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RESUME : .

On propose une solution originale au probleme de la reconstrﬁction de
formes tridimensionnellesv'é partir de sections planes. Le principe consiste 2
calculer un- volume dont le bord est un polyddre 2 facettes triangulaires
s'appuyant sur les contours de départ. Ce volume est obtenu, tranche par
tranche, a partir de la triangulation de Delaunay associé 2 deux sections
adjacentes. On montre que la triangulation de Delaunay peut é&tre calculée de
fagon efficace dans cette situation particulitre : on fournit un algorithme
optimai en fonction de I'entrée et de la sortie, ne faisant intervenir que des
opérations 2d. La méthode de reconstruction permet d'extraire de cette
triangulation un solide maximal -ne comportant pas de singularité, et résoud le
casf général ol le nombre de contours varie d'une coupe a l'autre
(branchements, trous, .. ) . La méthode a été implémentée et testée sur de

nombreux exemples ; des résultats sur des images médicales sont présentés.

Mots clés : reconstruction de formes 3d, tomographie, géométrie algorithmique,
triangulation de Delaunay, représentation de formes 3d, appariements de

formes.
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‘SHAPE RECONSTRUCTION FROM PLANAR CROSS-SECTIONS

Jean-Daniel Boissonnat

INRIA
Domaine de Voluceau

Rocquencourt BP 105
78153 LE CHESNAY FRANCE

ABSTRACT

We propose a new solution to the problem of constructing a shape over a set of L
cross-sectional contours. We construct a volume whose boundary is a polyhedron with
triangular faces intersecting the cutting planes along the given contours. This volume is
obtained by pruning L-1 Delaunay - triangulations formed between adjacent cross-sections.
The Delaunay triangulation can be computed efficiently in this specific situation and the
method can handle the case where there are several connected components in each cross
section. This algorithm has "been fully implemented and tested on various examples; results

on medical images are presented.

Key-words: 3-d shape reconstruction, temography, computational geometry, Delaunay

triangulation, shape representation, shape matching.
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1- INTRODUCTION

In many applications, an object or a set of objects are known by a sequence of
cross-sections. For instance, in medical diagnosis and therapy, cross-sectional images are
obtained - by moving an echographic or an X-ray apparatus. The reconstructed structure ther
appears similar to a set of wire-frame contours over which the surface "skin" is thought to
lie (see Fig. 20). Since the display of the structure is most often in the form of these
wire-frame contours, the task of creating the surface or of creating another cross-section is
left to the viewer's imagination. This is a non-trivial mental exercise when dealing with any

but the simplest structures.

Several solu‘tions have been proposed in the literature. We can distinguish two approaches.
In the first one, the data consist in a 3-d image made of voxels. The problem is then to
extract and follow the faces of the voxels which are on the boundary of the objects. This is :
typical situation when dealing with CT images which has been extensively studied by
Herman and his coworkers (see for example (AFH)). However, in many other situations, we
do not have any 3-d structure (such as voxels): the information about the 3-d objects
consist only of planar contours. The problem is not a detection problem but an interpolation
problem. Keppel (K) and Fuchs et al. (FKU) reduce this problem to constructing a sequence o
surfaces, one between each pair of adjacent contours. These surfaces are constructed solely
from elementary triangular tiles, each defined between two consecutive points on the same
contour and a single point on an adjacent contour. Constructing such a surface is shown to be
equivalent to finding a path in a directed graph. Then if we associate a weight to the edges
of that graph, a classical shortest path algorithm will produce an optimal reconstruction.
Several possible weig‘hts have been proposed, based on the volume enclosed by the
triangular stripe (K), its area (FKU) or the length of its edges linking the two contours P).
Another weight has been proposed by Ganapathy and Dénnehyn, namely the length of the
contour segment included.in the tile, divided by the perimeter of the contour on which that
tile lies (GD). The existence of many possible criteria made this method useful for a broad
‘range of applications, though, as Sloan and Hrechanyk pointed out (SH), the tiling algorithms
are not appropriate when there are major differences in shape or position between
successive contours. An extreme casé will be that of a convex contour in one plane and a of
spiral-like contour in the other: the result will be a surface crossing itself. The main
drawback, howevgr, of this elegant method is that it cannot handle the important case of

objects with multiple contours in a single plane. The: reconstruction, for instance, of a
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standing human figure from contours on horizontal planes would involve perhaps three
contours (two arms and the torso) at chest levels, merging into a single contour at the
shouider level. The only attempt in that direction seems to have been done by Shantz (Sh)

but it is very heuristic and fail in many cases, as declared by the author himself.

This paper presents an entirely new approach (based on the ideas of the preliminary pape;
(B1)). Our method can handle the cases where the object contains multiple contours and
where the number of contours varies from one cross-section to the other. Unlike the methoc
of Fuchs et al., our method does not construct the surface of the object, but its volume. At
the end of the procedure, it will be easy, of course, to produce the surface of the object by
looking at the boundary of the obtained volume. This method wuses the Delaunay
triangulation and can be considered as a specific application of the general 1deas of (B2). In
(B2), the input data consisted of a given set of points on the boundary of an ob]ect but no a
priori structure between the points was assumed to exist. Here, we take advantage of the
additional knowledge we have; the neighboring relationships between tﬁe points belonging
to the same cross-section is explicitly used, making possible to handle the .case of multxple

objects and the case of objects with holes. )
P

The problem can be formulated in the following way. One or several unknown
-3-dimensional objects are intersected by a finite number of specified, but not necessarily
parallel planes. The only information- about the objects consists of the intersections of their
surfaces with the planes. Each of these intersections can be represented by a finite number
of oriented closed curves, separating the inside of the objects from the outside. These curve:
are approximated by closed polygons, also called contours in the sequel. We will note C the
set of the contours and M the set of the vertices of C. The sequence of contours is used to
construct a polyhedral approximation to the original object. As in (FKU), the problem is
reduced to constructing a sequence of polyhedral slices whose boundaries are made of

triangular faces, one between each pair of adjacent contours.

The paper is organized as follows: in Section 2, we recall the definition and some general
properties of the Delaunéy triangulation, and derive new results in the case of interest here
where the points lie on two planes. In particular, an algorithm computing the Delaunay
trxangulatxon is presented which is optimal with respect to the input and the output. Section
3 shows how to achieve a correct reconstruction of the original object. We conclude in

Section 4 with some additional remarks and experimental results.
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2. THE DELAUNAY TRIANGULATION

2-1 Definition and general results

Let us recall the definition of the Delaunay triangulation and some general results. For a
d-dimensional Euclidean space E and a set M of N points m, .. -my, the associated Voronoi
diagram is a sequence (V(m,).. V(mN)) of convex polyhedra covering B where V(m) consists
of all the points of E that have m; as a nearest point in the set M. Thus

V(mp)= {Pe B: V j,1<j<N, S3P.M) < S(PM)}
where 3 denotes the Euclidean distance.

i
The geometrical dual of the Voronoi diagram, obtamed by linking the points m; whose
Voronoi polyhedra are adjacent across a common face, is called the Delaunay triangulation
of M. While the dual graph is usually considered as an abstract graph expressing the
topological relationships of the Voronoi polyhedra, we are here concerned to take the joins
to be straight line segments, and to use them as a framework for a simplicial subdivision of
space. Fig.l1 shows an example of a Voronoi diagram and its dual in a simple 2-d case. It can
be shown (R) that two elements are either disjoint or have exactly one k-simplex1 (k<d) in
common. Moreover, the union of the elements of the Delaunay triangulation is equal to the
interior of the convex hull of M. Due to the definition, when no set of d+2 points are
cospherical, the elements of the Delaunay triangulation are d- -simplices, and the
circumspheres (the Delaunay spheres) do not contain any point of M in their interior. This
property characterizes the Delaunay mangulatxon if a sphere circumscribing  d+1 points of
M. does not contain any other point of M in its interior, this sphere is a Delaunay sphere and

the corresponding d+1 points belong to a simplex of the Delaunay triangulation. In case of

------------------------------------------------------------------------------------------------

I: a k-simplex is a convex polytope. with. k+1 affinely independent vertices; a 2-simplex is a

triangle, a 3-simplex is a tetrahedron.




moré than d+2 cospherical points, the elements can be decomposed into several simplices, s¢
that, in every case, the ‘Delaunay triangulation is composed of simplices, It can be shown
(B2) that the Delaunay triangulation is a d-connected ‘grap'h on M embedded. in R3, which
defines .'syr'm'iiétrical and isotropic neighborhood relationships between the points. It is to be
noticed that this is not necessarily the case of the k-nearest neighbors or of other geometric
structures included in" the Delaunay triangulation such as the minimum spanning tree, the
Gabriel graph or the neighborhood graph. Moreover a number of polyhedra are contained in
the Delaunay triangulation, which is of particular interest for our purpose.

Figure ‘.l.

®  Points ¥
——— Delaunay Triangulation of »
==~~~ Voronoi Diagram of »



One more advantage of the Delaunay triangulation is that it can be computed efficiently. In
the 2- dxmensmnal case, Lee and Schacter (LS) have proposed an O(NLogN) algorithm. This
algorithm is optimal in the worst-case sense. In the 3-d1mens_xonal case, Klee (Kl) placed a
lower bound on the worst case complexity of any algorithm computing the Delaunay
triangulation . by proving that the number of tetrahedra in the Delaunay triangulation of N
points is at most O(Nz) (a simple such case will be glven below). Edelsbrunner and .Seidel
shown that the Voronoi diagram and thus the Delaunay triangulation can be computed in

that time bound (ES). This is worst-case optimal. However, in most practical situations, the

number of tetrahedra is (fortunately) O(N) and a lower bound depending not only on the -

input but also on the output would be relevant. Practical algorithms have been proposed in
the literature to compute the Delaunay triangulation of a set of N points in any dimension.
Several authors (Bo, H, W) use an incremental algorithm whose complexity is O(N3) in the
worst case but appear to be almost linear when using fast nearest neighbor search
techniques. However, the inherent compléxity of the 3-d case make these algorithms much

less efficient than their 2-d homologues.
2.2 The points ‘lie on two planar contours

In addition to the general results mentioned above,‘we now give some specific properties
when the points M lie on two adjacent cuttmg planes, P; and Py. Let C; and Cy be the
contours contained in those planes; both Cy and C, may consist of several connected
components. In this section, we will prove that, without any restriction, C; and Cy can be
considered to be contained in the Delaunay tnangulatxon of their vertices M and that this
triangulation can be computed using only 2-dimensional operations, thus avoiding the need

for a general algorithm computing the Delaunay triangulation in 3-d space.

For i=1,2, let us call M; the subset of points M lying in plane P;, DT; (resp. Vi) the 2-d
Delaunay triangulation (resp. 2-d Voronoi diagram) of points M; in plane P; and DT the 3-d
Delaunay triangulation of points M= =M; U M,.

Propositilon 1: the intersection of DT with the cutting plane Pi is identical to DT; (i=1.2).




Proof: DT is a 3-d simplicial cohvex complex with all its vertices in P, and in P,. Thus its
lntersectxon with P; (i=1,2) is a 2-d sxmphcwl convex complex A face of DT n P; 1s a face of
DT;: this is due to the fact that the intersection of a Delaunay ball thh a cutting plane is an
empty disk. Conversely, a face of DT; can always be circumscribed by a sphere whose
interior contains no other point of M,. provided that its center is sufficiently far from plane
Pj, j#i. Thus each face of DT; belongs to DT. ¢

An important consequence of Proposition 1 is that the contours C; will be contained in DT if
and only if, in each cutting plane P;, the contours are contained in DT;. According to the
definition, this condition is satisfied as soon as there exists a set of circles, each of them
passing through the vertices of one contour segment and not containing any point in theix

interior (see Fig.2).

Fig. 2

It is to be noticed that this condition is not very restrictive. In any case, if the condition was
not satisfied, we simply need to add some new vertices, as it is stated by the following

proposition:

Proposition 2: every simple polygon is geometrically identical to a polygon contained in
the Delaunay triangulation of its vertices, obtained by adding at most a finite number of

vertices on some of its edges.

Proof: Let P be a simple polygon and m a point of one of its edges e. We can associate with
m the two maximal balls passing through m and containing only pointé belonging to e in
* their interior (see Fig. 3). Because P is simple, the radius of all these balls is greater than
Ry>0. So only a finite set of them is sufficient to cover the edges of P. fn particular, if the se

of disks associated to the vertices of P does not cover P, we can add a finite set of points
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belonging to the edges of P (a new set of vertices) in such a way that the set of disks
associated to the old and the new vertices of P covers P. In such a case, P is contained in the

Delaunay triangulation of its vertices. ¢

Thanks to Proposition’ 2, we will assume now that the contours lying in a cutting plane are
contained in the 2-d Delaunay triangulation of the points of M (their vertices) belonging to

that plane.

Proposition 1 shows that if we know DT, we know DT; and DT,. We will show now how DT

can be computed when DT, and DT, are known.

We suppose, for clarity, that the two planes P; and P, are parallel. The case where this is
not true will be considered in Section 4. The tetrahedra of DT are of two kinds. A
tetrahedron T of the first kind (zype T;) has three vertices in P; (i=1 or 2) and  consequently,
due to proposition 1, these three vertices are the vertices of a triangle t of DT;. The third
vertex of T is the point of Mj (=i) which is the nearest from the center of the circumscribed
circle of t. The other tetrahedra of DT (type T;,) do not contain a face in P; nor P, and
consequently, contain exactly one edge in P; and one edge in Py Due to proposition 1, these
edges must be contained in DT, and DT, respectively. The following proposition reduces the
problem of computing such tetrahedra to the ﬁroblem of finding the intersections of a

number of segments in a plane.




Proposition 3: an edge ey of DT; and an edge ey of DT, belong to a tetrahedron of DT iff
their dual edges in the corresponding Voronoi diagrams intersect at one point when we

project, normally to themselves, PI onto PZ'

Proof: let ej=ab and e,=AB.

1- the cbndition is hecessary: for the tetrahedron (ejes) to be contained in the Delaunay
triangulation, we need that its circumscribed ball does not contain any point of Ml; SO its
.center must lie in the planar strip STy normal to Py and intersecting P; along the edge v
dual to ey in the Voronoi diagram of M; For the same reason, it must belong to the planar
ST, normal to P, and intersecting P, along the edge v dual to e, in the Voronoi diagram of
M,. Thus the center must belong to the intersection of ST, and ST,. This is only possible if
ST and ST, intersect along a straight line or, equivalently, that vy and v, intersect at one
point when we project, normally to themselves, P, onto P, (vy and v, cannot have more
than one point in common; otherwise the tetrahedron (egeq) would be flat which is
impossible in a Delaunay triangulation provided that (eg,e5) is not the only tetrahedron of
DT).

2- the condition is sufficient: STy and ST, intersect along a straight line D. Let Oy be the
intersection of D with Py and O, the intersection of D with P,. There exists an unique sphere
S whose center O belongs to D, intersecting P, along a circle 'y with Oy as center and
O,a=0b as radius and intersecting P, along a circle Iy with O, as center and 02A=02B as
radius. Because O; belongs to vy the interior of I'; does not contain any point of M; this is

also true for I'y and so S is a Delaunay sphere and the tetrahedron (eye,) belongs to DT.. ¢

Let us consider the graph G(Ml,Mz) union of the two Voronoi diagrams obtained after
. projecting P, onto P, in a direction normal to these planes. A node of this graph is either a
vertex of the Voronoi diagram V; of one of the M; or an intersection between an edge of the
Voronoi diagram Vi of M; with an edge of the Voronoi diagram Vy of Mj. All the
informatioﬁ about the structure of the 3-d Delaunay triangulation of M, v M, can be

deduced from that new graph. To each node of the graph corresponds a tetrahedron:

1- if the node is a vertex of the Voronoi diagram of M (resp. M,), it is the center of a circle
circumscribing a triangle, say abc, of DT, (resp. DT,). When projecting P, onto Py, this node
is projected inside a cell of V, (resp. V;) associated to a point of M, (resp. My), say A. The
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node corresponds to the Delaunay tetrahedron abcA of typé Ty (resp. T,). Let us consider a
simple example (Fig.4). In both planes P; and P,, the contour consists of a triangle ty=abc
and ty=ABC. The center of the circumscribed circle of G is L;. The 2-d Delaunay triangulation
in each plane P;-consists obviously of the triangle t; and we call Vab’ Ybe' Vear YAB® VBC: VCA
the Voronoi edges dual to the edges ab, bc, ca, AB, BC, CA respecti{rely. In this example, we
have one tetrahedron of type Ty, S;=abcB and one tetrahedron of type Ty, Sy=aABC.

2- if the node lying at the intersection between two Voronoi edges vy and vy, dual to twc
edges e; and ey of the Delaunay triangulations, it corresponds with the tetrahedron of type
T;, containing the edges e, and e,. In the example of Fig.4, we have three such tetrahedra:
Vpe intersects vgc Yielding the tetrahedron S3=bcBC, Vcq intersects VBC and vp, vielding the
tetrahedra Sy=acBC and Ss=acAC. ‘

The neighboring relationships between the tetrahedra are given by the edges of the graph:
for example, S4 has four neighbours S1, Sy, S5 and S5 while S; has two neighbours S3 anc
S4 and two faces on the boundary of the triangulation (which is the convex hull of M),

Let us conclude this section with two remarks which are easy consequences of Proposition 3

Remark 1: DT is independent of the distance between the two planes; a method computing

DT by means of Proposition 3 will avoid a number of numerical problems.

Remark 2: the number of tetrahedra of DT may be O(NZ). Indeed consider two line
segments, one in P; and’ the other in Py; let us take N; points M; on the first one and N,
points M- on the other; V, consists of N;-1 infinite edges and Vo consists of N5-1 infinite
edges. Each edge of V; (i=1,2) intersects all the edges of Vj (=i). Thus, from Proposition 3, DT
will contain (Nl-l)"‘(Nz-l) tetrahedra (of type Ty42); see Fig.5. This result is independent - of
thé relative position of the two segments . (provided that they are not parallel); in particular
they can be as close as we want. But, in that case, the tetrahedra become very flat and their
centers go to infinity. So, if we compute only the intersections between the two Voronoi
diagrams occuring in a reasonaBle window containing all the points, we will ignore the very
ﬂat tetrahedra (of no interest for our purpose). When thé two contours are not too far from
one another, this will drastically reduce the number of tetrahedra and so, storage

requirement and computing time.
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2.3 An algorithm computing the Delaunay triangulation when
the points are distributed on two parallel planes

In the case of points lying on two parallel planes, we can define a specific algorithm, much
faster than a general one; this algorithm, which relies heavily on Proposition 3, computes
the 3-dimensional triangulation DT from the two 2-dimensional triangulations DT; and DT,
and the graph obtained by projecting plane P, onto plane P5. We note proj(e;) the
projection of edge ey of plane P onto plane Py, normally to P, and P,. Its general structure

is the following:

1- Compute DTl;

2- Compute DT,;

3- For each triangle ty of DTy, find the vertex my of DT, which is closest to the center
of the circle circumscribing t; and create the tetrahedron (tl,’mz) of type Ty

4- For each triangle ty of DT,, find the vertex my of DT; which is closest to the center
of the circle circumscribing ty and create the tetrahedron (ti,ml) of type Ty

5- For each edge vy of V,, find all the edges vy of V, intersected by proj(vy), and
create the tetrahedron (vy,v9) oOf type Tyai

6- Create neighborhood relationships between tetrahedra sharing a face.

12



Let us call N; and N, the number of points in Py and P, and N=N;+N,. As previously
mentioned, steps 1 ahd_2 can be performed in O(NlLogNl) and O(NyLogN,) time respectively,
which is optimal. Shamos (S), Lee and Schacter (LS) and Guibas and Stolfi (GSt) have proposed
such optimal algorithms. Many other algorithms, subdptimal but very efficient in practice, are
described in (AEI, GS, SHo, W). Steps 3 and 4 require to find the vertex of a triangulation
which is closest to a given point ¢ (the projection of the center of a circumscribing circle), or,
equivalently, to find the Voronoi cell in which ¢ lies. This can be done in O(N; logN ) time using
O(N. i) storage (i= 12), which is opumal (Ki). See also, for a general discussion, (EKA). Step 5 and
6 can be solved in O(NLogN+K) time using O(N) storage, if K is the number of intersections
(MS, NP). This result has been recently improved by Guibas and Seidel who designed an
optimal O(N+K) algorithm (GSe). Thus the total complexity of the above algorithm is
O(NLogN+K). We claim that this is optimal. Indeed, O(NLogN) is a lower bound obtamed when

Ny (or Njy) is equal to 1: in “that case, the 3-dimensional DT is obtained by linking the point in
P to the triangles of DT,. K is the number of tetrahedra of type Ty, and so is obviously a

lower bound. This justifies the claim.

3- SHAPE RECONSTRUCTION

3-1 Statement of the problem

Let us suppose that we have an object O (or a set of disjoint objects which will be also called
an object), and that the only information we know about this object is a set of L cross-section:
which are the intersections of the object with L planes. We assume that the sections of the
object by the planes each consist of a number of solid regions :by solid we mean that the
boundaries of these regions consist of simple polygons, some poss1bly lying inside others. The
problem is to find a solid object O' whose intersection with the cutting planes is exactly the
set of the given cross-sections. We mean by solid a bounded compact set whose boundary is
locally everywhere a topological disk, thus preventing regions where the thickness of the
object is zero. We reduce the problem of constructing O' over the L cross-sections to one of
constructing a sequence of L-1 partial shapes, each of them connecting two cross-sections G
and Cj ¢ lymg on adjacent planes. The method consists, at first, in computing the Delaunay
triangulation of the points M; and M, of C; and Ci,1- We have shown, in the previous section

(Pr0posmon 2), that the contours bounding the cross-sections can be assumed to be contained
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in such a triangulation without loss of generality. This will be assumed in the sequel.
Moreover the 3-dimensional Delaunay triangulation of the points M'l and M; and the
3-dimensional Delaunay triangulation of the points M; and M; +] intersect the cutting plane P,
along the 2-dimensional DT; of points M;: this guarantees the coherence between slice (i-1,i)
and slice (i,i+1). So let us consider a slice between two adjacent cutting planes P; and P,. The
associated 3-dimensional DT is a convex solid body. To model the portion Oy, of the object O
which lies between P; and Py, we must eliminate a number of tetrahedra. This procedure is
repeated for all the pairs of adjacent cross-sections, and, at the end, there remains only a set
of tetrahedra o, the reconstructed object, which must satisfy the two conditions previously

mentionned:

Condition 1: O’ is a solid.

Condition 2: O’ intersects the cutting planes along the given cross-sections.
Before going on, let us make precise what we call a solid in that context.

Definition: a solid is a set of tetrahedra, connected Jace-to-face whose boundary is a simple

closed polyhedron or an union of disjoint such sets.

These conditions concern the overall reconstructed object. In order to work slice by slice, we
need analogous conditions for a reconstructed slice. Both conditions must be modified. Indeed,
consider the two slices (a) and (b) of Fig.6 (dotted regions).

14




Though Conditions 1 and 2 are satisfied for the complete objects, they are not satisfied for the
slices: in the first example, Condition 1 is not satisfied because the slice has a singularity along
edge: AB; in the second examplé, Condition- 2 is not satisfied because the intersection of the
slice with plane P, is strictly in’cluded- in the cross-section. So we need to relax somehow the

above constrained.

Let an extended slice ES(S) of a given slice S be the union of S and cylinders, ones lying above
the upper plane (say P;) and intersecting Py along the cross-sections of Py, the others lying
below the lower plane P, and intersecting plane P, along the cross-sections of Py. The

generators of the cylinder are taken to be normal to planes P;. See Fig.7.

S ' ES(S)

Definition: a solid-slice is a slice whose extended slice is solid.

In order to'satisfy conditions 1 and 2, it is necessary to reconstruct solid-slices between each
couble of adjacent planes. More precisely, we will extract, from each triangulation  between
two adjaceﬁt planes, a maximal solid-slice. This problem is considered in the following
sections 3-3, 3-4 and 3-5. Then we show in section 3-6 that this is also sufficient under weal

conditions to reconstruct a 3-d object satisfying Conditions 1 and 2.

4
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32 Mark the edges in the cutting planes

Each cutting plane is assumed to have an upper face and a lower face; the upper face of plane

Py is looking at the lower face of adjacent plane P;_1. As a convention, the normals n; to these

planes are oriented in the direction lower-face — upper face.

As we assumed at the begining, the contours are oriented in order to separate the inside of
the object from the outside. Suppose the contours are oriented in clockwise order around the
normals of the corresponding planes. It is then easy to know if an edge M M is inside, outside
or on the contour. M, MJ is inside if MM;_;» MMJ, MM, | are in counterclockwxse order, MMJ
is outside if MlMl-l’ M; M M;M;,  are in clockwise order, M; MJ is on the contour if M"=Ml 1 or

Mj=M; 4

3.3 Find the inside tetrahedra between two cross sections

)‘.
We now consider two adjacent cutting planes P; and P,, and the Delaunay triangulation DT of
the corresponding points M=M; U M,.

Remember that all the information about DT is contained in the graph G(Ml,Mz) noted G for
short in the sequel, defined in Section 2-2. This graph is obtained by superimposing the two
planar Voronoi diagrams V, of poaints M; and V, of points M,. Each node represents a
tetrahedron of DT and two nodes are adjacent iff they represent tetrahedra with a face in

common. Three other easy properties of that graph are the following:

Property 1: the set of all the tetrahedra of DT sharing a common edge e in P;(i=1 or 2) are
represented by all the nodes of G belonging to the edge of V; dual (o e.
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Fig. 8 shows an example. Edge ab belongs to two tetrahedra of type Ty, abcA and abdD, and
three tetrahedra of type Ty,, abAB, abBC, abCD. We see that an edge e of V; intersected by k

edges of Vj (j=i) gives rise to k+1 edges in G: these k+1 edges will be said to be part of e.

Property 2:the set of all the tetrahedra of DT sharing a common vertex m of P;(i=12) are
represented by all the nodes n(m) of G belonging to the boundary and to the inside of the cell

of V‘» surrounding m. We note G(m) the sfubgraph of G whose vertices are the n(m).

ommpa V2

‘a,b...EP1
AB..€P2

Fig. 9 shows an example: point a belongs to 6 tetrahedra of type Ty (abgA, abcB, acdC, adeC,
aefD, afgA), 4 tetrahedra of type Ty, (abAB, acAB,aeCD,éfAD) and two tetrahedra of type Ty

(aABC, aACD).
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Property 3:the set of all the tetrahedra of DT sharing a common edge mym,. with my in P;
and my in P,, are represented by all the nodes of G belonging to an elementary cycle of G. We

note G(m], my) such -a cycle.

In a way similar to that of section 2-2, we speak of a node of type Ty, Ty or T according as
it represents a tetrahedron of type T; (i.e., with a face in .Pl)’ Ty (i.e., with a face in Py}, or

Tyo (e, with an edge in P, and an edge in Py).

Which tetrahédra in DT belong to the model .S1p of the slice O of the object O? We will
describe the necessary' operations from both a geometrical and a graph-theoretical points of
view. This latter will prQ\;e to be more powerful in providing a good algorithm and proofs ol
correctness. However, in order to assist the reader's intuition, we give also a geometrical

description.

If a tetrahedron of type Ti, Ty or Ty contains an edge in plane Py or in plane P, which is
external tov the given contours, then it does not belong in the model 512' Otherwise, Condition
2 of section 3-1 would not be satisfied. In the graph G, that means that we delete the nodes
representing the tetrahedra containing the e(fges which are external to the contours and the
edgeé adjacent sto those nodes in G yielding Gy (Rule 1). Once this rule has been applied, it
remains to satisfy condition 1. The correct representation of the slice will show connected |
components of one layer (or 2-dimensional pieces of these components) solidly connected tc
similar pieces of connected components in the other. How do we achieve this solidity of
connection? We must avoid the situation where, even locally, a portion of the triangulation D,
is connected only to a k-dimensional (k=0 or 1) portion of the triangulation D,. To have such :
weak connection would produce 2 model with extraneous veils and linkages yielding a
non-solid reconstructed slice. Fortunately, we can check this behaviour at each edge e interna
to or on the boundary of one of the given contours. In the triangulation DT, such an edge e
(say in plane Pé) is contained in a sequence S, of tetrahedra, joined face-to-face, beginning
with a tetrahedron of type T,, then one or more tetrahedra >of type T122. If the edge e is
internal to a contour in P, then this sequence will end in a single tetrahedron of type T,,
otherwise it ends in an intermediate tetrahedron of type Ty, having a face on the boundary
of DT. To obtain a solid representation of the slice Oy, we must be sure that the tetrahedra
which remain attached to such an edge e in S5 are still attached face-to-face to at least one
of the two possible tetrahedra of type T,. Otherwise, the local region of contact of this portion

of the model with plane P, will be one-dimensional, not solid. In this way, we arrive at a

---------.----------------_--------_..--------_---_---_----_._ ..................................

2: Note that a tetrahedron of type T1 cannot share a common face with a tetrahedron of type T2.
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Criterion describing intermediate tetrahedra which must be eliminated. For any tetrahedron §
of type Ty, which remains after the exclusion of tetrahedra with edges external to C; or Cy
(rule 1), we perform the following test. Say the tetrahedron S has edges e in plane Py and f
in plane P,. These edges are either interior or boundary edges. We verify that S is connected
face-to-face in the sequence Ses through tetrahedra which remain in the so-far-sculpted
triangulation, to at least one of the two possible tetrahedra of type Ty, and is also connected
in the same way in the sequence S¢ to at least one of the two tetrahedra of type T,. If this is
true, we say that S belongs to a solid path. If not, then the tetrahedron S is rejected (rule 2).

The above solidity test can also be done on graph G;. Let n be a node of type Tyo of Gy lying
at the intersection of an edge vy of V; and an edge vy of Vs, and let S be the corresponding
tetrahedron. S belongs to a solid path iff n is connected, through at least one sequence of
edges being part of Vi, to a node of type Ty and is connected, through at least one sequence of

edges being part of vy, to a node of type T,.

s s
¢
Z
/ B
Z
Z
Z
Z
Z
é ssee¢c  eliminated edges
Ly evevreerr AR TN Y] .
2 ® . solid path
Z
A
Z
Z
Z
Z
Z
Z
Z
Z

Fig. 10

When a node has been eliminated during the process, it cannot be an element of a solid path
of any other node; this property can be seen in Gy: we orient the edges of Gy which are part
of vy or vo, from n towards the nodes of type Ty or T, (see Figure 11). In order to deal thh
the infinite edges of Gy, we assume that each infinite edge ends with a node at infinity. This
node does not correspond to a tetrahedron of the reconstructed object and so, must be

eliminated. The infinite edges are then oriented in the same way as the finite edges.

~ A node n of type Ty, belongs to a solid path iff at least two edges of G; come out from n, one
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of them being part of an edge of V4, and another one being part of an edge of V5. When an
edge of G; has received both orientations, it cannot be used in a solid path and must be

eliminated.

external edge

N

H—O—.H,,,,, ,,,,,WH—O

N—

eliminated node

\\\\\\\\\\\\\\\\’.\\\\\\\\\\‘ ‘

Fig. 11

It remains to decide which tetrahedra of type Ty or T) are to be retained. Let us consider a
set of tetrahedra with the same type T; (i=1 or 2), retained after the application of rule 1, and
intersecting plane Pj (j=i) at the same poini. These tetrahedra are connected face-to-face. If
such a set has ‘an element which shares a face with a retained tetrahedron of type Tio, all the
set will be retained (rule 3). It can be easily checked that this rule does not create any
singularity along an edge and that no other tetrahedron can be retained without creating a

singularity at a vertex in P; or Py.

In graph Gy, this rule can be easily applied after an appropriate contraction of the graph. If
two nodes with the same type Ty or T, are adjacent, we consider them as a single node o
type T; or To. A contracted node (and thus all the corresponding nodes of Gy) is eliminated iff

it has no adjacent edge. From the above discussion, we deduce the following procedure:

Procedure slice

1- put the infinite nodes and the nodes of type Ty or To with an external face in a list of
"eliminated nodes"; )
2- for each edge v of Vi U V4, dual to an external edge do

21- eliminate from G the edges part of v;
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22. eliminate from G the nodes belongihg to v and add them to the list of "eliminated

nodes"; | _ "
3- for each eliminated node n of type Tip do (* n=vin vy %)

31- eliminate from G the (non yet eliminated) edges adjacent to n;

32- starting from n, orient the edges part of vy and the edges part of v, until you
find either an edge with the same orientation or or a vertex of type T,. If an
edge e=(n,, ny) with the opposite ‘orientation, say n,->ny, is traversed, eliminate e
and node ny, and add n, to the list of "eliminated nodes";

4- eliminate each contracted node of type T; without any adjacent edge.

34 Complexity analysis

Step 1 requires O(N) time and Step 2 requires O(E) time if E is the number of edges of G.
Clearly E=O(T) if T is the number of tetrahedra of DT.

Let e be an edge of G. We assume, without loss of generality, that e is part of an edge of Vi
During step 3, three cases may occur:

1- e is eliminated and will not be considered any longer; ;

2- e receives an orientation; this case can only occtur twice since e cannot receive more
than -two (opposite) orientations;

3- e is found to have the same orientation as the propagated orientation. Notice that e
is the first edge encounted by the propagation. This case can only occur once since the edge
adjacent to e in the direction opposite to the orientation of e has now received the same
orientatioh as e. Thus e cannot be the first edge encounted by a future propagation with the

same orientation.

#
]

Thus, during Step 3, e cannot be considered more than three times and so, the complexity of
steps 1, 2 and 3 is O(E)=O(T). The complexity of step 4 is obviously O(T), thus the overall
complexity of procedure SLICE is O(T).

3.5 Correctness of procedure SLICE

Procedure SLICE has been proposed in order to satisfy some necessary conditions. This
‘section will establish under what conditions the algorithm effectively produces an

extended-solid slice. We consider successively the two possible cases of singularity:
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singularities along edges and singularities at vertices. We note Gyp the graph produced by the

algorithm and S;, the associated set of tetrahedra (reconstructed slice).

We give some preliminary definitions and some classical results from algebraic topology. We
call shell of an edge e in a complex the set of all the edges f such that (e,f) is a tetrahedron of
the complex and such that e and f are disjoint. No singularity occurs along’an edge iff its shell
is either a cycle (if the edge is interior to the complex), or an arc (if the edge lies on the
boundary of the complex). In a similar way, we call shell of a vertex m in a complex the set of
all faces f such that (m,f) is a tetrahedron of the complex and such that m does not belong to
f. Nd_ singularity occurs at a vertex iff its shell is either a topological sphere (if the point is
interior to the complex), or a topological disk (if the point lies on the boundary of the

complex).

Proposition 4: procedure SLICE does not produce any singularity along edges lying in one of

the cutting planes.
Proof: we start with an easy lemma.

. “,

Lemma: let v be an edge of V, or Vy, and e and ¢’ two edges of G, part of v. If e and ¢’ have
been eliminated and, thus, are not in Gy 2» then all the edges part of v lying between e and e’
cannot belong to G;o. (Indeed, these edges have received the two opposite orientations, one

when considering e, the other when considering e', and so, have been eliminated).

Proof of Proposition 4: Let us consider an edge e of Syo lying ‘in one of the cutting planes,
say P;. e lies on the boundary of DT. We call Rij the jth contour of plane P;. We note
shell(e)=...32i-E-e2j... if the shell of ¢ in DT contains a sequence e,; of edges interior to or on
the boundary of contour Ry;, then a sequence E of edges belonging to some eliminated
tetrahedra (not in 512), then a sequence € of edges interior to or on the boundary of contow
sz. Moreover we note €1p an edge with one end-point in P, and the other in P,. The contours
are supposed to consist of disjoint simple polygons, so the shell of e cannot contain the
sequence ...e2i-e2j... (i#j). Moreover, from the lemma, it cannot contain the sequence ...E-ey;-E...
nor end with the sequence ...E-e5; (in case where e belongs to the convex hull of M;). Thus
the possible cases of shell of an edge belonging to one of the cutting planes are:

¥ e1p-ezi7e1 or epp-ey;

b/ €12-€2i-E-e5 or €1o-e9;-E

cf elZ'eZi'E‘GZj'eIZ'

In cases a/ and b/, the shell of e in Siz is an arc; so there is no singularity along edge e. This
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remains true if we extend S12 as described in Section 3-1. Case ¢/ yields a singularity along
edge e but, if we extend 512 as described in Section 3-1, the two arcs e, and eoj are linked

by an arc lying inside the extension. So the singularity disappears. o .

For convenience, we add the point at infinity: in graph G, we add, on each infinite edge, a
node (the infinite node) and we also add the edges representing the adjacency relationships
between the infinite tetrahedra. Thus each cell of G is closed. These additional nodes cannot

represent tetrahedra of the reconstructed slice and so cannot belong to G12'

Proposition 5: Let mymo be an edge of SIZ' with mj in P, and my in Py. S]2 has no
singularity along mpmo, iﬁ"GIz(mlmz) is connected.

Proof: the shell of mymg is an arc iff Glz(mlmz) is connected. o

Proposition 6: Let m be a vertex of M. The extended reconstructed slice ES;o associated to

512 has no singularity at m iff G(m)—GJZ(m) is connected.

Proof: geometrically the proposition says that ES;, has no singularity at m iff the set SE of
the eliminated tetrahedra containing m is connected face-to-face. Our proof uses a geometrica
argument. Let EDT be DT extended below the lower plane and above the upper plane as
previously described in section 3-1; thus EDT=DT U(ESIZ'Slz)' DT is convex and solid; the
contours being simple polygons, EDT is also solid and the shell of a vertex of EDT is a

topological sphere.

The condition is necessary: we prove the converse. If SE is not face-to-face connected, then th
shell of m in SE is made of at least two disks, disjoint or possibly touching at a vertex. The
shell of m in ESy, is equal to the difference between the shell of m in EDT and the shell of m
in SE. Consequently the shell of m in ESy5 is a sphere with at least two holes (possibly

touching at a vertex), not a disk. So ES;, has a singularity at m.

The condition is sufficient: Let us suppose that SE is face-to-face connected. Due to Proposition
5, Sy5 has no singularity along any edge joining m to a vertex of the plane not containing m.
Thus the shell of m in SE is a disk and the shell of m in the extended reconstructed slice ES;,

is a disk, which means that ES{, has no singularity at m. o

It is to be noticed that Proposition 6 is stronger than Proposition 5: if no singularity occurs at
any vertex, then no singularity can occur along an edge. In such a case, procedure SLICE will

produce the maximal solid-slice contained in DT. However the reconstructed slice produced by
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procedure SLICE may not satisfy the condition of Proposition 6. Roughly speaking, such a
situation occurs when the two cross-sections are too different: no good solution, with respect
to Conditions 1 and 2 of Section 3-1, is contained in DT and so can be obtained by the

procedure. We depict in Fig.12-14 three typical cases.

If. no other measurement can be performed, the natural solution to overcome the difficulty i
to interpolate new cross-sections. We create one or two intermediate cross-sections between
P; and P, not too different from Cy and C, thus allowing to create (two or three instead of
one) solid-slices. The union of these two or three slices will be an extended solid-slice. With a
different motivation, interpolations of new contours have been proposed by Sloan and
Hrechanyk (SH): they use shape descriptors to hypothesize a transformation which accounts
for the difference in shape between successive contours. Our construction does not require
make any hypothesis: we simply add to G the nodes creating the singularities. The
reconstructed slice S;, thus obtained will be an extended solid slice but with possibly some
additional edges and/or faces which are known to be exterior to the contours. Suppose that
the intersection of Sy with, for instance, P, has additional parts; these additional parts define
an intermediate cross-section C'; which contains the actual one Cy. We place C'y between P;.
and P, and create the slice between C; and C'y by simply computing the cylinder between the
two identical contours, one in C, and the other in C'y. Thus we Tallow the creation of additional
"horizontal" (i.e. parallel to the cutting planes) faces; remember that we needed procedure

SLICE to create "horizontal" faces in case of a new contour (cf Fig.4b).

Procedure CORRECT

for each point m of M; (i=1,2) do
for each connected component C of G(m)-Glz(m) do
if C does not contain the infinite node then
1- add all the nodes of £ to Gyo: this create a new cross-section C'; we place
between plapes P, and P,, closer to P; than to Pj;
2- compute the (trivial) slice between Cand C;
(* this can be done by computing the (trivial) DT of Cjand C'; and applymg

step 1 of procedure SLICE *)

e o1

The complexity of procedure CORRECT is clearly O(T). We show in Fig.15-17 the slices
produced by procedure CORRECT, corresponding to Fig.10-12.
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3-6 Overall reconstruction

In order to reconmstruct the o;rerall object, we apply the above method to the L.-1 slices. The
overall reconstructed object will, in most situations, satisfy Conditions 1 and 2 of section 3-1.
However Condition 2 may be violated if a face of a cutting plane P; is found to be horizontal
in the two adjacent slices, (P;_{P;) and (PiP;, 1)- In that case (see Fig. 18a), the reconstructed
object will intersect P; along only a subset of the given cross-sections. Condition 1 may also
be violated if an edge of a cutting plane P; is found to have a singularity (case ¢/ of

Proposition 4) in the two adjacent slices containing the edge (see Fig. 18b). ' .

Lz

W\
L2

(a) (b)
. Fig. 18

These difficulties occur when the distance between the cutting planes is too large; in order tc
avoid these cases, and to prevent the creation of non-solid objects, we need to perform a new
intermediate cut of the object or, if this is not possible, to interpolate new cross-rsections: we
duplicate cross-section C; of plane P;, yielding a new cross-section C';, we place close to plane
P;. The slice between Cjand C';can be computed in a trivial way and will guarantee thgt no

face of a cross-section is lost and that no singularity occurs.

4. FINAL REMARKS AND EXPERIMENTAL RESULTS

1- It is to be noticed that the algorithm produces one of the correct solids contained in the

Delaunay triangulation, narhely the maximal one. Other correct solutions, satisfying Conditions
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1 and 2 of Section 3-1, can be obtained by eliminating all or some of the tetrahedra with an
edge on a contour in one cutting plane, and an edge on a contour in the other cutting plane.
This can be done by eliminating one such tetrahedron at a time, provided that it is adjacent
to- exactly two non eliminated tetrahedra (B2). This allows a variety of possible options for
choosing the final shape, which may depend on the application and on the a priori knowledge

we have about the object.

2- In our solution, we accept "horizontal" faces (i.e. belonging to one of the cutting planes).
This is to be compared to the solutions proposed in (K),(FKU) and their variants (GD),(SH)
where no horizontal faces are allowed. Such an a priori constraint may yield unsatisfactory

results in cases where there exist horizontal or close to horizontal faces. See Fig.19.

........

>

Fig. 19

3- The method can be used even if the planes are not parallel. The algorithm presented in
Section 3 cannot be used any longer but can be slightly modified in order to produce some
other triangulations. For example, instead of the usual DT, we can coxﬁpute a curved DT
obtained by rotating the planes P, and ‘P, around their common axis P} nP,, instead of
projecting P, onto Py. The structure of this new triangulation is also a planar graph and the

elimination process remains unchanged.

4-The geometric dual of any triangulation of a .set of points distributed in two planes is a
planar subdivision whose skeleton is a graph with Properties 1, 2 and 3 of Section 3-3. Thus
the reconstruction algorithm can make use of any kind of triangulation. The usual Delaunay
triangulation, based on the Euclidean distance, seems the most appropriate if no a priori
knowledge on the shape is available: indeed, it relates each point to its nearest neighbors in
the different directions (a precise result can be found in (B2)). However, in some applications,
other triangulations and, among others, Delaunay triangulations based on other metrics may

be useful.
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5- An implementation of - this algorithm has been written in C. Fig. 20 shows a set of contours
The partial surfaces are presented’ in Fig. 21; for clarity, only the faces of the boundary of the
non eliminated tetrahedra not lying in a cuttmg plane are shown. Fig. 22 contains a shaded
image of the resulting overall surface. Other results on medical 1mages are shown in Fxg 23
and 24, '

5- CONCLUSION

We "have presented a new meéthod to reconstruct a volumetric model of an object or of a set o
polyhedral objects known by a finite number L of planar cross-sections. The method reduces
the problem of constructing a shape over the L cross-sections to one of constructing a
sequence of L-1 partial shapes, each of them connecting two cross-sections lying on adjacent
planes. The solution makes use pf the Delaunay triangulation which is isomorphic, in that
specific situation where the points lie in two planes, to a planar graph, obtained by
superimposing two planar Voronoi diagrams. This graph, which may be of interest in its own
right, permits us to compute the 3-dimensional Delaunay triangulation of points lying in two
planes in an optimal way by means of 2-dimensional operations only: the complexity of our
algorithm is O(NLogN+T) where N is the size of the input (the number of points) and T the size
of the output (the number of tetrahedra of the triangulation).

We compute the L-1 Delaunay triangulations of the vertices of the L-1 couples of adjacent
cross-sections. Shape reconstruction is then achieved, slice by slice, by pruning these L-1
Delaunay triangulations. The method can handle the case of multiple contours in the cutting
planes. The number of contours may be different from one cross-section to the other, with
some possibly included in othersv Moreover the method guarantees that the result is a solid
object. This object is represented by a set of tetrahedra which makes easy many calculations.
for instance the calculus of the volume of the objects, or the production of meshes for finite
element methods. The complexity of the reconstruction algorithm is O(T) if T is the maximal
number of tetrahedra in the Delaunay triangulation between two adjacent planes P; and P,
containing N=N. +NJ points. T is O(N2) in the worst-case but, when the contours in two adjacent

cross-sections are not too different, it is expected to be ‘O(N).

Finally, we mention two possible applications of the work reported here. At first , we note
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that a set of (polygomal) cross-sections of an object is a very compact representation of the
object. As soon as a triangulation and a set of cross-sections satisfying our hypothesis  (cf.
Proposition 2 and 6) have been chosen, this representation is equ_ivalent to a  volumetric
representation of the object, which can be obtained by the above method. Another possible
application is related to shape-matching: the shape reconstruction problem- can be considered
as a special case of a more general shape-matching problem. Similar problems appear in othe
domains, most notably that of motion perception. Both the problem of recognizing the motion
of a set of objecis through space (and time) and the problem of reproducing such a motion (a

in key frame animation) can be usefully viewed as shape matching processes.
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