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sont présentdes et analysées. Ces équations sont utilisées dans drfférents
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domatines, comme la géophystque et L'acoustique sous—marine. Unz nouvei.e

- ]

Squation. parabolique en milieu hétérogéne est -étadiile, dont les qualiics
d'arproximation de la réflexion des ondes sur une interface entre deux mi-
Lieux sont optimales. En effet l'amittude des ondes réfléchie et relrac

tée dévend continliment de tous les paraméires, cez gqui n'est pas le cas

q

pour les éguations classiques. L'eszistence, l'unteicé d'une sciution, et
des estimarions d'émnergie sont etaplies pour cette équation. Les résulitat(s
sont donnés ausst bien pour le probléme de Cauchy que pour le prooiéme aus

Limiies.

ABSTRACT

Different variants of parabolic approximations of scalar wave equations
are derived and their properties are analysed. These equations are of general
form which includes the ones used 1n seismology, underwater acoustics and
other appLicatipns. A new version of the parabolic approximation is derived
for heterogeneous media. It has optimal properties with respect to wave reflec--

' f;

tion at material interfaces. The amplitudes of the refLected_and transmitted

waves depend continuously on the interface. Existence, uniqueness and energy

estimates are proved.
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1 - INTRODUCTION

Parabolic wave equation approximations have been used to describe wave

propagation with a preferred direction in 3 number of applications. The name,

parabolic equation, was already used by Leontovitch and Fock [20] , and they

other .areas. In seismology parabolic wave equation approximations were introduced
by Claerbout [6] and have been applied both to scalar and elastic wave propaga-

tion [7], [8], [9], [17], [19], [22].

The geophysical applications in seismology have been particularly success~

tful for the inverse problem, in connection to the so-called migration process

of geophysical data processing. .

In underwater acoustics, parabolic approximatipns have also become an
essential tool. The idea was introduced to this field by Tappert and Hardin [26]
and has given rise to a lively research activity [51, [12], [23], [24] .

11r;[271, Tappert gives a survey of the applications of parabolic approxi-

mation in acoustics as well as in other fields. This article also contains

analysis of basic properties of these equations.

Other fields of application for parabolic Wave approximations are optics

and 1n particularllaser optics, plasma physics, radio waves diffraction problems,

and small disturbance calculations of transonic flow [10], [15] , [16], [27].



In different fields of application this type of wave equation approximation

goes under different names as e.g. "thin bean approximation', '"quasi-optical

approximation’, "15°-approximation”, or "one-way wave equation'.

Parabolic approximations are also very useful as boundary conditions

in computations with the full wave equation [9] , [13] . They can be used as

"absorbing boundary conditions' when there is no physical boundary, but where

an artificial boundary has to be introduced in order to lLimit the domain of

computation. These boundary conditions produce very small artificial reflections

at the computational boundary.

equation approximations which describe wave propagation in a preferred direction

(2], [14]). In two space dimensions, the solution ulx,t) of the wave equation

2 -2 2
1.1) d 3%u _ .a.._.'.:‘..+.§.__‘:‘_)_—..o
cl 3t 3x < dx 2
1 2

with velocity ¢

€1.2) 1 EEEL+ _jiii_.— & .235 = 0
c 31:2 ot 3)(2 -2— axf

This approximation is exact for plane waves traveling in the positive X,

direction (i.e. "upgoing" waves)

ulx,t) = flx = ¢t)

3
2

The function u above is obviously a solution to both (1.1} and (1.2). Moreover,

the approximation (1.2) is good for waves traveling close to the positive

Urh
N g L | W ﬁé

direction.



. X : ’
In 2 retarded coordinate system t - t -'7%-, the approximate equation (1.2)

becomes :

(1.3) 2. .

This form is common in applications, i1.e. when performing the computations in
the frequency domain (see the references to thé applications above).

There are two main reasons for using parabolic wave equations instead of the

ful Lt wave equation.

(1) It 1s simpler and computationally more efficient in particular in time

retarded coordinates (equation (1.3)),*

(ii) It only describes the wave propagating in the positive x direction,

i
and not the back reflected wave.

The property (i) is of course 1mportant in all applications. The second property
(ii) is crucial 1in many cases. It makes 1t possible to use the approximation

as an evolution equation in xz, which is not the case fqr the original wave
equation. Property (11) 1is also 1mportant in the migration process ({81) .
Scattered waves are traced Backuard in time and the reflection from (1.1) would
not be physically reievant. Finally, property (i1) is essentfatlwhen the para-
bolic approximation is used as boundary condition.

There are two‘uays of improving the approximation (1.2). Tt can be
generalized in such a way that waves propagating in a direction with a substan-
tial anale to the xz axis are also well approiimated. This can be done by
using higher order differential equations or systems of differential equations.
It §s studied in[1], [3].

In this paper we shall consider the generalization to variable velocity

media. Different types of such parabolic approximations have been derived, ba «d

on different principles and objectives, We shall analyze these approximations



with respect to their mathematical properties, and in particular the reflection
and transmission at an interface. Neither of these approximations has good

properties with respect to the amplitudes, and we shall design a new approxima-

tion.

In section 2, we recall the parabolic approximation in homogeneous media
and we give some mathematical results - existence, uniqueness and energy estimates

are proved for the solution of the standard Cauchy problem and also the Cauchy

problem with data given on X, = 0. We also study the phase and group velocities

and the fundamental solution.

We write the various existing parabolic approximations in heterogeneous
media on a general form in section 3 and we study the reflection and transmis-
sion at an interface. We define the transmission conditions and calculate the

reflection and transmission coefficients. These coefficients are compared to

those for the wave equation and we study the continuity of them with respect

to interfaces.

velocity variations and which has the amplitudes of the reflected and transmitted
Wwaves continuous with respect to the location of the interface. As for the
homogeneous case energy estimates, existence and uniqueness for the Cauchy -
problem in time or space are proved. The propagation properties in a variable
velocity medium are studied.

Results from numerical experiments are presented 1in section 5. A
numerical ~ approximation of the fundamental solution in homogeneous and
heterogeneous media gives gquantitative 1llustrations to the qualitative analysis
of fhe earlier sections. The calculations were performed by F. Collino [11] .

Some of the results of this Paper were annonced in [14] and some technical

details in the proofs are omitted here but are given in the report [2]



£ = PARABOLIC APPROXIMATIONS IN HOMOGENEOUS MEDIA

"7“—"__"""____-__"_f"“_“““_"___*-___“"“”“"““‘_“““_“‘"- |

2
(2.1) ;L- Lo Au = (
g4 3t2

A plane harmonic wave

u(xl,xz,t) = exp T(wt - k x - k )

and the wave vector k = (k ,k )

12
satisfy the dispersion relation -
2
2.2) w® = ¢?|k|” = c2(k2 + k2)
1 2

From the dispersion relation we can define two frequencies w, (k)

corresponding to waves traveling

the negative x direction (u_(x

, St respectively.
[ ¢ wkzk =+ (1 - (¢ wktlk))zﬁ
\ T +
| s
C Gk T (1 - (¢ LT'(JU_)

' u_(x,t) = ]j g_ﬁk) exp 1Cw_(k)t - k.x) dk
R2



All solutions with finite energy

waves related to the frequencies w+(k)

and 3_(k) are given by

tn-
A - 1 A Y
8+(k) = u‘:‘:‘:'j':-;:-(ul_ u(k,to) + 9 -g—:—- (k,to))
A 1 0
a_ ) w, — w‘(w+ U(k,to) + 1 ‘a-j't— (k,tg))

(2.3) e X2 =+ (1 - (o Kiy2y3
() .

This does not correspond to a partial differential equation. If we also want

to have a partial differential equation, we must settle for a rational dispersion



The corresponding partial differential equation is the so-cal led pérabolic

approximation (see e.g [27])

2 Vi 2
(2.5) -.-3-—2l3‘-+c 3;t_12_c2_?__9_=0 .
ot IX2 Bx?

In figure 2.1 the circular graph of the dispersion relation (2.2) and the

LS

graph of the parabolic approximation (2.4) are displayed (K = =).
w

5

Figure 2.1 : dispersion relations

In.geophysics this equation has been called 15° approximgtion ( [8]) since

1t gave the required accuracy for © < 15°, 1In that field the original technigue
used when_deriving_the,equation;uasddiffenent. In {8], Claerbout introduced

the change of variable t - t. .+ -)-(El

The function

vix,t) = ulx,t .+ %59_

satisfies the equation

2 2 2
2 9<V 2 8°V 0°V  _
CE = + €~ 5 - 2¢ _ = 0 <



- 10 .-

2
The term c?2 7y

5 is dropped since it is smaller than the other
3 X
l

harmonic waves originally traveling

terms for

1n a direction close to the positive

X2 axis.The resulting equation

2.2..MATHEMATICAL PROPERTIES OF THE APPROXIMATION
“_-M—

ALl possible harmonic plane wave solutions of the parabolic approximation

are described by the dispersion relation (2.4). Thus, corresponding to a wave

vector k there are tuwo frequencies ﬁ+(k) and w_Ck) with the slowness

+ - . k s _ - :
vectors K and K respectively .(K =;EJ, K2 1s positive, K, is negative.

%

Figure 2.2 : the two propagation modes
——— r - ProPagation modes

The parabolic approximation has been designe

»
i
)
>
r

an equation with x,

negative x, component (corresponding to the vector Kk~ in figure 2.2).



There is however no contradiction since the group velocity vector VG(K)
always has a positive x, component. I
(2.6)

V_( ‘ L "
GK)-?ka)— Z“CKZ

1

Group velocity

L]

]
|
|
%
i
|
|

Phase velocity

1/K,

Figure 2,3 : phase velocity, group velocity

The fundamental solution

E for (2.5) can be derived from the fundamental
solution of the wave equation after 3 change of variables..

32E_+ 32E c? 32E
ez YW T o EQ
3t 4 2 Bx%
E(x,0) =0
oE _
X (x,0) = &§(x)
With x;=gx1r,x;;_=x2-it |

E (x',t") =8 Elx,t)
we get 1n the primal variables

32" ¢2

|
. B2 -4k =0

E (x ,0) =0

-§§T.cx-,o> = §(x')



where H

—']2-.

. H(2ctx2 - x2 - 2x2)
= l 2
(2ctx, = x5 - 2x?%)?

1s the Heaviside function.

The support of E at time t is the interior of the ellipse &(t)

figure 2.4 whose equation is

(2.7)

2
Zx2 + 4(x - S t) ='c2t2
1 2 P

ct

in
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YT 3%y ¢l 32y -
(2.8a) —_— ¢ - e e = ) (x,t) € R2x R -
atz Btaxz 2 3X§ +

x € IR?
Ju
(2.8¢) = (00 = uy(x)
The following energy identities are valid
2 2 2 2
| 1 3u c2 U 1 2 dug
(2.9) > I l"é',-t"l dx + TJ I-a—x—i- dx = 'EJ IUll dx + TJ ,'a-;l—*, dx
R< RZ | R2 ]RZ

T and integrating

9 ,du du c? 32y
s =t ¢ ) -2 Y o 0 ,
dt ot ax2 2 axf
; ou Ju . 2 .
multiply by -5?-+ C and then integrate over R2 . Consider now the
2
hal f-space proble_m for x, >0 (]Ri = {(:‘:1_..:::2)/':3:2 > 0},
3%y 3y ¢ 32y
e s a.) 2 C 3tox; 5 2 0 (x,t) € RS x R, .

(2.11b)  ux,0) = ug(x)

2.11¢) & (x,0 = u; &x)

(2.114) u(xl,U.,t) =‘g(x1,t) (_xl,t) € IR x ]R+
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The following energy identities are appropriate when x, is considered

as an evolution direction

T

J l‘ I_a_l;!_ 0 )lzd . 1 X9 au_ )
a J X 1,X2,¢ X1 t+E-j J IE?-(XI,C,T)I dxldc +
R 0 "
; %2 5 T
(2.12) {4 E-J J' KTl ¢ [ I 1B 2
. P Iaxl (XI!C#T)I dX]_dC - '-é-%- Cxllt)l dxldt +
¢ R 0" R

' x2 2 X9 Ty 5
- c 0
c J J Iul CXIIC)I dX]_dC + -2- J J "—-——ax (Xl,C)l dxldc

0
R | 0 " 1
.
CJJ 2L ¢ t)lzd N U, 1 du :
9 mm— X
. " o X | 1,X2, det + J J l(axz + - -a—f-) (xl,C,T)! dxldl; +
IR 0 R
Xz . T
(2.13) + L J J lj_l_._l_ (xy,2,)| dxidr = " 30 2
2 dX1 1/5, X14g = ¥4 ’_—"‘ax (Xl,t)l dx;dt +
¢ R . ]
R

X2
Ju u 2 X2
4J J 2y T 1 ( o, ;
' 'a'x"z"" ; xllc)l dxldC + "2"' ! l'é“;‘l- ()(_1 .rz)' dxldC

The derivation is similar to the derivation for (2.9) and €2.10)



3 - PARABOLIC APPROXIMATIONS IN HETEROGENEOUS MEDIA

3.1. DIFFERENT DERIVATIONS OF THE APPROXIMATIONS
OIFFERENTI DERIVATIONS OF THE APPROXIMATIONS

In this section, we shall describe three different ways of deriving the
parabolic approximations that have appeared in the lLiterature and which Llead
to three different equations. .

Cbnsidqr the scalar wave equation on the form =

[ 32u
c(x)2 3t2

(3.1 - Au =0 .

(A more general variable coefficient formulation will be introduced in section
4-1) L]
The simplest way of deriving a parabolic approximation for (3.1) ‘is the method

of frozen coefficients. The equation is regarded as locally homogéneous and ¢

is replaced by ¢(x) 1in formula €2.5).

1 3%u 1 34 U 1 5%y

— -
2

1

(3.2)

c(x3?% 3t2 cix) 3tdx, 2 X

= {

In section 2.1 we outlined a technique for the derivation in the homogeneous
case following [8] . This technique which is based on a change of variables can

be extended to a variable velocity. The transformed function is given by

vix,t) = ulx,t + T(x))

X2
_ az
T{x) = JQ ET;T:ES-

The equation (3.1) expressed in v has the form

2 2
,2(.‘ aV+c23_.é‘i+c2__3__l?.‘_’_+
S Bth2 IX., 9x, \ ¢/ ot
2 2 r 2 52 27
_ 2] 9°Vv _ al d“V Al 0°v _ 3v 9T
o e + | — .____2-___._......_._._2 = [
X4 oX; 3tdx) oxy /] ot at  3x]



...16..

. . 32y . _ . |
As in section 2.1 the 1_—; term 1s dropped and the inverse of the change of

d X
; - 2 " ; : .
variables is performed. - The resulting approximate equation is

2 : 2
3.3 L v, 1 sﬁ_clr-g-%>-%i~;=o
cZ 3t% 2 9% c? X}

The third technique we shall discuss is based on the expansion of pseudo -
differential operators. It follows the derivation of absorbing boundary condi-
tions in [13] . These boundary conditions are Paraxial wave equations with X5
in the direction normal to the boundary.

1 32

For smooth velocity ¢ the hyperbolic operator —— .97 _ 4 '~ can be decomposed

c2 at2

into a product of two pseudo-differential operators. One of these operators
corresponds to waves traveling in the positive X2 direction and the other in
the negative x2 direction. The first terms 1n the asymptotic expansion for

the one with waves traveling in the positive -xz direction lead to

1 3%u . 1 3 .1 34 1 3 du
(3.4 2 2 T T P e e 24y - g
c® 3t° T 9%y 7 Bt 2c 3x; 30X

form
32 1 0 ou 1 o 3 U
(3.5 2 542 coloy Ix; Wwie TR 2y Ccy axl G (e axl) .

where ¢ and Y are smooth positive functions. When the velocity ¢ is constant

this equation reduces to the Parabolic approximation (2.5). In heterogeneous

I
-
“
-
F
)
1
sl

"equat‘ion (3.2) = @(c)

equation (3.3) : (p(c)

I
0
h )
<
™
O
S
H
)

equation 3.4)

th
O

wle) = ¢ , YCc)
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3.2. TRANSMITTED AND REFLECTED WAVE AT A LINEAR INTERFACE

We shall see that the model (3.5) is not sufficignt toensure a good approximation
to the wave equation for heterogeneous media with small velocity variations

and the continuity of the solution with respect to interfaces between layers.

Our analysis will be concerned with a particular heterogeneous medium. It consists

- + __ L +
of two homogeneous half-spaces @ and @ , with a velocity ¢ and ¢

respectively, separated by an interface TI(a). The unit normal and tangent

vectors to the interface are denoted by v and 1 respectively :

T = (cos a,sin o)
v = (=-sin a,cos a)
(5.6) r) = {x, x.v = 0}

Q = {x, x.v <0}

Q' {x, x.v > 0}

V I' {a)

ﬁ+(c+)

'Q_(c_)

Figure 3.1 : description of the medium

We shall investigate the reflection and transmission of a harmonic plane wave
at T(a) and compare it to the case of the wave equation (2.1). The continuity
with respect to a will be studied.

We first derive the fransmission conditions for (3.5) at Tra).



» given by
(3.7) [oCcIu]  y =0
When o # 0, there are o transmssion conditions, defined by
hJ]P(u)'= .
3-8 [ 6Cc) -g-;-{ + %w(c) -5%;- sin a'll‘(a) = 0
where [ ]

r(a) denotes the Jwnp across the interface, and the function 6(c)
18 defined by :

de _ ~1 ayp
-EE = plc) C(eple)) e

(3.9)

(3.8) converges to the condition 3.7) when a goes to zero. This 1s of course

due to the fact that the equation is of first order in X2 and second order

in X1 e

PROOF : We begin with the case ¢ = 0.

Then the equation reduces to :

X2 deriva-

which is clearly relation (3.7).



- Y

When a # 0, we define new coordinates along and normal to the interface :

X1 COS a sin a X,

X2 -sin a COS « X

and then rewrite the equation in the new coordinates as -

1 34y Sin o 32y

+ 2 3%
Smasn. s = COS® Q == ¢
c2 3t?2 ¢ 9tk OX?
5 s$in a cos a 32y "
2 3X, 3%,

cos a 3% sin a cos a 3%
b e 2 + —_—

cwplc) 31:3X2 ((.D(C)U) 21’)(0) BXI axZ (IIJ(C)U) ¥

* ~2
SIN< ¢ 3
- ik N

The highest order singularity is contained in the last term and, 1f u 1s not
continuous, cannot be compensated by any of the others. Thus u is continuous and

satisfies the first condition in (3.8). The highest order singularity is now

the sum S of the last three terms -

_ CoSs o 32 _ Sin o Cos o 32
> T et Fraxg OVt Ty axgawg oW
- sin? o Wie) 24
élpZC) 8X2 3X2

Using the function & defined in (3.9), a straightforward calculation gives :

T : | ouU . sSih a Ju ]
S ar iy -—--ax [cos a 6(c) 7+ > pCc) chs Q '8_)_('; $In o -37-:-2-)

N (1 6*(1.:)' B'Zu
e wie) 13X,
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Again, 1f u 1s continuous, the highestpsinguLarj;y 15 ..1n the. X, derivative,

unless the bracket is continuous. We then get (3.8) by noticing that

Ju . Bu  Ju ;
R e T iy - S-l TR —— = Lo n s NN — ‘ :

We are now able to study the reflection and transmission of harmonic plane

waves at the interface T (y)

Let uI be an incident wave in 0 5 that is -

(3.100 ul = exp i(wt - Ki.x)

I . -. |
where the real vector k° and the frequency w are connected by the dispersion

relation in Q =

L
|
w! L

] ’ 2 T
(3.11) - ——— ¥ gl 1 L2
—_ = hmy vy
(c ) C |

and are such that the group velocity vector is going toward the interface, i.e.

SR k*I ' ; b o
(3.72)Y ° vV.(=.n>0 .
G

. . L]
. = . L) ‘
3 5 - ’ .
-y + N + a2, - ' L2 l.,' "1.'1: T Fhaie, .5
Ti . - .- . - " T |
[ &
[

' The [eiLected,and,transmitted;@aves,angﬁdefined:by-their wave -véctors kR

kT

anag

and the reflection and transmission coefficients R(s) ‘and - T(a) such that

the solution of equation (3.5) is equal to. :

B G Y S U S 00 1
u + RG@) exp 1(wt -~ k' _x) in

(3.13) u = . i
TC) exp itwt - k .x) in Q

. s - -
. % Fr 2
1 L]

and satisfies the transmission condition(s).

-~

- » - L
,r‘ n 1 - :' _ﬂ o j ‘_ -
« " . el *

3 "* _ ’ s B o e T NG HE ': ] L - . . - R *.’,,‘,f'? :: ) R ;"5{“. y ﬂ.., ._ET '_*; 52 -
" The reflected and transmitted wave vectors k and k are determined by the

following conditions :

b - ! B
q- 3 -I‘

. (,k") satisfies the dispersion relation (3.11) in o

. . : . . +
. (m,kT) satisfies the dispersion relation in § =



(3.14) = L m2 + —ka. + l kz 0
¢ +. 2 2 2 1
c ) C |

. The projections of k

(3.15) kRt = kl.t = k.
R - - i R T - v - +
. k 1s reflected in Q , k 1S transmitted in Q -
B k'
(3.16) V. (—).v <0 3 V. (—).v >0
G G w

The cases a =0 and o % 0 are inherently different, as stated in the Lemma.,

LEMMA 3.1 : (1) For an horizontal interface there s nc reflected wave, angd

there is one transmitted wave.

and one transmitted wave.

PROOF :

(1) Suppose o is equal to zero. Then the reflected wave vector would be

such that -

[ R - I
\kl kl
) 2
(“ ! w2+——-k§w*l(kR) = {
— z 2 <
(¢ ) C

and kz would be eqﬁat to k;'

this gives an unique solution k;, and 1t canreadily be checked that the

. . . . +
corresponding wave is transmitted in g .
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(11) If a 1is not zero, then kR

1S the other solution of the system
[

Ky cos a + ky sin g = kI-T

2
--—-—l-——-m2+—1:k2w +%—-k1 =
(e )* c

which can easily be solved, and kT 1s solution of -

{k} Cos o + kl sin g = kT.r
- __%_—-m2~p;L.k;-m + 1-(kT)2 = 0
2 ® 2 4
(c ) C

Replacing k;

kI . 2 cos kI P kI 1
S A NNV v I N 0
W C SIna C SIn a C

Depending on the sign of the discriminant

k.‘rg‘l 1 + sin? 4
— —c

i 2. Sin a 7
T k!
k1 1s defined as the real root of €quation (3.17) Satisfying VGCTFJ'v > 0
I . 2
k™ .1 1 1 + sin 4
If —F T,
W 2C+ S1N o
T T
kl 1S the imaginary root of equation (3.17) Such that Im(=—) .y > 0, and the
W
corresponding wave 1S evanescent in Q+

The Coefficients. R(a) and T(g)

are now determined by applying the transmission
conditions to tds15)

LEMMA 3.2 : The reflection
If a =0

and transmission coejfictents are given by :

(3.18)  R(O) = @ T(0)y = @¢c )




— P -

If a#0
| PP 1 +. . T - R. . '
. { (6(c ) - 8(c J))w cos a ) (¢lec ) ky = (e ) k) sin a] TCa) =
¥ .
(3.9 -5 vic ) (k? - ki) sin a
R(a) = TCa) - 1

We notice that for a horizontal interface, R and T do not depend on the

incidence angle.

We now compare these results to the ones obtained for the wave equation L ¢

In that case, there are always one reflected and one transmitted wave (when

+ - : . .
¢ ¥ ¢ ). The corresponding coefficients depend on the incidence angle. For

incident waves hitting the interface normally, the wave equation reflection

and transmission coefficlients are -

1 - C
: ¢’
(3.20) T = —— = —
O - "0 -
' 1 + -—;“ 1 + —C—--
c c+

4

If ¢ s close to ¢ , it is natural to require T(0) to approximate ﬁj.

A second order Taylor expansion of T(0), R._ and T- Yyields

_ Ac T
_%3--—:~ + 0(CAc) ) -Tr:= 1 +-£¥E-+ D((Ac)z)
(3.21) ‘ | ' o
RCO) = 0O T =1-ac 252 4 gaany?)
o(c )
with sc = ¢ -

For any value of the functions ¢ and ¢, TW) and RW) are first order

approximations of HJ and ﬁj respectively. For a better approximation of

TEV we easily get the following result -
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THEOREM 3.2 : For aq normally incident wave on g horizontgl tnterface, the

Taylor expansions of T[j and T(G) coineide Up to the second order with respeot
AC

to a E:f and Only if

(3.22) @Cc) = ¢ 2

The second main point we emphasize here is the continuity of R(g) and T{g)

3 a tends to zero.

Lim TClu) = T Lim R(q) = R*
a - O a - ()
wa - e -
(3.23) [(8(c+) - 8(Cc )) + d)(c-) ]T - ‘PCC“)
C c
* *
R =T - 1
K,
PROOF : If — e fixed, we have -
W
k1 k]
Lim sin ¢ — = |jp S1N ¢ — = ()
a -0 S a = 0 w

TQ@) Zs continuous as o tends to zero for
¢ and ¢ If and only if :

(3.24) -a‘.E’E (2] )

m=0 OPHE-LDCC)_'-'U.



_

(11) RCa) <Zs continuous as o tends to 2ero - for any values of

¢’ and ¢ 1f and only <f :

d :
(3.25) Py wlc) =0

PROCF : From (3.18) and (3.23), the condition for T(x)

to be continuous is :

Ve, [e(::*) - 8¢y + ¥ )] ¢ 0eT) = ety ye)
Differentiating with respect to c+ and using the definition of 8 given in
(3.9) yields :

=t g, v [ owleD) wich
VC,C;T(C)[ -—-—-———-__+C+:l=D
o c plc ) c @(c )
which is (3.24).
Conversely, 1t is clear that (3.24) implies the continuity of T(a). The same

argument holds for R(a).

REMARK 3.2 : By Theorem 3.2, the parabolic equation is a good approximation

1

of the wave equation if @(¢) = ¢ 2

. The continuity of the transmission

]

coefficient then requires y(c) to be c?. Byt in that case the reflection

~coefficient 1s not continuous. Let us notice that for equation (3.2) the coef-

ficients are continuous, but it is not a second order approximation to the

wave equation, in the sense stated in Theoren 3.2. In an other hand, equations

(5.3) and (3.4) yield a good approximation to the wave equation, while the

coefficients are not continuous.

Our conclusion is thus that equation (3.5) is not general enough to satisfy

all the criteria discussed above and a more general form i1s needed.
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1 - A NEW PARABOLIC APPROXIMATION  IN' HETEROGENEOUS MEDI A

-_— -TVHRNEOUS MEDIA

,» the parabolic approximation has been

designed so that its dispersion relation approximates that of the wave equation,

- One also needs to approximate the

- Therefore we inteng
to develop an equation which generalizes equation (2.5) and satisfies the three

criteria below -

Consider the medium consisting of 0 (¢ ) and Q+Cc+) defined in (3.6). The

equation is required to be such that -

(i) When a =0, for a normal incidence, the transmission coefficient 1S

equal to the one of the waye equation
Ac
—-

i)

» Up to the second order with respect to

The reflexion and transmission coefficients RC) and T(w) respectively

are continuous With respect to q.

The third criterion applies to any velocity distribution

(i11) The Cauchy problem is well-posed.

We saw in the previous section that the model (3.4) is Unable to sat1sfy these

conditions.
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4.1. DERIVATION OF THE EQUATION
Sl S ol ol

We are seeking an equation in the following general family of parabolic

approximations =

4. 1) 1 v, 1 8 (zCe) BYy _ Y e B, Bfe) e LAY = D
2 52 ¢z (c) X, ot 2x€c_5£zc5 90X, 'ax_l

where 7, £ and y are smooth positive functions of ¢, and are to be
determined such that criteria (i), (ii) and (iii) be satisfied. (Note that

this family contains the family (3.5) of the previous section).

The main result is the following :

THECREM 4.1 : The equation (4.1) satisfies the conditions () and (V1) 72f and

only tf ¢ and & are modulc multiplieative constants given by :

-
2

(4.2) zCe) = £Ce) = ¢ r Y ¢ E RI

Moreover 1f x <1s chosen gs -

(4.3) xC¢c) = ¢ Vcg€ R:

I

tnen the condition (iii1) <s satisfied and the following energy s comstant

with respect to time t .

2 2
9 T ,93 1 3 -
(4.4) E(t) - 2- JJ --'-:-i- I'é“l-_:-l dx + z- JJC I-—-—-— (C 2U)| d)(

1 azu -3 9 -1 33U T -1 3 3 -l
(4.5) — ——t ——-—(cz-——)-—-cz—-—-tc—-——“(c“u))=0
-2 ‘atz 9X,, ot é Xy X,

(4.6)




PROOF OF THEOREM 4.1 : We shall treat the three criteria separately.
b A AN 10 o LN

Part (1) : For o =0, the equation reduces to (3.5). So we have the equival ent
result to Theorem 3.2. Equation C4.1) fulfills criterion (i) if and only if the

function ¢ s given by -

2 "
¢”  3t? ° 2 X 1 %)
This equation belongs to family (3.5) With :
A
— > Y =
P 3 . X
Then seeking a solution v on the form
. . I . R . -
U = exp 1(wt - k".x) + R() exp 1wt - k. x) In Q
u = T{(a) exp 1(ut - kT.x) 1n Q+

1s equivalent to seeking v on the form

§v = £(c ) [}xp 1 (wt - kI.x) + R(@) exp iyt - kR.xi] 1in  Q

'V £(c+);T(a) exp 1(wt - kT.x) in o

Y _ =1
or, equivalently, if vy = tEc ) v -
A X T — i R . —
V =exp 1wt - k" .x) + R(a) exp 1wt - k .x) in Q
v ) T _ +
vV = T) exp it - k . X ) mn
where
Ria) = R(a)
+
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We then can apply lemmas 3.2 énd 5.4 to obtain

= _ @wlc ) —
T) = | R(C) =0

0Cc’) - g(cTy + wic )

C

where we have set :

T* = lim T(a)
a -+ 0

R* = (im Rta)
a => 0

The condition (ii) can be written :

Lim Tda) = TCO)
a > 0 -

0

Lim R(a)
a > (O

or, equivalently :

- ——t *x

TW) =7 . R(Q) = R

Applying Theorem 3.3 to T and R proves that the condition (ii) is fulfilled
if and only if the functions ¢ and ¢ are related by :

d

-a-&-()=0.

vrejuy

The functions ¢ and £ are now defined (modulo a multiplicative constant)

which gives the first part of the theofem .

su

: the

Part (111) : In the same way as in (2.9) (j.e. by multiplying by

Q)

equation and integrating by part), we obtain the foflowing a8 priori estimate -

1 d &2 3wy, 1 O ¢ '
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that leads to a sufficient condition for an energy to be constant. If the

functions f, x, £ are related by :
+
xE¢ = ¢cz? , V¢cER, ,

for any solution u to equation (4.1) the following energy is constant -

1 [ xE<¢ |auy 2 1 2 1
E(t) —-2-'[" —:2—- I-a—f-l dx + v g JJ 2 |3-;; (CU)l dx

The second part of the Theorem is terminated by noting that, if ¢ s equal

to ¢, the previous result gives y = c.

4.2. A GENERAL WAVE EQUATION

For simplicity, we have been working on the reduced wave equation, but the

analysis applies to the general wave equation as well :

320 : _
(4.7) o —— = div (u grad u) = 0

3t
where (p,u) are positive functions of X .

We define new coefficients ¢ and o by =

¢ = GED%
(4.8) 5 >
(U = (pu)?

f 1
\v = gy
(4 .93)
T 2y 32y 1 '3 vV . _
ef' T atax, 2 3;;-(c le) =0

This is the equation we shall consider all throughout the remainder of this

paper and we shall study its mathematical properties.
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4.3. WELL-POSEDNESS

To begin with, we consider the Cauchy problem related to equation (4.9a)
. 5

vV = gfu
: 2
€ 0,2 atax, 2  9x, axl
with the initial data -
ulx,d = ugyx) in R?
(4.9b) |
ou .
5T (L0 = up (0 in R
For simplicity, we shall also note -
| | 1
(4.10) Vo = a’ug ; Vi = o’y

The functions ao(x) and c¢c(x) are bounded from below and above -

I0<*o*<o(x)<6*<+w a.e. in R¢
(4.11) |

0<c, € ectx) £ c* <+ w a.e. in RR?

In order to give an existence result, we introduce the Hilbert spaces

(4.12) H = L2(R2)

equipped with the usual scalar product and norm, denoted by. ¢ , ) and | |

respectively, and

(4.13) V=3V.EH - ;;‘fleH

equipped with the scalar product

_ | oV oW
(V,H)v = (v,w) + (?H » "a—;;)

and the norm

' 1



oV oV
| 0 1
( -2- Bxl (C Bxl) ' sz ¢ H ’

/0) has a unique (strong) solution u such that :

1 3 3V - 32y

Moreover the Following energy 1s constant as g function of time

2
1 1 3v . 1 { 3V |
(4.14) EC(t) = 5 JJ = I-é-_i:-! ax + z-jj C =i dx

OUTLINE OF PROOF : For further details the reader is referred to [2]
_.m-“_—

ime :
oV _
3? W U
(4.15) 2
W oW ¢ a oV
— — - v —) =
a3t ¢ 3x,, 2 3X (c axl) 0

In the classical way, we Introduce the Hilbert space #= V x H, equipped

We define on & an unbounded operator A by -
bcA)---{w,meé? > ey, o1 (e 2V 4 W
axl axl axl ax2

(V,H) i A(V,H) - W, — C -;é... (¢ --.a..!.} + ¢ _a.‘f_
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-a'f’;c- (et ()Y + ACvCe) ,w(t)) = O

(4.17) .
- (D) ,w (D)) = (vg,vy)

By virtue of the Hille-Yoshida theorem, our result is a straightforward

consequence of the following lLemma.

(17) A + ) + 1 applies D(A) onto A

The first condition is easy to check using a Green formula. The second one

1s much more difficult to prove, since A

2
term 1in -2—;-). It 1s overcome by an elliptic regularization in the
3 X |

: : 2 - : : . :
direction. A priori estimates independent on the regularization parameter

is not H elliptic (there is no

X2

enable to take the Limit as the latter goes to zero (see [2] for details).

Using the energy estimate (4.14) , we can weaken the regularity assumptions

In the classical way :

THEORZM 4.3 : Assuming only that (vg,vy) € V x H, the Cauchy problem (4.9a,b)

has an unique weak solution such that
v €€0,T;H nZ” 0,1V

Morecver, 1f a segquence C. of veloeity distributions converges a.e. to c,

the corresponding solutions v converge weakly to the solution

e V corresp&nf

ding to the velocity c.

‘We now turn to the initial boundary value problem in the half-plane

Ri ={X-/X2_> O}



- 3 -

v = g%y
(4.93) 1 2 2
acv A<y T p oV
T S tsecs =— (c 2 = in RZ x[0,7]
C 542 ataxz 2 Bxl Bxl + ’

with the initial data -

su(x,D) = ug (x)

N Ri |
(4.9¢)
U
(-5-{- (.X,O) = Uy (x) mn ]Ri

and the boundary value -

(4.9d) ulx ]_;D,.-t) = g(xl,t) in R x [O,T]

We again denote by (vg,vi)  the initial values of v and 'g?u As above we

define the Hilbert space V+ as

- | 2 (2 oV 2(R2y;
V+ {v € L (R+) 7 Bxl € L (R+),-

THEOREM 4.4 : With the Jollowing regularity

assumptions

2 2 } o 2
(vo 'Vl ,9) € V, x L (R+) x H*CO,T;L4(R))

/’

the problem (4.9a,c,d) has an untque weak sciution such that -

t > vix,t) € Whe® (U,T;LZCRE)) N Lm(O,T;LZCIRi))

X2 =+ vix, t) € LmCR_,_ ,H? (0, T;L2(R)))

Note that the last estimate enables us to consider x» as an evolution direction.
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4.4. PROPAGATION PROPERTIES
—— 22 T2TN PROPERTIES

We first study the propagation direction of the solution t :
Theorems 4.5 and 4.6 express 1in different ways that the s

only in the positive X2 direction, even wiaen the medium i.:

THEOREM 4.5 : Let u be the weak solution of (4.9a,b). As.

Supp Ug U supp u; © R2
Then for any t > 0, one has
supp u(.,t) « R2

THEOREM 4.6 : Let ul (resp u®) be the weak solution of

. 1
ponding to the data (Uéf up) (resp (ug,u"f),) and the coej

resp (c?,02)). Assume that

1 = ;2

Yo T YU

ul = 2
r - N D
a.e. 1in R<

! = o2

gl = g2

Then, for any t > 0, one has -
ul G, ) = w2, t) in RZ

where R? = {x., xp <0} .

PROOFS : Both results proceed from an energy identity in th:

e 50 i

LEMMA 4.2 : Let w be 4 suffietently smooti junction soile:

32w 3w I oW |
— e—— o PO il —) = r
C dt3x 2 X (c o X ) Y LR

2
ot 2 - 1 1
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Then the following tdentity is valsd p

, 4+ o
: 2 2 2
d 1 oW C | oW oW
(4.18) -a—t-('é' JJ 2( l‘g?l + ) l‘g';'l*l )dX) + J l—a-{ ("1-'0-"‘), dx1 = 0
- R

The identity is easily obtained after multiplying

the equation by -éa-?- and

Integrating by parts over R<

o w = -/¢

- For any angle 8 in [=7,7] , the direction 8§ is defined by -

(4.19) 6 = (- sin 8, cos g)

- .
. Z (t) denotes the support at tipe t of the fundamentgal solution in 3

Ak
homogeneous medium of velocity ¢ (see (2.7)) -

% *

2 2
(4.20) é’cr)={x€m2,2xf+4cx2-—c"' ]

U

of (4.9a,b) vropagates in any direstion @8
Wwith a velocity V(8) Bounded by

*®

* ' X
4.21) V (g) .=‘22-‘ccos 8 + (1 + sin2 g)7)

L7 the initial valyes Ug and

Ul* are of compact Support Jf/_, tnen gt any

time t one has -




lLet Q; be the half-plane the ihéoing normal vector of which is 3 and that

propagates with a given velocity v > 0 -

(4.22) 27 = {x,(x =R + VOD.E > 0 )
F; denotes the boundary of ﬂ;, do 1is the measure on

Wwe shall actually prove that for any 8, the energy in Q

T
5
t - :
g 18 decreasing as
*

a function of time, for all values of V such that V2V (8). This will give

the first part of the t heorepm.

The energy contained in the half-space Q; 1s denoted by E(v,Q;,t).
2 2
t T T 108V 1 oV
Qe i Qe _

By a Green's formula, we can prove the following :

LEMML 4.3 @ For smooth data, the solutton of the Cauchy protlem satisfies the

equality :
d t 1 | &
e + Ll =
(4.24) 5 E(v,.Qe,t) -4 , C do 0
FB

where the function ¢ <s given by

2 2
(4.25) ¢ = (V - ¢ cos 6) Lii! + c? sin g ¥ 3V l.c2v IJEL.
t 3t axl 2 axl
This function ¢ can be S€eén as a quadratic form in the variables -%T and
. | . L %
oV > v (g).

% - A straightforward calculation shows that it is positive if V
1 .

Under that condition, the energy in Qt

&

The second part of the theorem is eastly derived by taking the intersection
%

of all the hal f~spaces Qt for V = v (g).
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To finish with the propagation properties, we shall point out a result analogous
to the reciprocity property for the wave equation, i.e. the solution

at point B for a source located at point A is equal to the solution at point

A for a source located at point B at the same time.
For the parabolic approximation, the result can be Stated as follows. Let A
and B be two points in R2 such that 82 > Az ’ uA (resp uB) 1s defined

as the solution of an "upgoing" (resp "downgoing') equation with a source at

point A (resp B). The initial values are equal to zero.

1 1
v = o’ uA ; vo = a? u°
A A A
1 3y 32y 1T 3 3V
(4.26) — + — 5 50— (¢ —) = §(A,t)
atz" ataxz 2 axl Bxl
B B B
1 32y 32y 1 3 3V
(4.27) e = wmr— = —— (¢ —) = $(B,t)
c at2 8t3x2 2 3 1 axl
A B
A _ Vv B _ oV -

PROOF : For any 1 > 0, we define a neuy function uB’T by :
uB'T(x,t) = uB(x,T—t)
o .
Then VB’T = g* uE’ 1s solution of -
U LA s B AN i)
C Btz dtax 2 axl a)(]
(4.29)
B,r BVB’T
T = 2 o =0

We then multiply (4.26) by v » 4.29) by VA, substract the latter from

the former and integrate it on [0,T] x R?4.
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Integrations by part easily show that the left-hand side is equal to zero.

The right-hand side is :

i .
J J [VB’T‘SCA,t) .. §(B,t)] dx dt = VB(A,T) - VA(B,T)
¢ R2 ‘

which proves the identity (4.28).



4.5. REFLECTED AND TRANSMITTED WAVE AT A LINEAR INTERFACE

————— "= 7' A LINEAR INTERFACE

The notations are the same as in 3.2. The transmission conditions at the

interface T(a) for equation (4.93) are :

L

- 2 —
(6.30a) If o =0 [0® u] rcgy = O
/[cr% U ] = (
\ 'Ca)
(4.30b) If o #0
3 7 .
[C 'é';'; (o U)]F(&) = 0

. We introduce some notations :

. The velocity contrast q is

- C
Q= =3
c

- The incidence angle at the interface, &

I
- | _ k [ ]
group velocity vector VGG:rD to the normal to the Interface.

» 1s defined as the angle of the

Figure 4.1 : definition of the incidence angle
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The reflection and transmission coefficients depend on 8, q
¥ 4

]

2

and

O

The

following plots show them as functions of 8§ € [*-%,-—--q] for various

values of the parameter q@ and o. When q 1S greater than 1 (i.e. when

% i a S . + |
the velocity in @ is lower than in Q ), there is a critical angle a*(q,u)

t

- 4
for 8 > 8 , the transmitted wave is traveling, while for & < 8

evanescent, and we do not plot it.
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m

the incidence angle for various values of the parameters
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S - NUMERTCAL EXPERIMENTS

In order to 1llustrate our theoreticsl results, we present here numerical

experiments 1mplemented by F. Collino at I.F.P. The time dependence is handled

by Fourier transform. It leads to an evolution problem in X, of Schrodinger

type. The corresponding equation is then semi-~discretized in « by P finite
1 .
elements. A Crank-Nicolson scheme i< finally used in the X, direction. for

fur;her details and properties about these numerical schemes, see [11].

For each simulation, the source is quasi punctual, i.e. its support is small.
Its position is indicated on the figures by the pciht' S. Its time dependencé

is given by the second derivative of a gaussian function (Ricker source). .

Each of the figures we present here are snapshots of the solution at a given
rime. This gives an 1image of the solution in the (x;,X5) plane (this fepfe-
sentation is commonly used Dy geophysicists). The areas where the solution is

oositive are darker, the ones where it 1s negative are Lighter.

Wwe present on Figure 5.1 the solution in a homogeneous medium. One easily

recognizes the ellipse which defines the support of the fundamental solution.
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Figure 5.1 : Fundamental solution in homogeneous medium
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Figure 5.3 : Two-lavers medium : o

To- illustrate the influence of the angle o on the behaviour of the solution,
we represent on Figure 5.4 the same snapshot when o 1s equal to '%m The

reflected wave is much weaker than in the previous example, as proved in Section

4.
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We finally present a numerical experiment concerning two media divided by a

corner made of a horizontal Line and 3 vertical one. The horizontal interface

produces no reflected wave, while the vertical interface gives rise to 3

reflected wave.

Figure 5.5 : The corner case
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