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ON THE LOCAL AND GLOBAL CONVERGENCE OF A REDUCED QUASI~NEWTON METHOD
SUR_LA CONVERGENCE LOCALE ET GLOBALE D'UNE METHODE DE QUASI-NEWTON REDUITE

Jean Charles GILBER'I'

Abstract : In optimization in Rn with m nonlinear equality constraints, we

Study the local convergence of reduced quasi-Newton methods that are methods in
which the updated matrix is of order n-m. In particular, we give conditions for
g-superlinear convergence (in one step). We introduce a device to globalize the
local algorithm which consists in determining a step on an arc in order to
decrease an exact penalty function. We give conditions so that eventually the

step will be equal to one.

Résumé : En optimisation dans & avec m contraintes d'egalité non linéaires, on

étudie la convergence locale des méthodes de quasi-Newton réduites qui sont des
méthodes ol la matrice & mettre & jour est d'ordre n-m. En particulier, on
établit les conditions de convergence g-superlinéaire (en un pas). On intro-
duit également une méthode de globalisation de l'algorithme local consistant a
déterminer un pas sur un arc de courbe de maniére & faire décroitre une fonc-
tionnelle pénalisée exacte. On donne des conditions assurant 1'admissibiliteé

asymptotique du pas uniteé.
Abbreviated title : A reduced quasi-Newton method.
Key words : Constrained Optimization, Successive Quadratic Programming,

Reduced Quasi-Newton Method, Superlinear Convergence, Exact Penalty Function,

Arc Search, Step-size Selection Procedure, Global Convergence.
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1 - Introduction

Let w be an open convexv set in®  and f tw— Randc : @ — K {m < n) be two
functions of class c; with » 2 3, that is to say that f and c are supposed to be
threg times continuously differentiable with bounded derivatives on w. We
shall endow & with its canonical basis. We are interested in finding an
algorithm for solving the following minimization problem with equality

constraints :

(1.1) min { £(x) : X e w , c(x) = 0 }.

In addition to the smoothness of £ and ¢, we shall assume that ¢ is a submersion

on w, that is to say that the m x n jacobian matrix
(1.2) Ax = A(X)

of partial derivatives is supposed to be surjective for all X in w. If w is
"large", this is a very strong hypothesis but it is usual to suppose that the
gradients of the constraints are linearly independant at a solution of (1.1) and
then, tﬁis hypothesis is satisfied in a neighbourhood of a solution. Then, if
X, is a local minimizer for problem (1.1), there exists a unique Lagrange multi-
plier 7\* so that the first order optimality conditions are satisfied :

c(x,) =0

(1.3) m
VE(x ) + A, A =0

where Vf(x*) is the vector of partial derivatives of f at X, and A := A(x*). The
second equation is the first derivative with respect to x of the lagrangian
1(x,A) = £(x) + (A,c(x)) at (x,,X ). The second order sufficient condition
will also be assumed : the n x n hessian matrix L of second derivatives with
respect to X of 1 at (x*,k*) is supposed to be positive definite in the tangent
space N(A*), the kernel of A, to the constraints at X . For further

references, we gather those hypotheses under the name of

assumption A :

® f,carein c;(w) with v 2 3,



®  is a submersion,
° (x*,k*) satisfies (1.3),
T . n . )
® hL*n>0forallh1nR w1tnh==0andA*h=0.

Quasi-Newton methods also called variable metric or secant methods are methods
for solving a system of nonlinear equations on RN, say F(x*) = 0, that generate a
sequence of points (Xk) and a -sequence of matrices (Jk) of order N from the data

of a point x, and a matrix J 5 by the formula :

1

-1

X = Xk - Jk

K+1 F(xk)l

where Jk is supposed to be nonsingular and updated at each iteration by the
following scheme :
Ty i U(QR' Tir %)

Ty 3= F(x,) - F(x),

Uk H Xk+1 - Xk.

The rule U is designed in order that Jk +1 will satisfy the secant equation
Jk +1% = Ty and then improves the approximation by Jk of the jacobian matrig
F'(x*) at the solution X, . These methods are particularly attractive because
second order derivatives need not be calculated and that a gq-superlinear rate of
convergence for (xk) can be obtained (see the review paper of Dennis-Moré

(1977)), that is to say :

(1.4) — 0 as k — o,

Such a method can be used for solving system (1.3), but matrices of order n+m
will have to be updated. The aim of this paper is to introduce and study such
quasi-Newton methods but with updated matrices of order n-m.

The Successive Quadratic Proaramming (SQP) proposed by Wilson (19623) and Han

o~ R R—1041 =443

(1976) improves the previous method with regard to the order of the updated
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matrices. In this method xk + is obtained from xk by solving a quadratic

program with linear constraints :

; ' - 1 (x-x7T -
(L) min [f (). (x - %) + 3 (x-x)" L (x x )]
% ¢ & ana c(xk) + c'(xk).(x - xk) =40 '

where we have used a dot to separate the linear operators f' (xk) and c! (xk) from
their argument (x—xk). The matrix Lk of order n is updated in order to
approximate L*. The fact that the lagrangian has & minimum at X, in the tangent
Plane to the constraints at X, allows to understand the method : it minimizes a
quadratic approximation of the lagrangian subject to the 1linearized
constraints. Iinder assumption A, the solution of (1.5) can be written in the
form (see Gabay (1982,b)) :

_ - o= o=T --1 o
(1.6) Reps = ¥ = B c(xk) zZ, (zk L, 2.) " [9("k) z,

T -
Lk B c(xk)],
where A; is any right inverse of Ak. 2= A(x, ), Z; is any n x (n-m) matrix whose
columns form a basis of the tangent space N(Ak) to the manifold Mk := c_l(c(xk))
at xk and g(xk) is the reduced gradient defined by

_ T ' n-m
(1.7) g(xk) 1= zk Vf(xk) e R .

The first part (-.A;c(xk)) of the displacement in (1.6) is a restoration step,
i.e. a Newton-like step for solving c(x ) = 0. It belongs to R(A;) which is a
complementary space to N(Ak) in Rn - The second part of the displacement in

(1.6) is a pinimization step belonging to the tangent space R(Z;) = N(Ak) to Hk

atx .

Let us consider for a while the case where the constraints are linear :
(1.8) c(x) :=ax + b = 0,

where A is a m X n surjective matrix and b is a vector in &". .Like in the
nonlinear case, let us introduce Z , a n x (n-m) matrix whose columns generate
N(R) : AZ = 0. Suppose that the first iterate belongs to the plane of the
constraints : c(xl) = 0. Then, any point x satisfying the constraints (1.8)

can be expressed by using a reduced variable u in & ™ (x = X, + Z u) and the
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problem of minimizing f subject to the constraints (1.8) is equivalent to the

one of minimizing g(u) := f(xl+z_u) on{ue " X, + Zuew} :

(1.9) min { g(u) :ue & ™, x +Zuewl

By considering the optimality equation ch(u*) = Z-T Vf(x1+ZTu*)_ = 0, a
quasi-Newton method for solving problem (1.9) generates a sequence (uk) in an—m

and a sequence (Gk) of nonsingular matrices of order n-m such that

S
Uy =W — Gy Vq>(uk).
By setting xk = xl +Z uk, we obtain
(1.10) X = x» -2 6t gx)
k+1 k k k'’

where g( xk) = Z-T VE (xk) is the reduced gradient of f at X, and Gk is updated as

follows :

Crer = U(Gr 70 o)y

(1.11) T, = 9(x

k+l) - g(xk).

R T

in order to approximate qu;(u*), the hessian of ¢ at u, which is also the

reduced hessian of f at X, 3
7 T sz(x*) z .

The conditions so that the rate of convergence of the sequence (uk) will be
g-superlinear can be satisfied and because of the injectivity of Z-, the same

conditions will assure the g-superlinear convergence of the sequence (xk) .

The algorithm (1.10)-(1.11) is a reduced guasi~Newton method because the order
of the updated matrices is n-m rather }:han n in the SQP. Our aim is to study such
methods in case of nonlinear constraiﬂts. They are particularly well adapted to
problems with n large and n-m small. That situation appears for example in the
parametric identification of nonlinear sources in partial differential
equations. If a finite element method is used to discretize the state equations

(the constraints), m is large, say of the order of 1000, whereas the number n-m
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-

of identifiable parameters 1is usually smail ¢ 2 or 3 in the example of
Blum-Gilbert-Thooris (1985). In that case, a reduced quasi-Newton method is
usable while the SQP is not because of the order of the matrix that should be
updated. Another advantage in developping reduced quasi-Newton methods comes
from the fact that, under assumption A, the projected hessian of the lagrangian
is positive definite at the optimum. Therefore, positive definite‘quasi-Newton
approximations of that operator can be generated, in particular by the BFGS
update formula which possesses some stability properties. We see that reduced
quasi-Newton methods appears rather natural. So, it is important to generalize

the algorithm (1.10)-(1.11) in case the constraints are nonlinear.

This can be done by using the implicit function theorem in order to obtain a

feduced objective function :
e(u) = £(¢(u)),

where ¢ : ueV~e - LN ((u) ewC & is a parametric representation of the
regular manifold c-l(o) around x_ := E(u*) : c(é(u)) =0 for all u in V. This is
the basic idea of methods like the generalized reduced gradient (GRG) method
(Abadie-Carpentier (1969)) or the gradient projection method (Rosen (1961)).
In fact, the parametric representation §{(u) is usually not known and this leads
to several difficulties. Because the method asks the generated sequence ('xk) to
be feasible (c(xk) = 0 for all k) and that this cannot be achieved exactly in
practice, some criterion has to be introduced to decide when to stop the restau-

ko1 = E(Weyy
(Mukai~Polak (1978)). Another difficulty appears when x

ration steps, i.e. how well the equality x ) has to be realized

X is far from X, and
that a step-size has to be introduced in the u-space in order to globalize the
method. 1Indeed, everytime a step-size is tried, an infinite number of
restoration steps have to be done : see Gabay (1975), Gabay-Luenberger (1976),

Mukai-Polak (1978), Gabay (1982,a).

On the other hand, some non-feasible reduced quasi—Newton methods have been
developped recently. Gabay (1982,b) has studied the following algorithm :

1 1
= +
| (1.12) Repp = B ¥ T+t

i __ .-
(1.;3) r, = Ak c(xk),



1, _ -1
(1.14) tk := zk Gk g(xk),

where Ak is any right inverse of Ak

form a basis of the tangent space N(Ak), G

’ z; is any n x (n-m) matrix whose columns
X is a nonsingular matrix of order
(n-m) and ~g(xk) is the reduced gradient of f at xk. The tangent step t}l{ in
(1.12), tangent to the manifold Mk' has the same structure as the displacement
in (1.10) except for the basis Zk which changes here at each iteration. The
restoration step ri in (1.12) is introduced to improve the feasibility of the
sequence. The displacement in (1.12) can also be deduced from the displacement
(1.6) of the SQP method by dropping the last part of the minimization step and by
considering Gk as an approximation‘ of .the projected hessian Z;TL(xk,Ak)Z;.

For their part, Coleman and Conn (1982,a) have studied the following
algorithm :

(1.15) X =X +r. +¢t

_ 2
(1.16) r. := - A c(xk+tk),

k
- -1
K

(1.17) t” = -2 Gk g(x

k

where Z; is a n x (n-m) matrix whose columns form an orthogonal basis of N(Ak)
and A; is the Penrose pseudo-inverse of Ak s A; = Alic‘(AkAi)-l' In fact,the

orthogonality of the columns of Zk is not essential and any right inverse for Ak

can be used. The only relevant difference with the algorithm of Gabay lies in

+t2, after the

the restoration step in which the constraints are evaluated at Xt

tangent step, rather than at x_ in the algorithm (1.12)~-(1.14).

Kk
The study of both algorithms (1.12)-(1.14) and (1.15)-(1.17) shows that when
the matrices Gk are suitably chosen and the initial point xl is close to X, the
sequence (xk) generated by any of those algorithms converges to X,

g-superlinearly in two steps, that is to say :

N2y = =11

Hx,_, - xl|

This rate of convergence is not so good as than the rate (1.4) obtained with
reduced quasi-Newton methods when the constraints are linear. On the other

hand, counter-examples have been given by Byrd (1985) and Yuan (1985) for which
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both methods of Gabay and Coleman-Conn do not behave better than with a two step
g-superlinear rate of convergence. Therefore, we may ask the question : is
this fact the price to pay for the generalization of reduced quasi-Newton

methods to nonlinear constraints ?

The question is considered in the subsequent sections. If unconstrained
optimization problems are closely related to the solution of nonlinear
equations (via the optimality condition f '(x*) = 0), we see from (1.3) that
constrained optimization problems are related to the solution of two coupled

nonlinear equations :

0 inﬁm

0 in an-m

(1.18) c(x*)

(1.19) g(x_ )

The equation (1.19) expresses the vanishment of the reduced gradient defined in
(1.7) and is obtained by projecting the second equation of (1.3*) on the tangent
spaée N(A*). A "decoupling" method for solving (1.18)-(1.19) is introduced in
section 2. At xk, the first part of the step of the method consists in doing a
Newton-like displacement for solving (1.18). This leads to a point Y Then,

Xy 1 is obtained by doing a Newton~-1like displacement for solving (1.19) from the

point yk 3
(1.20) Yy =% -3 clx),
(1.21) Eerr = ¥ ~ B, 9y ),

where A: is a right inverse of Vc(x*) and B: is a right inverse of V'g(x*). We
shall see that only B: has to be imposed in order to ensure local g-quadratic
convergence (in one step) of the process. In section 4, we apply this algorithm
to constrained optimization, when g in (1.19) has the special structure (1.7),
and it takes the form of a reduced Newton method. Its extension to reduced
quasi-Newton method is then easily done. In section 5, necessary and sufficient
conditions that assure the g-superlinear convergence (in one step) of the

method are established.

In fact the obtained algorithm appears to be Coleman-Conn's algorithm but the

considered sequence is their sequence (xk+t]2{) rather than their sequence (xk) .
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So, our result of this sections consists, on the one hand, in making a link
between the algorithm of Cocleman-Conn for constrained optimization problems and
algorithms for solving two coupled equations, which gives some insight into the
method and, on the other hand, in obtaining necessary and sufficient conditions
for g-superlinear convergence in one step of the sequence (xk.) whereas the

result of Coleman-Conn (1982,a) concerns the g-superlinear convergence in two

steps of the sequence (yk) of our method.

The globalization of the 1o¢a1 method could then be done like in the paper of
Coleman and Conn (1982,b). In gection 6, however, we examine another
globalizing technique essentially based on the ideas of Han (1977) for the SQP
{see also Danilin-Pschenichny (1965)). We introduced the following exact

penalty function :

(1.22) @ (x) =£(x) +p |le)]],,

where p is a large enough penalty parameter and 1 -1 , is the 1-normon &. we
look for X, by minimizing ep on w. The idea is then to obtain a descent direc-
tion for ep at the current iterate from the displacement calculated by the local
algorithm (1.20)-(1.21). Contrary to what happens with the SQP, our total
displacement is not a descent direction for ep any more. So we shall introduce a
descent arc, being inspired in that way by the work of Gabay (1982,b) for his
algorithm and Mayne~Polak (1982) for the SQP, although in those algorithms, the
arc was introduced for other reasons. A search on the arc is done in order to
decrease the penalty function @p with the help of an Armijo-like criterion.
This gives a theorem assuring the global convergence of the method. An
advantage of that technique is that under natural conditions the step-size is
equal to one after a finite number of iterations. Therefore there is a sweet
transition from the global to the local method that does not prevent the

g~superlinear convergence to occur.

Just a word on the notations. If (v,) is a sequence in a normed space (E,||.| |E)
and (¢ ) is a sequence of positive numbers, we shall say that (v ) is a large O
of (cr ) (we shall note v, = 0(¢ _)) if the sequence (||V H . /a ) is bounded and we
shall say that (vk) is a small o of (¢ ) (we shall note v = o(a: )) if the

k
sequence (||v || /a, ) converges to zero. We shall note v}, the i-th component
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of a vector v in E. If A is a linear operator from (E,||.||E) to (F'Il'HF)' we
shall note ||a|| = sup { [av]]s - ”VHE <1 }. '

This paper constitutes a revised version of a part of the report number RR-482
of INRIA in which some techniques for updating the reduced matrix have also been

investigated. A variant of the method is given in Gilbert (1986,Db).

2 - A decoupling method for solving ‘two nonlinear coupled equations

Let us consider the following coupled system of nonlinear equations :

F(x)

0
(2.1)

G(x) =0

where F : &8 — & (m<n)andG : & — & are supposed to be smooth. Let X be
a solution of (2.1) and let us note A* the m X n jacobian matrix of F at X, and B*
the (n-m) X n jacobian matrix of G at X . We shall say that X, is a reqular solu-

tion of (2.1) if the jacobian matrix of the system (2.1),

. A*
(2.2) J, := B ,

*

is nonsingular. This will be the case if and only if N(A ) A N(B,) = {o}. we
would like to define a Newton-like method for solving (2.1) without having to

inverse the jacobian J(xk) of (2.1) at x For that, let us suppose that x_ is a

k.
regular solution. Then A* and B* are surjective and we can introduce a right

" inverse A: of A and a right inverse B: of B :
(2.3) A*A =1 , B B =1 .

‘Two algorithms using A: and B: can be considered and we defined them with the

help of the fixed point maps ¢ 3 and 52. The first one is
(2.4) Repy = £l(xk),
(2.5) El(x) := X =.A_F(x) - B G(x)

and the second one is
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(2.6) Ry = £2(xk) := (Yo qr)(xk),
(2.7) ¢(x) := x - A_ F(x),

(2.8) $(y) =y - B, G(y).

Those algorithms are somewhat "ideal". Indeed, the matrices A_and B are not
known and so neither are A_and B_. But not better than a good "ideal" Newton
method to introduce gquasi-Newton methods. The relations (2.3) do not
determined the right inverses A: and B: completely. Therefore, we can try to
choose them so that the sequences generated by the algorithms (2.4)-(2.5) and
(2.6)-(2.8) will have a good local behavior. The next two propositions show
that this is possible : we can get conditions on A: and B: in order to have
3 i(x*) = 0 and &é(x*) = 0 which will ensure the gq-quadratic rate of convergence
for both algorithms. We shall say that a n row matrix is a basis of a given
subspace of ﬁn if its columns form a basis of that subspace.

Proposition 2.1 ¢ Suppose that F and G are differentiable at X, . @ reqular

solution of (2.1). Then, the following statements are equivalent :

(1)  gj(x,)=0,
(ii) R(A)) =N(B,) and R(B_) = N(A_),

(iii) for any right inverse A: of A_ and any basis Z: of N(A*) , We have

(2.9) A

*

- --1 v~
[1 - z, (B, 2,) B*] A,

(2.10) B~

- -\-1
Z* (B* Z*) .
Proof. First, we prove (i) <=> (ii). Statement (i) is equivalent to
(2.11) I=A A +B B.
* x * x

The right hand side of (2.11) is equal to [A: B:]J*. Then (2.11) means that
[A: B:] is the inverse of J_and therefore is equivalent to I = J*[A: B:], that

is to say that A*B: =0 and B*A: = 0, which is statement (ii) because A: and B:

are injective. Next, we prove (ii) => (iii). Let z: be any basis of N(A )
R(Z—) = N{(A ). BRecause J z
* x *x x %

(2.11) to the right by Z_, we get 2, = B, (B Z_) and therefore (2.10). (2.9) is
obtained by multiplying (2.11) to the right by any right inverse A: of A and by
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using (2.10). It remains to prove (iii) => (ii). If we take A: = A: in (2.9), we

obtain B,A =0 and because A Z =0, (2.10) gives AB =0¢

Proposition 2.2 : Suppose that F and G are differentiable at X , & reqular
solution of (2.1). Then, the following statements are equivalent :

(1) &) =0,
(ii) R(B,) =N(A ),

(iii) for any basis z, of N(A*), we have B = Z: (B* Z:)-l.

*

Proof. The equivalence (i) <=> (ii) comes from the fact that £é(x*) = (I-B:B*)
(I-A A ) and that the spaces N(A ) = R(I-A A ) and R(B,) = N(I-B,B_) have the

same dimension n-m. To prove (iii) from (i), let Z: be any basis of N(A*). By

multiplying
(I-B* B*) (I-A* A*) =0

to the right by Z:, we get Z: = B:(B;Z:) and therefore (iii) because B*Z: is
nonsingular. From (iii), we get (ii) by multiplying to the left B: = z:(s*z:)’l
by A* L ]

In the statement (iii) of proposition 2.1, we could equivalently have given to
B, the role of A . We also see that the right inverses A: and B: are completely
determined by the condition (i) of proposition 2.1 and do not depend on the
choice of A: and Z: in (iii). similarly, the right inverse B: is completely
determined by condition (i) of proposition 2.2 and does not depend on the choice

of Z: in (iii).

From proposition 2.1, we see that £i(x*) = 0 if and only if [A: B:] is the inver-~
se of J_. This means that the algorithm (2.4)-(2.5) is in fact the "ideal" (with

J:l rather than J (xk)-l) Newton method for solving (2.1) (see the displacement

in (2.5)), the method we wanted to avoid. On the other hand, proposition 2.2
shows that the algorithm (2.6)-(2.8) need less conditions to have a good local
behaviour than the algorithm (2.4)-(2.5). We shall call it the ideal decoupling
method. The fact that no conditions are required on the right inverse A: means

that any solver of the first equation in (2.1) can be used in (2.7),
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independently of the second equation of (2.1), whereas this is not true for the
solver B of the second equation of (2.1) that has to be adapted to the fJ.rst

equation.

The results of proposition 2.1 and 2.2 have a geometrical interpretation. In
the ideal Newton method, (xk) will converge g-quadratically if the
displacements (—A*F(xk)) and (—B*G(xk)) belong to the tangent space at X, to the
manifolds defined respectively by the pre-image of O by F and G. In the ideal
decoupling method, only the second step (-B:G(yk)) has to belong to the tangent
space N(A* ). the first step is arbitrary.

3 - A change of coordinates

Before applying the results of the previous section to constrained
optimization, let us give some examples of right inverses A; of Ax and basis Z;

of N(Ax) . For more details, we refer to Gabay (1982,a).

Once the injective matrices Ax and Z have been chosen, the columns of [A Z ]
form a new basis of & . Indeed, R(A ) 1s a complementary space of N(A ) To
make a change of coordinates in that new basis, it is convenient to introduce

the additional (n-m) X n matrix Zx given in the following proposition.

Proposition 3.1 : Let A be amxn (m<n) surjective matrix, A; be any
right inverse of Ax and Z e any basis of N(Ax). Ihen, there exists a uni-

|U'

que (n-m) x n matrix Zx such that

(301) ZX A = o,

(3.2) 2,2, =1 _ .

(-

]

Eurthermore y We have
.3 = A +7 2.
(3.3) I,=B A +Z Z

Proof. Existence and unicity of the matrix 2 come from the nonsingularity of
[A” 27] and (3.3) comes from the fact that [~ 2 1T is the inverse of [aA" 2 ]e
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The relation (3.1) shows that N(Z,) = R(A;) and (3.2) shows that Z; is a rignt
inverse of Zx' The exponent (-) always means that a linear problem has to be
solved when we apply the matrix to some vector. The equality (3.3) can be used
to introduce a change of coordinates. Indeed, by applying it to a vector § of
&" , Wwe see that sz are the coordinates of ¢ in R(A;) = N(Zx) and sz are the

coordinates of ¢ in R(Z;) = N(Ax). }

The first choice of matrices A; and Z; is frequently made in constrained
optimization and could be called the orthogonal framework : A; is the
Moore-Penrose pseudo-inverse of Ax (see Ben-Israel-Greville (1974)) and Z; is
an orthogonal basis of N(Ax) for the scalar product (¢mm) = ig 1 £1~ql. We have :
A_ = A}T{ (a, A:)'l,
(3.4)

2z zZ =1 ¢

Then ZX = Z;T is the unique matrix satisfying (3.1) and (3.2). We see that R(A;) :

is orthogonal to N (Ax) .

Another choice'of matrices A; and z; is made when a separation of the variables
occurs naturally, as in optimal control problems or in parameters identifica-
tion problems. This is also the framework adopted to introduce the GRG method
(Abadie-Carpentier (1969)) and could be called the partitioned framework : Ax

is supposed to be partitioned in two submatrices

where the m X m matrix cX is nonsingular and DX has dimension m X (n-m). The

right inverse A; is then taken as
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Then Z, = {o In—m] is the unique matrix satisfying (3.1) and (3.2).

In the following, we shall suppose that the choice of (A;,Z;) is a smooth

function of x :
assumption B :
the function x — (A;, Z;, Z,) is bounded on w and is in c;-l(w) with v 2 3.

On this regularity hypothesis, see Gill-Murray-Saunders-Stewart-Wright (1985)
and Byrd-Schnabel (1986).

- A reduced quasi-Newton method for constrained optimization

In this section, we apply the results of section 2 to constrained optimizatibn.
The first'step consists in reducing the size of the optimality system (1.3).
This can be done because the second optimality condition can be expressed by n-m
equations rather than n, in fact, by the nullity of the n-m coordinates of the
orthogonal projection of Vf(x*) on N(A*). If Z: is any basis of N(A*), the
orthogonal projector on N(A ) is Z:(Z:Tz:)_lz:T. Then, the second equation of
(1.3) is projected on N(A*) by multiplying it by Z:T. Using the gefinition (1.7)

of the reduced gradient, the system (1.3) can be rewritten as follows :

c(x*) 0

(4.1)

g(x,) =0

In order to apply the previous results, we need to calculate the first
derivative of g at X, . This can be done like in Stoer (1984) and Nocedal-Overton
(1985) : ‘

(4.2) Yg(x,) = V(Z." (9£(x) + AL A))(x) = 2T L,.

%

The jacobian matrix of (4.1),
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is nonsingular because of the surjectivity of A* and the second order sufficient

condition which is equivalent to the nonsingularity of

(4.3)

We shall note H := G:l. Now, let us apply algorithm (2.4)~(2.5) to the system

(4.1). By using statement (iii) of proposition 2.1 and (4.2), we get the

following g-quadratically convergent algorithm :

(4.4)

= - -T - -
Ry = % = [T - Z, H 2 L*] A, c(xk) -Z H g(xk),

where A: is any right inverse of A, (playing the role of A: in (2.9)) and Z: is

any basis of N(A*). This is exactly the "ideal" SQP method (see (1.6)). So, we
obtain the result of Nocedal-Overton (1985) according to which the SQP method is
a Newton method for solving (4.1). We shall not go further with that method. If

we apply algorithm (2.6)-(2.8) to the system (4.1), we get, by using statement

(iii) of proposition 2.2 and (4.2) :

(4.5)

(4.6)

y, = X, - A c(xk),

- _= - -1 -
xk+l —Yk Z* G* g(Yk),

where A: is any right inverse of A_ and z: is any basis of N(A ). The following

lemma is a consequence of proposition 2.2.

(4.7)

Lemma 4.1 : Suppose that assumptions A and B are satisfied and let X, be a
solution of (1.1). There exists a positive constant C that depends only on

f and ¢ such that if Ko '§k given by (4.5) and ;{k-!-l given by (4.6) are in w,
we have

= 2
llxk.,,.l_x*ll =cC lek—x*ll *

From the q-quadratically convergent algorithm (4.5)-(4.6), a quasi-Newton

method is easily introduced. In (4.6), G, is replaced by an approximation Gk

and 2, is replaced by Z(yk)— which intervenes in the calculation of the reduced

gradient g(y, ). If A_ in (4.5) is replaced by A(xk)-, the constraints will have
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to be linearized twice per iteration : at xk to calculate A(Xk) and at yk to

calculate the basis Z(yk)-. Since the constraints have to be linearized at Yy
to calculate the reduced gradient in (4.6), we avoid two linearizations of the
constraints by replacing A: in (4.5) by A(yk_l)_. So we obtain the following
local algorithm :

(4.8) Yy = % - Aly,_ ) c(x),

(4.9) Xy = ¥y - 2(¥)) G,

1
K1 . g(yk).

We shall note r the restoration step and t

. the tangent step :

k

(4.10) r, *

(4.11) t, == Z(yk) Gy

- Ay, _,) clx, ),
1
g(yk).
We shall also use the total displacements
(4.12) 4 :=r <+t

k

(4.13) e, 3= tk + rk+1’

Practically, the algorithm cannot start with (4.8) from a point xl without

knowing a point yo. So, we shall suppose in the following that the algorithm
start with (4.9) from a point yo in w. This is really the same algorithm as
Coleman-Conn's method (1.15)-(1.17) if we change in (4.8)-(4.9) Yy by X, and
xk+1 by xk+tk.
usually converge g-superlinearly in one step (see the examples of Byrd (1985)

But contrary to the sequence (yk)_ in (4.8)~-(4.9) that does not

and Yuan (1985)), the sequence (xk) will have some chance to converge
g-superlinearly as expected from the behaviour of the ideal algorithm
(4.5)-(4.6).

In fact, it is not essential to reduce the size of the optimality system before
applying algorithm (2.6)-(2.8). The same method (4.8)-(4.9) can be obtained
when the decoupling method is applied to the optimality conditions (1.3). 1In
this case, B_ = [L* Af] and

- - _l _T -

Z G 2
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where A is any right inverse of A, and z is any basis of N(A ). Furthermore,
that way to do gives an iteration scheme for the Lagrange multipliers ()& ) ¢

- -T v )T - g1
(4-14) Mgy =~ Aly) Vf(yk) *Aly) T L ozly) 67 aly,),

where Lk is an approximation of L*. This formula simplifies the one obtained
when the quasi-Newton method is applied to (1.3) (see Gabay (1982,b)).

The algorithm (4.8)-(4.9) is a reduced gua §;-uew§o method for (x ) because the
only matrix to update is the approximation G of G . Unfortunately, it is not

the case any more for the sequence ( ?« ) generated by (4.14) since L intervenes
in (4.14). The next theorem glves.condltions in order to have the local linear
convergence of the algorithm.

Theorem 4.2 : MLWAMBLM.QL
exists a posjtive constant € that depends only on f, c and w guch that if r
is a real number in Jo,i[ ang if

(4.15) ||y0 -x || s cr,

(4.16) ||Gk-G*HSCr for all k,
then the algorithm (4.8)-(4.9) generates from yo a sequence (xk) in w that
gonverges g-linearly to x and

(4.17) Hx,,, -x]] sr Hx, - =11

for all k.

Proof. According to assumptions A and B, there exists a positive constant Co
such that

(@.18)  max C[lawn ] a1z e wl] ) s e,

for all y in w and with §k calculated from X, by (4.5),

(4.19) max ( ||§k-x*|| . Ilyk - % || ) S ¢ ||xk—x*|l,
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as soon as yk'_ 1 and xk are in w. This last two inequalities are obtained from
(4.5) and (4.8) by developing c(x ) around X . Let e, v and 3 be three fixed

positive constants such that

(4.20) B(x_,e) C w,
(4.21) ||G:l|| <,

= 1
(4.22) < ' '
(4.23) (1+¢p) S$<e,

where B(x*,e) denotes the ball of radius ¢ centred at X, . We shall note ci

(i=1,2,...) any positive constant that depends only on f, C, @, 5, v and CO' Let
us choose § in ]0,3] and let us prove that if yk-l' xk and Gk satisfy

(4.24) v, - x|l =c 8,

(4.25) %, - %] < &,

(4.26) lle, - 6,11 < &,
then y, and x, . are well defined by (4.8)-(4.9) and that there exists a posi-
tive constant C, such that

(4.27) ||yk -x || < c, &

(4.28) ||xk+l - x|l sc 8 ||xk -x|]-

According to (4.24), (4.23) and (4.20), ¥y
(4.25), (4.23) and (4.20), xk
(4.8) and we have (4.19). This inequality and (4.25) show (4.27). Now, according

k=1 belongs to w and according to

belongs to w. Therefore Yy is well defined by

to (4.27), (4.23) and (4.20), Y belongs to w. In the same way, §k belongs to w.

So, X and X are well defined by (4.6) and (4.9) respectively. The

K+1 k+1 V
inequalities (4.26), (4.22) and (4.21) show that Gk is nonsingular and
satisfies
-1 1
(4.29) ||Gk |} < T
)

from which we deduce with (4.21), (4.26) and 6. -6. > =G, (6.-G, ) G.~ :

LN

1 -1l -1 -1
- TS T NG sy - 6,11 Sy 5.
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3 be the constant given by lemma 4.1. Then, Taylor developments give

easily the fcllowing inequalities :

+ ||§k+l - X*II'

gy - ke~ Faall
- - 2
s = el = e 1y = wvldl+ g [y - =]
C, G 8 ||yk—x*||,

vy, - v |l ¢, v, - =01 = - =1l

By combining those inequalities with (4.7), (4.24), (4.25) and (4.19), we get

2

(4.28) with Cc, =C_, +C,C.C. + CC. + C.CC By definition, %, is obtained

from y

1 3 47770 570 276 0° k

k=1 by (4.9) and the development of g(yk_.l) around x_ gives with (4.18)

and (4.29) :

(4.30)

%, = 5,01 S @ x e vy - %11

k-1

Now, we can prove the theorem with C := min (-8',1/Cl)/( 1+C8). Indeed, if (4.15)

and (4.16) are satisfied, we see by (4.30) that (4.24)~(4.26) are verified for
k =1 with & = (1+CB)Cr < 8. Then, C18 < r and (4.28) shows that (4.17) is
satisfied for k = 1. The fact that r is less than 1 and (4.27) allow to use a

recurrence argument. So, (4.17) is also satisfied for k greater than 1 ®

We shall say that two positive real segquences (ak) and (Bk) are equivalent (we

note a ~ Bk) if 2, = O(ﬁk) and ﬁ]'{ = O(ak) . The next proposition gives two useful

equivalences.

(4.31)

(4,32)

\Prop_gsition 4.3 : Suppose that assumptions A and B are satisfied. Let
(Gk) be a bounded sequence of nonsingular matrices of order n-m such that

(le) be also bounded. Let (Xk) in w and (yk) in @ be the sequences
generated by the algorithm (4.8)-(4.9) starting from a point y0 in w. If

(yk) converges to a solution X, of (1.1), we have
Ha Il ~ Hxo=x,11,

Ilekll ~ Ilyk-x*||'

Proof. 1If (yk) converges to x_ then so does (xk). From the definition (4.10) of

k

r, and the development of c(xk) around x_, we get
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(4.33) r, = -8, A (x-x) +ol||x-x|]).

Then, by using the identity (3.3), we obtain

(4.34) VX, = 2, 2, (%% + o] |x,~x, |-

. -1 : o a1 =T
By using the boundedness of (Gk ) and (4.2), we see that t, =-2.G "2 L, (v, x,)

+o(] |yk-x*| |). Eventually,

-1

d =_[A*A*+Zka

X G, Z*](xk-x*)+o(||xk-x*||).

This estimate shows that 4= O( | |xk—x*| |). To prove the converse, we only have
to show that the operator in square brackets is nonsingular with bounded
inverse. If it were not the case, there would exist a subsequence K of

subscripts and a sequence (‘g’k : k £ K) in & such that

(4.35) g |l =1 for k in K,

- - -1 ' .
(4.36) [ A_A + 32 Gk G, 2, ] gk — 0 for k in K.

By _multiplying (4.36) by A_ (resp. Z*), we should obtain A*Ek — 0 (resp.
G;lG*Z*F,k — 0). We should deduce Z*zk — 0 because of the boundednegs of (Gk)
and the nonsingularity of G,. Finally, with (3.3), we should have £k — 0 that
would contradict (4.35). So, (4.31) is proved. The proof of (4.32) is similar

and is based on the estimate

oo - -1
e, =-L2a 2 +2z ¢

-T
z, L, 1y, -x) +ofly, -x][] e

5 - Conditions for g-superlinear convergence

The theorem 4.2 has an immediate corollary which states that if in addition to
(4.16), the sequence (Gk) converges to G_ then (xk) converges to X
g-superlinearly (see for example the argument in the proof of corollary 3.5 in
Han (1976)). However, this assutption on (Gk) is usually not satisfied in
practice, in particular when those matrices are generated by quasi-Newvton for-
mula. Assuming that (xk) convgrges to x_, the next theorem gives necessary and

sufficient conditions on (Gk) in‘order to have the g-superlinear convergence of



- 21 -

(xk). It is the analogue of the theorem 2.2 of Denis-Moré (1974) valid for

quasi-Newton methods without constraints.

Theorem 5.1 ¢ Suppose that assumg' tions A and B are satisfied and that (yk)
and (xk) are generated in w from a point yo by the algorithm (4.8)-(4.9)
with a sequence (Gk) of nonsinqular matrices. Suppose that (yk) converdes

tox (then so does (xk)). Then, the following statements are equivalent :

(i) (xk) converges g—sugerlinéafly,
(i1) aly,,) =ollx x|,
(iii) (6,-G,) z(y,) t, = ol | |xk—x*| .

Proof. The estimate (4.34) shows that y -x = O( | |xk—x*| |). It is then easy to
get (we use A*Z: =0) '

(5.1) a

o (B 7% = o(ka—x*H).

According to (3.3), it remains to estimate Z'*(xk 1%, ). This will depend on the

1
quality of the tangent step tk' Let us first prove the equivalence (i) <=> (ii).

With (4.2) and (4.34), we have

-7
9(v,,,) = 2, L, (v,,,7x) + ollly, %D

G, z, (x., .-x) +o(]]|x

e Bl D

K+1
Then (ii) is clear from (i). If (ii) is satisfied, this estimate and the
nonsingularity of G, give

z (

. (B %) = o(]]x

omx D)+ ol Iz x, ).

This estimate, (5.1) and the identity (3.3), shows (i). Now, let us show that in

any of the situations (i), (ii) or (iii), we have
(5.2) t, = O(ka-x*H).

This estimate is clear whenv(G;l) is bounded, but we do not suppose this here.

By writing t, = (xk+ -x*)—(yk-x*) and using (4.34), we see that (5.2) is clearly

1 .
satisfied when (i) is true and therefore when (ii) is true. When (iii) is

satisfied, we have
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G, 2(y,) £, =6 Z(y,) t + o(llxk-x*| ) = —9(y,) + 0(||xk-x*||)-

Then by developing g(yk) around x_ and by using (4.34) and the nonsingularity of

G, , we get
z(y,) t, = O | |xk—x*| DR

But t_ = Z(yk)_z(yk)tk, s0 (5.2) is satisfied. Now, from (5.2), it follows that

k
x =% =0(| ka—x*] ),y = 0(] ka-x*| |) and, with (4.33) and (5.1),

K+1 k+1 Yk

(5.3) Trry = o(||xk—x*||).

It remains to show the equivalence (ii) <=> (iii). By developing c_;(yk+ 1) around

y. and by using (4.2) and (5.3), we have

k
g(y,. ) =g(y,) + 2" L t + o(]lx.-x_|])-
k+1 Kk * * Kk k “x
Because g(yk) = - sz(yk)tk and t, = Z(yk) Z(yk)tk = Z*Z(yk)tk + o(| lxk_x*| 1,
we obtain

9(y,,,) = - (6,-6,) 2(y,) t, + o(]|x ~x_[]).

The equivalence (ii) <=> (iii) follows ®

In the statement (ii) of theorem 5.1, g(yk+l) can be replaced by g(xk+l), but

the reduced gradient is not calculated at xk +1 in the algorithm. The statement
(iii) is equivalent to

-1 -1 _ _
(6,7-6,7) gly,) = o(||x -x |])

which is based on the gap between the inverse of the hessians. The statement

(iii) can also be replaced by many other equivalent estimates. For example,

(6,-6,) 2z, (x,-x) = o] ka-x*||).

The advantage of (iii) is that it does not require the boundedness of the

1

sequences (Gk) or (G; ). If this is assumed, proposition 4.3 shows that the

estimates can be done in relation to | idki | rather than | ixk—x*i |-



- 23 -

The conditions (4.16) and (iii) of theorem 5.1 show the advantage of the reduced
quasi-Newton methods over the SQP method with regard to the approximation of the
hessian of the lagrangian. Indeed, a necessary and sufficient condition for the

SQP method to generate g-superlinearly convergent sequences is that
2,0 (L-L) (x-x) = of||x.-x_||)
] k T2 kK " x k “x ’

where Lk is the updated approximation of L*. Therefore, in the SQP method, the
(n-m) x n matrix Z:TL* has to be correctly approximated and not only Z:TL*z:
like in the reduced methods.‘ This famous result can be found in
Boggs-Tolle-Wang (1982) and Nocedal-Overton (1985).

The statement (iii) of theorem 5.1 shows that the superlinear convergence
depends on the quality of the approximation of G, by Gk in certain directions.
In fact, a stronger condition than (iii) will be satisfied when concrete update

sChemes are considered : see Gilbert (1986,a) for a detailed analysis.

6 - Globalization of the algorithm

In order to globalize the local algorithm (4.8)-(4.9), we introduce a step-size
parameter Pk’ For that, we consider the following exact Penalty function :

(6.1) ep(x)-= f(x) + p IIC(x)Ill,

where p is the positive penalty parameter and ||.|| ; is the 1-norm on &. I1fp
is taken greater than ||A || (wnere [|.||  is the sup-norm on &"), feasible
minimizers of (1.1) and (6.1) are the same (see Fletcher (1981) for example).
Other norms than the l-norm can be used in ( 6;1) ! see Bonnans~Gabay (1984). 1In
order to minimize (-)p, we need to calculate descent direct.jlons of this

non-differentiable function. On that point, a crucial observation has been
: ‘ sQP

k

tion of ep at xk (if some natural hypothesis are satisfied). Therefore a better

made by Han (1977) : the displacement d of the SQP method is a descent direc~

approximation xk +1 of the solution X, will be obtained by taking

_ sQP
ey T X TP G
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where ¢, gives the step-size and is obtained from some rule using ep as a "merit"
function. Let us try to use the same globalizing technique for our algorithm.

Is there any descent direction of ep among the displacements r , t , d ande

k" k" k k

given by (4.10)-(4.13) ? The inconvenient of r. and therefore of dk and e is

that this displacement is calculated by using two different points yk—l and xk

that can be far from each other when xk is far from X, - So, it is difficult to

see when those directions are descent directions for ep. On the other hand, t:k

uses only the point yk in its definition and if G, is positive definite, it is

k
certalnly a descent direction of @ at y . Indeed, the displacement is tangent

to ¢ (c(yk)) at Yy and f'(y ).t 1s negative. Therefore at the first order,

Kk
the first term of the right hand side of (6.1) will decrease rather than the

_ second term will remain constant. Those remarks lead us to define a descent arc
of ep at yk, tangent to tk :

a
(6.2) v () =y +pt +p r a> 1.

k+1 '

Search arcs have already been proposed by Maine-Polak (1982) to cope with the
Maratos effect of the SQP method (see further) and by Gabay (1982,b), also to
avoid the Maratos effect for his algorithm. This globalizing technique based on
the arc (6.2) gives the priority to the minimizing step tk and this is due to the
asymmetry of the local method (4.8)-(4.9). This priority can be harmful in some
circumstances but it can be suppreséed by adding a restoration step to the local
method (see Gilbert (1986,b)). The point Ye+1 is then obtained from Y by a

particular choice of ¢ :

(6.3) Ypay =y le).

The step-size P is determined so that the following Armijo-like criterion is

satisfied
(6.4) B e ]Oll[l
1
(6.5) Px T B k,

where lk is the smallest non-negative integer such that
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1, 1,
0, (v, (8 ) S @ (v,) + 6" @ty
(6.6) ) ,
al,
-8 "= |lapll) Hetwp

In this inequality, « is a real number chosen in ]0,1/2[ for reasons that will be
Clear at the end of this section. The exponent (alk) of f in the last term of
(6.6) takes into account the curvature of the search path (6.2). The vector

A(y‘k) is the approximation at yk of the Lagrange multiplier 7«* and is defined by

(6.7) Aly) := - A(y)"T vE(y).

It is just the first term of (4.14). So, usually (Myk)) will not converge
superlinearly. Unfortunately, in the last term of (6.6), we have to use the

value of the constraints at the point yk and not at the point

(6.8) X =y, + t

k+1 k

which is used to calculate Lty ® This seems necessary to have P =1
assymptotically (see theorem 6.3). The Armijo rule (6.4)-(6.7) has the
advantage to give to Px the value 1 as soon as it is accepted by the criterion
(6.6) and so not to prevent the g-superlinear convergence of the sequence (xx).
Now, we have to examine in what conditions the inequality (6.6) can be realized

by taking 1 great enough. This'is the subject of the following lemma.

k
Lemma 6.1 : Suppose that assumptions A and B are satisfied and th at a
point yk is given in w such that xk +1 and xk_._1 + rk+1 will also be in w.

Suppose that « is in ]O,1[ and that there exists positive constants p, P h
and h such that

(6.9) p+ lIMy )], <P <P,
(G;J‘ - h I) will be symmetric positive definite,
s, 1] < 5.
Then the rule (6.4)-(6.6) allows to determine a positive step-size pk
Moreover, if M is a positive constant such that

(6.10) ety )], <% and o Ilg(yk)ll < M,
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then, there exists a positive real p that depends onlyv on f, c, p, 1'5, h, h,
* «, f# and M such that

pk2£>0.
’Broo . By using
(6.11) otz ) =cty) + 2y 6% i=1, ceaum
. k+1 k' T2 ik’ #ooeer By

where the points ui are in the convex set w, the developments of f and cl
?

k
around yk write

Elytpt 4T, ) = £(v,) + p£' (v, ).k, + ¢ (Ay,) c(y,))
(6.12)
a m :
i 2 1 2
£5 E NOE g 06" 5 £ g (0D (et ey )%
i a a, i 2 i 2
a3y C URTEE Ty) = (e - £ @y o)

i 2
+% (cl)"(vi'k(p)).(ptka-parkﬂ) '

where the points 2z, and v, | depend on ¢ and are in w. From those developments
r

and by supposing p in J0,1], we get
a
+pt. +

ge1) S 6p(¥) * pfr(y, ).ty

(6.14) - Pa(P-IIR(Yk)||,)||c(Yk)||1

a 2 2 2a 2
s e (oA e 12 + 6™ Ir, 12

where C, and C

are positive constants that depend only on f,c and 5. From
(6.11), we have ’

2

2
(6.15)  |lr, 1l s ¢y eI, + ¢, llg 115

where C, and C , depend only on c. Now, suppose that (6.6) is not true for a given

p in ]0,1]. Then, by using (6.14), ~£'(y,).t, = (G;lg(yk).g(yk)) 2,1_1|l9(yk)ll2
and (6.15), we obtain

e o )12+ 62 |lety )],
(6.16) ’ ko4

a, 2 2 2 2 2 4
< cg (¢%+e%) gty )% + o o™ llew 1] + e, ¢ Haty 1%,
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where Cs, c6 and c7 are positive constants that depend only on f, c, P 5, 2, h
and h. This inequality shows that p cannot be arbitrarily small if
Ilg(yk)l [+ le(y, )| |, # 0. This proves the first part of the lemma. If the rule
(6.4)-(6.6) gives a step-size P, Smaller than 1, (6.6) is not satisfied with p =

pk/ﬁ and the inequality (6.16) with (6.10) gives :

2
e oty 11+ of eyl

b 2
< cg ey Loy Hawp11® + e lletwll;1s

where b :=min(1,a-1) and c8 depends only on f, C, P, 5, «, B, h, h and M. Because
2 a : . . .
P ||9(Yk)|| * e HC(xk+1)”1 # 0 (otherwise p, = 1), the last inequality

proves the second part of the lemma ®

The inequality (6.9) shows that the penalty parameter has to be large enough to
ensure the decrease of ep along the arc (6.2) and that its lower bound d‘epen_vds‘ on
the current point Yy So, sometimes it will be necessary to update the penalty
parameter tnat we shall note pk. We shall suppose that the adapting rule of pk

will satisfy the following three conditions :
(6.17) Py 2 ”MYK)“,*E' for every k,

(6.18) there exists a subscript K such that for every k greater thanK, (pk_ 1 2
1Aty )|, + p) implies that p =p, . :

(6.19) (pk) is bounded if and only if p}’{ is modified finitely often.

In (6.17) and (6.18), p is a given positive constant. The condition (6.18)
means that eventually (for k 2K), pk is modified only if it is necessary to have
(6.17). So (pk: k 2 K) is an increasing sequence. An example of adapting rule

satisfying those conditions is given in Mayne-PcSlak (1982) :
igp,_ 2|l +p

then p, :=
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where & is a given constant greater than 1 in order to satisfy (6.19). We are now

able to state the algorithm which globalizes the local method (4.8)~(4.9).

Algorithm RON ¢

1 - Choose a convergence tolerance ¢, § in J0,1[, « in J0,1/2[ and a > 1.

2 -

Choose y0 in v and a positive definite symmetric matrix G. of order

0]
n-m.
Let k := 0.
Repeat :
4.1 - Linearize the constraints at yk : choose a right inverse A(yk)-
of Vc(yk) and a basis Z(yk)_ of N(Vc(yk)).
4.2 - Evaluate Aly,) := - A(y,) "Vi(y, ) and g(y, ) := Z(y, ) "Ve(y, ).
k k k k k k
4.3- 1Ifk '2 1 then evaluate the symmetric matrix Gk by updating Gk- 1"
4.4 - Tangent step : evaluate tk := -Z(yk);G;lg(yk) and xk+1 := yk+tk'
4.5 - Restoration step : evgluate c(xk+l) and Tpey i -A(yk)-c(xkﬂ).
4.6 - If | |g(yk)| |+ |c(xk+1)| | < ¢ then stop.
4.7 - Adapt P, ac;ording to (6.17)-(6.19).
4.8 -

Search a point yk +1 from Y, along the arc (6.2) in order to
decrease the penalty function (6.1) (with p = pk) according to
]

(6.3)-(6.6).
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In the partitioned framework (see section 3), only one linear system has to be
solved at the step 4.2. Indeed, if A(yk) = [c(yk) D(yk)], A(yk) is obtained by

solving
T L uero (1)
C(yk) k(yk) =-Vily, ),
where Vf(yd‘) (1) are the first m components of Vf(yk). Then g(yk) = D(yk)TR(yk)
+ Vf(y )( where Vf(y )(2) are the last n~-m components of Vf(yk). This is

known as the adijoint state method to compute the reduced gradient. A crucial

point of the algorithm that has only been mentioned at the step 4.3 concerns the

update of the matrices G This update scheme is expected to generate a bounded

k°
sequernce (G ) of uniformly positive definite symmetrlc matrices le. That is
to say that there exists a positive constant C such that for every v in ﬁn—m and

every subscript k, we have :
(6 v,v) 2 ¢ ||vf|?

This property is really not easy to show. By using the same type of arguments

"that are used in unconstrained optimization, we were only able to prove it in a
local framework (when (xo,Go) is supposed to be close to ('x*,G*)) or when a
little bit less than the g-~linear convergence of (xk) is assumed (see Gilbert
(1986,a)). The next theorem analyses the global convergence of the algorithm
RON under that hypothesis.

Theorem 6.2 : Suppose that assumptions A and B are satisfied and that f is

e NS e 22 N

bounded from below on w. Let (xk), (y ) and (G ), the sequences generated
by the algoritnm RON with « in ]J0O,1[. Suppose that (x ) and (yk) are in w
and that (G ) is bounded and uniformly pogitive definite. Then, either

(pk) is unbounded and (yk 2 Py # Py 1) has no accumulation point, or (pk)

1s bounded and
(6.20) Ilg(yk)ll + ||c(yk)||l — 0.
Proof. Suppose first that (pk) is unbounded and let K be the subsequence of

those subscripts k 2 K for which Py # Pr-1* By (6.19), K is unbounded and by
(6.18) :

Pe_, < [IAGII, +



_30—

for kx in K. Because (pk : k¥ 2 K) is an increasing sequence, we see that
Hh(yk)||°° — @ for k — @ in K. Therefore (y, : P, # P,_,) has no accumulation
point (here, we use the continuity of y — A(y) and so, the surjectivity of Vc(y)
and assumption B are strongly invoked). Now, let us suppose that (pk) is
bounded. From (6.19), Py is constant for k great enough. Let us say that P, =P
for k 2 K,. So, at each iteration the same penalty function ©_ decreases. The

1
function f being bounded from below, we get

p ||c(yk)|ll < ep(yKl_) - inf £, for k ZK,.

Therefore, (Hc(yk)lll) is pounded. On the other hand, from (6.6), (6.17) and
the existence of a positive constant h such that (G;l-gl) is positive definite,

we find :

2 a
e, @b |laty )|+ el ap |lcy )]
(6.21) k k k | 4 1

< Gp(yk) - ep(yk+l) , for k 2 Kl'

Because (6 (y )) converges (a decreasing bounded from below sequence), this
inequality certalnly shows that (pkl |g(Y )|| ) is bounded. Then, we can apply
lemma 6.1 that states the existence of a positive lower bound for (pk). By

taking the 1imit in k in (6.21), we obtain the result ®

A last problem to tackle concernes the question of the admissibility of the
unity step-size. When P = 1 is accepted by (6.6), the algorithm RON proceeds
like the local method (4.8)-(4.9) and g-superlinear convergence of (xk) can
occur if the reduced hessian G is correctly approched by Gk (see theorem-5.1,
statement (iii)). It is known that this admissibility property is not satisfied
when the SQP method is globalized with the penalty function (6.1) and the tech-
nique described at the beginning of this section. This has been called the
"Maratos effect" of the SQP method (see Maratos (1978)) and several remedies
have Dbeen proposed to overcome that drawback (see Chamberlaln-
Lemarechal-Pedersen~-Powell (1982), Mayne~Polak (1982) and Bonnans (1984)).

That inconvenience is not shared with our algorithm. In fact, when c(yk)=0 (a
favorable situation for the appearance of the Maratos effect), the total
displacement e, =t +r is exactly the same as the one of the SQP method with

K k k+1
the Mayne-Polak's correction. This may explain that.
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Let (xk) inw, ( yk) in w and (Gk) be the sequences generated by the algorithm RQN
and suppose that (yk) converges to a solution x of (1.1). We are interested in
finding conditions under which 2 will be equal to 1 for all but finitely many
subscripts k in the subsequence considered. Let K be a subsequence of

subscripts. The following four properties will be meaningful :

(6.22) t = o(||rk+ll |) for x in K,
(6.23) (6, -6) 2, t =of |tk||) for k in K,
(6.24) HGk -G || <M for x in K,
(6.25) P <1 and t =o(] |rk||) for k in K.

The property (6.23) concerns the approximation of the reduced hessian G, by Gk
and recalls the condition (iii) of theorem 5.1 that writes when (Gk) and (G;l)
are bounded :

(6.26) (6, -6z t =ola]|].

Therefore, (6.23) is usually stronger than (6.26) and, in fact, is satisfied by
some subsequences of subscripts when (Gk) is updated by the BFGS formula (see
Gilbert (1986,a)). The property (6.24) is very strong when M is small and is

usually not satisfied when second order derivatives are not calculated.

The next theorem shows that for the subsequences K for which (6.22) or (6.23) or
(6.24) with M small enough is satisfied, the rule (6.3)-(6.6) will give P =1
for all but finitely many k in K. When the property (6.25) is satisfied the same
conclusion does not hold any more in the framework of the global algorithm RQN.
Nevertheless, the result obtained below with (6.25) has allowed to show that in
the concrete algorithms in Gilbert (1986,a), the subsequences satisfying (6.25)

also admit a unity step-size after a finite number of iterations.

Theorem 6.3 : Suppose that assumgtions A and B are satj.sfied. Let (xk),
(yk) and ‘(Gk) be the sequences generated by the algorithm RON with « in
Jo,1/2[. suppose that (x, ) and (v, ) are in w, L@L(IIG;lI |) is bounged by
n, that there exists a positive constant h such that (G;l—gI) is positive
definite and that (yk) converges to x . Let K be a subsequence of
subscripts. Then, ‘
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(i) if (6.22) or (6.23) is satisfied then Py = 1 for all but finitely
many k in K,

(ii) there exists a positive constant M that depends onlv onc, «, h and h
such that if (6.24) is satisfied with M < M then p, = 1 for all but
finitely manv k in K,

is satisfied, thenr =o(||rk|| ||tk||)§_cgk;ﬂx.

(iii) if

Proof. Since (yk) converges to X_, (6.18) and (6.19) imply that Py is modified
finitely often. So, we shall suppose that pk = p for all k. We develop

) around yk at the second order in t, and the first order inr

o+ .
O (Y ey Ty " K+1

The development (6.12) gives
f(yk+ek) = f(yk) + f'(yk).tk + (A(yk).c(yk))

1 2
+ 2 (L) + o(| e, [1%) + o(||rk+1||),

while (6.13) shows that c(y, +e ) = o(} |t | | ) +o(]|r . If we note

ko2l )
8 = £ (et = 0= TR el

which is negative, we obtain

1 2
ep(yk+ek) < Gp(yk) + Ak + E (L*tk'tk) + o(”tk” ) + O(Ilrk+1||)'

But t, = 2,2 L+ ol I |t ||) and tne boundedness of (G, ) allows to write g(y,)

-G, 2t + o(||t . Therefore, by using f'(y,).t, = -(G g(yk),g(yk))
—(G z, t 2.t )+o(||t || ), we obtain

(6.27) Gp(yk+ek) - ep(yk) -« Ak
1
< ('2' - ) Ak -

N

2
((6,-6,)2,t,,2,t.) + o(||t, [|7) + o[ |r ., D-

k+l|

We have to find in what conditions the left hand side of (6.27) is non-positive.
Suppose it is positive when k belongs to the subsequence K. Then, by using the
inequality Cll ltkl | <] |g(y ) (C, is a positive constant that depends only on
c and h), the uniform positive definiteness of (G ), (6.17) and {6.11), we
obtain :

h‘iz'lt ||2+ s . N

nc it ™ +p ety
2

<_1 — ((6,-G,)z,t 2.t ) + o(lt, 1% + o(]]ety ] ,)
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This leads to a contradiction if (6.22) or (6.23) or (6.24) with M < (1-2a) h
Ci/l |z, | |2 is verified. When (6.25) is satisfied, the left hand side of (6.27)

is positive and by using the last inequality, we obtain :

2
e 12+ Hewpll, = oIz I e D

Then, the definition of rk+1 and (6.11) give the result ®

Conclusion

We have studied in this paper the local and global convergence of a variable
metric algorithm for equality constrained optimization in which the order of
the updated matrices is n-m. This reduced method can be seen as makiﬁg a link
between GRG-like methods which are feasible methods (c(xk) = 0 for all k) with
reduced metrics (of order n-m) and the SQP method which is an unfeasible method
with full metrics (of order n) : the studied algorithm is indeed an unfeasible
method with reduced metrics. The algorithm inherits also the good properties of
both methods (reduced metrics, superlinear convergence and unfeasibility) and
shows, in particular, that locally only one restoration step is necessary to
obtain the superlinear convergence in GRG-like methods if the reduced metrics

is correctly approximated.
The global convergence is obtained by Han's technique to globalize the SQP
method. The 1 5 penalty function is used as merit function and is decreased along

arc-shaped search path.

An important facet of the method has not been tackled here and is reported

-somewhere else (Gilbert (1986,a)). This concerns the update of the reduced

matrices Gk' This one is based on a secant equation using the reduced gradient

g. The fact that the gradient of g at X (see (4.2)) is not equal to G, (and
cannot be because Vg(x*) is an (n-m) X n matrix while G, is of order n-m) leads
to an alternative. Either the reduced gradient is evaluated twice per

iteration, at y andx ., or it is evaluated only once per iteration, at Y- In

k+1
the first case, g(yk) and g(xk+l) are used in the secant equation and the matri-

ces Gk are updated at each iteration but with the inconvenient to have to
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linearize the constraints twice per iteration : see Coleman-Conn (1984) and
Gilbert (1986,a). In the second case, g(yk) and g(yk+l) are used in the secant

. equation but the matrices Gk are not usually gpdated at each iteration. An
update criterion has to be introduced in order to decide when an update is
appropriate. Despite of this, the superiinear convergence can be achieve
either in a local framework (see Nocedal-Overton (1985) for the algorithm
(1.12)-(1.14)) or in a global framework (see Gilbert (1986,a) for the algorithm
RON of section 6).
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