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ABSTRACT

We consider here the well-known trie structure. We consider three
basic parameters: the size, the depth of the leaves and the height
of a trie that is formed with n data. Our first result is the proof
of the convergence of their distributions and of their moments of
any order when n-« . We erhibit the limits: a periodic distribu-
tion or a normal distribution. The results are given for uniform
or biased data distributions for Bernoulli and Poisson models.
Our reasoning is based on generating and characteristic func-
tions. We make a great use of analytic functions and asymptotic
methods. Our second result is a tauberian theorem, a quite gen-
eral tool to translate results under the Poisson model to the Ber-
noulli model.

Keywords: tries, algorithms, distributions, generating functions.

This paper provides a uniform framework to establish limiting distribu-
tions for some of the more important trie parameters. Tries are a basic tree
structure associated to a recursive partitioning process which appears in
quite a large number computing problems. A trie may be used as an index to
access data on secondary memory. This is Dynamic Hashing Algo-
rithms[13,12,2] , or k-d-tries and Grid-File Algorithms in the multidimen-
sional case [15] . Tries also are an underlying structure in preblems as vari-
ous as: communication protocols, polynomial factorization, radix exchange
sort, simulation algorithms, Huffman's algorithm..[3,9,11] . Usual tree
parameters such as the size, external path length or height have in these
applications a simple interpretation as a cost of execution as it will be
detailed below in Section 1.

. Our purpose here is twofold. First, we prove the convergence to a simple
limiting distribution (gaussian or periodic) of the distribution of basic trie
parameters like the size, the external path length or the height. In passing,
‘we get the asymptotics for the moments of any order, and in particular, the
mean and the variance. This extends some previous results. [5,1,6,10,17] . In
these papers, exact expressions of some average values and, occasionally, of
variances are given and asymptotic developments are derived. We also solve a
conjecture in[18] . We assume natural hypotheses on the number and the
distribution of the data and use the so-called Bernoulli model -uniferm or
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RESUME : -

Nous examindns la structure usuelle arborescente dite de
"trie". Nous considérons trois paramétres fondamentayx : la taille,
la profondeur des feuilles et 1la hauteur quand le trie est
développé 2 partir de n insertioms. Sous 1l'hypothése que la
distribution des clefs correspondant aux n insertions obeissent
aux statistiques naturelles de Bernoulli ou de Poisson, nous -
montronsla.convérgence des distributions de ces paramétres vers
des lois simples quand n croit indéfiniment. Nous basons notre
analyse sur les fonctions génératrices et caractéristiques des
distributions considér&es. Nous utilisons abondamment 1'analyse "
complexe pour nos évaluations asymptotiques. Chemin faisant
nous &tablissons un th&oréme général "semi tauberien" qui s'avére
étre un outil précieux pour effectuer la liaison entre les modéles

de Bernoulli et de Poisson.
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bizsed- and its approximation, the Poisson model (defined below). Second, we
prove a semi-tauberian theorem that allows to deduce from the asymptotics
of a generating function the asymptotics of its coefTicients. This theorem is of
gyeat use here as, applying it, the Poisson convergence translates easily to
the Bernoulli model.

In our proofs, we shall first study the Poisson model which is technically
casier to deal with than the Bernoulli model, although less accurate. OQur
basic tool is the generating functions and the characteristic functions. The
convergence proof is amenable to the study of the analytical properties and
the growth of the generating functions. A recurrence functional equation is
derived that one cannot solve explicitly. Thus, we study the asymptotic pro-
perties of the generating functions involved. To do so, we eventually reduce a
non linear equation to a quasi-linear one. Then, we use the Mellin
Transform[8,7] in order to get the asymptotic properties and the limiting
torm of the characteristic function when the size n of the data structure
tends to «. Then, by the Continuity Theorem, we get the convergence of the
distribution in the Poisson model. Finally, using the tauberian theorem
proved in this paper, we derive the limiting distribution in the Bernoulli case.
This Tauberian-like reasoning is based on integral calculations. In particular,
we introduce a new integral transform Z and prove an extended version of the
Stationary Phase Theorem.

The plan of the paper is the following. In the first Section, we briefly
define the trie structure and the Bernoulli and Poisson statistical assump-
tions under which they are analysed. We also give an algorithmic interpreta-
tion of the parameters to be studied. In Section 2, we present a general
sketch of the derivation in the Poisson case. We treat the distribution of the
size of the tries, which provides a good example of a quasi-linearisation. Sec-.
tion 3 is devoted to the derivation of a general tauberian theorem. We show
how it applies to the size of the tries. In Section 4, we deal with the depth of
the leaves and the internal path length. This case is of particular interest as
the nature of the limiting law -periodic or gaussian- is different whether the
data distribution is biased or uniform. In Section 5, we consider the height of
the tries, using an approrimation of the generating function. Section 6 is a
conclusion.

1. DEFINITIONS.
4.%. DEFINITION AND APPLICATIONS OF THE TRIE STRUCTURE:

Tries are a common data structure which allows the representation as a
tree of digital (e.g. binary) sequences [11] . A trie can be naturally associated
to a set S of binary sequences by a recursive partitioning into subsets of
smaller cardinality at most one: whenever |S|22, a root is created; left and
right subtrees are then associated to subsets Sy and S consisting of the keys
of S whose first bits are respectively 0 and 1. The process is repeated on So
{and S,). using the second bit of sequences,etc... So, generally, at the i-th
step, we use the i-th bit. The process is stopped when one finds subsets of

cardinality at most 1 which are represented as leaves. For example, to the
set:

S = {00011, 01100, 01110, 10010, 11111}



i3 associated the trie:

01100 | [ot110

Notice that the same algorithm may be used to individuate subsets of
cardinality at most b, by stopping the recursive partitioning when sets of car-
dinality at most b have been found. Moreover, the trie adapts well to dynami-
cally growing sets of data. Operations like queries, insertions or deletions of .
a key sequence can be performed efliciently (in expected time close to
logsn). To retrieve an element, one follows in the trie a path to a leaf deter-
mined by the successive bits of the element to be found. Checking the pres-
ence of the key in the leaf, one may answer a query. One may also insert a
key: if the leaf is not full, use it, else, split the subset of keys found there,
according to the general rule.

The costs of operations performed on a trie, for different applications,
can be expressed as functions of the classical parameters defined on trees.
We consider in the following the distribution of three parameters. Namely, the
size, the depth of the leaves and the height of a random trie.

Now, we make precise our statistical assumptions. [4] .

We assume that the keys are infinite sequences of bits. Thus they belong
to §{0,1]* or, equivalently, range in the real interval [0,1]. We also assume that
the bit sequences are sequences of independent Bernoulli trials with the
same probability p. /e. the probability for the i-th bit to be 0 or 1 is:

P(b;=0)=p, P(b;=1)=g=1-p.
When p:q:é—', the model is uniform: keys are uniformly drawn from [0,1].

When p #q, the model] is biased with bias p. Now, in‘the Bernoulli model, the
cardinality of the data set is a fized number n. A good approximation is pro-
vided by the Poisson model. The cardinality of the data set is then a random
vartable N following a Poisson law with parameter n (For reasons to be
explained later, we shall alternatively use the parameter z to denote the
parameter of the Poisson law). Equivalently, the probablhty that the struc-
ture is formed with m recordsis:
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Notice that such a distribution is concentrated around its mean n (or z}).

We are now ready to give an algorithmic interpretation of our three
warameters for the main computing problems involving tries..

The communication protocol of Capetanakis-Tsybachov-Mikhailov
assumes that several transmitters are sharing a unique channel to send
inforrnation. If at some instant n users, n>1 , try to transmit, they “collide".
The packets are destroyed and the transmission fails. In such a case, the
algorithm suggests users should start playing independently head and tail
and thus be associated different strings 0—1. A trie may be built and prefix
order determines the order users are allowed to transmit. The algorithm
works whether the dices are loaded -all the same- or not. There are slightly
modified algorithms which are more efficient when p #q. The size is exactly
the length of a session that separates n users. It is also the time the channel
is closed to others transmitters. The depth of the leaves is a tool to analyze
We waiting time of customers.

The trie structure also appears in file addressing on secondary memory,
for example in databases. Datas are characterized by one or several keys.
These keys -cr their binary representation- can be assumed to  be infinite
sequences from {0,1}". In this case, b stands for the capacity of the pages in
secondary memory and a trie is used as an index: in the leaves one finds
woianters to the data. Then, retrieval amounts to a traversal of the trie. This
structure supports dynamic modifications, as insertions and deletions only
modify slightly the partition and the trie. When a single key is used, we get
exactly the partition orocess described above, see Dynamic and Extendible
Hashing. When several keys are used, shuffling them reduces to that scheme:
see Grid- File Algorithms. In monodimensional and multidimensional cases, we
can assume biased or uniform distributions. A nice generalization of the
biased case is provided when keys are strings of characters[14]. Datas may
be characterized by a set of keywords whose concatenation makes a key.
Then, using some binary representation, one can build & irie as an index.
Notice that the probabilities P(a,b) for finding a & after an a in a word are
not equal and they induce biased probabilities that depend on the level. We
have then a markovian process. The results we will establish when p and g
are independent of the level apply here as well. The size of the irie stands for
the space occupied in secondary memory. Tre height provides an indication
o the space necessary to store the index. The depth of insertion allows for
cost evaluation of some operations performed in centrai memory, as the
traversal of the index.

For radix exchange sort, the depth of insertion stands for the number of
bits comparisons to be done during an insertion.

1.2. NOTATIONS AND BASIC THEOREMS:

‘We define here generating functions and state a relaticnship between the
distributions of random variables under the Bernoulli and Poisson mocdels. We
also recall basic theorems on the convergence of distributions.

Definition: '
Let Y be a discrete parameter. Let P* be the probability for Y to be equal

to k when the Bernoulli model is used and the size of the data set is n. We
-note: '

{ P(u) = TPiu*

ZTI;
Plzu)=e®y,—P, (u)

AR
w T
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The first formal series 1is the ordinary generating function. The second 1is
colled the Poisson generating function.

Remark 4 priori, these expressions are well defined for |u |<1 and any z in C.
When we set w=e¥ te€R P, (e®*) is the characteristic function of the distribu-
tion under the Bernoulli model with first parameter n. When 2 is real and
positive, P(z.e%) is the characteristic function of the parameter Y when the
number of records in the trie follows a Poisson law with mean z. As a matter
of fact, the Poisson probability that a parameter Y be k is:

z®
TP e
n!
n

thus the associated generating function is:

pk k2™ -2 = P(
Zk U n‘e z.u)
Iy !

Finally, one can express easily the moments of any order as a function of
P(z .u) and its derivatives. In particular, we set the definition:

Definition: Let X(z) and v(2) be the two formal series of the variable z:
= 8r
X(z) = au(z.l-)
v(z) = Z—Z% 21+ L) -12£enpe.
Remark: For z real, X(z) and v(z) are the mean and the variance of the
parameter associated to P under the Poisson model. We also note

1
o(z) = v(z)?

when z€R*.

To prove the convergence of the distributions and of their moments, we
. make use of the two following theorems :

Theorem 1 (Continuity Theorem)[4 '

In order that a sequence {Fy ] of probability distributions converge properly to
a probability distribution F it is necessary and sufficient that the sequence
{on) of their characteristic functions converges pointwise to a limit ¢, and
that ¢ is continuous at the origin.

Theorem 2: If ‘a probability distribution @(t) is analytic in a neighbourhood of
R, then it is fully determined by its derivatives in 0 o7, equivalently, by its
moments.
Let us recall the definition:
Definition: The normal -or gaussian- distribution is the distribution associated
to the continuous characteristic Junction:
—t2

—

o(t) =e 2

Thus, to get the conditions of Theorem 2, we shall consider t as a com-
plex variable. We shall also consider z as a complex variable. Then, via a tau-
berian theorem, we will be-able to derive Bernoulli results from Poisson
results. ’
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II. LIMITING DISTRIBUTIONS UNDER THE POISSON MODEL.

We are dealing here with the Poisson model and prove the convergence to
the normal distribution of the distribution of the size of the tries, i.e. the
number of internal nodes. This provides a general sketch for the proofs of the
paper. Throughout this section, P will be the Poisson generating function
associated to that parameter. At the first step, we derive a functional equa-
tion satisfied by P. Then, we prove the analyticity of P(z,u) with respect to z
and u, and study its analytical properties when z —-»co. Finally, to modify the
equation,we consider logP(z,u) and prove some analytical and growth pro-
perties. At the second step, we study the asymptotic properties of X(z) and
v(z). Combining this with the previous results, we establish the convergence

to the normal distribution.

We said previously that z and u were complex variables. It will prove con-
. venient to have z varying in cones with vertex 0. Thus, we note:

Cas =1z A<Re(z), |Arg(2)]<v).

All over this paper, the notation V(a) (or, eventually, V,(a) ) represents a
neighbourhood of a.

We prove first Proposition 1.

Proposition I1.1.: Let P(z,u) be the generating function for the size of random
tries. P(z,u) is defined and analytical with respect to 2 and u, in the domain

1 R .
CxB(O,;TITq-B—H—), where B(O'};—b_:qub'_ﬂ_) is the open ball with center 0 and
. 1 . . .
radius ;“ 1+—q—b—;. It satisfies there the functional equation.
P(zu) = uP(pz,u)P(qz u) + (1—u)ey(z)e (E1)
and has the following growth properties: :
(P1) For any compact set (D) in B(o,—b——l—-——), there exists a constant B
P +1+qb+l
such that: :
| Pn(u)|<pm1,

(P2) \‘/a:0<a<1,\7'19€[0,7§r-[,\7'c :0<c <1 there erist a neighbourhood V,(1) and a
cone Cy 5 such that:
2€Cy 5., €V, (1) => |P(z,u)|>c ez

Proof: According to the recursive definition of tries, the number / of internal
nodes of a trie ¢t with left subtrie ty and right subtrie t, satisfies:

1(t) = I(te) + I(t,) + 1=X ¢ |<p-

Here, x(P) is the characteristic function of property P (i.e. x(P)=1 if P is
true, x(P)=0 otherwise). Using the algebraic methods defined in [6] . one may
derive "directly” (E£'1). From (E1), one gets the recurrence: »

Po(w)= -+ = Py(u)=1
Palw) 1-ue™+q™) = u 5 [/ Fu)gn 7, (),
0<j<n
"which shows that the P, (u) are rational fracticns and insures the analyticity



-7 -

. 1 .
of Pn (‘U.) mn B(O m) Moreover noting
- Ju]|
= max 1), we get (P1) by induction. The anal ticity of P
fonowps ( Tt +11go )] ), we get (P1) by yticity

Now we prove (P2) by 1nductxon To start the recurrence, we choose 4 such
that:

e“‘°°s">g, and sup|e,(z)e~(1-9% <1,
c Cio

Now, since P(z,1) is 1 and P is uniformly continuous on compact sets, there
exists V,(1) such that, in-the domain D ={z€C 4.Re (z)séix Va(1), P
satisfies: . P
|P(z,u)|=c >cle™@%].

Now, assuming p<q, let D, be the domains {z€(, 5, A<Re (z)s-—-—‘gm—-}xVa(l).
They satisfy: ‘ | e

(2,4 )€Dp 1 —Do=>{(pz u)€D (g2 ‘u,)€Dm]
For (z,u) in Dy, |P(z u)e"‘l>2 holds. Assummg |lu-1[<1 and |u|>—. one
gets, for (z,u) in Dy, ,1—Dy:

|P(z,u)|>%.4|e“’“’*”’| —le=*| =2]e=a%| > ¢ |[e~®= |

The equation (E'1) is rather intricate and does not provide directly
asymptotics for P(z,e¥). Thus, we reduce it to an almost linear equation by
considering L(z ,u)=logP(z,u).

Proposition 11.2.: For any cone C; 4, 0<9< % there exists a neighbourhood of

1,V(1), such that L(zu)=logP(z,u) be defined and analytical when
(z.w)eCysxV(1). It satisfies there:

|L{z.u)|<A. |z],
uniformly in u. .

Proof: The existence and analyticity follow from Proposition I1.1., as P is ana-
lytic and non zero. Note: ‘

g(z.u) = log(1+ (1—1;.3)(%(:’))9- ). e(zu)= L(z,u)z—log(u) .
Using (El) and (P2), we get a "linear” form for (£1): ‘
o(z.u) = po(pz u)+q p(gz u)+ LELL (E?)

with g(z,u)<Be%e~%.  Let now:
= {(z ) eV (1),2€Cq g, Re (2)< -1}
q

be an increasing sequence of truncated cones, and 4,, be:

An = suplp(z.u)|.
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As the maximum on D, is obtained either for z in D,_; or for z satisfying the
equation above, with pz and g2 in D, _, we get:

Aﬂs A'n—1+B e‘(l"")q-ﬂ = A0+B Ee“(l—a)q"‘ < A
n

We can now establish asymptotics for P(z.e%):
Theorem I1.3.: For any Cyy, 0<19<§, there exists a compact neighbourhood
V(0) of 0 in C such that :

) itX )--"—(ﬂﬂw( t3)
P(ze¥)=e - : (z,t)eCq 5xV(0),

X(z) and v(z) being 0(z) functions.

Proof: L is analytic with respect to uw=e¥ and thus with respect to ¢t. Comput-
ing its first derivatives, we get,for « in V(1) or ¢ in V(0):

L(zu) =1iX(2)t — y—g'—)-tz +g,(t).t3

| where g,(t) is analytic. Applying the Cauchy formulae, for every integer p, on
a contour C included in V(0) and encircling O:

1(t) = = L) g

Rim e w—t
p! Rim o P+l
we get:
t
X(z) — 1 fL(z,e )d

v(2) -1 fL(z,e’:”)dw
v .

2 2im ws
- L(z.e*) ;.
92(t) = sz w3 (w—t)
where is upper bounded on the contour. Thus X(z), v(2) are O(z) func-

w—t
tions. Moreover, if V(0) is redefined as a closed neighbourhood interior to C,
g,(t) is also uniformly 0(z) in t.

To prove the convergence to the normal distribution, we need more pre-
cisions on the growth of X(z) and v(2).

Lemma [.4.: The mean and varience X(z) and v(z) under the Pm.sson model
satisfy the equations:

X(z) = X(pz) + X(qz) + 1-ep(2)e~*
v(z) =v(pz) +v(qgz) + (RX(2)—1+ey(z)e % )ey(z)e™=.

Asymptotically, we have:



X(z)~z @(z)
v(z) ~ 2z Q@x(2)

where Q, and @, are bounded by strictly positive constants. When p=q=%,
@1 and @, are also periodic in {loga(2)}.

Proof: The equations are derived from the definitions and (P1). The asymp-
totic values are derived via Mellin transform X'(s) and v'(s) of respectively
X(z) and v(2),

Y.(S) = F(S+b) -
r@)(1-p°-¢7°)
. M{(2X(z)-1+ep(z)e*)ey(z)e % ;s]
vils)= ra——
1-p™—q

by the methods developed in[8,17] . More extended results are given
in[8,11,3,17] . , :
' In Section 3, we will also need the related results:

. Lemms IL.5:: There exists some constant A such that:

v v(z) —2X(2)% = Az ,z€R*.
Moievuer: -

X, = Xp(n) +-0(1)

Vp = Vp(n) —nXp (n)? + 0(1).

where X, and v, are respectively the mean and the variance of the Bernoulli
process.

Proof: The proof of the first assertion is established in appendix. The asymp-
totic relatxonshlp between the Bernoulli and Poxsson model is proved via the
use of Rice 's integrals, see [8,16] .

We can now claim the result:
Theorem 11.8.: The distribution of the size of the tries, once centered and nor-
malized, converges to the normal distribution. Moreover, the moments of any
order of the centered and normalized distribution converge to the correspond-
ing moments of the normal dist‘ribution.

tt tg 0( zt )
Proof: P(z, e"(’))e"“x(‘) = eu o(z)", Ast:z lv(z)|>4.1z] ., we have:
(2)3 < \/TB;T Thus: P(z.e ”('))e"“x(')——»e -_2-, uniformly in any neighbour-
oz

hood of t=0 (as asymptotically we have e ¥€V(1)).

SRR e T
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Ill. A SEMI TAUBERIAN THEOREM DESIGNED FOR POISSON GENERATING FUNC-
TICNS

tA.1. INTRODUCTION.

HI.1.1. The goals.

We want to show the gaussian behaviour of the distribution of the size of
tries when the conditionnal number of inserted keys indefinitely increases.
The characteristic function of this distribution is P,(e ™) and we have the
relation:

i ozh

P(z,e™)= Y, Pn(e"‘)%—,—e" .
neN :

We will essentially show the evaluation:

P, (exp(-——i'?—_—)) ~ -1—n+fiuP(z exp(—-it-—))exp( (z—n 2). R

n vn i ’ vn 2n V2mm

n-iow

and use the asymptotics about P(z,e¥), introduced in the first section in an
adaptation of the Central Limit theorem. But the previous evaluation can be
extracted from a more general semi tauberian theorem which binds asymp-
totics of complex sequences {a,},cy with asymptotics of their associated
Poisson generating function @ (z), defined by:

Under certain conditions of regularity of the sequence {a,},cy we will show
the evaluation: ;

n+iw

1 (z—m)? 1
a, iﬂ[ﬁﬂa(z)expi 5 {.\/%_ndz

In fact this section deals with two targets. First we develop the semi-
tauberian theorem. Second we use it as a tool for the proof of the Central
Limit Theorem about the size of tries when the Bernoulli model is used:

This last theorem is of course the main result of this section as far as
this paper deals with asymptotics of trie parameters --and especially with the
size of tries. But we must point out the importance of the first theorem which
ranges over the larger field of application of the Poisson generating func-
tions. For example, the section devoted to height of tries will be concluded
with the use of this tauberian-like theorem. There are many other applica-
tions in numbering theory of graphs, of permutations, etc.

However we will keep the following plan: the Central Limit theorem is the
goal and the Semi-Tauberian theorem is the tool. Now we are ready to claim

Theorem (III-0): the distribution of the random variable associated to the size
of the tries, conditioned by the number n of insertions (or the number of
packets in initial collision, as far as we consider the "protocol” view of the
problem), converges to a normal law when n indefinitely increases.
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The analysis is based on the deduction of the properties of P, (e™¥) from
the properties of P(z,e™®), as a complex variable function, according to the
relation:

i e\ 2™ o
P(ze )= EP“(e"‘)-;—'—e L
nenN :
We claim the following proposition:

Theorem (IlI-1): For t real we have the evaluation
n+io

. . . 2
Patexp(-2)) = & [ Pz exp(-F=Nexp! (zon)) —Ledz + e (t)

with &, (t)»0 when n-0, the convergence being uniform in t on every arbi-
trary compact set.

It will follow the evaluation:

Theorem (11I-0-bis): for t located in an arbitrarily real compact neighbour-
hood of 0 we have the convergence:

. . 2
Pa(exp(—i) = expi— H (2B ) G +0(5) -

This will achieve the demonstration of theorem (I11-0).
Iil.1.2. The tools.

- The theorem (IlI-1) is a corollary to a general semi tauberian theorem
designed for Poisson generating functions.

Let {@, jnen be a complex sequence, we call its Poisson Generating Func-
tion the complex function formally defined by:
z"

a(z) = 3, On e z

neN

Remark: This definition is analogous to the definition of the Ordinary Gen-
erating Function, f (z), defined by: :

f(2)= 3 anz™(1-2) .
, neN
These series will be of no object here.

When {a,},cn satisfies the inequation la, | =1 for every integer n, and
provided certain other conditions of regularity, the semi-tauberian theorem
claims the convergence: : .

n+io

1 (z—n)? 1
‘_'"n i n‘_/;ma(Z)exp! o2n i \/—z—nzdz -0 ' '
when n-0 (llI-3), independently of the sequence fa,lnen- We deduce (III-.l)
by simple identification:
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{aninen = {Palexp(~—=Diney -

The asymptotical evaluation (III-0-bis) is with the results of the analysis
of the Poisson process in the previous section.
Remark: the reason that makes us characterize this theorem as a semi-
tauberian one is in the fact that we need expansions of a(z) on a large part
of the complex plan for deducing an evaluation of a,. In a tauberian
theorem, for example the theorem designed for ordinary generating func-
tions,

1
JQ--)~an .
we need only knowledge of f(2) on a real segment.

1I1.1.3. The plan.

In the sub-section Il we study a new functional transform:
Z:.f-Z[f]with teR*:

t+io0
Z[f (z)it] = —t-[mf z)exp((ZZtt) \/zl_ﬂ{dz (111-2)

defined on the space of functions f of exponential type.

In the sub-section Il we prove the general semi tauberian theorem. We
show (III-1) in the sub-section IV and achieve (1lI-0-bis) and (III-0) in sub-
section V.

1I1.2. THE TRANSFORM Z

111.2.1. Definition

Let f be a holomorph function of exponential type. fe. there exist 4 and
B, non negative reals, such that:

¥zeC |f(2)| = BeAlzl

First we define Z[f ] as a positive variable function:
t+1.°o

£>0: z[f](t) = + ff(z)exp((z 2 __.dz. (I1~2)

Note that the integration is done along a vertical axis, and is convergent
because f is of exponential type.

II1.2.2. Proposition: Z transforms a. function of exponential type into a real
positive variable function also of exponential type. Purthermore this function
can be analytically continued into the whole complex plane to a holomorph
Junction of exponential type.

Proof: f owns a right-side Laplace transform f*

() = {f (z)e 9% dz
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which is holomorph in a neighbourhood of i.nﬁnity We know that
1(2) = 5—=f "(w)e***dw

ithe integration being done around a finite contour. included in the neighbour-
hood of infinity and including all singularities of f°. Thus we can write:
t 4o
1

21010 = + J (81" @ dwerp(E50) Floas

21.11

and, permuting the integration symbols, we obtain:

ZIP ) = =t *(w)etbere Das . (111-3)

With this last writing it is quite obvious that Z[f ] is of exponential type
and owns an analytic continuation with the same property by taking (III-3) .
with £ complex. "

And we reach the following proposition.

11.2.3. Proposition: Z[f ] has the right-side Laplace transform Z°'[f ]: .
. ' . . . . d
Z'f)) = (£ (@) - £ (-Ri-O) g (111-4)
withio' =iw+w?/2.

Proof: Z[f] is a holomorph function of exponential type, so Z°[f ] exists and
is holomorph in a neighbourhood of infinity. Thus this is sufficient to show
(Il-4) on an open area connected at mﬁmty, for example for o' such that
Im(w') be less than a given constant. :

At first we will point out an appropriate value for such a constant.

Let us consider (111-2). Let K be the greatest value reached by
|[iw+w?/ 2|, when w describes the contour of integration. Let us take K*>K.
We suppose K* great enough that, when Im(w')<=K", then the two roots w; et
wz of the equation iw' = iz +x?/ 2 (with unknown z) are different and have a
norm greater than K (and so they are outside the primarily contour of (III-
2)).

Now we set Im(w') < —K".

We have

Z[r ) = {( 5};@ *(w)et(Go+e®/ 2)g ) dt

And permuting the syrhbols of integration‘

ZI1)(t) = 5= " (@) ——2— :
i —(iwt+)
2
The function f*(w)/ (io'—iw—w?/2) is a holomorph function of @ with two
simple poles w; and w; which are outside the contour of 1ntegratlon 7 (),

as a right-side Laplace transform, decreases at least as w~! when le—*m, so
7' (w)/ (iw'tw—-w?/2) decreases faster than w™2. Thus we have the equallty.
according to the theorem of the residues for meromorph functions:
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Z'[f N(«') = —Residue in v, — Residue in w,,
namely,
ad d
2N = 1" @) g + e g

With w,+w,; = —21, the proof is achieved.

11.3. A SEMI TAUBERIAN THEOREM

I11.3.1. Notation and definition

(i) Let ¢ be a real C* function with compact support (¢ is non zero only on a
bounded interval) and ¢ be a non negative real. We note

o iz o224
VETVE

¢ is considered like a window which slides on the real axis and which can
be centered on every value t with a scale dilatation V¢t.

(ii) We note f,,. m integer, the complex function

Im(z) = E et

(iii) Let {a,},cn be a complex sequence such that |a, | = 1 for all integer n.
Let

a(2) = T onZe = T anfalz)

nenN nenN
be its Poisson function and let us note A the discrete distribution
A= ¥ a0,
nenN

where §,, is the Dirac measure at point n.

(iv) ¢ always being a compact support function, we note
<Alg>= ¥ app(n),
neN

and we extend this notation, if f is a real function,

<f lg> = _ff (z)p(z)dz .

In the following we will often assume f analytical and, analogously with
the right-side Laplace transform, we will limit the integration:

<fig>= {f (z)p(x)dr .
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Ili.3.2. The window theorem
Theorem (III-5): ¢ being a given function with compact support, for every
sequence {a, |, cy. Satisfying the rule (iii), we have the convergence

(<Z[a] |¢n> - <A|‘Pn>) -0

when n »wo. This convergence is independent of coefficients {a,},cy. i.e. there
erists an upper bounding sequence {e,(¢)lneny (only dependent on @) suckh
that

|<Z[a]lpn> — <Blpp>]| < £n(9)
and g, (@) =+ 0 when n -+,
In order to show the theorem we formally separate the sum for an arbi-
trary a
<Z[allgp>= <Cla}lpn> + <R[a]len>.
<Alpn>= <CAlpp> + <RA|¢n>,

with
C[a.] = Z L N g
- |m-n|<aVnlogn
Rla]= p> S m
|m-n|2zaVn logn
and
CA=. E A Oy
|m—n | <aVn'logn
RA = h) Qp Opn -

|m-n|zavnalogn
With, ghe Central Convergence Theorem we will show
| (<Clallgn> = <CAlpn>)-0 |
‘when n -, this convergence being independent of the sequence {a,]nen-

then with the negligible remaining terms theorem we will show, always
independently of the sequence {@,inen.

<R[a]lgn> et <RAlgp> -0 .

Lemma (III-8): f,, has the right-side Laplace transform:
1

f"‘.(w) = .(Tf’i—w)m“ )

Proof: obvious with successive integrations by parts.

111.3.3. central convergence theorem

Theorem (III-7): Let a>0 real and me[n—aVnlogn , n+aVvn logn] integer be
arditrarily choosen, then .

Vnlogn(<Z[fm]len> = ¢n(m)) » 0
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when n oo,

Proof: according to theorem (IlI-4) Z[f,,] has the right-side Laplace
transform '

1 _ 1 ) dow
(1+iw)™* (3—i)m*! ' do

Z.[fm](w') = (
withiw=1-V1 -2ia'.

The Fourier transform of ¢, is:
Pnlw) = e M9y (VR 'w)

where ¢° is the Fourier transform of ¢.
The Parseval theorem ensures:

<ZUfmllon>= 5= [ 2° [ m])(-)en(@)dw

= —1——+fmsa'(w’)( : - T )22
Rim 27" (1+(1= V1+2iw))™*! (8- (1- VI+2iw))™*1 ' V142i0'

it is easy to show that the imaginary part 3—(1-V1+2iw’) be less than -2
when every real value is affected to '. Thus :

+oo :
1 . TNy — do'
; =L Y(1+(1- VIFZiw))-m+1) 4o __ -y
It is also easy to show that 2-V1+42iw’ be ouside the unit disk. Thus we
can divide the integration and write for arbitrary B>0, with an obvious
change of variable:
,,,muu

11 i’ - e TV 40 (4
<Z > = ———s 14(1- (1 — £22)1/2y)~(m+1), 4 do'
[fm“‘Pn 21'71' \/n _B‘[uo( ( ( \/‘7{) )) (1+g}..97,)1/2 w
vn
+ 0| 1- lo(e) |de'] . (111-8)

vn R—[-BnV® pnt/tl

We expand

(1401 1+ )2 = expi~(m +1)(- 2 + 0( L2,

1w 3
= expfmvf + 0(-—3—);?){ .
This expansion is valid because &'/ Vv is confined in a compact set. Indeed

'3/ Vn s upper bounded by B, precisely for this reason we can extract it
from the exponential and then establish the general evaluation:

(14229102 (14(1- (1 By 2ytmen) explm i1 + 0(-@5\7'7%2))

where ¢4 is a positive coefficient polynomial of degree 3. We can insert these
evaluations in (11I-8)
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. +ml/.
=—1—_!‘.._ i‘i'_ SOVR L (N ey -

R oo o
1 .
+0 fL ll¢(w)ldw +;0f93(lwl)l¢ (w)dw].
R—[—B\‘,Bn S] - .
The last term exists because ¢’ is C* fast decreasing as the Fourier-
transformof a C* fast decreasing function (a C” fast decreasing function g is

such that V k,l €N: z¥g()(z) » 0 when |z | »=). According to this property we
also have, for every integer k:

S le(w)|dw = O(n7*)
i 1

R-[-Bn®.Bn?®)
and
+BvVn ., +00
AL fnexp(m—w--)e"’”"’;W(w’)dw’ = ——I—L;fexp(m:?—iw)tp'(w)dw
Rim Vn _gum vn 2in vVn 7, vn
+ 0(n™k)

= ‘Pn(m) + o(n-k) .

The last expression is deduced from the classical Fourier inversion. We can
write:

Vi l0gn (<Z[fm ) 19n> = pn(m)) = 22E20(1) .
n

This achieves the proof of the theorem. _ .

111.3.4. The Negligible Remaining Terms Theorem

Theorem (II-9): Let t belong to the support of ¢, (of the form
[n—8Vn, r\:./-!—_p\/n ], B being a positive real), let m be such that
|m-n |>aVn logn, then for every integer k, we have:

Z[fm](t) = O((m—t)7*)

when n -,

Proof: the proof is enclosed in appendix. We can draw a scheme.
- We come back to the expression (II1I-3)

r - 1 1 = 1( 2/2
2l J(t) = Yy (1+‘io)"‘+1° (o+e®/2)g ) |

integrated along a contour around i. We choose the contour in such a
way that it includes 0 and that [1+iw]|~! and |ezp {iw+w?/ 2] be less than
1. ‘
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We expand as in theorem (III-7):

2 4,3 4
(1+iw)™ 1= expf—(m.+1)(iw+%—%——-“;—*—0(@5))} :

2 i 93 4
(1+iw)™etGore’/2) = expf(m~t)(iw+ 5=)-m 25—+ S-+0(")} .

Through a suitable parametrisation we reach the evaluation:

1/ 24
-V |t-m |- . " 113_ n )
2 lt) = 5 J——J-mt S explit(r” + vg)gm s )T
+0(D™t)
with
|t-m[ 172
n= 1/2
(m +t)
v =sign(t-m),
172
P N L il R
m+t
D>1

~17 e
Ima(r) = ¢ % (140( =T

We achieve the proof, with ¢ et n + when n »= and an application of the
asymptotical expansions provided by the stationary phase theorem.

The theorems (11I-7) and (1II-9) prove the window theorem.

I11.4. CONDITIONS OF REGULARITY

The goal of this sub section is to establish some sufficient conditions for

the convergence

(en=Z[a](n)) -0

when n > (I11-10), as issue from the window theorem.

111.4.1. Definition

We will say that a double sequence {a,'ﬂmhe” is locally normally varying

when for every positive real g there exists 74 positive real such that for every
integer n. and m€[n—gVn , n +8Vn ] we can upper-bound

lap - ap| s g 2L
n

According to the same idea, we will say that a sequence of functions with
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real variable z {f*(z)jpen is also locally normally varying when for every
¢ positive real g there exists 7, positive real such that for every integer n and
real z€[n—-gvn , n+gVn ] we can upper-bound

177(2) - prn) | s 7 2L
n
In the following we set the relation, with z complex and h integer,

ah(z) = Y ahZ o=
neN " n!

m_.-»;.z. N_ormal variation and monotonous variation t.heoréms

Theorem (MI-11): Let {aM . nen be a double sequence satisfying the condition
lak] < 1 for every integer n and h. When M, nen and {Z[a*)(z)}pen are
locally normally varying then we have the convergence :

(a? - Z[a™](n)) » 0 , (- 10)

whem n . Moreover this convergence is uniform on every class of double
sequence {all, nen for which y4 and y. are bounded.

Proof: let us take a test function ¢ with compact suppori:

T [(m-—n)gn(m)]

P lgn>= T ahenlm) = al( T ¢alm)) + 0| =

meN meN

According to Riemann we have

% gn(m) = fo(z)dz + 0(Z=)

meN

Thus" A .
<A™ |@n> = a,':fcp(x)d:: + 0[f]x¢(z)ldz+:/—%—’.

In the same way
<Z[a™]lgn> = [Z[am)(z)pn(z)dz
= Z[a™](n) fon(z)dz + [(Z[a™)(z)-Z[a™](n))pn(2)dz
= 2[a™)(n) fo(z)dz + O 1ze(@) 1dz] . -

Then if we choose ¢ such that f<p(::)dx =1 and fl:c:p(x) |dz arbitrarily little
we prove the theorem.

Theorem (III-12): in order to maintain the convergence (IIF- 10) it is sufficient
that {a?], ey be a real positive monotonous sequence with respect to index n
and {Z[a?](z)ipen locally normally varying. This convergence will be
independent of coefficients ia,’:ln,he N assuming a bounded 7.
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Proof: we use the same proof as before with the slight difference that for
evaluating a* we take an under- and upper-bounding with two test positive
functions ¢* and ¢~ of support respectively included in R* and R~. We
presume that falin ney be increasing with respect to n. Thus we range:

<A™ |gp>= a,'.‘mze‘,Nso;(m) = a?(f¢(z)dz + 0(\/_1;-))

and

<™ lgi> = af T oi(m) = aR( fet(@)dz + 0(Z=))

meN

Thus if we take f:p"(x)dz = fqp*(z)dx =1 and flx:p*(a:)ldz arbitrarily little
we prove this new theorem. : ‘

—,

IIL5. EVALUATION OF P, (e Y™), t€R

I11.5.1. Conditions of regularity

. We show in appendix that the characteristic function of the distribution of
size of trie, under the Bernoulli model, has the uniform evaluation:

Pp(e™) = 0(¢)
uniformly with respect ton and ¢ tconﬁned in a real compact neighbourhood

—.—
of 0. Thus the sequence {P,(e ‘”‘_){n_heN is locally normally varying. This
property its to be shown within the sequence of functions

{Z[P(z e —i—‘m—);z];h€N3

Theorem (III-13): for z in an interval like [n—BVn , n+BVn], B real positive,
we have the uniform convergence with respect to t in an arbitrarily compact
neighbourhood of 0:
.t
A= i 2
Z[P(z,e “")z]—expi-X(n) \;:_f - (v(n)-—;zX' (n)) t3] -0

when n s,
We need the following lemma:

Lemma (IlI-14): we cen truncate the integration, for an arbitrary a>0 and
x>0,

Z[al(z) = T[a(z) + &(=)
with
z +aiz¥ Ylogz

Mal@)= & [ a(z)expt &2 L2

z—atz¥*logz -
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and £(z)-+0 when z -, uniformly for all sequences {ay ey satisfying the
condition JII 1 (iii). '

Proof: we use the general inequality |a(z)| <e Iz|-Re(#) Re(z) describing the
real part of the complex number 2. Then .

Zlel(z) - T[a)(z) = O 7' exp{Vz2+9%z — %i—z}do .

az!/*logz
. . .
Now using either the expansion of 1+ Py near 0 when, for example,

Y <3Vzx:
Y- 2 Y
\/1+3’¥-—1+3’;—<—A1’;—
z 2z 12

{A being a nonnegative real), or the trivial inequality:
Vz2 + 92z <z +9Vz
when ¥ > 3Vz, one gets the upper bound of the integrand:

2 4
Vz2z9? — %— -z = —A%— < —A(alogz)*

2 _ —
s oo Vzirz? - L -z < —19(3- Vz) < Yz
o 2 2 2
Integrating steadily gives:

_3,

Zla}(z) = T[a](z) + O(V;e-A(alogz)‘ + e\/; ).

Proof of theorem (IlI-13): we recall the following asymptotical expressions,
when n »e (then z-«). These expressions are established and expanded in
the section II, so we just mention their conditions of existence.. ¥ is located in
an interval such as [-yVZz . Yz ], with 7 real positive, in order that z+ivVz
be maintained in a cone. Moreover we assume that expfit/ vn'{ in the com-
pact neighbourhood of 1 mentioned in the first section (for ¢ in an arbitrary

compact set this condition is of course satisfied as n -»).

L
P(z+ivVz, e_“/'_‘-) =
- . z - . V—
_ v ) vz ) B a(z+ivvz)
exp{—X(z +iv¥ x)\/:’_". v(z+iv z)zn + O(t 372 )N

Always according to the asymptotical analysis we get the evaluations

X(z+i9VT) = X(z) + X ()ivZ 0 + 0(§(V§ﬂ)2) .

since X(z) = 0(z), X (z) = 0(1), X"(z) = 0(1/2). for z»= in a complex cone.
In the same way . '
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v(z+ivVz ) =v(z) + 0(Vz 9),
because v(z) = 0(2), v'(2) = 0(1). Thus we have the general evaluation:

9V 'y = - —-—‘L_t_ ——_z. - "—t
P(z+ivVzx, e ) = exp{-X(z) 7 + X’(z)\/n tv —-v(z) 5

+ 03y + 0B 4 o(LULILYR),)

1
Thus when n -+, with ¥ = 2 4logz the expression,

=t Wz St 9
T[P(z,e V™ )z] = f P(z+ivVz e ‘/’_')e 240,
NFr —VE
tends to, as yVz -»o0
1 g2 T x@) ——~o- =
—ré_—expl—X(x) —“‘U( )—“ff vn ay;
namely:
2
expiX(z) S = (v(2)-sX2(2)) 11 .

Thus with the lemma (11I-13) the theorem is shown.

111.5.2. Normal convergence of the distribution of the size of the tries

We achieve here the proof of the theorem (I11-0).

According to the previous analysis and the asymptotical results within
X(z) and v(z) it is obvious that {Z[P(z, exp{—it/Vn'}); ]},cn be a sequence
of functions,of variable z, locally normally varying. Consequently the
hypotheses of the semi tauberian theorem are satisfied and we can claim:

Pale V) - expl(e) S - (w(e)-ex2 @) L) + 0

when n »=, and ¢ remain in an arbitrary real compact neighbourhood of 0.
According to the first section we know that

X, =X(n)+ 0(1)
and
v, =v(n)—-nX?3%n) + 0(1) = w(n)
(v, increases at least as a linear function of n). Thus the normalized and

centered law of the size of trie conditioned by the number n of keys gets the
generating function

it
Vv,

t
Xn
\/_”:P,,, e

which is evaluated, for ¢ in an arbitrary compact real neighbourhood of 0, by
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: 2
exp{ O \/1.%_) - v(n)—v':xz(n) %_; '

which converges to
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IV. DEPTH OF INSERTION:

We show here how to generalize our results of previous sections. We keep
on using generating functions, first studying Poisson distributions, and then
translating the results to Bernoulli distributions. We are dealing here with a
parameter depth of insertion, defined below, which is related to the external
path length. This case is of interest as it shows a new way to prove the con-
vergence of Poisson distributions, when P(z,u) satisfies some additive -or
quasi-linear- equation. In the reasoning we shall emphasize the differences
and analogies with Section II, reporting the details of the modified demons-
trations to the Annexes or to references.

IV.1. RECURSION AND FUNCTIONAL EQUATION

Definition: The depth of a leaf is the number of internal nodes on the path
from the root to this leaf.

We consider here the distribution of this parameter. We note:
P% = Prob(a record is inserted at depth k in a trie with n+1 records )-

ferpark 1: Such a probability is defined when the trie is not empty. Thus, this
shift makes our notation consistent with the previous ones, where we had
sums from n=0. :

Remark 2: We find that : (n+1)P, (1) is the average path length, when we
count the number of internal nodes from the root to every leaf in a trie with
7 +1 records.

We can state a proposition analogous to Proposition 1.1 :

Proposition IV.1: et P(z,u) be the generating function Jor the depth of the
leaves in random tries. P(z u) is defined and analytical with respect to z and
u in the domain CxB(O,—-S-;l—l—b-—). It satisfies there the functional equa-
P +q +1
tion:
P(zu) =u [pP(pz,u)+qP(gz,u)] + (1—u)e,_,(2)e"%, (1v.1)

and the growth property (P1).

Proof: Defining formally P%; =0, P_,(u)=0, we have, for n+1>b k=1:

P'I: = n+1 ]pn,ﬂ n.+1('"'1+_!_ k_1+na+1 Pff").
n;+ng=n-—1 ¢
n|.nzi—l

Writing K, 41(u) = (n +1)P, (u), we get:

n1+1,n2+1 n+1 ny n+i

Knoi(u)=u. Y

my+me=n+1
ml.mgzo

Ko(u)=0. Ky(u)=...=K, (u)=1.

+1
m1m,m2+1]pmlqmz(1(m,(u)+Km2(u)) N+l Db,

Thus:
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K(zw) =u [pK(pz u)+qK(qz ,u)] +‘(1—u.)ze°__1(z)e'ﬁ’, '
and equation (/V.1) follows as zP(z,u)=K(z,u). We prove by induction:
X (uw)| <a™®! |, where a>1 satisfies: (p+-§-)°+(q+%)° < 7;— with

. Ju |

We notica that (JV.1) is an additive equation, what (£'1) was not. This will
make possible te derive directly an analytic development of P(z .e%), without
considering logP(z,e®). This skips part of the previous studies and, in partic-
ular, (P2) will be of no use here.

we. ASYMP‘I‘OT‘IC ANALYSIS, USE OF THE MELLIN 'I'RANSFORM

To develop P(z,u), we use Mellin transform techniques [8,17] . We note
P;(s) the Melli: iransform of P(z,u)-1 w1t,h respect to the variable z, i.e.

f(P(z,u)—l)z""dz = Pi(s).
0

Transforming (/V. 1) as in {8] , we get:
. (1 U )F(S +b )
P,(s) = .
4O = e )
in the domain where the right function is analytical, and the integral above is
absolutely convergent. This leads us to the study of the roots of (/V.2):

1_1;(Pl—s+ql—3) =0 (Iv.2)

or, if u#0, we'can note u = e¥ and study the roots of

. e~ =p1—s+q1-s .

We claim:

Theorem IV.2.:

(1) The set of the roots of (IV.2) is a countable set s, (t);k€Z|. Moreover, for
every compact set for u and for every strip for s : {s: a<Re(s)<bd], there
exists a constant §(p,q) such that:

N7k ke ): |se(t)-s,{t)| = 6(p.q) .

{(2) There exist a neighbourhood V(0) and an analytical function: t—-»so(t)
such that s(t) be a root of (1V.2) and so(t) - 0 Moreover:

solt) = =3 + Lothip-r?) + 0(t9)

with :

H = —(plogp +qlogq) . H, = plog®p +qlog3q .
2l

(3) When p q-z-we have :{s;(t)keZ}= (so(t)+ keZ)]. When p#q, we

have, for any t and k : Re (sp(t)) ZSO(tIm(t))
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(4) 4s |u|<a=—-5:-1-—+—b—+l—, all roots are contained in a half plan

;s;gl(a)<Re(sﬁ. If B<|u|<a, there exists a strip {s:o,(a)<Re(s)<o»(8))
containing for every u all the poles of (IV.2).

Proof: (1) is proved in Annex. Now, (2) is a consequence of Implicit Functions
Theorem, and, by taking the successive derivatives in (/V. 2), we get the
development. When P=q=5 the second order coeflicient disappears and the
it 2ikm o
In2 Ing - Yhen p#g, we notice:

p l—l?e(s)+q1—1?e(s) > lp 1-s +ql"‘$| = 'e—‘u l =p 1‘Su(ilm(t))+ql—Su(iIm(t)) ,

roots of 25=e¥ simply are s, () = —

which establishes (3), as sg(ilm(t)) is real. Finally, considering the variations
of |[p!=S+¢!~5 |»0 when s »—=, we get (4)..

We prove now a counterpart to Theorem I1.3.
Theorem 1V.3: There exzist a compact neighbourhood V(0)c C and a cone Cov
such that, for t in V(0) and z in Cy 4 Coe

i@ tt (HZ—Hz) s
. ~—=logz~— logz+0(t°.logz)
P(ze®)=e # 2w

X(1+0(t. |z |49,
Proof: Considering P;(s), one may steadily prove (see [8]):
P(zie¥) = [27Org(t) + T 27O ()4 0()),
k#0

where rklgt) is the residue in the simple pole s,(t) of Pi(s), ie.:
_(1—e®) (s (£)+b) ¢

Using Theorem 1V.2., we may upper bound the sum

3. We write:
k »0

3 'Tk(t)zsn(t)—sg(*)l = g ~Im(so(t))4rg(z) E ,rk(t)elm(s'(t))Arg(z)l.] [z I&(so(t)“sk(t))‘
k #0 k»0

Any finite surface S of / contains at most —-ia—- poles. Moreover, T vanishes at

‘n’ .
infinity and, as-u is bounded, |[(u+iv)|=Ce~"¥! . Thus, there exist some
V(0) and some constant B such that:

e P lm(so(t))| y |.,.k(t)e'l’|lm(sh(f))|| <B.|1-e®|.
k#0
From: Re(sg(t)) = so(ilm(t)) and the development of so(t) in 0, we get.:
Re(so(t))—Re(sg(t)) = Re(so(t))=sq(ilm(t)) =0(t2) < —A.t2 .
Thus: 3 |r(8)z5®®)) ¢ g |, | ~4** . Now, the development of so(t) in (2)

k #0
and of r4(t) ensure:

ro(t) = 1+0(t)

it t¢ (H.—HF)
- —_—— L +0(t3.
solt) . Hlogz ) 5 logz +0(t3.logz)

We need not here a counterpart to Lemma I1.4. Nevertheless, by the
cumulants formula, we can derive directly from the previous result:
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Theorem IV.4.: The mean and the variance of the depth of insertion satisfy
asymptotically, for z€R* :
X(z) ~ -ﬁlogz + 0(1),

H _
v(z) ~ —Ti—logz +0(1),p#q,

v(z) = 01) p=g=7 .

We assume now that p #q and prove:

Theorem IV.5.: Convergence to the Normal Distribution when p #q

The Poisson distribution of the depth of insertion, once centralized and nor-
malized. converges to the normal distribution, when p #q.

The proof is the same as in Theorem I1.4, with o(z)~Viogz ,z€R,, when p #q.

We are dealing now with the.case p=q =%-‘ We state:
Theorem IV.6.: Periodic Behaviour of the Distribution whenp =¢q = L

2
When z »=, the generating function satisfies asymptotically :
P(z,e%) = G, (t) + 0(3)
where :
£ -t r(b—RZRET) oy
G(t)=2n( In2 + 3 In2 z 02 )
z In2 (b-1) £ 20 () '
and 0(.) is uniform w.r.t. u in any closed set included in B(0, ).
pb+1+qb+l

The moments of any order are asymptotically equivalent to the moments of
G, (t).
Proof: As above, we use Mellin Transform as in [8] and Theorem IV.2., (4). .

Remark: When z € R* the generating function is the generating function of the
process under Poisson hypothesis, the distribution is asyrnptotlcally periodic
in Inz translated of the mean —Inz/In2.

IV.3. EQUIVALENCE POISSON-BERNOULLI:

We proceed now with the Bernoulli case. To translate the Poisson results,
we use here Rice 's integrals and Newton serles [8,16 ch. 8] .

Lemma IV.7.: The Poisson and Bernoulli distribution converge. More precisely,
Jor v in a compact neighbourhood of 0 and 1 strictly included in

B(0,—————-), we have the uniform convergence, when n -»o:
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Pp(u) = P(nu) + O(n—so(ilm(t))—l)

Proof: For any fixed u=e¥, the following formula [8,16 ch. 8 ] holds for
m(t)>0:

_ _n! Py(s)
Oy = Po(u) = 2in~A/:I‘(s+n+1)ds

where A4, is some contour around 0,~1,...~n,..., which does not contain any
pole of P;. Such a contour can be found, as Re(s,(t))=sq(ilm(t)). Note that
for Im(t)<0, we have the analogue:

Pu(s)

o _n!
A = Po(u) = ZiﬂAfaF(s+n)ds

where Aj is around —1,...,~ .
Deforming this contour A4, in a new rectangular one, with borders going
to =, we get.:

an,(u)= §¢k(t)+0(n""‘).

i)

with ¢, (t) = n'Res( F(s_-rn—) Sk (t)). We notice that:
1_81‘ n t -1
t) = ———- 1+s S_l. .
‘ok( ) H.S'k(t) ,I=lb( Sk 3 )

Moreover:
1—ei

oolt) = L85 Leap (143o(t)Hy ~Hy )+ O I30(t) 7).

From:

solt) = ~+0(t%)

X(n) = 1—°;=11‘— +0(1) = -’% +0(1)
V(n) = Alogn + 0(1)

we get the result:
it _#X(n ¢ _t®
a(n) o(n) = — 2
Pa(e?™))e (1+0(ﬁn))e

The foregoing proves:

Theorem IV.8: The convergence results of Theorems IV.5. and IV.6. still hold
under Bernoulli hypotheses. .

V. HEIGHT OF TRIES AND NUMBER OF COLLISIONS:

An other example is given by the height of the tries with n keys. This is
the largest depth of insertion. In the case of protocols modellised by tries,
this is the maximal number of collisions on one packet during a session with

n moessaces. This provides a second anplication of the tauberian Theorem.
5 I s
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The originality of this section is that the derivation is based on an
approximation of the Poisson generating function H(z,u) by an other
-simpler- generating function F(z u)=YF*(z)uk. First, we state general pro-

s .

perties of H and F. Then, we approximate their difference. Finally, we estab-
lish asymptotic results on F and further on H. And using the semi-tauberian
Theorem of Section IIl, we can treat the Bernoulli case.

V.1. PROPERTIES OF GENERATING FUNCTIONS:
We note here: g,(2z) = —loge, (2)e™™ = —loge,(z)e™=.
and we note HX the probability that a trie with n keys has a height less than
or equal to k.
Proposition V.1: The probability generating function H(z u) satisfies: .

H(zu) = (1—u) Y HE(2z)uk . (v.1)
k=0
= (u-1) 3 (1-H*(2))uk+1
k=0 :

where HE(2) is the generating function for the ''cumulate probabilities” :

n
HE(z)= %} H,’f—z—re"‘"
nenN n.
L
1k
= TI Fe(zp®e™)t "
k1+k2=
H*(2) = exp[- ) [,c'c ]g (zp*1q*?) (v.2)
kt+k2=k| ke
It is defined and analytical for (z,u) in CxB(O,———l-——)

Proof: Assume a trie with n keys has a height less than or equal to &. As both
subtrees, if they exist, have then a height less than or equal to k—1, we get,
considering the bit distribution:

H.,’: = ) n }pn'qnzﬂ,‘:;lﬂng—i J=1
HY = Xnsb

n
Thus, H*(z)=Y Hf ;:’L—‘-—e ~% satisfies the functional equations:
~ .

H%z) = fy(2) = exp(—g5(2)) -

From this, we get he explicit solution (V.2).

{ H%(2) = He~V(pz).H*"(qz)

Remark: When p=q=—é—. this reduces to: H"(z)=fb(22"")2.. This case was
extensively studied in [5,17] .
Now, we have:

Hn,(u) = Y Proba(height=k/n keys)u*= Y (HE—Hg )uF+H?
- k=0 - k=1

=(1—u) Y Hfuk = (u-1) 3 (1-HX)uk +1
k=0 £=0
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and (V.1) follows.
We claim[17] :

lemma V.2. : M any compact mneighbourhood of 0, one has:
. sz_ b+2
Thus:
b+1(,b0+1 b+1\k
Corollary: H*(z) ~ exp (— z (%+:)q| )l) when k »oo,
‘ ' b+l ,b+1)\k
As Hk(z) is analytical, and (1—-Hk(z))uk)~z®%+ (u(p(b:lq)' ) , we get the
domain of analyticity of H(z,u). '
Definition: We note :
b+1( b+l b+1k
k - _22T (pP T +gP YY)
F*(z) = eap( (b+1)
Flzu) = (1—u) Y F(z)uk = (u-1) ¥ (1-FF(z))uk+1°
l k=0 k20

F(z ) is analytical in the same domain as H(z u).

V.2. SOME ASYMPTOTICS:

We deal here with the asymptotic expansion of H(z ,u) when v ranges in

a compact neighbourhood of 1 included in B(0, ) and z in Cy 4 (see

0+1 b +1
Section 1). Here, ¥ cannot be arbitrary chosen as it will be of prime necessity
to have |f,(2)|<1 or Re(g,(2))=20. Such a restriction is minor, as it does not
prevent from applying the tauberian Theorem to get H, (u) from H(z,u) (see
V.3. below).

We state our basic theorem of approximation:
Theorem V.3.: There exists some constant ¢ such that :

H{zu) = F(zu) + 0(|z |**2F(c |z ], lu(@®*3+¢**3)})) .

when z ranges in Cp 4 and u in some compact neighbourhood of 1.
The proof is supported by two lemmas.

emma V.4.: There exist three positive constants A,.B and C, and a cone Cyq
such that : '
Re(gy(2)) = Alz %" |z| =1
Re(gy(z)=Blz|+C ,lz|>1.

Lemma V.5.: There ezxist two positive constants D and E such that :
Hk(Z) - 0(2 -—Dlz |hu(pbn+qo+2)k + e‘Elz !l-a)
. 1 q°
with: o = log , 0<a<l.
log—l- pltisgb+l
q
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Proof: Let us note M, =E(—19-g%—). For k>M, one has: |zp*iq**| <|2q* | <1 and »
log — S
using the first majoration in Lemma 1, one gets:
'Hk(Z)l < e_A(Pb+l+q0+l)k)|z'0H
For lc =M,, let us define K in Z such that: Izpk‘qk “*11<1 iff k=K. We also
z 1

note: §; = 2[ }pk’ k=k1 and 5, = E ["1 gk kkb 41

k1=0 k=0

Then, applying Lemma

Va4,

log|H(2)| < —-A|2z|®*'S, — (Blz [+c)S
Now, at least one of the following equations holds:
5,2z (v.3)

b+1 b+1
S22 (P4 R)(1-B) = (pO*i4gd* ) 1-B—2L ) (va) ¢
q
If (V.3) is not satisfied, one has indeed:

[ .

Sp= (_p°+1+qb"'l)")—max(pk‘q _k')S 2(plw-l_*_qbﬂ)lc)(l bﬂg s 1].2"“)

p g
=1-8.

Proof of Theorern V.3.: We write:
H(zuw)=F(zu) = H(zu) + H®>(z,u) |

with:
HP(zu)= ) [H*(2)-F*(z)]u*,
1z |uz(puz+qe+e)>1
H®(zu) = )y (H*(2)-F*(2)]u*,

Iz lb#z(phoe+q542)sl

First, we apply Lemma V.5. and write:
H<l>(z 'u) = 0( 'u," (e -D|z |ux(pen+qnn)h+e ~E|z Ix-a))‘
|z Iua(pue,,,quz»l
(b +2)logz
1og(Pb+2+qb+2)
|28+1(pb+legb*iyk |>|2 |7 with y = b+2—(b +1)log@2 49" 4
lo (pb+2+qb+2)
_(b+2)max(Inju |)
log(pb+2+qb+2) :

When k ranges in this domain, t.e. k<K, = — , we have:

Moreover :uk <e femaz(inlull=, |6 with:.dd Thus, setting

e=inf(y.1—a):
L HY(z 1) = 0(]z |% 121,

Second we consider H®*>(z,u). One sees easﬂy that for k in this range,
|zp k'|<1 and Lemma V.2. applies to gb(zp q ) Summing over &, one
gets

zﬂ"l LR2 PO RSN &

Hk(z) _ e_ (b+1)g +o(‘z|542(puz+qo+z))



-32-

: 20+1(pb*iagt s
H"(z)—F"(z) = e- (d+1) .0(|z |b+2(pb+2+qb+2))‘
As Re(z%*1)>c |z |®*!, we get, after summation:
H®(zu) = 0(|2|P*2F(c |z |, |u(p®*2+q%*3)])).

We study now asymptotics of F(z,u), when z—>= inside Cy 5. We make use
of complez Mellin transform:

F'(su) =fzs‘1(F(z,u)—1)dz ,
o
where the integration is done along any half line from 0 in Cy 4.
Proposition V.6.: The Mellin transform F* is defined and analytical for:

. log |u | .
~1<Re(s)<inf (0, logp®+14gb i ) with .

s (P53
F*(sw) = [(b+1)1]3% b+l

S
1__u(pb+l+qb+1)-b+1

Proof: We can develop formally:

= ks
F'(sau) = (u—l)Zu"(bd—l)!“‘ (pPHl4qb+l) b+l fzs'l(l—e"’m)dz
k o

= LA ). Bl ) TR TG,

provided that both integral and Dirichlet geometric series are absolutely con-
vergent.

Proposition V.7.: [et z and u range respectively in Cg 4 and in any compact
neighbourhood of 1 included in B(0,(p®*'+g®*!)~!).Then F(zu) satisfies
asymptotically :
_ t(db+1)
Flzu) = z 18@*"'+¢"") G(logz,t) + O(z™™)

where the periodic function G is defined by :
2ikm

e “log(e iagty (O + 1)z —log(b+1))

t+2ik

_ (u-1)
Glzt) = log(pgb)

log(pb*1+qb+1) T

t =lnu ,

0(z~™) is uniform in the cone. This ezpression is to be continued when u=1
and in the paradozal case w=0.

It follows:
___t(b+1)
Theorem ve: | H(zu)=z log(@**'+¢* ") (G (logz .t )+ 0(2 ™) with
. . loa(nb* +
7 =(b+2)—(b +1)£=-(\‘1'1———i(1——l- >0, G defined as above, 2z in Cysand u ina

log(p°+1+q° +1)
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neighbourhood of 1 not containing 0.

Interpretation: The distributions defined by F and H, shifted by
_{b+1)logz

log(p°+1+q°*1)
function G(logz,t). G is a - periodic function of logz with period

b+l b+1)-1
log(p?™ +g>*") . Thus, F and A have for mean:

. is asymptotically the one associated to the characteristic

b+1
(b+1)logz -
- - + P(logz) + O(z™
A log(pb”-i-qb‘”) ( g ) ( )
and for variance:Q(logz) + 0(z™™), when P and@ ‘are periodic with period
log(p®*1+g®*l) |
b+1 '

Proof of Proposition V.7.: This is steadily proved [7, 8! i Allz%é)les are simple
ogu+2ikn

log(p° +1+qb+1)
Proof of Theorem V.8.: From Theorem V.3. , one has:

H(zw) = F(zu) + 0(|z|°*3F(c |z |, |u(@®*2+q®*?)|)) .
As G and Inw are bounded, we get from Proposition V.7.:

_M’mﬂﬁfﬁm.’.b,‘.g
|z [2*2F(c |2, [u(p®*2+q®*3)|) = O(|z | log(p**'+g"*) )+0(28+2™)

__{(db+1)nu
+ 0(|z loa®*+a*™ | |z |7

when u#1. These poles are 0 (with residue 1 ) and { leez

V.3. BACK TO BERNOULLI CASE:

We apply here the semi tauberian theorem developped in the third sec-
tion.
Theorem V.9.: The distribution of the height of tries with n keys converges in
the sense of distributions to the distribution with characteristic function
G(n,u).

Proof: One would like to prove directly:
H,(u)-G(n,u) > 0.
n-»o0

Unfortunately, it appears diflicult to establish the first regularity condition
for H,(e%), with t€R. Still, it is possible to extract a decreasing real positive
sequence and to rely on the second regularity condition. Indeed, the
sequence {H%]. .y is decreasing (a new insertion can only increase the
height). Thus, one may readily claim:

+1

b
HE =~ ezp (=(p®*1+q* ) ) 2.0

b+1
for functions exp (—(p“1+q°”)'°)-(—bx-;ﬂl—) clearly have a normal variation. In
the same manner, let us note A, and A(Z) the discrete distributions:

Ay = 3 Hidy '

keN

AMz)= T H*(z)6,
keN
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Let ¢ be any test positive function with compact support such that f¢=1. Itis
also clear that the sequence {<4,.¢>],y is positive, decreasing and upper
bounded by 1 and that <A(z),¢> is a normally varying function. Thus:

<A jp> —<A(n)|p> » 0,
nenN

whatever the test function ¢ is. And the theorem is proved.

Reniark: The size of a trie is also a parameter with an increasing sequence
fPk}. We could also use this reasoning, and the semi-tauberian theorem, to
prove the convergence to the normal law of this parameter in the Bernoulli
case.

VI. CONCLUSION:

Studying Limiting Distributions provides an accurate and systematic
method for asymptotical analysis of algorithmical parameters. The systemati-
cal use of generating functions and the reference to complex analysis prove
to be a valuable tool. We derive a semi-tauberian theorem which is a power-
ful tool to translate results obtained under the approximate Poisson model to
the Bernoulli model. Thus,.its field of applications is larger than the one
presented here. We also exhibit limiting distributions. In particular, the
asymptotic values for the moments of any order are steadily derived from
these limiting distribution. This generalizes and completes previous results as
we get all asymptotics for means and variances for both Poisson and Ber-
noulli models, in the uniform and biased case. Moreover, we discovered new
phenomena that do not appear when the analysis is restricted to the average
values. For example. when dealing with the depth of insertion, we point out a
solution of continuity between the biased and uniform case, although the
mean is O(logn) in both cases. One finds a gaussian dilatation around the
mean in the biased case while in the uniform case the distribution remains
centered around its mean with a O(1) deviation.

Researchs in trie parameters area are not achieved. We are actually
working at the following topics.

* We study the distribution of the depth of insertion for a given key (a
fixed sequence of bit) when inserted among n other random keys. When
P # q,-the gaussian behaviour mentioned above disappears and gives
place to a centered distribution around a mean O(logn) determined by
the sequence of bits of the pointed key.

* We extend the previous results to some markovian process. Markovian
process can be a good modellization when the keys are alphabetical. The
transition matrix is then formed with the transition probabilities from
one letter to another. Our analysis is a particular case of a stationary
process over a binary alphabet.
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APPENDIX

A- THE NEGLIGIBLE REMAINING TERMS THEOREM

Theorem (A-1): Let t be member of the support of ¢, (of the form
[n-BVn,n+fVn], B being a positive real) let m be such that
|m —n | >aVn logn, then for every integer k :

ZIfml(t) = O((m—t)7%)

when n -,

Proof (beginning):
According to (2-3) we have the equation:

_ 1 1 St{tw+a?s 2
Z[fm](t) - 2iﬂ¢(l.+iw)m+l € ror )dw '

where the contour of integration is any loop I" containing the singularities of
fm(w), in this particular case the singularities are restricted to {i}. For con-
venience of writing we will study Z{f,,._:]J(t) in order to avoid m+1 in the
right-hand expressions.

Lemma (A-2): we can choose [ in the set

I =f{w/ |1+iw|>1{ e/ lexp(iw+%z-—)|<lﬁui0§ .

Proof: .
fw/ |1+iw|>1} is the complementary of the unit disk centered on 1.

fw/ |exp(iw+ %—) |<i{ is equal to {w / Re(iw+w?/2)<0! which corresponds to

the two parts of the complex plan above and below the hyperbol
fi+w=z +iy/ r?—y2+1=0}. The unit disk centered on i is included in the
above part of the hyperbol. In fact if z3—y2%+1=0 then

z2+(y 2)% = y2—1+(y-2)% > |

except the case of equality when w=0.

Lemma (A-3): The parametrisation of I. Let T be a real parametrisation of T'.
There exists I"in I and a neighbourhood of 0, [a,b], such that

. 3
Te[a,b], 1+tiw=e'’ O=1-Tom2lqrt
and 0<2<1
1

ZIf o W) = —-}e"‘i"ex it(e¥¥—1)— ti‘fii—...l_f.{d_"’_d.r_,_o(pmu)
J m-1i Sim / P 5 iy .
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Proof: .
3
taking 19='r—-%-—-%;—i74 we get the expansion near 0 of the analytical
functions:
3
(1+iw) ! = expi—i‘r-!-i%—ﬁ—-g—f"’}
expiiw+ -a—)z—} = expi—i-r+iﬁ-——1—7—7'4+L('r); (4-3)
2 6 48 ' :

with (1) = 0(7%). So there is an.interval [a,b] containing 0 where w = w(7) is
element of /. Outside [a,b] we complete I' in such a way that there exists
0<D<1 such that |1+iw| and |exp(iw+w?/2)| are not greater than D (this is

always possible because /—{0] is an open area.

Proof of of the theorem (continuing)

" Inside [@,b] we can write, with the homothetic change of variable
(m+t)rt = 14

b
f(1+iw)—met(iw+w’/2) g_‘.":.d-r =
a ar
b(m+t)V/4 ‘ 8
- t-m) . 17’
m+t)1/4 exp§ LML iy (moet)t/ 61T T)dT
(met) /0 [ expl i me) g (7)
with
17 _.a T dw T
"y = S U ) | (o — (1= ——).
gm,t(T) exps 48T ((m+t)l/4)‘ dT‘T (m+t)1/4)

Lemma (A-4): the C* prolongation of g, ¢, k fixed. We can continue gy, ; in
]—e , +o[ with the following properties:

() G is CE(1= , +a[).
(ii)
t-m) ., i3 “
;f,,e"p‘?t%ﬁ%” +(m )4 g, () = O(E™)
‘With Jp ¢ = J-e,a(m +t')1""‘[u]b(m +2)1/% +oo| and 0<E<1.

(iii) local convergence: on every compact set of K and for every integer l<k

we have the uniform convergence g,,(,‘)t »g{) when m+t increases, with
- _17 4
9(7) = expl—gg4).

(iv) dominated convergence: there erist a real K>0 such that, for every
integer l<k and for all Te R:

lgm (M) = K gs5(l7])g(7)
where q 5 is a positive coefficient polynomial of degree five.
At first we introduce a convenient notation: g(x) = O, (f (z)). zeJCR, g

being a real C* function and f a C* positive function (i.e. for z positive and
for all integer l<k: f)(z)20, for example, f can be a positive coeflicient
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polynomial). This notation will mean:
Yee, sk : gW(z) = O(I(”(Ix 1)) o
FK>0: ¥xed , A=<k :|gW(z)| =< Kf(‘)(|x|)

with the restricting and conventional statement:
if f® =0 then g)(z) = 0(1).

Proof

Because of the analyticity of all the above functions, g,, ¢ and others, we
can derive the Taylor expansions. Thus, for every k. according to (4-2), we
can write:

2 3 e i
exp(iw+ 9—) = expfiT‘*ilG——- .31‘_;31-4,’_ Ok(Td){

df =1+ O (1) for re[a.b] .
So we can write:
b(m+t)/4 ;
x iJ——%-;-z'er +t)1/4 —-——igm t(ndT =

a{m+t)/4 (t+ m)

b(m+t)l/e 3 4 4O, (45 Ou (7
expth———w-—i'n(ert)V‘}yl- 17 4y e € 5)4 e ( 3 ydr

a(m+t)/* (t+m)1/4 6 48 (m+t)5/4  (m+t)V

or more concisely

17 1 o
9m.(7) = expl- = 4+—(-7;Lf:5;‘7&-()k(7+75)§.

It we write gm¢(T) = exp(—177%/48)(14{m +t)"V/ %, (1)) with always
b ¢ (7) = O (T+7°), we can obviously continue iy ¢ to Jm t such that [, ; now
for ail T real. For example, at raccording point a(m kt)‘ ‘= ar:

b (1) = 104y - + T2 54 ar) 40,(1).

. and we can Ck-continue O,(1) with a linear combination of k decreasing
exponential with different rate.

This continuation done, the proof of the lemma becomes trivial.

Notation:

_(_t-m 172
T lmetyz)
v=31gn(t—m)

1t—m|®

m+t

_’U

Lemma (A-5): 1 and ¢ growth te infinity as |[m-n |/ Vn increases. we also
have the following minorations:

i /2
-%min{\/;i' -I——_—t—l- LS

25 |t-m |72 Lo —t
K | | vn 2t
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R -
2 moty 1 . sm Imot] o n
E£>Vn v .zmmi n, e R

Proof: We will compute minoration of 7 and &.

2o ltomlf n J75_fpeom 75 1 2e v VR
L vn m+t vn \fn n m-~t
' -1
J m +t l\fn ' n\/n+n'm—t )
We conclude with the general inequaljity:
SRR S IR N
(a,b)ERXR : (45| > Zmug ik ibl;.

i t_ = . T
. Remark: we have v = 1+ 0( \/E) then asyn}ptotlc(al.ly.

. 1
.,72 > |t-m | 1/2'_1.._ Lmini\/ﬁ-, _i."_’l'_:t_l_;
vn |2 vn

£2> \/“[-——- .Emini\/‘;i. J—'"\ﬁ-h :

Proof of the theorem (continuing)

We obtain a new expression with the homothetic change of variable
nT - _ll

_I_ m 1/ 240
Z[fm-1l(t) = 2“? m.+t fexmtf('r” + ‘U— HIme(mr)dT"
+ O(E™*t) .

Thus it is obvious that we have to study general integrations such
+oo

fexm-ﬂe(x +v——)!9 (nz)dzx

where g is a C* fast decreasing function (ie V i<k, V z¥g)(x)-»0 when
|z |-»=). We just mention the following lemma.

Lemma (A-6): Theorem of the stationary phase. Let g be a CE¥(R) fast
decreasing function, P a real polynomial, its derivative P having z,, - - - .z,
different roots of respective multiplicity d, - - - .d,, (thus the degree of P is
di+-- - +d,+1)

2 .
G(¢) = [feP@)g (r)dz

has the asymptotic expansion:

G(&) = G1(O+ - - +G(£)+Go(8)

g
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where

1
|Go(0)] = Ao.uz,— g e :

and, for i=1, G; is the contribution of the i** root z;:

Birolg) Baole)
1 + 4 dy
Gi(€) = ¢! gHH!
+ ce +
Buanlo) | ;iL.1£9_1+0( )
€l_l+dt+1 fl l*dﬁ-l

with
|0( )| 5A~.L ”9 ey -

B; ¢ y(g) are linear combinations of the d'+ l(d,+1) first derivations of g at
point r; and the coefficients A; ; are independent from g. We note:

o lly = lgliot - +llg® ko

4o

with flgllo= [lg].

) 3
If we take P(z) =z + —'%—- then P (z) has no real root and we can evalu-

ate
[emtt@= g (nz)dx = Go(¢)

with
¥
| Golt)| = Ao,llfel] g ll,

as n and ¢ increase to infinity (more rigously, ¢ greater outside of an arbi-
trary neighbourhood of 0), | being an arbitrary integer. Then we can state
the lemma:

Lemma (A-7): if m—n < —aVn logn we have

£—-l k+1

\/n (t—m) 2

Zlfml(t)=0

Proof: we can deduce from the analysis done above

» [1e-m] )57

-2—1:1[' o feis(z"'z’/e)gm:‘(nx)dx + 0(Em+‘)

[Aol —'hm[ ]kug,,,tnl

Z[f m-1](t)
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' 2 2
2ol [ L= L) [ m ety e2 )
m+t (t-m.)?
because ||gm ¢ Il Il = 0(1)
k.1 k
L3 -1 k41
_ m+tl4 2 | Vn_ _ 2
=0 - o At-m)

With _rr_t;:_t_ = 0(1) we achieve the proof.

' 3 . -
If we take P(z) =z - % P (z) has two real roots, —V2 and V2, then

JeTHE==8g (nz)dz = G\(¢) + Ga(8) + Gol8)
!
¢ llg I, and G;{¢) and G,(¢) as linear combina-

tion of the 2l derivatives of g(nz) at z = +V2 combined with powers of ¢71/2,
plus an approximation of O(n? /¢! |ig jl5). So we can state the lemma

with always | Gqo(¢)] < Am[

Lemma (A-7): if m—n > aVn logn we have

k-1
(m.-+t)""2 [t —m| 2‘]

| Z[fm)(t)=0

(2k+5) 17, .- ~17
48(m £) 4+ e 48

Proof: we have to proove this asymptotic only for G; and 'Gz, according to the
above notations, because Gy is already analysed in the previous lemma. Thus
we have the expression

v |lt-m]

T??lrr m+t

1/ 2400
[eit==2%8)g (nz)dz + O(E™*t)

2t

O(n?*k*5g,, +(+V2n))

172
t — 2
+0 J;%—L [%-]k 1 gm.e 2
( 172 :
t — R
+0 ‘JTn'T’;l IE_L]' ugm.,uk].

The first right-hand term is a rough majoration of what could be a linear
combination of the first 21 derivatives of g (+V2n) mized with powers of £71/2.
The second one is the remaining terms of G,(¢) and Ga(¢). The last one is of
course Go(¢).
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2
We achieve the proof with 1- = —lz———l—l—l—/—é— and with the minorations of
-m
the lemma (A-5) which helps reaching the evaluation

17 ,_ﬁ[__. —z]‘\
o __(m—t)
ooz = ol 0 |

g

and the rough majoration 7= v

Proof of the theorem (end): now in order to achieve the proof of the main
theorem we claim that we can tune the two previous lemma to. for an arbi-
trary k, the general evaluation:

Z[fm)(t) = Of(m—t7*]

when [m-n| > aVn logn, as n -+«
. It is obvious for the first one.

' For the second one we need Lo consider the behaviour of the exponen- -
tials. We have obviously

17
—a(m-t} )
48 = ()[(m —t)‘“"] .
and after a little refexion we have also
_12fm—tf
e 48 n ! - 0[(’"’1 _.t)-lc .
because asymptotically
m —i e m —t
== ! L.
v > alogn 7o
and
_ m—tl 1
klog(m—t) = k(log|—=| + —logn) .

vn 2



—43~

B- NORMAL VARIATION OF THE DISTRIBUTHON OF SIZE OF THE TREES

B- 1 An example
Let's consider this example of trie

with the keys: a=101100.., b=10000... and ¢=0010...

Let's operate the insertion of a new key d.

* If d=41..., d occurs in the empty leaf then the size of the tree does not
vary. .

* If d=0..... d occurs in the leaf of ¢ and causes its partitioning.

B- 2 General case

Let X,, be the random variable of the size of the tree, conditioned by the
number n of key. We have the relation

Py = E[8(X, = k)],

where &(true) = 1 and 6(false) = 0, and E denote the expectation of a ran-
dom variable. 8(X,, = k) is the characteristic variable associated tc the event
size of the tree equals k conditioned by n.

Let rl be the characteristic variable associated to the event the n+1th
insertion occurs in a non saturated leaf (the cardinality of the leaf is less
than b). Let rl be the characteristic varlable associated to the opposite
event. We have the relation

l+rl=1 .
Let's note PO* = E[r26(X,, = k)] and P}* = E[rlé(X, = k)]. We have
Pk 4+ POk = pk

B~ 3 Application to the generating functions.
Thus if P8(u) = Y PP*u® and Pl(u) = L P}*u* we have
k k

P(u) + Pi(u) = Pa(u).

We know that an insertion in a non saturated leaf does not modify the size of
the tree. An insertion in a saturated leaf causes its partitioning and increases
the tree by adding at this leaf a new sub-tree with a root of cardinality b +1,
and it takes place independently of the environing tree structure (it is
independent of the context if we use the vocabulary of the Terms Algebra)
Thus we can formaly write

e
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X, = TpXn + TnXn
Xnot = 130Xy + T (Xn + (K41 = 1))

(the sign + are designed for different purposes, the first one divides opposite
events the second separates independent events). This relation is translated
for the generating functions into

Po(u) = P(u) + Py(u)

Paa(u) = PO() + (Pyar(w). ) P ()

Thus we can evaluate

Paat ()= Py () = (1= =Py () P(w) -

When |u | < 1 we have | P(u)| = 1. Thus, with u = e ¥ t being real,
Prar((u) = Po(u) = 0(1—e¥ Pyoq(e 7)) = O(t)

uniformly with respect to n when t is element of a real compact neighbour-
hood of 0 included in the set of definition of Pyoe ™).
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