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- ONMULTISTEP APPROXIMATION OF SEMIGROUPS
- IN BANACH SPACES
T -by Michel Crouzeix

dbstract - we consider & mef:zstep rationsl approximalion of &
bounded. .strowir continucus semigroyp on & Banach space. We study
the convergence when the time step converges to fero wnder & wesk
forp of A-stabilily assuaption.

1. Introduction.
: Given a uniformly bounded, strongly continuous semigroup
“elA on a Banach space ¥ - ,
NetAlicc, | (1)
and ug in X, we approximate the value u(t) = et® u0 at the time t,, = n At by
the solution u, of the g-step method

g1 _
T Upe E 2 rj(atA) Up-j . n2a-1, (2}
S o
starting from the procedure ,
uj =il at Adug, j=1,..0-1 | . (3

where rj(z),dj(z) are rational functions uniformly bounded for Re z < 0 and
At > 0 denotes the time step.

we first consider the scalar case where X =C , uy= 1 and A = AeC
with Re A< 0. In order to obtain a global error u(t,) - u, = O AtP), it is
natural to assume a local error in (2) and in (3) of order p+1, that is to say,
setting z = X At,

q-1 . :
| e®2 - 2 ri(2)eldi=1z - p(z*1) (4)
and . 50 ‘ .
elZ - di(2) = 0(zP*1y, j=1,..9-1. : (5)

We introduce the polghomial
q- B
P{X 2) X0-2 rit2) xa7i-1, - (6)
0 |

~ associated with the linear recursion formula (2) : then Condition (4) may
be rewritten as

P(eZ ; 2) = O(zP* 1), | | (7)




4
We shall say that Scheme (2) is A-stable with defect k 2 0 if :
ror 811 Z With Re z L0 | ime raets ar P( . 2) 178 17 Ihe it grsk eng the
muiplicities af the unimeguisr raals ere less then k+1.
The integer k is chosen as small as possible. We remark that, from (7),
1 is aroot of P( .; 0). The case k = 0 corresponds to the classical notion of
A-stability. o

Remark : With each monic polynomial P{ . ; 2), whose coefficients are.

rational functions of z, we can associate a method of Form (2) S0, we can
construct high order schemes in a simple way : :

- if the method associated with the polynomial P( . ; z) is of order p and
A-stable with defect k, the method associated with P{ . ; z) ™M is of order
mp+m-1-and A-stable with defect km+m-1. Similarly, if another method,
associated with Q{ . ; z), is of order q and A-stable with defect r, the
method associated with P(.; 2)Q( . ; z) is of order p+q+!1 and A-stable
with defect k+r+1.

The idea to conSIUer this kind of construction was born durmg some

discussions with G.A. Baker, see also [1]. : -
In this note we prove the following theorem :

Theorem 1. /7 Scheme (2) is A-siehie with defect k . if Copditians (5)

end () are sstistied and if uy telongs lo DAAP*Y), then ine foiiawing

INEGIeITLY ol as
Hutty) - uglly <€y Cg toket AP kpap+iy 1y
where the constent Cy depends only an tha retionsi tunclions Ky end d j-
The proof of this theorem uses the mathematical framework described

in the paper of Brenner and Thomée [4] and some technical lemmas : the

case of analytical semigroups is considered in Section 3 and the hilbertian
case in Section 4. For related works, see [2], [31, (6], [7].

2. Proof of Theorem 1.

We introduce the Frobenius matrix R(z) associated

with P( . ; 2) and the corresponding linear operator R(atA) in L9 %9
defined by

rro I'] ...................... rq_ ]\ (RO R‘l ...................... Rq_ a
10 0 I 0 o 0
R(z) = 01 ' R(AtA) = OI
| \0 ........... 0 1t 0 ) \0 .......... 0 I 0 )

where rj stands for ri(z) and R; for rj(atA) ; we also consider the vectors in
X8 of approximate and exact solutions :
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) { \ 4 _ T
{Un+q-2 u(tn+q-27 :,
Un = : Vn = : U= : Vg = :
; d](btA)UU e&tAuo ‘
. Un | \ u(ty,) e \ Ug ) L u

Clearly (2) implies

Upet = RGALAY Up , Vpay = ety
therefore ' '

Uy = R(ALAN U, v, = eNdtAy,
and we have the error representation formuls

Un 'Vn = Hn(ﬁtA) Ug + Gn(ﬁtA) Ug , e (8)
with \ \
fe(q-nz rdq_t(z')_eliqﬂ)z
Ho@ = R@N-e2) | & |, 6,(2) =R : @
' el | dy(2)-e?
L1 A 0

Lemma 2. 8) /7.2, /5 2ot & paje of R(2), there exist & neighteoriiood ¥y of
2q 7 C and & canstant C such thst

vnakg vze ¥, IR@M<CIpRE@N +nke p(R(2)N Ko},
where p(R(2)) denotes the spectrel regius af R(z) and (kg+\) the highest
muitiplicity of the eigenveives af R(zg) heving moduivs  p(R(zy)). ,

| b) /7 furthermare the eiganyvaives af R(2g) which Aeve & magiiis
equel to  pR(zy)) are gifferentishie aver ¥ , there exists & canstant
such thet
vnikg vzedy, | LR@M<CIn p(R(z))""+ nko* T p(R(z)n-ke= 1
dz

Sketch of proof- a) In a neighborhood of z,, it is possibie to find an
analytic and invertible matrix H(z) such that

H™1(2) R(2) H(2) = diag( R(2) ) £10)
is a block diagonal matrix where each square matrix Ri(z) corresponds to
one of the distinct eingenvalues of R(z,). Clearly IR < max HRS(z)"II ;

- since the matrix R(z) is not derogatory and the eigenvalues of R(z,) are
continuous at the point Zg. we can find invertible matrices Pglz),
continuous at the point z, such that

., )

1 ’)?si O :
Po(2) TR P2y =| 1. = Jg(2),

\ 0 o Asks),

10 septembre 1986
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where A_; stands for A,(z). Part a) follows from inequalities

ks
| Hdg(@Ml ¢ plUglNM + n pldgeNn=1 + +Cn pldg(z)n-ks
and '
I Rg(2)M < € Il Jg{2)M .

b) From (10}, we deduce _ | o
Il 9_(RGzNMI < € max (IRg(2)M + Il S_(R(zNMD) ;
dz s dz

the only difficulty is to obtain an estimate of Il.g._ (Rg(zNM when
z
P(Rg(zg)) = plR(zy)) . But, in this case the matrix Ps(z) may be chosen
differentiable and therefore
il .E‘_.(Rs(z))"" < C (g + IIU_(JS(Z))"H) ;
dz dz
for the matrix Jg(z)" we have the following upper bound

: ks
Il 8 (UglznM ¢ Cin pldg(an1 + +Cn (n-kg~ 1) pldglznnks-17
dz

Lemma 3. /7 Scheme (2) is d-stabie with defect K., e wnimmaduisr
eigenvelues of RGY) , when \ is resl, are twice differentisbie nesr &

Proof : First, we remark that the eigenvalues of R(z) are the roots of the
polynomial P( . '; z ). without loss of generality, we give the proof only for
the case y=0 and for the eigenvalues which converge to 1 as z = 0. These
eigenvalues can be written as Puiseux series
Aj2)=1+a;2M+b; 2%+ 0(2%),
where 0 < rj<sjare rational and aj 2 0. Since I).j(z)l <1 whenRez <0 we
cannot have r; > 1 ; neither can rj =pj/ @ be <1, since each determination
of 2% has to be considered. Therefore we have rj = 1and a; > O .
Considering the case z = iy ,we must have 0 ¢ 1- Re Ajlig) = - Relb;(iy)®)
which implies JE 2.

Using the compactness of R and the previous lemma, we obtain the
following corollary. '
Corollarg 4. /7 the scheme is A-sishie with defect X . there exisis &
canstent C such thet
IRGYM < Cnk |
¥n:l,vyeR,

Il 9 RGiy)M < € nk-1.
dy
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Now we resume the study of the convergence estimates .Since
Hi(2) = (R(2) - e2 IXel8- 12, o2 )T = (P(eZ:2),0,.....,0)7 = 0(zP* 1y,
we obtain from (9) and (7) '
n-1 ’
Hp(z)= 2 elZR(J- ‘Hl(z) = e(zD+')
. j=0

Similarly, using (5) , we have  Gp(z) = O(zP*1).

Therefore the functions ' :

n, Y .
Hp(z) = Bp(2)/2P* 1 | Gy(2) = Gplz)/zP*! o

are analytic and uniformiy bounded in the halfplane Rez ¢ 0. :
- Using the background described in Brenner-Thomée, there exist two
functions 3, and Gy, in L 1(R)4 such that, for Rez< 0, : .

- o0 " o o ST T

Hp(z) = | el2sfpityar, Bu) = elZaévat, (12
and ‘ o ~ 0 | |

Hy(t) =B, (t)=0fort<o0. | . (13)

We define the two operators in L{xQ %)
~ co n e
Hp(ata) = [ et2tAsf (tyat, Gplata)=| etatAg (tyat, (14)
o o
and we have from (8) and (11}, if u, isin D(AP*1),
. 4V : o0y |
Un - '\{n = ﬁtp.'.] Hn(tﬂtA) Ap-'.juo + &tp+] Gn(ﬁt#ﬁ) Ap+1u0 .
Now, Thearem 1 is a simple cbnsequence of the following lemma :
Lemma 3 . linger the ﬁyp@!ﬁﬁeg af Theareny /. thare exisis & cansisnt C |
such thet ' '
. n, ,
N Hy (atd) e CCunk* T and I Gplatadllic C k142
Proof . We have, from (14) and (1),
v ) . n ’ : . .
It Ho(ata) il < Co I 3, ”U(R)q and |l Gp{ata) | ¢ Cq ll Gy "Li(mq ,

therefore it is sufficient to prove that

3, e pya < Cnk+l and [l Gy, I ¢pya < Cnk¥1/2 sy
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Let us introduce the functions :  H,(y) = Ha(iy) . Gn(y) = Bp(iy) ;
trom (12) and (13), Hy, and Gy are the Fourler transtorms of H, and Gy .
A Carlson ‘s inequality gives

142 172
Gy Ry < C Gyl 2(ia Il G I 2¢Rye S

from Corollary 4, we have

Gy < Cnkmin(—— , 1)

ylp+ 1
and
NG WlHeCnk* I min(—L— , 1
o lytp+1
therefore

I Ein L 2¢py <C K-, ] én lLz(ry <€ nk+1,

which shows the second inequality in (15).
in order to prove the first inequality, we introduce the notations

rSO Sl ...................... SU-I\ re(Q")z \
LN - 0 0

S@= |01 D(2) = g

(e 0170 \ 1)

where s; stands for s(2) =r;(2) e~U-1)Z  we have
R(z) = eZ D(z) S(z) D(z)~! , therefore

oY) = eNiY D(iy) (SYN-DE = eMY DGy Tyl (16)

(iy)p+1

where E=(1,1,..,1)7 and
Ty (W) = ——(S(ig" -1 E. (17)

(iy)P+!

We remark that fn is the Fourier transform of Ty which, from (16), is
related to 3, by the relation, (on the j“‘ component),
Hn(t)j = Tp(t-(n+q-j));
therefore , using a Carlson’s inequaiitg , Yre obtain
~ 12 ~ /2
W3, rgpye < C Ty teRya ¢ CH T M 2epya Ty li2epye - .

The following lemma completes the proof of the first inequality in (15).
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LEMMA 6 . /7 ihe multipiicity of the real\ 67 P (. 0) Js k1, then we
- heve L - :
IToll 2Ry € Cnk*1-1702r*2)  gng || T, "1l | 2(gy < C nk*1#1/(2r+2)

whare v 7s & retians? Hwhich will 2:9 getined in the proal ) |
/7 ihe mzfmﬂffn i is Jess then or eaz/ﬂ la k, then

I Tn" L2(Ry < C nK and |l T "l 2y« C nk+1,

"Proof . We consider only the case where the multiplicity of the root 1 is
k+1, the other case is easier . Relation {17) and Corollary 4 imply

ITa e Cnk/IgiP T and (1T, (u) Il « Clnk/ Iyl P *2 «nk* 17y B +1): (18)

In the definition of S(z) , we remark that u(z) is an eigenvalue of S(z) if and
only if A(2) = e? p(z) is an eigenvalue of R(2) , and that the algebraic
multiplicity is preserved. From Lemma 2, we can find, in a neiborhood # of
zero on the imaginary axis, an invertible and twice differentiable matrix
H(z) such that

A(z) O ‘
¥z e¥, 5(2) = H(2)! H(z) | (19)

\0 B(2)

where the matrix B(z) - I is invertible and the (k+1)x(k+1) matrix A(z) has -
the form ,
( \
ngl2)

1 1y(2) o
A(z) = 1.:‘.. . -, with ,Llj(O) =1.

\0' "i'uk(z)

’

Now we mtroduce the twice differentiable vectors A(z), B,(2) , a(2),
b(z), B{z) by

An(2) Ca a(z) - |
|z H(Z) Tpl2) =H@)E B(z):JﬁTln(z); (20)
2

Bn(z b(z)
then
Anl(2) = (AN -1)8(2) , Byl = (BMN-1)B(z) .  (21)

2P+

Since B(z) = (B(z) -1)~ ‘B1(z) is twice differentiable, we obtain

Byl < C K, 1By Ml Cok* 1 foriye (22)
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.
We assume that the order of the eigenvalues uj(z) of A(z) has been
chosen in order to ensure

Ocr=rgsrys. .. <0

¢

for the first exponent of the Puiseux expansion

uj(Z):1+8j2rj+l+ ..... ,f'jEQ, szo.
Noticing that n-1
A2 = 2 AT A and NA'@NcClzIl
j=0 :
we get
Nag I <Cnk*l a2 i<kt enizln . (23)

With the notations

a(z) = (8y(2), . .. ,a N ,ep=(1,0,..,0)T

c(2) = (A(2) - 1) 8(2) - 8(2) 6 ) = (0,04(2), .. 6@V, (24
(c(2)=0 whenk=0),

we can also write |

n_
An(2) = L [eg(2) (A2 - 1) ey + 2 AR ()] (25)
2P+ 1 j=0

Since the first row-and the first column of A(z) are not used in A(2)] ¢(2),
this term is bounded by C jX~lic(z)ll . Then

| Ap{2) Il < C nK ( lag(z) + lic{2ll )/ 2P+ 1 {26)
Similarly, by derivation of (25), we obtain

Il An" @1l ¢ (p+1) IAp(/izl + C K Clag' (2] + ic*(2I1) 7 2P+

Tk 1 2 Clg ()l + e ) 7 12P*! (27)

From the relations
(AZ)-1)a(@) = 2P*! Ay(2),

( pgl2) -1 aglz) = 2P* 1 (A (2) ),
. we get
a5(z) = 0(2PT) ,8,'(2) = O( 2P Ty,

c(2) = 2P* 1A (2) - 8,(2) (A(2) - 1) ey = O(zPT)
and _
c'(2) = 0(zP 1),
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Together with (26) ,(27) and (23) , it yields
MA@ ek /™ A @1 < cak*l izl forze ¥,
,Con'sidevri'ng (18}, {22) and (23), we have proved that, f orally eR,
A '. ) . : '
ITalg il < ©nKkmin(n, 1741,
A o
I T W Il ¢ €K min ( 1en fyl, 171y1) .
" The lemma follows from a simple calculation .

3. The case of holomorphic semigroups. .
In this section, we make the
stronger assumption that A generates a holomorphic semigroup on X ; more
preciSelg we also assume that the spectrum of A is included in the sector
Sg and ‘

vz eC\Sg, lZl-ayNec/izl , - (28)
where 8 € J0 , n/2[, C is a constant and
Sg ={zeC; m-B¢<lArgz]| <morz=0}.

We can make weaker assumptions on the scheme ; we assume that the
rational functions r; and d; are uniformly bounded in Sg and satisfy
| P(eZ;2) = ‘n(zfﬁ') - | (7)
“and ‘ ,
elZ -di(2) = 0@P), j=1,..0-1; | (29)

“the last requirement is weaker than (5) . We suppose also that the method
is A(B)-stable with defect k , that is to say :
rar 811 2 belanging te Sg . the racls af P( . ; 2) Jie in lhe unit disk end ihe
mulplicities ar the unimoguisr roats sre 7ess theim K+ 1. ,
We need also the following hypothesis : there exist > 0 and u ,
O<p<cos 8 |, such that
ror 877 roat lj(z) af P( . ;z) such thet }lj(O) is
HmeGUler 8nd of mulliplicily kK+1 | we heyve (30)
vzeSg winlzlen, Ir@le el

We have the following theorems :
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Theorem 7. /7 148 SCHEME 1S A{B)-S1807e with Gerect X , 11 congriions
(7) ,(28), (29) and (30) are satisiied and I7 ug ﬁ.?}mg«* la D(AP ). then the

raliowing ineguelity holos
| lu(tn) - uplly ¢ C oK atPKipaPuglly .

Theorem 8. /7 42 seme essumplions sre setisfied hut ug belongs la X,

i furthermore, for 8/l z € Sy - {0} andfor z = w | theroots af P( . ; 2)

Jie i the apen unit disk | then the rallawing inequsiity halgs '
lulty) - ug lly < CAtPK /7t PKpluglly

Proof of Theorem 7. We use the same representation formula (8)
Up -Vh = HplAta) ug + G(atA) ug , | ' (8)
as for Theorem 1, but instead of (11), we use the functions

Ho(2) = Hy(@/ 2P, Bn(2) = Gy(2)/2P . @3
Then :
n, n,
and N N
HUp-Vyllyg < C AtP (i Hp(atall +ll 6,{ata) Ila!kpu‘J lly {(32)

n
Since Il Hy(2) ll < C, min ( Iz, [2I™P ) , we can use the Dunford-Taylor
spectral representation
n : n '
Hy(atd) =L [ (z1-ata)y T H (2 ) dz, (33)
2mi rg '
where I'g denotes the oriented boundary of Sg .

From Lemma 2 and (30), we deduce that

Vze Ty, RN < cnk |
and :
¥ ze Tg with lz2l<q, UR(ZNY ¢ Cnke-unizl,
therefore
¥ ze Ig with 220 , [Hy@) Il ¢ CnK 2P
" n-1 . o
and, since from (9), Hu(z) = 2 elZR@M I~ THy(2) = 0(zP*1).

=0
¥ zeTg with [2l< n, HHy@ I ¢ Cok*lempnlzlz (34

Then, using (33) and (28),
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N ' Lo n, .l
IHata) il s L [ L Ho(rel®)dr,
mTor

[ 2o

n 0

C | nk+! g0 gr + CpK | rP-1gr,
o n

CnK . | |

"~

n we cannot use directly the Dunford-TagIor spectral representatlon
for Gn(AtA) when Gn(O) z 0, but we can write

Gn(AtA) - eNAtAg (0) +

[(zI-AtA)"(G (z) e"ZBn(O)) dz;.
2m I'g . ,

thereforé

n 0. A . o M
I Spatayll ¢ cnk + L | L5, (rel®) - expinre'® )G, (0l dr , -
mor ..

and we obtain easily N P

v ze g with [Z12 0, 11Gp(2) - e"Z6(0) Il < C K [zI"P,
and | - ,

n n
v ze Ig with l2¢ n,  116,(2) - eN2G,(0) | ¢« Cnk*1 gmunlzl |z
o |
Thus, Nl Gy(ata) ]l ¢ CnK and Theorem 7 follows from {32).
Proof of Theorem 8. From the representation formula (8), we have
Il uity) - up llg s C (L Hp(atA) IF +1 Gp(ata) D Hluglly .

No#v we write

 Hp(AtA) = (1 - 8tA (o) +

[ (21 - atA) 1 (Hp(2)-(1-62 MHpleo)) dz.
2m Ty ' , '
From Lemma 2, there exists B, 0< B<1,such that

v ze g withfzl2n , IR < CB";

using also  R{z)-R{w) = O(z~ '),_ (when z - o), we obtain

Vv ze g with 212 n, I H(2)-(1-e2 JH(e) Il ¢ C nK+1gn |21
and from (34) '
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v zeTgwithlzl < n, [l Hy(2)-(1-e2 MHp(eo) Il < Cink* Te~Hnizlizip+1 4 gn )y,

Therefore q |

I Ho(ata) Il < € (nk*1pNs [ nk+lg=unred gr),
0 .

00

C{nk*Tpn+ nk-Pfe Mt tPgt),
0

CnK™P = C (at/t, 0k

[

[T

Similarly we get _ .

v ze Ig with l2l2 n ,  16p(2)-(1-Z Gp(eo) | < Ck* 1N iz~ T
and ' | . :
v ze Tg with Izl ¢ n, 1 64(2)-(1-62 )60} | ¢ CinKe HNIZlZ|P + gn |z,
which yields ,

Il Gy(ata) I« C ( at/t, )PK

and completes the proof of Theorem B.

4. Remarks.

Theorem 1 is valid in particular when X is a Hilbert space but
“in this case it may be improved by taking Condition (29) in the place of
Condition (5). Furthermore an easier proof can be given ; indeed, changing
possibly the norm in X, we can assume that eld js g semigroup of
contraction on X , ie. lletAll<1, (v t>0);then, from a theorem of von
Neumann, we have

[ ﬁn(AtA) l < C mex | ?in(z) Il ¢ cnktl,
Rez=0

n
similarly , Il G(ata) Il < CnK |, which completes the proof.

Mow, if we assume further that A is a (semidefinite negative)
selfadjoint operator, Theorem 7 and Theorem 8 are valid with 8 = 0. In this
case, the proof becomes very simple since, from the spectral theory,

Il Hplata) Il < sup HHL(x) I, Gp(ata) Il < sup IGL{x) 1l .
%<0 : %<0
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