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Abstract :

In this paper we undertake a study of the Lee scheme. We giVe in this context a
new proof of Bassalygo's generalization of Lloyd Theorem, and an asymptotic

estimate of the number of zeroes of the Lloyd polynomial. .

We obtain a recursion on the Lee composition distribution of the translates of

a code and deduce from that an upper bound on the covering radius of a code.

We give an algebraic characterization of T-designs in this scheme, which shows

that they form a special class of orthogonal arrays.

Résumé :

Dans ce travail, nous é&tudions le schéma d'association de Lee. Nous donnons
dans ce contexte une nouvelle preuve de la généralisation par Bassalygo du théoré&me

de Lloyd & la métridue de Lee, et une évaluation asymptotique du nombre de racines
du polyndme de Lloyd. '

Nous obtenons une récurrence sur la distribution de la composition de Lee des
translatés d'un code, et nous en déduisons une borne supérieure sur le rayon de

recouvrement d'un code.

Nous donnons une caractérisation algébrique des T-designs dans ce schéma, qui

montre qu'ils forment une classe spéciale de tableaux orthogonaux.
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Introduction :

The Lee metric was first introduced by Lee in [12], wich concerns mainly the
topic of perfect codes, as several papers from Golomb {101, . [11]. A class of
negacyclic perfect codes and an engineering motivation can be found in the

classical book by Berlekamp [5].

In his thesis [9], Delsarte shown that the concept of an association scheme was
a natural framework to coding theory. He introduced the Hamming scheme to study the
Hamming metric, and gave the definition of the Lee schenme.

In this paper we make a comparison between the two schemes, and generalize some
properties of the former to the latter.

1. The Lee Metric :

Let Zq (residues modulo q) be taken as an alphabet. We define the weight of a
symbol k by :
wL(k) = Max {k, q-k}

By suitably numbering the vertices of the q-gon we see that wL(k) is the length
of the shortest path from 0 to k on this graph.

n_. .
Then we equip the cartesian product Zq with a metric by the formula :

n
4, (x,y) 5151 Wy =x D

2. The Notion of association scheme :

An association scheme with t classes, in the Bose Mesner sense, [7] on the
finite set X, consists of a partition R = (RO’ R1""’Rt) of X x X satisfying the
following axioms :

Ay Ry = {(x,x) |xex} .
-1
A, R = {(y,x)l(x,y)eRi} = Ry

A3 the cardinal of {z€X | (x,z) & R, et (y,z) € Rj} is a constant

k .
pij independent of the choice of (x,y) in Rk-

Let us now define the adjacency matrices indexed by X x X with entries in C ;
for i = 0,1,...,t ¢
1 if x R .
f { y

D, = [D =
{ [ i(X.y)] where Di(x,y) 0 otherwise
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We can restate the preceding axioms in matrices terms

' .
A1 D0 = I
t .

| ] = =

A, for i 2, 1, ...t D/ =D,
Kk

J =

A3 Di Dj kzo pij Dk

It can be shown [9], [7] that the D, generate and are a basis of a semi simple
commutative algebra, called the Bose Mesner algebra with a basis of t+1 idem
potents Ji s.t.

J = '
1 I = 85k I3
t+1
I J =1
i=0 1

Then it is easy to see that there exists reals numbers pk(i) s.t.

D, Ji = pk(i) Ji

These pk(i) are called the "first eigenvalues" of the scheme.
The "second eigenvalues" qk(i) can be defined as follows :

B
J = — I qk(i) D

k =0
In matrix form, we have :

i

Pik© p (1) ; Q- q, (1) | A A B

PQ = [X I

In the Hamming scheme P is the matrix over the basis of monomials of the famous
Mc Williams transform which maps weight enumerators of linear codes into those of
their orthogonal dual [8], [13].

3. Definition of the Lee Scheme :

q
Fist, let us consider the scheme on Z_ With s =[2] classes (called ordinary
q-gon in [3]) : a

X Rl y <=> x-y = +k .
For any vector z in Zg we can define its Lee composition, denoted by le¢(z)
lc(z) = (coi c.‘"'-’ Os)

where the c, are given by :

e, =y e o) /2y =2 i}

S

We now define a scheme with N = Cn+s

-1 classes on Zg by :
X Rk y iff le(x-y) =k

where k 1s any possible composition vector.
This scheme is called the "extens;on'of order n" of the ordinary q-gon [9].
Obviously the Lee metric is constant on the classes of the scheme :
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xRy => dL(x,y) = ”M|=‘k1+k2+_,,+sks_
However the relations Rp. ‘
X Rﬁ y iff dL(x,y) =k

do not yield in general an association scheme, as can be seen by drawing a picture
in the peculiar casen =2, i =2, J =2, k = 4,

We shall denote this scheme by L(n,q) [16].

b4, The Bose—-Mesner algebra

If we denote by Dt (resp. D?) the generic adjacency matrix of the Lee (resp.
Hamming) scheme, we obtain the relationship

H L
D; = fi D,
where |h = h +h2+...+hs denote the Hamming weight of any vector of Lee

composition h-.

That means that the Lee scheme is a "refinement" of the Hamming scheme. We can
continue the comparison in the same vein.

H L

Mo

1 Ihl=i k

P - 1o
|k|=1

Where the P?(j) are the celebrated Krawtchouck polynomials.

Moreover, if we define the inner product of two vectors x and y of Zn in the
following way a
n x.y,
K,y> = T W
i=1
where w 1s a gq— primitive root of unity over C, the following equalities
hold :

J (%y) = L <x-y,2>
= le(z)=42
Pk(i) = z <x-y> for any x with lc(x) =i

le(y)=k

These relations, which have analogous counterparts in the Hamming scheme, are a
particular case of a phenomenon occuring for scheme (X,R) over an abelian group X,
where the R, are invariant by the translation due to the group law [8 p.23].

By using properties of the inner product one can obtain a closed form for the
generating function of the pk(i),_[ZJ.

If we set :

P, (z) =1p (i) 2z '... z
i - ) - ]
= K
One obtains for q odd :

s

: s
P.(2) = 1 (142 3

i
21 [}
Z2_  cos( —ms A~
= 2:=0 m m q ))

1
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and q even :

i

s s-1 %

Pz = 1 (v2 T z cos( %grnl) + (-D* z)
= 2=0 m=1
All these relations and the links with Krawtchouk polynomials show that the
pk(;) are polynomials in s variables i,, i,, ..., ig of total degree at most |K|.
Moreover Bannai has shown [3] that in a polynomial scheme (i.e. where the pk(i)
are polynomials in one variable) with sufficiently many classes the pk(i) are
rational numbers. Hence, the Lee scheme is not, in general, polynomial, because of

the cosinus terms.

5. The "Lloyd Theorem" in Lee metric :

In this section we show the link between Bassalygo's result and the Lee scheme.

Consider the generalised Lloyd polynomial in s variables :

(z) = & p(2)
™ klse %

We denote by nq n(e) the number of distinct Lee compositions in the Lee sphere

’
of radius e centered at the origin V e(Q).

’

Theorem : If there exists a perfect e—error correcting code C in L(n,q) then we(g)

has at least nq n(e) - 1 distinet roots.
1}

-

Proof : We consider the matrices D; with integer entries, and size (N+1)x(N+1)

x

~

Dy (j,k) =p

i,

Tt in well-known [5], [14] that these matrices form an algebra isomorphic to the
Bose Mesner algebra and have tge same left eigenvalues. In particular there is a

basis which diagonalize all the Di with the complete system of eigenvalues :

pi(i) j taking N+1 values.

We call a the vector of the inner distribution of C with entries :

l com, |
4 -

I

and k the columm vector with entries : . -.
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.Q%IH;_

The relation :

(I+ I D)a=k
ll1ll<e
expresses the perfection of C. This is a direct generalisétion'of a fact already
observed in the context of distance transitive graphs [6].
Now the translated code C+h (h non zero) is also perfect with inner

distribution a, . Thus we have that :

h

(I + % 13.) (a-a, ) =0
ll1l|ze

When h runs over Vn e(q) with distinect Lee compositions, this yields L n(e)-1
L4

distinct and 1linearly independent eigenvectors, and, consequently, as many null
eigenvalues of the "Lloyd operator™ of matrix :

~

(I + ¥ D.) Q.E.D.
(BB

6. An asymptotic estimate for Hq n(e)

For convenience we set :

5 (e) =1 (&) -1 (e-1)
q,n g,n q,n

which is equivalent to :

S S
S
§ (e)=|{fheXN] £ &, Snand : ik, = e}
4.0 2 Ii=1 ! i=1 * |

We recall that a partition of the integer e is a finite non decreasing sequence of

positive integers ., AZ,...,Ar, called "parts" such that :

1

example : 4 has U partitions U = 1+1+1+1=1+42+1=1+3=2+2

So Gq,n(e) counts the number of partitions of e in at most n parts with values

in [1..s] (taking ki as the number of occurences of i in the sum).
If we put :

(x)n = (1—xn)(1‘xn—1)...(1—x)

L
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We can define the Gaussian binomial coefficient of basis x by :

[“]___(f)_n__
m (x)m(x)n_m

Then, it can be shown [1] that :

- [V 17]
,ﬁ‘sq.n‘o’ = Ls )l _n

and, consequently :

e 1 n"‘SA
ann(é)x=-:i:; [n]

e ’

If n2e and s2e each part is necessarily S s and there cannot be more than n non

zero parts. We have then for 6q n(e) the generating function of ordinary
?

unrestricted partition :
@
1

it

i=1 1—xi

Then a deep result due to Ramanujan [1] tells us that :

1 2e
5q’n(e) - -u—e-7§- exp nv T]

ex
Then, after some manipulations we obtain :
2e

exp [V 3

i (e) -~ _..1——
q,n 2l 2e

e

7. The Lee compositions distribution of the translate of a code :

Let Bi(e) be the Lee composition distribution of the translate C-e

Bl(e) =|{a € Ca RleH

Let Bm(z) be the annihilator polynomial of the m th order.
n

q s X
m 2
pHx) = — x= 1 I (1- 1)
g ieJ =1 L
T . . '
J is the set of indices where the dual a' = P a of the inner distribution, a of

a is the inner distribution of the

-1
the code C is nonzero. In case of C_linear]EIP
o . m .
.dual of C [2].ALet Bz be the development of the polynomial B"(x) in the basis of
the Pi(i).

We denote by 0 the composition of the null vector.
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Theorem : The inner distribution of C-e can be obtained by the linear recurrence :

T BW Bi = 60 m (Kronecker symbol)
ieJ = = ==
Proof : We shall admit the following result which is a straightforward

generalisation from Hamming [8] to Lee scheme :

2 n
L (B (e) =q lclak for any k # 0

Z —
ee q

where BL(e) is the dual transform of Bk(e), i.e :

Bk(e) = ? pﬁ(i) Bi(e)

From the very definition of J we have that :
m
B (k) aj =0 fork #0
Using the cited result this implies :
m
B (k) B&(e) =0 for k #0
We need the following identity :

T a, L a(k) A! where a(x) = L a  P_(x)
which comes simply from the fact that P2 = qn I and
<a, A> = —; <Pa, PT£>
q
where <,> denotes the ordinary inner product on RN

+1

Applying this identity, with a = % and A = (B (e)), yields :

m 1 'l
LBy B,(e) = — 8(0) By(e)
i = = q =

Since py(x) = 1 we have that Bf(e) = |d. Q.E.D.
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8. An upper bound on covering radius

We denote by §' the integer :

§' = Max {||i]| |1 € J}.
with the same notations as in the preceding paragraph. If C is linear §' 1is the
diameter of its dual.

We define the covering radius of C :

p = Max dL(e,C)

egC
Theorem . p s &'
Proof : We use the recurrence on the distribution with m = Q, so that 60 m = 1.
—— ’—

Now, all the summands in thé‘recurrence cannot vanish together. Bi(e) # 0 means

that there exists an a with -
a (a,e) = |4
so that :
; p s il s & Q.E.D.

example : We take the perfect negacyclic code of length 2 over Z13 with generator

polynomial : g(x) = x+5 [5]. It is self dual with "negacycle"
representatives : (0,0) ; (1,5) ; (3,2) ; (6,4) we have p = 2 and &' = 10.

We remark that the number of distinct Lee composition of the dual is 3, which could
not happen in Hamming scheme where s' = e for a perfect code [8].

Remark : In fact a stronger result holds [15]. Let s' be the number of distinct
nonzero coefficient ay (for k#0) in the dual inner distribution of C then

p S 8'
9. T-designs :

A T~design in a general association scheme (X,R) is a subset Yc X, such that :

¥, eT, a' (Y) =0
i i

where a& is the dual inner distribution.

It has been shown [8] that T-designs in the Hamming scheme for T = {1, 2, 'ﬁ‘t}
are orthogonal arrays of strength t, with n constraints, q level and index |Y||q".

H .
Let TE denote the set of indices T_ = {i[i| < tl.

H C .
Proposition : a TT-de31gn in the Lee scheme is exactly a {1,...,t} design in
Hamming scheme. :

Proof : Let A' (resp-a') denote the dual inner distribution in the Hamming (resp.
Lee) scheme. ‘

As in paragraph 4, by using the fact that the Lee scheme is a refinement of the
Hamming scheme, it can be proved that :

A[ = I a'
S EES

The proposition follows by the nonnegativity of the A3 and the a;. Q.E.D.
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Using the obvious bound

<
dL s s.dH

we see that : : )
L H
T
Tr 2 ‘[/s]

so that any T-design in L(n,q) is a particular orthogonal array in H(n,q). i

10. Characterization of T-designs :

n
We define a generalized character for a subset Y and any u in Zq :

x (Y) = £ <u,v>
u vey

Proposition : Y is a T-design iff (fc(u) € T => xu(Y) = 0)
Proof : We introduce the characteristic matrices of the code C in the following way :

= [<a,h>] a € C
K fc(h)=k
Using the expression of p (C) in function of inner products, we obtain :

H H = [P (2 (a-b)) a,b € CJ]

Let j be the all one vector of size |(|
2 2
i 1] =]da! = £ Jx ()]
s K LS Le(u)=k Y
So af = 0 iff x,(Y) = 0 for any u such that fe(u)=k Q.E.D. ¢

Example : We write the words of the same self dual perfect code in columns :

1. 2 3 4 5 6 0 -1 -2 -3 -4 -5  -f .
-5 3 =2 6 1 -4 0 5 -3 2 -6 - 4

It is, from (9], an orthogonal array of strength one ; each row contain each
symbol of 213 exactly once.

Taking u = (1,-1) in the preceding theorem and writing the row of differences
yields :
6 -1 5 =2 y -3 0 -6 1 =5 2 -4 3

Each symbol of Z is seen exactly once.

13
The same result would occur'with any u such that

w (u) s

We see that the Lee metric yields more informatlon on the same object than the
Hamming one.

11. Open problems and conclusion :

The Lee scheme bears many ressemblances with the Hamming scheme. The underlying
set is an abelian group allowing us , as noticed in [9 p.23], to express the first
eigenvalues in terms of inner products. In particular, this led to a closed form
for the generating function of these eigenvalues, and an algebraic characterisation
for the T-designs. A combinatorial characterization would depend on the size of the
alphabet as can be seen by examples.
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However there is a main difference : the Hamming scheme is both P and Q polynomial
[9] and the Lee scheme is not, in general, as noticed in 84, We have to manipulate
polynomials with irrational coefficients in many variables, instead of polynomials
with rational coefficients in one variable. In particular the number of zeroes over
a compact set is not easy to evaluate.

This is the reason why the Lee version of Lloyd theorem is so complicate and
hard to apply. Even if we had more accurate estimates of m, n(e)s bounding the

number of lattice points solution of the Lloyd equation would still remain a
difficult arithmetical problem. -
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