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Mots clefs

In this paper we consider a class of quasilinear parabolic

systems in several spaces variables :

N
3 )
——-3: + I Bi(t,x,u) 5—}%; + C(t,x,u? =uAu in M

i=1

u(x,0) = uo(x) in ]RN

thBBi, C and u, are given data , U > o fixed and

;"T = Jo, T x ]RN, u = (ul, uz,...,'uM).
- Uning probabilistic methods we introduce a notion of generalized

solution of (*) and we prove existence and uniqueness results.

:quagilinear -~ 'generalized solution

Dans ce papier on considére une classe de systemes quasilinéaires

paraboliques avec plusieurs variablesd'espace :

E

; .Bi(t-,x,u) %: + C(t,x,u) = U Au. dans Ty

1
N
ul{x,0) = uo(X) dans R

-

oti Bi’ C et u, sont des données, | > o fixé et

T = Jo, T x IRN, u = (u.l, u.z., ceny uM).

On introduit une notion de solution généralisée pour (*)
pour laquelle on a un résultat d'existence et d'unicité

.

ceci 3 1'aide de techniques probabilistes.

! quasilinéaire = solution généralisée



ON GLOBAL SMOOTH SOLUTION OF CAUCHY -

PROBLEM FOR A CLASS OF QUASILINEAR

PARABOLIC SYSTEMS IN SEVERAL SPACES
VARIABLES

Omar BENNOUNA (*)

INTRODUCTION

' We consider in this paper the problem of existence and uniqueness

of global smooth solutions for the Cauchy problem

N
. au u) QU = i
; 5t + -§ Bi(t,x,u) " + C(t,x,%) HAu in HT
i=1 i
(x)
u(x,0) = uy(x) in RV

where Bi, C and u, are given data, p > 0 fixed, and I, = jo,TL XZRN,

u = (ul,uz,...,uM).

Using probabilistic methods we introduce a notion of generalized
solution of (x). When this generalized solution is smooth enough then
. it is a classical solution. In the proof of the existence, result we

use a successive approximation process.

The paper is organized as follows : the part I contains definitions
and some usefull lemmas, and the part II is concerned with the existence

and uniqueness results.

. This paper generalizes the result of D.W. STROOCK [z]Aon_tbe;
probaBilistic representation of the solution of Cauchy problem for a

¢lass of linear parabolic systems.

(*) BEL Laboratories, 38 allée des Roses - Fas - MAROC. -



I. DEFINITIONS AND PRELIMINARY RESULTS

[.1. Notations and assumptions

\

In the following we assume that :

(1) Bgz(t,x,v), Ckg(t,x,v) are bounded and have bounded deriva-

tives with respect to v
(2)‘ ug(x) is a bounded measurable function.
Let us denote

. 1
3)- Ge,x,v) = [ S2(t,x,6Wd8 ¥ (6,%,v) ¢ I XK
0 u

M
then
C(t,x,v) = G(t,x,v)v + C(t,x,0) .
In the sequel, for convenience, we take

Cc(t,x,0) =0 .

Let Q = C([O,w)JRN). Givep t>20 and we  denote by y(t) = y(t,w)
the value of ¢ at t. For 0 < s < t, define

IA

F, = Bly(A\) : s < A s t]

F¥ = B[y(\) : A

v

s] .

Then it was shown in [l] that for each s 20 and x eIRN there is

a unique probability measure Ps x on (2,F%) such that
b}

4) Cy(t) = x + VI [w(t)-w(s)) a.s. P



£

&

where w(t) 1is the standard Wiener process.

Let u(t,x) be a bounded measurable vector function and denote

by Xz(t), t 2 s the solution to the stochastic integrél-equation

} t . .
@ KO =T [X0B 0,300,050 ) ¢

1
/2ﬁ
XM, YO), 40,y 00))dA as. P .

']

For convenience we consider problem (x) with final condition.

' 1.2. Definitions and 1emmas

We now give the definition of a generalized solution.

Definition
A bounded measurable vector function u(t,x) is a generalized

solution of (x) if wu(t,x) satisfies the integral equation :
_ t
(6) u(t,x) = Et,x Xu(T)uO(y(T)) »y ¥ (F,x)_e HT .

Remark 1

From the weak continuity of Ps,x we have that u ¢ C(HT) .
»

Remark 2
When u ¢ Ci’l(HT), using the Itd formula we see that u is a

classical solution.
Let us give some usefull results :
‘Lemma 1 : Under conditions (1), (2), we have the estimate

) | Juce) |2 Muuou expl{T52 ([ [8[12 + 4ull6]] )]

¥te[0,T].

o



Proof : We have
: 2.1/2
(8 a6 = [Jugl |, &, , @]
On thé other hand we see that
‘ Xm2-u+-L 3 fT Tr[xS(s)B, ( (s,¥(s)))XE ()  1dw, ()
(9) [ " [|© = ;EE 2] r[X (s)B, (s,y(s),u 5,(s u (s w, (s)+

1 T t '

T [ Tr[X (s) B, (s,y(s),u(s,y(s))) .
- 1t
B} (s,7(8) ,u(s,3(£)))X5(8)*2ds +
T

+

2 [ TrLX(s)6(s,y(s),u(s,y(s) DX (s)*1ds .
t .
Then, using condition (3) we get that
t 2 ] 2 T ¢ 2
a0 e[ 17 = et el 2wl el | | el | as

which implies

(T-t)
2

E[[X5)] | s M exp (HIBII2 + 4ullel] )

and then (7).
Remark 3

If we assume that : Tr[AG(t,x,v)A*] < - a]|A||2 for any (t,x,v)

€ Ip x R and any MxM real valued matrix A we obtain

(1) E||x§(s)||2 < M exp [(S;;) (||B||i - 4ap) ] ¥s,0<tsssT.

We assume in the following that



.‘(‘12) : | |G(t,‘x_,vl_)—G(t,v.x,vz)l| < K| |'vl—v2| b % (e,x) ¢ Ty -

Lemma 2 3 Under conditions (1), (2) and (12) we have
—————

. t t, .12 8 2
{13) E[|X,(s) - X ()] = Mg(s-t) [ [|u@®)-v(®)||; do
‘ t
where
(14) - My(s-t) = AM.exp[g— (s-t)]|B| ]:]e.xp[lo(s—t)l |G| | (+(s-t)||G]]| )]

L] 15a 56ty + ] 133112

Proof :

[
\

A5 XE(s) - XL (s) =-‘—j %8I0 B, (6,7(6),u(8,5(8)))-

~B; (8,y(0),v(8,y(8)))1dw, (6) +
8 .
+ L [ rxEO)-XE(8) 1B, (8,3 (8) ,v(B,y(8)))du, (8) +
ot .

s . . )
+ [ XC(0)6(8,y(8),u(8,y(8)))~C(8.Y(8),v(8,¥(6)))1d0
t

+ [ (x5 @)X (6)16(8,y(8) ,v(8,y(8)))db
t

= 1 + II + III + IV ,

(%) H%ﬁ-ﬂm is the smallest Lipschitz constant.



(16)

(17)

(18)

(19)

(20)

E(I1}]? <

E( 1112 <
S

E(||III||2)

-]
3 E ] X @ ee.ye)) - B(v(8,y(6))1] | *do

1 ,9B,2 t 2, .8 2
- | |e= sup (E||X-@®) || u(0)~-v(e)||°de
pm el sup 1%, @] { I |

> E fs 11xE@)-xE(8) 1, (v(8,y(8))) || 2d8
2u A u v i 24
Lopei2 1 e xEext@) || 20
2u.‘ © 4 u v
8- ’
< 11212 sup  E[|XE@ D) [ [Ju@®-v(®)]||%do(s-t)
dul e t<b<s u . L

~U>

]
B ]2 s [le]|2 [ ElxE@)-x5@®) || %do(s-t)
A t

Hence, we get that

2 1. 2 2 s 2 .
E| XS ()X (s) ||* < 4G Bl g*l el | 5(s=e) { E[|x5(0)-x5(0)| | “de +

t 2 3G, 2 1 ,13B;;2
+ 4 up E(| |5, @ || D] 155l o0 + 555113

s 2
[ |]u@)-v(e) || d6
t .

and then, using (11) and the Gronwall lemma,

(gl)'

B |X5()-xC(s) | |? < 4M(expl2(s-0) G| ]| 202] [6] [ ) )

G2 1 B, 2
LS 1 sme) + 51 132112 3
(expl4(s-0) Gl [8] 12+ 6] |2 ¢s-0) D)

s 2
[ |lu(e)-v(e)||“de
t

which completes the proof.



“11. EXISTENCE AND UNIQUENESS‘RESULIS'?', .

Let us consider the following process of successive approximations :

uo(t,x) uo(x)

(22)

un(t,x)

¢
Et,x Xun_l(T)uo(y(T)) , ¥n, nz1

" .where ‘th_l(s) is the solution of

u . o
' t 1 S .t ' n-1 '
@ @ =T [ @B @y, @y @) ©
‘ . gt u g . _ _ _
then. ‘ve have + x5 (0) 68, y(8), u”'(8,y(0))) 8
* t U

Theorem | : Under conmditions (1), (2) and (IZ) we have

o™, (7). T :
- (24) sup ilun+[(t)—un(t)ili < -l—ET—__—' sup ||ul(t)-u0(t)|}:
te[0,T] o te[0,T]
where
(25) M (D = |fugl ]2 My
Proof : Indeed,-we have for n 2 1
(26) 00 =B x:pgi).uocyglf)) S E L, in-l,m“of?@” .

- Thus
o™ (0 (e,0 || 5 B, I lugran || [ @5 @]
: u . u
o e t oot :
< lugll B ol K5, @] -
u 53

From (13), we get that



T
27 ™ ©-a"0) |2 5 [|ugl 12 My(z-0) [ @ =" @) |12 as .
t

Hence

M, (T).T)"
(28) sup | |un+l (t)-u"(t) | |°2° s(l | u, |if>_0_nT_ sup | |ul (t)-uo(c)l |i
te[0,T] . ) te[0,T]

- -

which completes the proof.

Now from (24) we have the uniform convergence of the sequence

() to a vector valued function u(t,x).

n
t on
u ( ’X) HT,R

On the other hand, there is a matrix-valued function Xz(t) such
that

' t
(29)  XS() = I+—— [ X3(8)B,(6,y(8),u(8,y(6)))dw, (8) +
ﬂrl s ’ DT

5,X

. ,
+ [ X1(6)6(8,y(8),u(8,y(8)))d6 , a.s. P

s

and p(t,g) satisfies

(30) u(t,x) = B, XC(Dug(y()) .

t,x “u

Thus wu(t,x) 1is a generalized solution of (x).

To obtain the uniqueﬁess result, let (Xi(t),v(t,x)) be another

generalized solution of (x).
We have

3D u(t,x) = v(t,x) = B, X (Dug(y(M) - E, X, Dy (y(D)

t,

(*).HT’R = J0,T[ x B(O,R) .



hencé, C R
2 2 t €2
[ue-v@®]12 5 |lngl 2 £, , XS]
From thié and (13) we obtain that
T

(32) lum=v) |12 s [[ugl 12 My(m . [ |lute)-vee)|| e .
. t

Thus, by Gronwall's inequality we have that -

(33) lu®-ve)|[|2z0 , ¥tero,r]
i.e. u(t,x) = v(t,x) in ﬁT .
Remark 4

When B?ﬁ(c,x,v), G(t,x,v) and uo(x) have two continuous
derivatives in x and v then we can obtain a priori estimate of

derivatives of the generalized solution.

Remark 5
The results of this paper remain valid for the more general parabolic

systems with Cauchy condition :

k N M ' L N 2,k
v 1oz B S ey = T e o= e
i=] g=1 i ij=1 M i%%j

in HT

u¥(0,x) = u‘g(x) in R, 1<k<u.
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