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RESUME 

Différentes apororimations paraboirques de L équation aes ondes sealaire 

sont présentées et analysées. Ces équations sont utilisées dons différents 

domaines, comme la çéophysique et l'acoustique sous-marine. Une nouveiie 

équation. parabolique en milieu hétérogène est établie, dont les qualités 

d'anproximation de la réflerion des ondes sur une interface enire deux mi- 

Lieux sont optimales. En effet l'amliitude des ondes réfléchie et réfrac 

tée dévend continüment de tous les varamètres, ce qui n'est pas Le czs 

pour les équations classiques. L'existence, l'uniciré d'une solution, et 

des estimations d'énergie sont blies pour cette équation. Les résuitags éta 

roblème de Cauchy que pour le propième aux sont donnés aussi bien pour Le 

lumites. 

ABSTRACT 

Different variants of parabotîc approximations of scalar wave equations 

are derived and their properties are analysed. These equations are of general 

form which includes the ones used in seismology, underwater acoustics and 

other appLicatipns. A new version of the parabolic approximation is derived 

for heterogeneous media. It has optimal properties with respect to wave reflec- 

tion at material interfaces. The amplitudes of the reflected and transm1tted È 

waves depend continuously on the interface. Existence, uniqueness and energy 

est imates are proved. 

MÊTS CLES 

APPROXIMATION PARAXIALE, APPPOXIMATION PARAROLIQUE, EQUATIONS TES ONDES. 
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l - INTRODUCTION 

Parabolic wave equation approximations have been used to describe wave 

propagation with a preferred dîrect%on În à number of applications. The name, 

parabolic equation, was already used by Leontovitch and Fock [ZÛÏ, and they 

applied the method to describe electromagnetic waves along the surface of the 

earth. 

Different versions of parabolic approximations to wave equations have 

Llater been used as mathematical models for computational àLgorîthms.în many 

other .areas. In seismology parabolic wave equation approximations were introduced 

by Claerbout [6] and have been applied both to scalar and elastic wave propaga- 

tion [7], [8], [9], [17], (19], [22]. 

The geophysical applications in seismology have been particularly success- 

ful  for the inverse problem, in connection to the so-called migration process 

[(8] . Numerical computations based on wave approximations are now a standard part 

of geophysical data processing. ° 

IN underwater acoustics, parabolic approximations have also become an 

essential tool. The idea was introduced to this field by Tappert and Hardin [26] 

and has given rise to a Lively research activity [5], {12], [23] , [24]. 

‘In {[27], Tappert gives a survey of the applications of parabolïc approxi- 

mation in acoustics as well as in o%her fields. Thïs article also contains 

analysis of basic properties of these eqqatîons. 

Other fields of application for parabolic wave approximations are optics 

and in particular Laser optics, plasma phy5îcè, radio waves diffraction problems, 

and small disturbance calculatïons of transonic flow [10], [15], [16], [27].



In 8ifferent fields of application this type of wave equation approximation 

goes under different names as e.g. "thin beam approximation", "’quasi-optical 

approximation", "15°-approximation", or “one-way wave equation'". 

Parabolic approximations are also very useful as boundary conditions 

in computations with the full wave equation [(9] , [13]. They can be used as 

‘absorbing boundary conditions'’ when there ïs no physical boundary, but where 

an artificial boundary has to be introduced in order to Limit the domain of 

computation. These boundary conditions produce very small artificial reflections 

at the computational boundary. 

The ‘simplest kand mMost common in applications) form of a paraxial appro- 

ximation is the parabolic approximation of a scalar wave equation for a homo- 

geneous medium Cwith paraxial approximations we mean the general class of wave 

equation approximations which describe Wave propagation in a preferred direction 

[2], [16]). In two space dimensions, the solution UC*,t) of the wave equation 

2 2 2 1.19 _1_Ê_P_.—(Ê_Æ+Æ)_—.o 
c? at? ax2 ax? 

With velocity c às approximated by the solution of the parabolic approximation 

.2) 1 2’7u, a2u _c su _ 9 
[e- 3t2 at_ 3X2 2 3XÎ 

This approximation is exact for plane waves traveliïng in the positive x 

direction Ci.e. "’upgoing” vaves) 

u(x,t) = f(x2 - ct> . 
* 

The function u above is obviously a solutïon to both (1.1) and (1.2). Moreover, 

the approximation (1.2) is good for waves traveling close to the positive xz 
direction.



; x 
In a retarded coordinate system t —t - Î% , the approximate equation (1.2) 

becomes : 

- c _ 

(1.3) rarrr- url 0 

This form is common in applications, i.e. when performing the computations in 

the frequency domain Csee the references to thé applications above). 

There are two main reasons for using parabolic wave equations instead of the 

full wave equation. 

(i) It is simpler and computationally more efficient in particular in time 

retarded coordinates Cequation (1.3))5 

(tiid It only describes the wave propagating in the positive x2 direction, 

and not the back refLeëted wave. 

The property (i) is of course important in all applications. The second property 

(11) is crucial in many cases. It makes t possible to use the approximation 

as an evolution equation in x2, which is not the case for the original wave 

equation. Property Cii) is also important in the migration process ([8]> . 

Scattered waves are traced 5ackward in tîme and the reflection from (1.1) would 

not be physïcally relevant. Finally, property Cii) is essentîallwhen the para- 

'boLic approximation is used as boundary condition. 

There are two_uays of improving the approximation (1.2). It can be 

generalized in such a way that waves propagating in a direction with a substan- 

tial anole to the x2 axis are also well appro&îmated. This can be done by 

using higher order differential equations or systems of differential equations. 

It ïs studied ÿin [1], [3]. 

In thïs paper we shall consider the generalîzation to varïable velocity 

medÿa. Different types of such parabolîc approximations have been derived, ba:«d 

on dîfferent principles and objectives, We shall analyze these approximations



with respect to their mathematical properties, and in particular the reflection 

and transmission at an interface. Neïther of these approximations has good 

properties with respect to the amplitudes, and we shall design a new approxima- 

tion. 

In section 2, we recall the parabolic approximation in homogeneous media 

and we give some mathematical results - existence, uniqueness and energy estimates 

are proved for the solution of the standard Cauchy problem and also the Cauchy 

problem with data given on x, = O. MWe also study the phase' and group velocities 

and the fundamental solution. 

We wrîte the various existing parabolic approximations in heterogeneous 

media on a general form in sefition 3 and we study the reflection and transmis- 

sion at an interface. We define the transmission conditions and calculate the 

reflection and transmission coefficients. These coefficients are compared to 

those for the wave equation and ue Study the continuity of them with respect 

to interfaces. 

In section 4, we develop a neu parabolic approximation which is 

a good approximation to the wave equation for heterogeneous media with small 

velocity variations and which has the amplitudes of the reflected and transmitted 

waves continuous with respect to the Location of the interface. As for the 

homogeneous case energy estimates, existence and uniqueness for the Cauchy - 

problem in time or space are proved. The propagation properties in a variable 

velocity medium are studied., 

Results from numerical experiments are presented ïn section 5. À 

numerical “ approximation of the fundamental solution in homogeneous and 

heterogeneous media gives quantitative illustrations to the qualitative analysis 

of Îhe earlïer sections. The calculations were performed by F. Collino {(11]. 

Some of the results of this paper were annonced in [14] and some technical 

details in the proofs are omitted here but are given in the report [2].



2 - PARÀBOLIC”APPROXIMÀTIONS‘IN HOMOGENEOUS'MEDIA 

2.1. DERIVATIONS OF THE APPROXIMATION 

The analysis in this paper is concerned with the wave equâtion in two 
Space dimensions, but could be_done in r" for any n as well. 
Consîder'the Scalar wave equation În two space dimensions for a homogeneous 
medium with velocity & >0 - 

, 2 (2.1) J 2U _ u=0 
ë2 at2 

À plane härmonic wave 

U(x ,x ,t) = exp ilut - k x - k x 1 2. ; 1l 1 ° 2 2 

is a solution to (2.1) if the frequency w and the Wave vector k = (k ,k ) 
1l 2 satisfy the dispersion relation : 

112 C2.2) 02 = c?|k}* = c2Ck2 + 42) 
1 2 

From the dispersion relat fon We can define two frequencTes wW,(k)- and & (k) 
corresponding to waves travelïng in the positive x direction (u+(x}t)) and 2 the negative x direction Cu_Cx,t)) respectively, 2 

k ; e 58 U- e 119252 \ w, k m+(k) 

ME 25 
Cw(k)=-(1 

(CÛÎË)) 

u(x,t) = u, (x,t) + U _Cx,t) 

u, (x,t) = JJ â+(k) exg'i<œ+<k>t - k.x) dk 
R? ‘ 

\u_c,t) = JJ 8_(k) exp iCu Cot - kx dk 
r?



ALL solutions with finite Energy can be written as a Superposition of plane 
waves related to the frequencies w, (k) and w_(k). The amplitudes 3+(k) 
and Ê_(k) are given by the Fourier transforms of the initial values at time 
tao- 

2,(k) = ———1———(w A(k tg) + | âg—(k »» 
ä, r =0, - UK,to L St to 

3 Ck) = ————l———(w A(k to) + | âÏ-(k tn)) 
a_ —w+’îfi 4 UXK,to 13_t sto 

The purpose of a paraxial approximation of (2.1) is to provide an equation 
the solution of which is a good approximation of an essential part of u, 
C(or u_). The ideal equation should have the following dispersion relation : 

(2.3) c %z= + A - C Ë…L)2)ï 

This does not correspond to a partial differential equatîon.-If we also want 
to have a partial differential equation, we must settle for a rational dispersion 
relation which approximates @.3). Our design criterion ïs to require the appro- 
ximation to be good for propagation directions close to the positive xa-direction, 
i.e. for : 

[e %lÿ = |sin ©| smaltl ; c2>0 

It is natural to use a first order Taylor expansion Ç(e = c — : 

(I - e2)? = q —%e2 + OCe®) 
‘ 

îin order to derive the dispersion relation 

2 
1 k1 c—2 =+(10-2L , , or w e ? 

(2.4) 024 cu + 1 c22 - 0 2 2 1



The corresponding partial differential equation is the so-called pàrabolic 

approximation (see e.g [27]) 

2 2 2 
(2.5) .Â_2‘i+ca°;t—%czê—ï=o ; 

at X2 3xÎ 

In figure 2.1 the circular graph of the dispersion relation (2.2) and the 

graph of the parabolic approximation (2.4) are displayed (k = Ë). 

K, 

Figure 2.1 : dispersion retations 

In geophysics this equat fon has been called 15° approxîmgtîofi C[8]) since 

it gave the required accuracy for © < 15°. In that field the original technigge 

used when derîving_the”equatîon…uas,dîfferent. In [8], Claerbout introduced 

the change of variable t—t.+ %% . 

The function 

vCx,t) = uCx,t.+ %%9_ 

satisfies the equation 

2 2 2 
c2 &Y + 2:3V—2_——-—33;t-0 . 

ax x x2



- 10 - 

2y . . _ . The term c? Ë—Î is dropped since it jis smaller than the other terms for àx 
harmonic waves originally traveling n a direction close to the positive 

xa axis. The resulting equation 

is the equivalent of (2.5) in à moving coordinate frame. 

2.2..MATHEMATICAL PROPERTIES- OF THE APPROXIMATION —_—_——_—.—'—_—_———_—_—_—_ 

ALL possible harmonic plane wave solutions of the parabolic approximation 
are described by the dispersion relation (2.4). Thus, corresponding to a wave 
vector k there are tuwo frequencies ü,(k) and w (k) with the slowness 

- P *. ,5 - . . 
vectors K* and K  respectively K = ËO, K2 is positive, K, is negative. 

Figure 2.2 : the two propagation modes —E SI R OPagation modes 

The parabolic approximation has been designed such that it can be used as 

an equation wîth x2 considered as an evolution-direction. It might therefore 
Seem paradoxical that there remaîn Kaves propagating in a direction wîth a 

negative x», component Ccorresponding to the vector K” àn figure 2.2).



- 11 - 

There is however no contradiction since the group velocity vector VG(K) 

always has a positive X» - component. 

‘ 1 cK, (2.6) VG(K) = Vk (w) = —2——"—Î2ÎZ— 1 

Group velocity 

Phase velocity 
1/K, 

Figure 2,3 : phase velocity, group velocity —0 RE DE AE OSN GTOUR Velocity 

The fundamental solution E for (2.5) can be derived from the fundameñtal 

solution of the wave equation after a change of variables… 

aCE L . 87E _ 02 02 - 
32 ox,ot 3XÎ 

E(x,0) = O 

oE _ 
î (X,D) = &(x) 

With x£ = %Ê—Xi , X2 = x - %—t , t'=t 

E (x',t") = VÛ ECx,t) 

we get in the primal variables 

a2E" _ a2 0 
9x 12 7 % =0 

E'(x',0) = O 

E 
'â"t—r (X',O> = Ô(X')
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and thus the fundamental solution E is : 

2 4 H(2ctx2 - xÎ - èx } 
ECx,t) = — Z 22_ 

(2ctx2 -x* - 2x;)? 

where H is the Heaviside function. 

The support of E at time t isthe interior of the ellipse &(t) in 
figure 2.4 whose equation is - 

2 c 2 _ (2.7) 2xl + 4(x2 5 t> ='et 

Figure 2.4 : Support of the fundamental solut Tons 

Note that the support of the fundamental solution is Compact and included in 
the upper half plane (positive x2). The singularity along the boundary is 
of the same Kind as that for the regular wave equation. 

The parabot îc approximation (2.5) has important energy conservation properties. 
Consider first the Cauchy problem with tîme as evolution direction.



- 13 - 

2 22 2 22 ; @2.8) 244c 24 - SF =0 ut E RS R, at* 2 ax 

C2.8b) U(x,0) = u9Cx) 

x € r 
u (2.8c) 5î-(x,0) = u; (x) 

The following energy identities aré valid : 

2 2 2 aug 2 1 su c2 su C1 f c2 0 (2.9) îJ î‘ dx + TJ I—Œ1—! dx = ÎJ' IU1l dx + —4— 'Êi dx 
1R2 R2 ; 1R2 | ]R2 

(2.10) 1J lË"-+c—a—“-|dx+%J |—Êïldx=1J [u # € —| dx + 2 1 
3X2 

Equation (2.9) is obtained from (2.8a) after multiplying by %%— and integrating 
over R?. For the Second identity we revrite (2.8a) on the form 

à ,à du c2 a2u 55 te—) - 5 L =0 , ât 3t 3x, z 

; ou du ; 2 ; muttiply by 5t + c 3x and then integrate over R . (Consider now the 2 

half-space probLem for x,>0 CRÎ = {(xl,x2)/Ï:x2 > 0h. 

(2.11a) | L— + c -— —-=0 (x,t) € ]Rî x R, . 

(2.116) - u(x,0) = up (x) 

x€R 
(2.11c) 55 (x,0) = uy C 

(2.11d) uCx; ,0,t) ='go ,t) (x ,t) E R x R+ .
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The following energy identities are appropriate when X» S considered 

as an evolution direction 

T 
X2 2" 

[ u ? . 1 au J J ['a—t— Cx1,x2,t)| dxjdt+ C—J J lî C ,8,7) | dx,dz + 
e ; R 

, X2 2 T 2 (2.12) + %J J' |{% (x1,8,1)| dxjdz = J Ï 29 (x1,t)] dx,dt + 
' 0R UR 

1 X2 2 Xxa 3U0 2 

[ 

c ! au ? & au 1 au ? —2—J J ‘äîÎ (-x1,x2,t)l dx,dt + J J ICÎ)Ç + ra î) Cxy 22475 ! dx;dz + 
- CR 

X2' ; 2 T ; 2 
u c (2.13) + ËJ J 'a—xî Cx ,c t)| dxjde = -2-J J [3—>ä' Cx1,t3| dxj dt + 

CR ÛR 

X2 2 X2 2 Bu0 u 1 8u0 4 pn — p 
J J |(î+ 59 (x1,0)| dxjde + 2J { |3xl (, ,:)| dx dt 
r ? CR 

The derivation is similar to the derivation for (2.9) and (2.10).



...13— 

3 - PARABOLIC APPROXIMATIONS IN HETEROGENEOUS MEDIA 

3.1. DIFFERENT DERIVATIONS OF THE APPROXIMATIONS — e rr rrr 

In this section, we shall describe three different ways of deriïving the 

parabolic approximations that’have appeared in the Literature and which Lead 

to three different equations. 

Consider the scalar wave equation on the form - 

2 
(3.1) 1 2U _ u=0 . 

c(x)2 at2 

(A more general varâabLe coefficient formulation will be introduced in section 

4.13., 

The simplest way of deriving a parabolic approximation for (3.1) ‘is the method 

of frozen coefficients. The equation is regarded as localty homogèneous and c 

is replaced by c(x) in formula (2.5). 

2 2 2 (3.2) — 2U4 I aÉu 11 22 _ 9 
c(x)2 at? cCx atax, 2 BXÎ 

In section 2.1 we outlined a technique for the derïvation in the fomogeneous 

case following [8] . This technique which. is based on a change of variables can 

be extended to a variable velocity. The transformed function îs given by 

Vix,t) = uC,t + TO0) 

X2 
_ de TCx = [q ËÎŸÎÎÈÎ 

The equation (G.1) expressed in v has the form 

2 2 
IZC3V+CZË__Ë_+CZ_Ï9__J_?_‘/+ 

‘ àx S Bth2 2 èx, \c/ot 

- \2 , \ _ 2 82v_2 aT _32v , faT * a2v _ av a2T \ 

èx, èx, atôx] \ax,) 3t° at axX
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24 ; , As in section 2.1 the Ê—% term is dropped and the inverse of the change of ax . 2 … - . A 
variables is performed. “ The resulting approximate equation js 

2 2 (3.3) l3_&+.Lâ_î__c;râ_ï)_lagzo 
c? atf c* 9%2 C èx, 

The third technique we shall discuss is based on the expansion of pseudo - 
differential operators. It follows the derivation of absorbing boundary condi- 
tions in [13] . These boqndary conditions are paraxial wave equations with X2 
in the direction normal to the boundary. 

2 For smooth velocity c the hyperbolic operator -l—-ÂLÎ - & can be decomposed 
c° at | into a product of tuo pseudo-differential operators. One of these operators 

corresponds to waves traveling in the positive xz direction and the other in 
the negative X2 direction. The first terms in the asymptotic expansion for 
the one with waves traveling in the positive -x2 direction Lead to : 

1 a2u 1 1 au 1 à du (3.4) Ttx 49 -— 2 « ê4) -0 c2 at2 e* èxs c? t èc 3xl ax, 

The details are given in [2]. 

The three approximations derived above can be written in the following general 
form 

1 a2u 1 à èu, _ 1 à au, _ 
(3.5) Zî-;îî—+ ÈŒËÉÎ‘5ËË'GDCC) 5î° ETE3N 5;:-(wCC) ÊÏÎ) = 0 

where © and v are smooth positive functions. When the velocity c is constant 
this equation reduces to the parabolic approximation (2.5). In heterogeneous 
media  it generalizes the equationsdefined above : 

l —
 ”equatïon G.2) : ECc) » VWfc) =1 

W pa
rs

 equation (3.3) : pCe) 2 , vCe) H [e]
 

equation (G3.4) : Cc) = 97 » V£c) U n
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3.2. TRANSMITTED AND REFLECTED WAVE AT À LINEAR INTERFACE 
- —— p — 

We shall see that the model (3.5) jis not suffîcignt to'‘ensure a good approximation 

to the wave equation for heterogeneous media with small velocity variations 

and the continuity of the solution with respect to interfaces between Layers. 

Our analysis will be concerned with a partîcular heterogeneous medium. It consists 

of two homogeneous half-spaces & and Q+, with a_veLocîtyl c; and c+ 

respectively, separated by an interface r(a). The unit normal and tangent 

vectors to the interface are denoted by v and x respectively : 

t = (cos a,sin a)d 

v = (-sin a,cos a) 

(3.6) rCa) = {x, x.v = O} 

= {x, x.v < 0} Le
) [ 

Q+ = {x, x.v > 0} 

Figure 3.1 : description of the medium 

We shall investigate the reflection and transmission of a harmonic plane wave 

at T(a) and compare it to the case of the wave equation (2.1). The continuity 

with respect to a will be studied. 

We first derive the transmission conditions for (G3.5) at T.



- 18 - 

THEOREM 3.1 : When a = O, there üs one transmission condition, given by : 

G.7) [‘D(C)Ul T (a) = 0 

When a # 0, there are two transmission conditions, defined by : 

[U]F(u)-= 0 
(3.8) 

{ 8Cc) —-—+ ä»w(c) —_î sin a ]r a) 7 0 (a)d 

where [ lr(u) denotes the jump across the interface, and the function e(c) 
ts defined by : 

:—î = pCe) CapCed d oi
g 

(3.9) , 
e(1) = 1 

REMARK 3.1 : The number of transmission conditions is discontinuous at a = 0. 
Moreover the conditions themselves are discontinuous since neither of conditions 
(3.8) converges to the condîtion.Ç3.7) when a goes to zero. This îs of course 
due to the fact that the equation is of first order in X2 - and second order 
in x;. 

PROOF : We begin with the case à = 0. Then the equatton reduces to : 

1 22u 1 a2u —A «plou) - 5 — =0 c2 a_2 - ePCe) 3t8x 2 3xÎ 

The highest order of singularity în the equation îs achîeved by the X2 deriva- 
tive. Thus the transmission condition is the same as for the equation - 

—2 Gpcedu) = 0 ox, 

which is ctearty rèlation (3.7.
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When a # D, we define new coordinates along and normal to the interface : 

X3 cos a sin a X 

X2 -sin a cos a X 

and then rewrite the equation in the new coordinates as : 

L 82u+sîna 82u - 2 924 

2 C atax, C0s* a-—S c? at? 1 ax 

, Sin a cos a 32u 
C ax, 3x 

cos a a? sin a cos à 32 r e v raue + 2779295 
cpkc) atax, (aCc) ud 2v Cc) 3X, >x, plcdu) + 

sin? a 
—îw7Èî- (îJ)(C) ) = 0 

The highest order singularity is contained in the Last term and, if u Ïs not 

continuous, cannot be compensated by any of the others. Thus u is continuous and 

satisfies the first condition in (3.83. The highest order singularity is now 

the sum S of the Last three terms - 

s= cos a 32 sin « cos a 92 

OTES DROR O e Da s7 PLO » 

sin? a 
"Te ax (pCed = ) 

Using the function © defined în (3.9), a straiïghtforward calculation gîves : 

201 9 au 51n « au 3 S es 5î;-[cos a 8Cc) 3 * pCle) Ccos % =y- - Sin o ———à] ox, X 

(1 &(c)" 82u 
c - vCc)) 3tIX,
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Aga1n, if u às cont1nuous, the h1ghest 51ngular1ty is .in the. X der1vat1vç 

unLess the bracket is cont1nuous We then get (3.8) by noticing that 

u _ u - QU ; cos a X1 sin a 3x7 - 3x - â . 

We are now able to study the refLect1on and transm1551on af harmon1c plane 

waves at the 1nterface P(a) 

Let uI be an incident vave ‘in QÎ}'-thàt"îs : 

3109 — u! = exp itut - Kn 

where the real vector kI and the'freqùency @  are connected by the dispersion 

relation in Q_ : 

° 2 ; 

G.15 - -— 074 L'ot 41 u®10 . -,2 - 2 2 Cc ) c “ 

and are such that the group velocity vector ïs goïîna toward the interface, i.e. 

3.123 - V —).n>0 . 
G u ; 

_‘The refLected and transm1tted waves. are defined :by theïr wave -véctors k® and 
, 

k and the reflection and transmission-coefficïents R() “and-“T(a) such that 

the solution of equation (3.5) is equal’ to. : 

u! + R(d$bÈxp ilut - kR.x)'…*' 
(3.13) u =- T + 

T(a) exp ilot - k .x) in Q 

and satisfies the transmission condîtîon(s)4 

Rî—- ra«::£':.»;-.‘f'-“ ° fs ‘The’refleéteë and tränsmitted wave vectors K* and k are determined by the 

following conditions : - ” 

. (w,kR) satisfies the dispersion relation (3.11) in Q 

s_ s2 0# . (m,kT) satisfies the dispersion relation i&n 9n" -
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G1 -— 074 Ln 12 -0 2 + 2 
Cc > c 

. ; T ; . The projections of k and k on T() are equal to the projection of kI : 

3159 KÉT = T4 = 14P » 

. kR îs reflected in & , kT is transmitted in n* : 

kR kT 
13.163 V-> .v <O ; V— .v>0 G u G u 

The cases a = O and a # O are inherently different, as stated în the lemma, 

LEMMA 3.1 : (&)  For an horizontal Interface there is no reflected wave, and 

there ùs one transmitted wave. 

(it) For an oblique interface there are alvays one reflected vave 

and one transmitted wave. 

PROOF : 

Gi) Suppose o ‘s equai to zero. Then the reflected wave vector would be 

such that =- 

MUR _ QE \kl k3 
} 
- 1 …2+—1_k‘;…+lckÿ) = 0 

(c 32 ? 

. I- ‘ 
and kâ would be equal to k2. Thus, from G.16), there ïs no reflected wave. 

The transmitted wave vector solves the system - 

Çkï=kÏ 

p E E RE + 5 ® +r2 92<17 = (c D c 

this gives an unique solution kg, and it canreadily be checked that the 
_ A “ . + corresponding wave ïs' transmitted in Q.
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Gi) If a isnot zero, then kR is the other solution of the system : [ 
K; cos a + kz sin à = kI-T 

——___…2+—-——kw+lk=0 
- 2 2 2 <1 

which can easily be solved, and kT îis solution of : 

<kÎ cos a + k; sina s= kT.r 

-——1__w2+l_. k;ü) + 

ce*y2 

T T k 2 k I . 1 2 cosa “ 2 , kit _ (3.17) (… ; - c Sina (w >* É'(sin Q = =0 

Depending on the sign of the dîscriminant, the solutions are real or imaginary : 14 Kt € 1L 1+sim2 s— 
n 2c sin a | 

T k 18 defined as the real root of equation (3.17) Satisfying VG(——J.v >0 
1 If k .r 1 1+sin à —— ; , w 2c+ sin a 

T kî is the imaginary root of equation (3.17) such that Im(£—).u > 0, and the . . . + : 
corresponding wave is evanescent in n°. 

“ - 

The coefficients R(@a) and TCo) ‘are now determined by applying the transmission conditions to CG3.13). 

LEMMA 3.2 : The reflection and transmission coefficients are given by - 

HS OE 

If a =0 

(3.18) R(O) = 0 ; TO - mcc+> 
pCe )
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If a#0 

{ (@Cc*) -‘atc 3 w cos a - 4 CeCc*) k! - vce d KP sin a] T(a) = 

(3.19) -3 wec Ë - k sin a 

R(a) = T(a) - 1 

We notice that for a horizontal interface, R and T do not depend on the 

incidence angle. 

We now compare these results to the ones obtaîned for the wave equation (2.13, 

In that case, there are always one reflected and one transmitted wave Cwhen 

c° #c ). The corresponding coefficients depend on the incidence angle. For 

incident waves hitting the înterface normally, the wave equation reflection 

and transmission coefficients are : 
c.. 

2 RS 
G.20) TD = ————C=— RD = | c_ 

0185 15 
[ C 

* . - .… . . - If c ïs close to c , it is natural to require T(O) to approximate T o° 

À second order Taylor expansion of TC(0), R- and TD yields 

. 2 - . 
R7 7 55 + OcCac) à 14 = 1 + ÂE 4 OCCheD?) 

(3.21) ‘ ; 2c 
- 

R(O) = 0 TCO) = 1 - nc DL 4 Ocacd?) 
Cc ) 

+ _ 

with &c =c -c 

For any value of the functions @ and wv, T(D) and R(0) are first order 

approximations of HÛ and R5 resbectîveLy. For a better approxîmation of 

TE? we easily get the following resutt -
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THEOREM 3.2 : For a normally incident vave on a horizontal interface, the 
Taylor expansions of TY and T(0) coineide UP to the second order with respeot to ÊEÊ tf and only if 

(3.22) @C(c) = c ? ; 

The second main point we emphasize here is the continuity of R(a) and  TCa) 
3s o tends to zero. 

LEMMA 3.4 : For any functions © and w, the limits OF Tla) and RCa) when a tends to zero are given By : 

* 
* lim T() =T Lim R(a) =R a —0 

a =0 

- - * - (3.23) [(9(c+) - 8CcT)) + L°_’.]7 = YC > 
c c 

* * 
R =T -41 

K 
PROOF : If —  is fixed, we have - ( 

ki k] lim sin a — = Lim sina — =0 a —0 a —0 

THEOREM 3.3 : (1) T(G) Ls continuous as à tends to zero for any values 
—_-_———. 

A + - … ; . cf c and < tJ and only :f : 

w(a) d - 
(3.24) cpces) - or % zp(c)_ =0 .
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(ii) Rla) Ts continuous as a tends to zero for any values of 

c and c Tf and only €f : 

d - (3.25) e wvC(c) = 0 . 

PROOF : From (3.18) and (3.23), the condition for Tla) to be continuous is ; 

voer,e” ; [6(c+) - 8Cc) + Ë£%:l] c lc ) = pCe*) wCe”) 
c . 

Differentiating with respect to c+ and using the definition of e given in 

(3.9) yields : 

‘ - + Verct; d Ce*) [ yle à - Î<C î ] - 0 
de . ceteT)  c'etc') 

which is (3.24). 

Conversely, it is clear that (3.26) implies the continuity of TCa). The same 

argument holds for R(a). 

REMARK 3.2 : By Theorem 3.2, the parabolic equation is a good approximation 
1 

of the wave equation if «Cc) = c ?. The continuity of the transmission 

coefficient then requires yC(c) to be c%. But in that case the reflection 

, coefficient ïs not continuous. Let us notice that for equation (3.2) the coef- 

ficients are continuous, but it is‘not à second order approximation to the 

wave equation, in the sense stated in Theorem 3.2. In an other hand, equàtîons 

(3.3) and G.4) yield a good appfoxîmatîon to the wave equation, while the 

coefficients are not continuous. 

Our conclusion ïs thus that equation (3.5) is not general enough to satisfy 

all the criteria discussed above and a more general form is needed.
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4 - A NEW' PARABOLIC"APPROXIMATION" IN" HETEROGENEOUS MEDIA 

As we mentionned in the Untroduction, the parabolic approximation has been 
designed so that its dispersion relation approximates that of the vave equation, 
i.e. we approximate the velocity of waves. One also needs to approximate the 
amplitudes of waves. In‘partîcular, good properties of the amplitudes of reflec- 
ted and transmitted waves across interfaces are important. Therefore we intend 
to develop an equation which general izes equation (2.5) and satisfies the three 
criteria belou : 

Consider the medium consisting of Q7Ce”) and a*ce*) defined in (3.6). The 
equation is required to be such that : 

Cid When a = 0, for a normal incidence, the transmission coefficient is 
equal to the one of the wave equation, up to the Second order with respect to Âc 

c 

Gii) The reflexiôon and transmission coefficients R(@) and TCa) respectively 
êre continuous with respect to a. 

The third criteriton applies to any velocity distribution z 

(ii1) The Cauchy problem is wel l-posed. 

We saw in the previous section that the model G.4) ïs ünable to satisfy these 
conditions.
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4.1. DERIVATION OF THE EQUATION —— e r r rr 

We are seeking an equation in the following general family of parabolic 

approximations : 

2 
(4.1) -% s-U 1 2 

c 3t2 

1 

where z, € and x are smooth positive functions of c, 

determined such that criteria Ci), C1i) and Ciii) be satisfied. (Note that 

ou ; -3 ° Te = — - —2 y Ced , cxc 
; cate) àx, 5 e 3t) 2x CCHECc) ôx, x Ce) ôx, (ECedud) 

and are to be 

this family contaïns the famiky (3.5) of the previous section). 

The main result is the following : 

THEOREM 4.1 : The equation (4.1) satisfies the conditions (i) and (ii) Lf and 

only if t and E are modulo multiplicative constants given by : 

C4.2) TCc) = ECc) = c , YcER} 

Moreover f x ‘s chosen as : 

(4.3) xCe) = c , VcER) 

then the condition Ciii) is satisfied and the following energy ts constant 

wWith respect to time t : 

2 2 _ 1 1 ,au 1 3 -; (4.4) E(t) = '2- JJ' ZÎ lîî! dx + Î JJ‘C Iäî‘Î Ce 2U)‘ dx 

Therefore the new parabolic approximation in heterogeneous media, with 

properties Ci), Cii) and (ii)d, is : 

1 a2u - à -; au 1 - (4.5) — — # C =— C ? ——) - 5 07 2 Bt2 8x2 at è 

— 

(v = c ‘ 

(4 .6) ! 
/1 32v a2v 1 à av, _ € 727* 177 n C 34 = 1T at° 2 1 1 

0



PROOF OF THEOREM 4.1 : Me shall treat the three criteria Separately. 
T E IR CRETT GT 

Part (D : For a = O, the equation reduces to (3.5), So we have the equivalent 
result to Theorem 3.2. Équation (4.1) fulfills criterion Ci) it and only if the 
function E Àis given by : 

1 * ; E(c) = c ? } YVcE m+ . 

Part Ciid : The new function defined by : 

v = E 

is solution of the equation : 

This equation belongs to family G.5) with - 

œ=% ; v=x 

Then seeking a solution u on the form 

%u = exp i(ut - kI.x) + R(a) exp i(ut - kR.x) in n 
u = Tla) exp Tt - Kx in Q 

is equïvalent to Seeking v on the fornm 

;v = E(c ) [èxp ilut - kI.x) + R(@) exp ilot - kR.xä] in & 
V = ECc") T(a) exp ilut - K y in Q 

“ L- 
or, equivalently, if v = ECc 5 v : 

v 
— 

- 
v = exp j(ut - kI.x) + R(@) exp ut — kR.x) in 2 v9.+ - T 

- + 
v = TQ) exp iwt - k X} 

in Q 

where 

Rla) = R(a) 

Ce*) Tla) = & E Ta) 
E
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We then can apply Lemmas 3.2 and 3.4 to obtain 

Tcoy = LLe 2 K(0) = 0 
wpCcc ) 

CI, . 
î* = ———-&—___—__;_ p* = î* p 1 

eCct) - occT) + LD 
C 

where we have set : 

T+ = Lim TCa) 

R* = Llim KC) 

The condition Cii) can be written :. 

Lim T(a) = T(O) 
a —0 

lim RCa) 
a —0 

" O
 

or, equivalently : 

= —* _ _ T(0) = T ; R(O) =R , 

Applying Theorem 3.3 to T and F proves that the condition Cii) Às fulfilled 

îf and only if the functions c and E are related by : 

d , - e ÇË) =0 . 

The functions c and E are now defined (modulo a multiplicative constant) 

which gives the first part of the theorem 

Part CGiii) : In the same way as in (2.9) Ci.e. by multiplying by 3u the — 

ot 

equation and integratîhg by part), we obtäin the following a priori estimate : 

2 2 ' 2 . 
1 € XE* qaur* à 4 1 3 ‘ 
2 [JJ c? latl d* *3 [J X |ï;: CEu)d | dx] +
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that Leads to a sufficient condition for an energy to be constant. If the 

functions :, x, & are related by : 

+ 
XEZ = cz? , YcER, , 

for any solution u to equation (4.1) the following energy is constant : 

au - 1 [x52 ? 1 E(t) —-2—J“ ÎZ— lîl dx + 
3 2 

The second part of the Theorem is terminated by noting that, if & is equal 

to Z, the previous result gîves y = c. 

4.2. À GENERAL WAVE EQUATION 

For simplicity, we have been working on the reduced wave equation, but the 

analysis applies to the general wave equation as vell - 

22u ; - C4 .7) p —— - div G grad u) = Q 
at? 

where <(p,u) are positive functions of x. 

We define new coefficients c and 9 by : 

(4 .8) 

Q u q
 

Le
) 

e
 -
 

! 1 
'KV = cu 

(4.9a) 

1 2y 32v 1 3 av, _ 
?Ë' n 22 ; êtax, 7 ôx, Ce 3x1) = 0 

This is the equation we shall consider all throughout the remainder of this 

paper and we shall study its mathematical properties.
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4.3. WELL-POSEDNESS 

To begin vith, we consider the. Cauchy problem related to equation (4.9a) ‘ 
E 

1 
7 v=o‘u 

j 2 C4.9a) 1 82V+ 32v ..1_ 3 ce BV)_D îin Réx [O,T] 
1C 92  atôX, 2 x ôx, 

with the îfnitial data - 

U(x 03 = up ( in R 
(4.9b) . 

u 
_ Fra (x,09 = u1(x) in R° 

For simplicity, we shall atso note : 

1 ' 
1 (4.10) vo = c‘’uQ ; V1 = o°y) 

The functions a(x) and c(x) are bounded from below and above - 

(0< 04 < o0) < o*<+e a.e. in ? (4.11) 
' 10< C4 É C(x) < c*<+o E a.e. in R 

In order to give an existence result, we introduce the Hilbert spaces : 

(4.12) H = L2CR2) 

equipped with the usual scalar product and norm, denoted by. C , ) and H | 

respectively, and 

av 

equipped with the scalar product 

_ ov du (v,w)V = (v,w) + ÇäîÎ , =— 

and the norm 

- 1 
_ H "V”V = Çy,v)v



THEOREM 4.2 : Under the regularity assumptions : 

g(vo,v1) EVvxVv 
v Bvl 

-l l( °)+——£- €EH , 2 ôx, àx 3x2 

the' Cauchy problem (4 .9a,b) has a unique (strong) solution u Such that : 

v EG"CO,T;H) NECO,T;V) 

1 à èv - a2v _— —— ——s TzH} 
FNEFR de 3Xl) + EFN EFco, 

Moreover the following energy is constant as a funetion of time : 

1 1 l‘9V12 (4.14) ECt) = -| ] dx *3 11e 15i &x . 

OUTLINE OF PROOF : For further details the reader is referred to [2] . The 
rr 

result is an application of the semi-group theory after rewriting the equation 
às a system of equations uhich are of first order in time : 

dv _ rrl 0 

(4.15) ? ; ; êw w _c à C Y) =0 rs ôx, z 8x, c èx, 

In the classical way, we introduce the Hilbert space #= v x H, equipped with the following norm : 

ll<v,u)ll H dvl” e JJ. c]äÎlz dx + 2 H '”c2 dx 
We define on Ÿ an unbounded operator À by : 

ow={w,me% ; VLen , _%_"_3_(C'__,+'___ eu} 1 a><l 8x1 8x2 

A 1 d cF> # 

( = - — £ _8_. _al Æ 

(v,w) + Alv,w) u-> 3x Cc 37> + x 

Within this framework, the Cauchy problem becomes -
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â% CvCt),u(t)) + ACvCtd,w(t)) = 0 
C4.17) . 

* CVCOI,wC0)) = (vp,v,) 

By virtue of the Hille-Yoshïda theorem, our result is a straightforward 

consequence of the following Lemma. 

1 . . . LEMMA 4.1 : For à > —, A+) Q m-accretive in #. 

PROOF : Let us recall the definition of m-accretive - 

2 ‘ (i) VClu,w) € DCA) , (A(v,w?,(v,wîâfi + À”(V,N)ÈŸ7> 0 

(ii) A + à # 1 applies D(A) onto Æ 

The first condition is easy to check using a Green formula. The second one 

is much more difficult to prove, since A jis not # elliptic (there is no 
2 

term in ê—% ). It is overcome by an elliptic regularization în the X2 ax 

direction. À pridri estimates independent on the regularization parameter 

enable to take the Limit as the Ltatter goes to zero (see [2] for details). 

Using the energy estimate (4.14), we can weaken the regularity assumptions 

in the classical way : 

THEOREM €.3 : Assuming only that (Va,v1) EV x H, the Cauchy problem (4.9a,b) 

has an unique weak solution such that 

v EG'O,T;H) NEPO,T;W) - 

Moreover, Lf a sequence C. Of Velocity distributions converges a.e. to c, 

the corresponding solutions V, converge weckliy to the solution v correspon- 

ding to the velocity c. 

‘We now turn to the initial boundary value problem in the half-plane
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v = cu 

(4.9a) 1 2,, - 2 dév dév 1 ° dv t t*s -> —— C 2) - 9 in RZ x[O,1] 
c ae2 Bt9x2 2 8x1 8xl + , 

with the initial data - 

$u(x,0) = up (x) in Rî ; (4.9c) 

ou 
. (5Ï Cx,0) = u, Cx) 
in R 

and the boundary value : 

(4.9d) uCx 1,0,t) = al(xy,t) 
îin R x{O,T] 

We again denote by CVa,v,) the initial values of v and %% As above we 
define the Hilbert Space V+ as : 

- 2(m2 âv 2(r2)-; V+ {V€L(R+) ,Î €L(]R+)J 

THEOREM 4.4 : With the following regularitu CSSUMDPtLONS 

cv0 V,29) E V, x L2(]Rî) x HICO,T;L2CR)) 

the problem (4.9a,c,d) has an unique weak sclution u such that - 

t — vlx,t) € yl (O,T;L2CR2N n L°°(0,T;LH1RÎ)) 

X2 $ V(X,t) € LCR, LH (O,T:L2 CRI) 

Note that the last estimate enables us to consider xs as an evolution direction.
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4.4. PROPAGATION PROPERTIES —— TS 

We first study the propagation direction of the solution t : 

Theorems 4.5 and 4.6 express in different ways that the s 

only in the positive X2 direction, even when the medium i.: 

THECREM 4.5 : Let u be the veak solution of (4.9a,b). 4s. : 

SUPP Up U supp u; € R2 

Then for any t > 0, one has 

Supp u(.,t) c ]Rî . 

THEOREM 4.6 : Let ! (resp u?) be the weak solution of 
. i ponding to the data (uà, U1) (resp (uâ,uÎ)_…) and the coe; 

(resp (c2,0)). Assume that 

a.e. in R 

Then, for amy t> O, one hes : 

ull,t) = u2c.,t) in R 

where R? = {x., x < 0}. 

PROOFS : Both results proceed from an energy identity în th-. 

LEMMA 4.2 : Let w be à sufficiently smootk funetion scits. H ÉÉ ‘ 

2 2 ; 

t 2 l l
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Then the following Édentity ùs valid : 

2 2 teæ 2 
d (" dw c ; w w 

(4.18) Î€(î H 2( 'îî += l——axll )dx) + J läT (x, 0,t)| dx, = 0 .( R 
.( 

— æ 

The identity is easily obtained after multiplying the equation by â—‘: and 
integrating by parts over Rê. 

1 . We apply the lemma to w = y = o‘u and get the Theorem 4.5. We then apply it to w = y6! ul - 67 12 and obtain the Theorem 4.6, 

We first introduce Some notations. 

- For any angte © in [-r,7] , the direction 8 is defined by : 

(4.19) - & = (- sin 6, cos 6) 
5* 

. 
- . 

- & (t) denotes the support at time t ofthe fundamental solution in a 
* homogeneous medi um Of velocity c (see (2.75) - 

* 
* à * 2 (4.20) E (t)={xE R, à X2 + boug- SD € ce* ®3 

THEOREM 4.7 : The soiution u Of (4.9a,b) Propagates îin any direstion ë 
WLth a velocity VCe) bounded by 

* ‘ 
* e) = £ in2 8)? (4 .21) V €Ce) 7 > Ccos 6 + (1 + sin? 8)7) 

3 

If the initial values UQo Qand u1- qre OF compact support J, then Gt any time t one has : 

SUPp UC.,t) € X + E* 

PROOF : We first assume that the data are SMmoOth, so that energy estimates hold. We also assume that # is the disc of center O and radius R.



Let nâ be the half-plane the 1ngo1ng normal vector of uh1ch is Ÿ and that 
propagates with a given velocity V >0 - 

(4.22) 05 = {x,(x -(R + VOD.F>0) 

Fâ denotes the boundary of Qâ, do  is the measure on 

We shall actually prove that for any 6, the energy in Q is decreasing as 

#
D
 

D
 

A
 

à function of time, for all values of V such that V>v (). This will give 
the first part of the theorem. 

The energy contained in the half-space Qâ is denoted by E(v,Qâ,t). 

2 t _1 1 ,av 1 ( (4 .23) ECV,Q 213 = îU = l““ar' dx + îJJ c ] [ dx 
t A Qt 
8 8 

By a Green's formula, we can prove the following : 

LEMMA 4.3 : For smooth data, the solution Of the Cauchy problem satisfies the 
equality : 

d t 1 ( 6 _ (4.24) —d—£- E(—V,Qe,t) + '2—J ; —c— do = 0 

FB 

where the function ® is given by 

2 
2 (4.25) - 6= (V - € cos 8) l—a-!! + c2 sin e -â% £%’… + % c2v |äî_"] 

-1 

This function 6 can be seen 3s a quadratic form in the variables %Ï and 

M% 
äËL - À straightforward calculation shows that it ïs positive f V> V C6), 

—+
 

Under that conditïon, the energy in Qt 8 îs decreasing as a function of time. 
The second part of the theorem is easily dert&ved by taking the intersection 
of all the half-spaces Që for Vv= v*(e). 

This proves the theorem when the data are smootÈ and supported în BCO,R). 
By translation, Lîinearity ‘and contîfiÿîty, ît can be extended to£any support, 
and eventually to discontinuous data:
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To finish with the propagation properties, we shall point out a result analogous 

to the reciprocity property for the wave equation, i.e. the solution 

at point B for a source Located at point A jis equal to the solution at point 

À for a source located at point B at the same time. 

For the parabolic approximation, the result can be Stated as follows. Let ÀA 

and B be two points i&n R such that Bz'>> A2. uA (resp uB) is defined 

as the solution of an "upgoing" C(resp "downgoing") equation with a source at 

point A (resp B). The initial values are equal to zero. 

2 1 
vh = 0* uA : VB - o° B 

A Â Â 1 a2v 32v 1 à av (4.26) — £X -5 —— C 2L = 8CA,t) c at2“ Bth2 2 8xl axl ; | 

8 B 1 232v 32v 1 3 dv (4.27) _ - -= — (c ——) = ô(B,t) c ï3t2 8t3x2 2 8x1 3x1 

Â B A - èv . B . dv _ \v (x,0) = T (x,0) = v'(x,0) = SE (x,0) = O 

THEOREM €.8 : At any time t> O, one has : 

(4.28) | uËæ,t) = Bea,t 

PROOF : For any 1 > 0, ue define a new function uB’T by : 

uB’Tflx,t) = uB(x,r—t) 

B,t - Àj B1 Then v c‘ u is solution of - 

1207 L 0T _ e _ ( AÈT, - 6 +-t) c 9x* ôtax 2 ax, ôx, ’ 
(4.29) 7 

d 

\VB'T(X,T) = agt Cx, > = 0 . 

We then multiply (4.26) by vP/", (4.29) by vA, substract the Latter from 
the former and integrate it on [O,x] x m2,



- 39 - 

Integrations by part easily show that the Left-hand side is equal to zero. 

The riaht-hand side ïs - 

R ; 

J J [VB'T‘6(A,t) - vA 6(B,t)] dx dt = VB(A,T) - VA(B,T) 
Q R? ; 

which proves the identity (4.28).
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4.5. REFLECTED AND TRANSMITTED WAVE AT A LINEAR INTERFACE —
—
M
\
 

The notations are the same as in 3.2. The transmission conditions at the 

interface T(a) for equation (4.9a) are 

(4.30a) It a =0 [a’ u] 

(4.30b) If a #0 
3 ! _ 

[c ——XÎ (o u>]Ï‘(O.) = 

These transmission conditions are continuous with respect to cœ. For any à I A - . incident wave u°, there ïs one reflected uwave if à # O, none if a = 0. 
There is always one transmittéd vave, whïch is eïther traveling or evanescent 
(see the analysis in 3.2). For simplicity we shall consider the simplest 

equation, that is the case where 0 = c. Ve introduce some notations : 

. The velocity contrast q is 

c 

q + 
c 

. The incidence angle at the interface, à, Ÿs defined as the angle of the Q1 
group velocity vector VGdäà to the normal to the interface. 

Figure 4.1 : definition of the incidence angle
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The reflection and transmission coefficients depend on 6, a, and a. The 

following plots show them as functions of 9 € [—-% , % - g] for various 

values of the parameter q and ao. VWhen q is greater than 1 Ci.e. when 
À A - , . + ' the velocity in & îis Lower than in Q ), there is a critical angle 8*(q,a) 
* 

for @ >8 , the transmitted wave is traveling, while for e < e* , itis 

evanescent, and we do not plot it. 
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Figure 4.2 : Reflection coefficient as a function of 

the incïdence angle for various values of the parameters
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Figure 6.3 : Transmission coefficient as a function ot 
the incidence angle for various values of the parameters
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S - NUMERICAL EXPERIMENTS 

In order to illustrate our theoretical results, we present here numerical 

experiments implemented by F. Collino at I.F.P. The tîme dependence is handLéd 

by Fourier transform. It Leads to an evolution problem in x, of Schrôdîngër 

type. The corresponding equation îs then semi-discretized in x by P, finite 

elements. À Crank-Nicolson scheme is finally used in the x, direction. For 

further details and properties about these numerical schemes, see (11]. 

For each simulation, the source is quasi punctual, i.e. its support is small. 

1ts position is indicated on the figures by the point S. JIts time dependence 

is given by the second derivative of a gaussian function (Ricker source). - 

Each of the figures we present here are snanshots of the solution at a given 

time. This gives an image of the solution in the (x;,x2) plane (this Èepref 

sentation is commonly used by geophysicists). The areas where the solution is 

positive are darker, the ones where it îs negative are Lighter. 

We present on Figure 5.1 the solution in a homogeneous medium. One easily 

recognizes the ellipse which defines the support of the fundamental solution. 

Fs 
A e 

Figure 5.1 : Fundamental solution in homogeneous medium
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The plots below (Figures 5.2 to 5.4) illustrate the results we gave in Sections 
3 and 4 for the two-Layers medïum. 

Figure 5.2 is a snapshot of the solution when the interface is horizontal. + . 
RIUE - ; + - . 

The ratio £: Detween the velocities in the media Q° and Q 1s equal to 2, c 
We indicate on the figure the incident wave and the transmitted one. There js 
no reflected vave, and moreover there ïs no dîscontinuîty between the incident 
front ‘and the tTransmitted one. 

24e 2 
mm 

e ZE e A A 

Figure 5.2 - Two-layers medium - forizontal ‘nterface 
—— T T RÉ 

On Figure 5.3, the angle c ofthe interface to the x] direction is equal + 
B T : C . 

. .. . 
‘ 

to Î « The ratio T0 1S the same as în the PTEViOUs example. In this case c 
the incident wave, the transmitted “ave and the reflected wave are clearly 
visible. Notice existence of a head “ave connecring the incident wave to the 
transmitted one.



Figure 5.3 : Two-Llayers medium : c = 

To: illustrate the influence of the angle o on the behaviour of the solution, 

we represent on Figure 5.4 the same snapshot wken a Às equal to %… The 

reflected wave is much weaker than in the previous example, as proved in Section 

4. 

Figure 5.4 : Two-Layers medium : a = 



Acknowledgment : we are veEy gratefut to F. 
—2 E OQMENT 
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We finally present a numerical experîment concerning two 

corner made of a horizontal Line and a vertical one. The 

produces no reflected wave, uhile the vertical interface 

reflected wave. 

Figure 5.5 : The corner case ETE 700 

publication of his numerical experiments. 

media divided by a 

horizontal interface 

gives rise to a 

Collino who authorized the
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