pürpuse, we introduce the following 

partitionned matrices for computing PN+1 - PN : 

U (s) 
N 

U = N+1[S], 

_j — Y __n ® W 
7 

îN 2 
and ls4 

2 5 

' p-1 [ _ ‘ T T where S, = F, (__î Ye-p-n"e-pn-i @ V Vp_4) 
i1=1-p ‘ 

p-1 | Û SON T T ; s, = E, (i=ë_p 25 Ye-p-n-i ® w, 4 _;) . (28) 
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Then, using (27) and the inverstiton formyla for partitionned matrices, 

we get : 

-1 17 ÿ-1 —T Ts 7 Tn 7 (æp'N®1r)îN s, d" s, ÎN Œp.N ® I,) 

« 

1.7 p-1 T - Hs @ 1- ç s> À (‘Î(p… ® 1,) 

-1 <1 T e O 150 N 8247 (Hn ® 1,) 

« (H, O1)a" u, ® 1) 
N+1 r N+1 r 

. 4 -1 .æ -1 T = (H @1{_1-(äpw® TIn S2IAT C4 O TI-C ,N ®1,)Ey 82 

T y-1 where : A=s|,'—s2 In 52 - 

À is positive definite because - the same is truefibr-î&11 |12|. 

Therefore, for all N » p : 

Tust 7 TN 

and FN+1 = PN 1F and only if : 

-1 (‘£p'N ® 12 % S, = H, @ T (29) 

As à conclusion, let us summarize the results of this section by the 

following theorem : 

æ
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- Theorem 1 

i) the asymptotic power of the instrumental test defined in (21) does 

not depend upon the reduction matrix D : 

i1) this power {ncresses with the number N df.instruments, uniformly 

with respect to the change 6Qÿ . 

The most powerful instrumental test thuè corresponds, to the choice of 

an infinite number of 1nstrùmeñta. 

Il]. THE AR CASE 

In this short section, we glve. a specià@ attention to the case of AR 

processes, because of the prnpertias pf the ‘instrumental test (21) 

in this situation : actually the condition (29) is satisfied when [Yt] is 

an AR process. 

In fact, in this case (15) may be written as : 

‘ N ,NT T Ly 7 En (Z % © F, E,) 

=" @ A (30) 

where TN is the Nr x Nr block-Toeplitz covariance matrix- of [Yt] and



-161r 

Similarly, we rewrite (28) as ; 

®. . 

Therefore (29) is equivalent to : 

RN RN 
-1 . _ . 

æp.N U" R' E R' 
1 N+p-1 

or in other words to : 

Fy 
(R …. R ] T_1 : = R 
cK ON+k-1° N , "N+k 

R 
4 

for all k:04k£p-1 . 

But, starting from : 

Rm = A1 Rm—1 * ...* Ap Rm_p (m }»1) 

wecan show, by induction on k, the existençe of matrices A[Ï][141{p] 

such that : 

(31) 

(32)
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Consequently L 

SE TR 

RecRgepea) * AN A 04209 RîN+1 ; RÛ: 

and thus : 

(R Raeke4) Tn 7 A A(:).0 0 (33) 

Using (33) and the relation (32) for m = N+1, we get (31) and thus (28). 

Thus, in the AR case, we have :_ 

r =r=rp' (w N à p) (34) 

We have thus shown the following : 

Theorem 2 

IF [Yt) is an AR process, the sequence (PN) is constant in N." 

Nap 

This theorem means that the instrumental test (21) is as muçh 

powerful with p {nstruments as with an infinite number of'instruments, 

in the AR case. 

IV, COMPARISON WITH THE ACCURACY OF THE JV IDENTIFICATION METHOD 

We now go back to the [genaràl) case of ARMA processes. Consider 

the following particular case : 

rank [% }= n=pr | 35 p,N p | ; {35) 

which 1s always satisfied in the scalar case r = 1.
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We investigate the connection between the asymptotic power of our 

instrumental test (21) and the asymptotic accuracy of the IV identifica- 

tion method in the following extended form considered in |18| 

2 5 . N _ eT 2 8,v 7 Arg9min [ co1 Etê1 z, (, -0 ®t]] l|Q 

where ZË and °t are defined 1n (4) and Q ts a Nr2 x Nr2 symmetric positive 

definite matrix. 

Using (8), the IV estimate is defined by : 

e 8 e S 8 d ONT CË N 2 O, - nre mn [ rtê1 24 013 -tê1 z O 1YG « 

Qer°" 

and is computed as the least squares solution of the following system : 

s8 
n @-07285$ X ev) (37) 

5 +=4 

1 É N T where M =S î , & @T, 
t=1 

1Â ‘ *3 ä€p,N[S) ® II‘ ° 

Because of (35), the matrix : 

T 
= lim M 1€p,N 

se 

4s of full column rank pr2. Consequently, for s large enough, we have : 

- -1 : S ; _ uf T4 (4 Ÿ .N © : m OM3 M0G të1 4 @ Y
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and thus : 

, r1 s _ A9,._ T T 154 ÊN vs (Oy- D 3-mons M e 7 5 O oT - 07 4,00 
5 6 151 € t 

where Qä 0 1s the true parameter vector, 1.8. the solution of (14) which is 

unique under the condition (35) because of ‘the factorization (12). Therefore: 

- 04 _ uf n m714 uf =(®, - © - (HSQ‘NS]MSQuN (s) (38) 

Because Gä'° is the true AR parameter.th(5ns asymptotically gaussian 

‘ distributed with zero mean and covariançe matrix XN (15). Thus we re-obtaïn 

the central limit theorem of Stoïca et al. [19[ : 

Theorem 3 

Under the condition (35} : 

Æ (O,7- 0% —> 4o, P 

where 
4 _ , -4 

T T T P,y = MO M M Q 'îN QM (M Q M) (38) 

#T and M—‘Jep’NQI r - 

We now compare PIV (39) and FN (27). Beçause of (35), FN is invertible and : 
* 

r1 T ÿ-1 Ta = (M y 9



- 20 - 

Then, we have : 

{40) 

where : 

R- (M OM wO - 5 m nT N » 

Since {N is üôèitîngdefinite. with (40) we have proved the following theorem ; 

“ heoren 4 
For any matrix Q, we have : 

and the equality is attained for.Q = X&1 

This means that, under : condition (35), the inverse of the matrix PN, 

which characterizes the asymptotic power of the instrumental test (21), 4s 

equal to the asymptotic covariance matnix of the estimation error of the 

optimal IV method (36) corresponding to Qe X&1 A 

Because of theorem 1, the asymptotic power of the test, and thus the 

asymptotic accuracy of the estimation, inçrease with the number of instru- 

ments, as shown in |19l. 

Finally, the Cramer-Rao's inequality applied to PN for any N » p leads to : 

-1 -1 -1 r.c 4 7 Fa1 7 Pn F Fn (41) 

where 

# F44 Fa2 

is the Fisher information'matrix of the ARMA process (Yt]. See Appendix 1 .
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V. -COMPARISON WITH THE LOCAL LIKELTHOGD TEST 

In this section, we investigate the cdnnectionîbstween local 1ikelihood 

tests and instrumental tests. We first consider the test based upon an 

asymptotic local expansion of the likelihpod ratio test, and then apply - 

it to the present problem of detecting changçe in the AR part of the 

process [Yt] with elimination of the nuisance parameters due to changes 

in the MA part. 

1. Local likelihood test - Min-max approach 

Let (Y,) be an r-dimensional ARMA process : 

with 

Afq”*3 v, = B(a”') E 

P 
A(q°!) = - } 

1=0 
p-1 

B(a !3 = - Ÿ 
i=0 

Cov (Et) = À 

Consider the log-likelthood :. 

t 

-L _ 
Ai q AB =- Ir 

-1 
Bi q Bi * Ir 

A . 

L,{V) # 10g ü£ (Y»1,v....Ysiq.—} 

where Ÿ is the 2pr2vsctorof parameters : 

(42)
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with ( defined in (8) and ( 3), and B defined similarly by : 

-.;B1) * - ol (B_ ,, A B = col ( p-4 

It is well known that : 

8 
L- 1 ; T ,-1 ”. 4 2.1 Ll = -2-ê EU A E (V)- 5 Log|A| 5 log(2m) (43) 

where Et[w1 = B—1[q—1) ° AIq—1] Yt 1s the innovation. 

Let AÊ) be the gradient of L3(40 » wWhich is computed in Appendix 1, and 

R(V , 4} be the log-likelihood ratio. It is shown àn [41] [47| |7| that 

this ratio has the following'second order asymptotic expansion : 

Q 1 s 1 ô R C4 y+ÉŸ) - L 05 cwT 6y- —w « FÉCW) < S4+Cav,gŸ, L ) S 5 &*° 5" ” Æ 

where - 6l is an arbitrary change direction, 

- F* V) = E‘l‘ [Asw C4 » Aî_ (\|l)T) is the Fisher information matrix 

- the residual term à goes to zero in probability when s tends to 

infinity. 

Assume that the nominal parameter üp is Known. From |7|. we know that 

the foillowing convergences in distribufiion hold : 

1 s 0 Ë£ 5 84 00 —2> Mo, F3 

under l’-i‘; : oy= wÛ +—:‘;_—L, Z w(\})‘£-ä/V‘(ÿ’ 61L.Î] 

{44) 

L d 

where î= F1(wÛ) is the Fisher's matrix under HÛ
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Furthermore, the x2 ètatistiès : 

T 

À 1 s 0 -4 1 G 0 .s x. = — À '[ w . . -— À L (w) (45) 
s % Ÿ % Ÿ 

‘compared to a threshold is the uniformly most powerful (UMP) test for 

testing : 

HÛ : À= 0 

against H1-: À #0 

where À is defined by : 

à = 64" F cv (46) 

‘ This assumes that the components of Wmay change independently of each 

other, and thus the number of degrees of freedom is equal to the size of Ÿ. 

If the components of Vare constrained by : 

sy - 4 6v | - (a) 

where. v is another parameterization and'ä is of full column rank, the UMP 

test for À in (46) is defined by the following statistics : 

: -1 | 
TF 44F 4 4 F'a « (48) 

and the number of ùegrees of freedom is equal to the size of v.
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Now we are only interested in the changes in ® » and we look for a 

test 'which is robust with respect to the changes in B. Since thàpower 

of the x2 test is an increasing fuñction of À (46), we will try to find the 

Jeast favorable changes GB* in B minimizing the righthand side of (46) for 

fixed 6(D). Forthis purpose, we use the following result : 

x 
mintx"y"} T( )= x'(F,4 - F49 F2% F,4) x (a9) 

y y 

& xT î_ x 

where minimum 1s attained for y = - F£â F21 x , ‘and Tis as in (44). 

Consequently : 

min 84 T- 64-6 O-Fs © 
ôB . 

T - ov] - F. 64, 

s® I 
where u = > , (50) 

‘ -1 

8 , F22 Fa 

Consider now the test :Ï.n {(48) with-: 

I 

‘ F 1 F
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This gives : 

* 1 sT -1 1 s X = — À . -— À (51) 
s Æ * * Æ * 1 

where ÀŸ 1s defined by : 

S -1 s [ ‘ A, = (I F12 F22 ] AÜJ {4") | . [52? 

Notice that AÎ is the gradient (in- w0) of the log-likelihood Ls[dü  in 

the direction ÔV, » because : 

28" . s® - A, cul)T » 8w, ‘ 

. _ N 

It is easy to see that, under HÛ » Xs 1s a centered X2 with a number of 

.degrees of freedom equal to the size of (), and, under H1 , 1s à non-centered 

»x2 with same number of degrees of freedom and non-centrality parameter èqualito: 

s®F -s0 | (53) 

which is independent of 68 . (53) comes from (44), (52) and the equality : 

I-F F59 FF 54 - CF O 50 “Faz F22 | 

s© . u“ 

Thus we have the following minimax result :
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Theorem 5 

Let Ps[TlôB] the'power of a test T for testing H, against H, with any 

possible change 6B8. Then : 

* * * * 

1im P (X, | 6B) = 1m P_(x, | 6B } > lim P.(T. | 68 ) q SS qx S °S , s s 
s»0 

for any other test statistics TS « 

- * . ; ; « 

Theorem 5 means that the test x, (51) is min-max optimal and robust with 

respect to uncertainties on B (MA part of Yt). 

2. Min-max optimality of the instrumenta! test in the scalar case 

.. 
We now show that, in the scalar case, the test X, (51) 1s equivalent 

to the instrumental test (21) corresponding to the following choice of 

instruments in (7) : 

where G, has p rows, and does NOt correspond to the use of filtered instru- 

ments. 

For this purpose, we compute AÎ defined in (52). 

It can be shown |14| l18| that, in the scalar case, the gradient of the 

1og-likelihood is : 

S 

y 151 —# “ E (54)
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—F -and (bt is defined in. (4). (see Appendix 1). 

On the other hand, using the definition of :ï, we have : 

1 
F__.= cov -3 

B(g ‘) 
22 0 E 

— _ € ; ; . 
' 1 and , F49 = Cross.cov —— , , — 12 Û( B{q 1) t B( " t 

Consequently, we have the following basic geometrical interpretation : 

- _14 
F12 F22 —— & =E0 (st/w3 (55) 

B(g } 

where : S =—-—L-—d> and W = Span 3 E —1——-—E t Btar1) € | B(a y € Bta 1 t-pit 

Therefore, because of (52}, we get : 

8 
1 \ n & -— $ $ E (56) O2 =4 t t 

h $, - s, -E, (s, /W) ° where t 75 o ‘S - 

We now consider the space [È]ÎL1 = Span (E,_4» Et—ÎJ’ which contains 

W because B[qp1} is stable, and its subspace V such that :
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It can be easily seen that each component %Ê of Êt in (56) belongs to V. 

We now look for a convenient basis of V for computing (56). It turns out 

that the following lemma holds |18| : 

Lemma - 

-1 t-1 Let F(g ) Et—1 be a generic element of Üfl_@) s where F is a stable 

filter. Then : 

-1 F(q } E,g € V < F(q—1J = q'p*1-B(q] Gta”") 

0* 
where G[q'1] 1s also a steble filter. 

Consequently, me can write : 

V = Span (B(q) Et-p , Blg) E J 
t-p+1""" 

or equivalently : 

) V = Span (B(q) Yt—p«' B(q) Yt—p-1f"' 

and, for each component %Ê_. we have : 

(57) 
ui _ -1 St B(q) Gi(q ) Yt-p 

where G,(q }= î G. q-J
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We now compute the cbüpoqañtàmdf AÎlih ts6) : 

s Ph . [ * e e r A i)= } $ B6 cg v 
t=1_ ÿ0 J * trpet 

p-1 S 

= ) B, } 6,(6g' } y 
gé0 d qq 40 Æe* 

p-1 s 
A > _1 

= B, L 6,(g 3V E 
j=0 5 44 À t-p 

} atehy, L = G,lg 3 Y,_ B 
t=1 à t-p 3=0 J 

Therefore, we obtain 

$ * _ ; 

A = Ÿ z, * Bla 5 E, 
t=1 ' 

6,(a° ‘3 Y 1°8 t-p 
* À : 

where z = . 
E -1, , 

Gp[q } Yt—p 

œ 

= 6 % 

with G, of size pxœ . 

Thus : — 1ê - 6, W ° /; * * s 

oEt 

1C 

(neglecting the boundaries) 
t-3 

(56) 

(59) 

and this holds underl—lÛ and, because of the local approach, almost surely 

underîH1. (see ‘Appendix 2).
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Finally, using the same. type of computations as in section II.4., it 

is possible to show that the local l11kellhood test and the instrumental test 

with en infinite number of instruments have the same asymptotic power, 

i.e. that the equality is attained £n (41}, 

Hence, 1n the scalar case, Theorem 5 can be enforced into the following : 

Theorem 6 

(1) the local likelihopd test is an instrumental test, for a particular 

choice of instruments which is not a filtering operation (59) ; 

(1i1) for any change 68, we have : 

* ‘ * « * 
lim P. {x, | 683 - ÊÎÂÎ P,{x, | 883 3 1m P. (T, | 6B ) 
s—0 g+o 

lim lim P_ (t_(s) |-68) = lim lim P (to(s) | ôB.] 
Nve  g0 Ê 0 Mæ g0 5 

for any other test statistics Ts ’ 

The last equality holds because the asymptotic power of tÛ[s] does not 

depend ùpon ôB.



-a- 

VIL USING FILTERED INSTRUMENTS IN THE SCALAR CASE 

In this last section, we consider în the scalar case, the instrumental 

tests corresponding to the choice of a f{nite number of filtered instru- 

ments : 

_1' N : . 

sta3 Z »% B (60) 

where'G(q—q] 1s stable invertible filter, 

According to {27), we consider, with obvious notations, the 

following criterion : 

- ; —1 ; 

G G G, * G e - À < C — 
N p,N N p,N 

and we first show that, for any stäb19*lnvertib}e filter G(q_1},vthe 

equality : 

r = T ; (61) 

‘holds. For this purpose, we introduce the band—Toeplitz matrix L%ä 

defined by : 

and such that :
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6. G | Thus TŸ - ru%1 € Ty and TÉ 4 1- 

-1 
« which is possible because G(q 1] 

1s stable and invertible, we show similarly that Pœ é-Pî . 

. Using the same argument for G(q_1) 
- 

Therefore (61) holds, this means that the tests corresponding to an 

infinite number of filtered or nan filtered fnstruments have the same 

asymptotic power. 

We now show that the optimal power Pœ may be attained with a finite 

number of filtered instruments for a particular filter. For that, we 

investigate the equality condition : 

6 re (62) I‘N+1_ T AN 

and show that 1t holds for any N > p and for the following filter : 

JU (63) 
B2 (q"!) 

Gta”") 

Using the same notations as in section II,4., (62) is equivalent to : 

-1 
G G ; G G 

& pN N 8 > Hl
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It may be shown |16|, that, ,in .the presant scalar case, we have ;.: 

G 6 
HN+‘Î p,N A 

where | Jt = and :_thus (62) is 

_
>
-
u
i
‘
>
°
.
n
o
.
0
 

U
 

; 

— 

—
 

equivalent to : 

2 
Xä È_ =lsG | | … (64) 

On the other hand, it may be eastly shown that, for the special filter (63), 

Uâ(s] has the same covariance as t 

and thus : 

Ra -=+--Fr-1 
26 - : \\\ . : 

N « ‘\ * 

R R -N+1°7 "0 

where îm =E0 { 1 -3 tm p—-1—:ï— Yt } . 

B(g } B(g }
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Then, using the following relationship 3 

1Rm_1 > ouoy'A R pq£0‘E 

_— 

Rm-A P Fn 
t+m 

= 0 for m3 1 

we prove that (64) holds for the filter (63), which thus satisfies : 

because Pî does not depend upon G (61), 

Therefore, the conclusion of this section 1s $ 

Theorem 7 

The instrumental test correspoanding to the choice of p instruments 

; 1 
filtered by —7- » attains the optfmal asymptotic power. 

B°ta.1) ; 

It is {mportant to notice that this test £s NOt a local likelihood test, 

because G, Æn (59) is not a Toeplitz matrix, and thus does not correspond 

to the use of filtered instruments (the filters Gi(q—1) in (57) do depend 

‘ upon the index 1).
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VII, CONCLUSION 
0 

We have investigated the asymptotic power of new instrumental tests 

which we recently proposed for detecting and diagnosing changes in the AR 

part of a multivartable ARMA process, in view of solving the problem of 

vibration monitoring for offshore platforms. The optimization of the 

number of instruments and the possible filtering operation have been ana- 

lyzed. The connections with the accuracy of the IV identification method 

|19| and with the robustness properties |7 | of local likelihood tests, 

have been established. 

Finally, the optimum asymptotic power of the tests defined here, can 

be used as a new criterion for investigating the problem of optimal sensor 

“location for detection. This study willlbe reported elsewhere.
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APPENDIX ! 

COMPUTATION OF THE FISHER INFORMATION MATRIX 

For the parameterization (42) of the process [Yt]’ we compute here the 

gradient of the log-likelihood and the Fisher information matrix. 

From (43), we get : 

s = aEtT -1 Au (4 —tê1_ [WJ A E, C4} 

where : 

4,°° T EUV) = 8043 4 - $ 0129 ® 

with $, defined in (4). 

Therefore : 

1 

— = - B1 # @ 1)
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On the othep hand, we have : 

-1 CIOISIR RE S COPRTROURE ; 

; 
- E, * (e, Q 1,)8 

where €£, is defined in (s2). 

Thus : 

. 3 -1 [ D- (Bla’ } E,) 

dE - afa”1 t T 
B(g } 35 * (et @ 1} 

and : 
R 

.'..1 -1 T 

F 8(g } « I_) 
, (w-] t@ T « N°E 

t4 471 T ‘ B(g } (e, Q T 

-T 4 - 
‘ è @ Bta”"5 A 

= . ° E 

t=1 ‘ t 
457 4= 

€ 9 B( } A 

ç £ 4077 4 - } ® B( ‘> A € 
t=1 €
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Therefore, the Fisher information matrix fs : 

T 
# à 1 0,, 0 | E, (, (V3 A, (WI D 

6. ‘ t 40-T - 
= cov, ® Bfg 1J Â 172 

[
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; © APPENDIX 2 

A CONTIGUITY ARGUMENT 

We detail here the reasons for which some results true under ]—lÜ are also 

true under ]—l1 defined by : 

( @. -o° . !Ë 
s 

S 

Because of the local feature (Vs), the process [Yt) has asymptotically the 

same second order statistics under ZHÜ and l-,1. and, in the gaussian case, 

the classes of laws P g ù ênd [P@ ) are contiguous (see |17] - chapter 
s - 

1). Therefore, for any sequence of events (As] such that, for any s20, 
‘8>0 

As is 0{Yt , tes} - measurable, we have the following relation : 

Especially if T, is a 0{Yt » t $ s} - measurable random variable, then : 

T —— 0 a.s. under P s => 0 => TS —" 0 a.s. under]P® 

s 
s>œo 

This result is used in section V.2.
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