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Résumé

RESUME

Le traitement des conditions aux limites absorbantes pour 1’équation
des ondes dans des domaines avec coin est trés important d’un point de vue
pratique. Une difficulté technique apparait dés que l’on s'intéresse aux
conditions d’ordre supérieur ou égal a 2. Nous proposons une solution pour les
conditions du second ordre dans le cas bidmensionnel. Cette solution consiste &
prescrire une condition au coin spécifique. Le probléme obtenu est analysé d’un
point de vue théorique. Nous montrons que notre condition est, en un certain
sens, optimale. Nos résultats sont illustrés par des simulations numériques.
Des extensions aux dimensions supérieures ou aux conditions aux limites d’ordre
plus élévé sont proposées.

ABSTRACT

The treatment of domains with corners for the problem of absorbing
boundary conditions for the wave equation is very important from a practical
point of view. A technical difficulty appears as soon as one considers condi-
tions of order greater than or equal to 2. We propose a solution in the 2D case
when second order conditions are used. This solution consists in prescribing
an adequate corner condition. The problem thus obtained is analyzed
theoretically and our condition is proved to be optimal. Our results are
illustrated by numerical simulations. Some extensions to higher space
dimensions and higher order conditions are proposed.

MOTS~-CLES

Equation des ondes - Conditions aux limites absorbantes - Domaine avec coin.

KEY WORDS
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Wave equations - Absorbing boundary conditions - Domain with a corner.
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1l - INTRODUCTION

In [4] and [5], Engquist and Majda introduced a sequence of boundary

conditions for the 2D-wave equation in the half plane {(xl, X2), x2<0} :

32 3%u 3%u
(1.1) ac? " (ax? + axg) =0

(the velocity is supposed to be constant and taken equal to 1).

These conditions are given recursively by

du du '
B,u = T + 3%, 0 on I' = {(xl,O)}
3%u . _3%u 1 3% '
(1.2) B,u = 32 + Ttox, 5 '5;? = 0 on I
v Buw - L1222 B -0 onr
ntl 8t "' n 4 9x7 " n-177
In [5], it is shown that, according to the Kreiss criterion ([6]),

each of these boundary conditions is strongly well-posed for the wave equation.
If one assumes that by continuity the interior equation also holds on

the boundary one may write

dun
ax

du
B u=\|{—+
n (at
and then it is easy to seeg that each Bn is transparent for plane harmonic waves
striking the boundary at normal incidence. Further, if u is a plane harmonic
wave of unit amplitude striking the boundary at an angle of incidence 4 from
the normal, then the amplitude Rn of the reflected wave (i.e. the reflection
coefficient for Bn) is given by
l-cosfd In 2N
. R =17 = = ce
(1.3) n ( l+coséd °(6=), n=12
For many practical problems, one is interested in restricting numeri-
cal calculations, which should be done in theory on an infinite domain, to a

bounded domain.

"
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In the case of a domain with a smooth boundary, a solution was proposed in [5]
by Engquist and Majda : this solution generalizes the conditions (1.2) and
makes use of the theory of pseudodifferential operators. However, if one uses a
finite difference scheme on a uniform grid to compute the numerical solution,
it seems more interesting to restrict the effective calculations to a rectan-
gle. For simplicity of exposition, we restrict our attention to the case of the
quarter plane O = {x = (Xy, Xg) / X;<0, x2<0} and then introduce two absorbing

boundaries
ry = {Ga, 0), x50 }
r, = {(o, X2), X9<0 }

We will denote by 0 the corner point (x;=0, x,=0).

X2

X1

Ty

In the case of the first order boundary condition, the initial

boundary value problem is written :

3%u
Py Au = O in Q,
au Ju
6t+8x2=0 onI‘l,
Jdu Jdu
a4 —_— = =

(1.4) et = O on Ty,
u(x,0) = ug(x) in Q,
Ay
3z (%,0) = u;(x) in Q




03

This problem is well posed as we have the following energy identy
3 1 du 1 du
(1.5) 2 (5 J12)2 ax + S Jival ax) + ] 82 4o = 0.
Q 9] r
(do denotes the superficial measure on I'.)

Thus the presence of the corner does not pose any specific difficulty. However,
as indicated by equation (1.3) and verified by numerical experiments, these
first order conditions give rise to significantly larger reflected waves than
do those of seéond or higher order.

If we look at the second order conditions which are written :

3%u 3%u 1 38%u

ac? V axget T2 axz ~ O on Ty,
(1.6)

8%u 3%u 1 4%u 0 r

at? T ax,9t T 2 8% T on Lz,

it is not at all clear, a priori, whether the corresponding initial boundary
value problem is well posed. Numerically, if one uses a classical finite
difference scheme (for example see [9], [10]), a naive matching of the condi-
tions (1.5) at 0 is ruled out by the appearance of the second order spatial
derivatives in any expression for B,. Moreover it can be shown, as we shall see
in section III, that there is no uniqueness of the finite energy solution for
the problem if no condition at the corner is specified. The problem is that it
is not clear what corner condition should be chosen. Also, as reported in [5],
an improper choice of the corner condition may generate instabilities.

Thus, what we propose to do here is to introduce a boundary condition
at the corner 0 and to study this condition from both a mathematical and a
numerical point of view.

The outline of this paper is as follows : In section II we explain how
we construct our corner condition and present different extensions of the
method we use. In section III, we analyse theoretically a family of corner
conditions depending on a parameter, containing our condition and also the one
proposed previously in [5]. We try to show in what sense our condition is the
best one. In section 1V, we present various numerical results illustrating the

theoretical results of section III.
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II - DERIVATION OF THE BOUNDARY CONDITION AT THE CORNER

The principles which guide the construction of our corner condition

are quite simple.

(i) we want to eliminate the second order spatial derivatives existing in the

boundary conditions on I'; and T,.

(ii) we do mnot want our corner condition to generate a singularity due to the
presence of the corner. In other words we wish to obtain a smooth solution,

when the initial data is smooth.

So, let us consider the wave equation (1.1) in Q with the boundary

conditions (1.5) and the initial conditions.
u(x,0) = up(x)
(2.1)
du
at(xvo) - ul(x)
We suppose that
(2.2) supp ug U supp u; C Q.
The idea consists of writing tbat if u is a C”- solution of (1.1) and (1.5),

then by continuity (1.1) and (i.S) should be satisfied at the point 0 for all
t

3%u
Freiiy Au = 0 0, t =0,
3%u 3%u 1 3%u

2.3 - = =

( ) 3e2 + %,3¢ 2 B_XT{ 0 0, t >0,
32u 9%u 1 3%u
3e2 + 3%,0¢€ 2 a—x'g =0 X1=Xo=0, t =0.

Then we eliminate the spatial second derivatives by adding the two last

equations and then substracting one half times the first one from the resulting

sum. We obtain
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3 3%u | 8%u 3%u : 5
(2.4) > 3c2 + %, 0t + Fx, 0t = 0, x=y=0, t 20.

D

This last equation can be integrated once with respect to time and the corner

equation can finally be written

3 du du , _du

3 3 Y, tam, O

(2.5)

It is interesting to compare this condition with that proposed by Engquist and

Majda in [2],

(2.6) J‘z’%+-§i—+%‘;=o,

which has the property of being transparent for plane harmonic waves propaga-
ting along the diagonal. In practice, conditions (2.5) and (2.6) differ very
little though they are obtained from very different considerations. (finz % ).
By construction, condition (2.5) could seenm superfluous since it appears to be
a consequence of the interior and boundary equations and one could wonder
whether such a condition is really needed other than for numerical purposes. In
fact, the analysis we shall give in section III will prove that it is necessary
in the following sense :we can say is that looking for a smooth solution
(namely C?) of (1.1), (1.5), (2.1) is equivalent to looking for a solution of

the same problem with the additional cormer condition (2.5).

Extension of the corner condition

(i) Generalisation to the three-dimensional case

We consider the wave equation
(2.7) —5 - Au = 0, t =20, x=(X;,%s,X3) € 11,

for the domain 2,

0 = { x = (Xy1,%9,X3) e R3; x,<0, x,<0, x3<0 },

with initial conditions



u(x,0) = uo(x), x € 0,
(2.8)
Bx,0) = w (), x €0,

and second order absorbing boundary conditions

3%u 3%u 1 (3%u , 3%u
(2.9) 5c? * Btox, 2 [axi * 3Xj) - 20, * € Ty
for the boundary

r.. = {x eR®; x.<0, x.,<0, x,_ = 0}, k=1,2,3,

ij i j k

and at the corner 0 = (0,0,0).

The equation for the edge A, 1is obtained, exactly as in the 2D case by compati-

k
bility between the interior equation and the boundary conditions for the two

sides I‘a having A, as an edge. We eliminate the second order partial deriva-

B k

tives in the directions i and j orthogonal to Ak between these equations and

obtain
3 8%u 3 du du 1 3%u
(2.10) = a2 G ) -5 %=, ©0, x € A,

X, ax,
1 ]

The corner condition can be obtained by eliminating all second order spatial

derivatives between the three boundary equations (2.9) and the wave equation,

or equivalently between the three edge equations (2.10) and (2.7). The calcula-
)

tions lead, after integration in time, to the condition

du du Ju Jdu
(2.11) 2 3t + 3%, + 3%, + 3%

0f course, conditioms (2.10) and (2.11) can be also generalized to the wave

. . n oo, .
equation inIR", in the domain O :

0= {x=(x1,x2,...,xn) vV ie {1,2,...,n}, X, < O}.
Let us recall that the second order boundary conditions on the boundary

T ={xe]Rn;x

Kk =0, xj<0 for j = k}

k
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can be written

a%u 4%u 1

ae? Y atax, 2 AT O
(2.12)
8%u
S
j=k 7]
We need then to describe the boundary condition on the edge : (if J is a
subset of {1,2,...,n})

AJ = {x EIEP’/ xj=0 for j € J, xj <0 for j ¢J }.

For this, let us define the differential operators

Ju
du=y —,
J jed axj
2
Agu =) %;% .
jgy 7]
Then, the condition on AJ can be written,
k+l 3%u du 1 T
(2.13) > a—ty+3Jat-2 AJu—O,

where k is the number of elements in J.

In particular the corner condition at 0=(0,0,...,0) is after time
integration : (J = (1,2,..,n})
n
. n+l Jdu du
$(2.14) 5 3t +‘Z < = 0
j=1 7]

It is interesting to notice that, using the criterion of Engquist and Majda,

the corner condition would be :

du = du
(2.15) f;—a—t. +.2 '8—;'-=0,
=1 7

and that, for sufficiently large n, (2.14) is really quite different from
(2.15).

(ii) Generalisation to the third order boundary condition

We come back to dimension 2, and now consider the classical third

order boundary conditions (cf. [5])



3 3% 1 _3%u 0 r
3c® Y ax,0t2 4 axlac | 4 oxZox, | ' ¥ €l
(2.16)
33%u d°u 3 3%u 1 3°%u 0 r
s * 8x16t2 T4 9x%8t 4 8%,0%3 R x €lz.

OQur objective is to obtain, at the point 0, an equation in which none of the
second order spatial derivatives in a given direction appear. However, we

. . u . .
accept the crossed second derivative Ef_— . For this we first add the equa-

10%2
tions (2.16)

3%u 8% (au du 3 3Au 1 (d%u
(2.17) 2365t ot (axl * 32 T2 8 & (achax2 8x13x2]
3
Using the wave equation, we can replace %At_u by 6 % to obtain
5 3%u 8% (du du 3%u
(2.18) 4 3t * act (Bxl ] (8x23x2 ax,x ~ O

There remains to eliminate the term ( 2) For this we note that

ax 26x2 8x16x

3%u 83%u 3 3 a%u . 3%y
8x38%, + 8x,8x3 ‘8%, M axz) bu - (a_{{ * axs]'
Thus, using the wave equation, we arrive at
3%u 3%u 33u 3%u 3%u  4%u
(2.19) ax30%, | 9R.0%2  9x%,0t? | dwadt? (6x31 * axg]‘

Now, we can differentiate the boundary equation on I‘j with respect to xj
3

(3=1,2)

3%u 3'u 3 3*u 1 3%u
ax,0t° | x,0%,0t2 & ax3at 4 0%30%, o, x €Ty,
(2.20)
3%u 3%u 3 a*u 1 3%u
a%,0t° ' ax,0%,0t7 ~ L 8x39t & 8%,.8x3 o, x €Iy

We can add these two equations at the point O

3%u 3*u 3%u 3 8 (3% | 3%u) 1 _3%Au
2.21 2L 3 v ) s =
( ) 6X16t§ + 3x23t3 * axlaXZatz 4 3t (6 X3 * 6x2) 4 3x10%p 0.
3%u
We replace then Au by T—5 , and note that the resulting equation can b

at
integrated once in time to give
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9%u  9%u 4 3%u 33u 7 33u
2. - & + 1 8w
(2.22) 3x3 T ax3 T 3 (axlat2 axzatZJ 3 3x%,0%,0t

Then, using (2.19), we have

3%u 8%u 3%u 3%u 33%u ]

7
(2.23) axlax? T ax,0%x2 " 3 (8x16t2 3%,8€ | 0%,0%,0¢

Plugging (2.23) into (2.18) we finally obtain an equation which can still be

integrated once in time to lead us finally to our corner condition :

8%u 8%u 3%u a%u
(2.24) 15 3¢ ¥ 5 Gaat * amee) 7 mpew, T O

Of course, as in the case of the second order boundary condition the corner
condition (2.24) can be extended, with no specific difficulty, to the wave
equation in R". It would also be natural to try to generalize this corner
condition to higher order absorbing boundary conditions. This problem does not
appear to be so easy. For example, as fourth order spatial derivatives in a
given direction appear in the AEE and 5Eh order absorbing boundary conditions
(see [5]), our conjécture is that 3 corner conditions are needed and more
generally that 2n-1 corner conditions are needed with the 2nEh and (2n+l)§E
absorbing boundary conditions. The problem is now to derive 2n-3 linearly

independent equations at the corner, usin
s g

- the interior wave equation (which can be differentiated in time and

?* in any spatial direction),

- each of the two boundary conditions on I} (j=1,2)' (which can be

differentiated with respect to t and xj).

This leads to a non trivial algebraic problem. Such a study should be

of interest.

= th st s
We remark that for the 2n— and (2n+1)= conditions where 2nEh order
spatial derivatives appear one would expect 2n corner conditions instead of
2n-1, and in fact there is a condition we have implicitly required but have not

counted; i.e. that the traces of ul and of ul at the corner be the same.

r, Ty
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III -~ MATHEMATICAL ANALYSIS OF THE TWO DIMENSIONAL PROBLEM

In this section, our goal is to study from a mathematical point of

view, the following problem :

%%g - Au =0, xen t>ao0,
%%% M 32352 - % %2? =0, x €Tz, £>0,

(B , g% ggi ?%i -0, x=0, t>0,
u(x,0) = up(x), xef, t=0,
8 (x,0) = w0, x € Q.

In this problem, we consider a general corner condition :

du  du  du
T3t T ax, T 3xs ’

(€Cvy)

where v denotes a positive parametef. This generalizes the condition (2.5)

derived in section 2, and the condifion (2.6) of Engquist and Majda :

* 3
(2.5) =y =7 =7,
(2.6) &= v =J2.

IIT.1 - Weak formulation of the problem

we

Before investigating existence and uniqueness results, we need to make

sense of the problem (P7) ; that is we have to make precise the mathematical

framework and to define what we shall call a solution of (PY)' It is clear that

it 1is not difficult to make sense of (Py) if the function u is C2? in 0 (with

°=0\(0}) and C! in Q xIEfv(with respect to space and time variables). Now, let

us assume that there exists a function u such that
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- ue C(@ xR n CL(@x[0,=)),
(3.1) - V t = 0, u(t) has compact support,

- u satisfies the equations of (PY)'

Now, let us differentiate the wave equation with respect to t

3%u du
3cd " e~ 0

We multiply (3 1) by a test function V(Xl, X ) in Cm(ﬂ) and integrate in space.

We get :
-Q; ( f uv dx f A~— v dx = 0.
Q

Using Green’s formula, we obtain

3

(3.2) a%g (f u(t) v dx) + — [f Vu(t) Vv dx) f 6;21 (t) v do =0,
0

Let us tranform the boundary integral as follows

8%u [ 8%u 3%u
f grac (V) VAo =) gae vodn [ x ot ¥V X2
Fl 2 1-\2 1
Using the boundary conditions on I'y and I', we see that
3%u 42
(3.3) . - vdo = ——= uv dxl - ——7 v dx,
- andt dt T

A double integration by parts leads to the equality

2 2
(3.4) - 1 f Q—; vdx, - 1 f Q—% vdx, = 1 f du dv dx1 + L f du  ov dx,
ry AP r, T,

We finally use the corner equation (CCy) to obtain



3%u 1 9%u 1 Bu du  dv
(3.3 - { —s v dx, ) { 32 v dx2== {I E N 3x1 dx1-+£ 5;; 7%, dxz}
2

14 (o ().

Thus, regrouping equalities (3.2), (3.3) and (3.5), we have proved that u

satisfies the following equation :
3 2
(3.6) —gg (f uvdx) + —gy [f uv da)
dt 0 dt T

+iUVqudx+i21u(o>v(0)]+%f——-——da=o, Vv e C3(@)
o r |

1t is clear that (3.6) can have a sense even if u is less regular than

required in (3.1). Thus we are led to introduce the functional space
(3.7 V= { v e HH(Q) ; vi(xy) = v(xy,0) € HY(Ty), va(xz) = v(xX2,0) € HY'(T2),
e
vi(0) = vp(0) = v(0) }.
Note that V is well defined. Indeed, for v in H!(Q) the trace v; (resp. Vvj)
belongs to H%(Fl) (resp. H%(Fz)) and thus we can ask if it also belongs to

H'(T;) (resp. H'(T,)). Moreover, vj(O) makes sense as vj belongs to H(]-=,0().
Note also that V contains CP({1). We define the following norm on V :

(3.8) Jnﬂw_ﬂﬂ2@+f|wpdx+f||2®+|wmp
v av,
(—— is the function on L%(T') defined by - A4 = —~l, j=1,2).
ar|T. o8x,
J J
THEOREM 3.1
Equipped with the norm (3.8), V is a Hilbert space.
Proof :

Let v be a Cauchy sequence in V. Then :
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. v is a Cauchy sequence in HI(Q),
a . : 2
5;5 (vnlpj] is a Cauchy sequence in L (Fj),

. vn(O) is a Cauchy sequence in C.

Therefore

. 1
v > v in H (),
6vn
. — > v, in L2(T.),
axj le i ( J)
. Vn(O) > vy in C.

From the trace theorem in H'(Q), we know that :

T,
J

and then, one easily deduces that

. 3
vy o= 5;5 (V]rj).

Moreover, as v > v(0) which

: 1
nIFj > Vlrj in H (Pj), we know that vn(O)

proves that v(0) = v, and completes the proof.

Remark : Note that V is nothing but the closure of C3(01) for the norm "‘l

v’

To complete our mathematical framework, let us introduce, for H a
Hilbert space (with norm ”-IlH) and o a positive number, the space
+c0

(3.9) L ® W - {v(e) Ry g vy % ae < 4 }.

The interest of such a space is that it is possible to define the Laplace

transform of any v in V by ; (see [2], [3]),
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(3.10) o) = | v(t) Pt g, for Re(p) > o,
0

and to show that the function p >¥¢(p) € H is analytic in the half plane

Re(p) > o. In particular we have the property

v
o

(3.11) V(p) =0 VpeR/p> o, = v(t) =0 vVt
Note also that L;GR%; V) C LllocaR+; V) C D'OR%; V).

Now, we can give a definition :

Définition 3.1

A function u(t) is a weak solution of problem (Py) if and only

if there exists o > 0 such that

. 1 mt. 1qpt. 12 .
(1) @, & e ®; v x L@ @),
(i) wWo) =ue eV ;  S2(0) - u e L2@);
2
(iii) U war) + Sy ([ wvao) + 2 ([ vuwy ax + 2 uo) v(o)
0 T dt 0
+%- f 52 5! do = 0 inD'@®), Vvev.
T
B
Remarks

. . . u o, . . . .
« In (i), the derivative gE is taken in the sense of distributions

with values in L?(Q).

+ If one choose v € D(Q), it is easy to see that (iii) can be inter-

preted as

Q;I Q@
t N
=t

]

i

o

Au in D’GR+XO),

i 2
which shows that, as A € Z(H'(Q); H (Q)), %E% belongs to the space
LlaR 1(2)). Then we deduce that :
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u e CI([0,+0); H 1(@)) n C°([0,+=); L2(D)),

which permits us to give a meaning to the initial conditions (ii).

It seems that it is not obvious how to get an existence and uniqueness
result with the help of classical methods based on energy identities and a
priori estimates. Moreover, our problem does not fall into the category of
corner problems previously treated in the literature, [7], (8], [11]. Thus we
develop an analysis specific for this problem.

The outline of our analysis will be the following one.

1 We get a general wuniqueness result using the Laplace transform

(section 3.2).

2 We show the existence of a smooth solution (for smooth data) when vy =
7* = % (section 3.3). '
3 We generalize the existence result to any value of v by considering

the problem satisfied by the difference u,Y - uy* (if u7 denotes the solution of
(P )), pointing out the existence of a "singular" corner wave when 7#7 Ve

analyze the properties of this corner wave (section 3.4).

III. 2 - A uniqueness result

Let u be a solution of (37) in the sense of definition (3.1). Then,

for Re(p) » o, its Laplace transform G(p), is at least formally, a solution of

-AG + p2ﬁ = Uy + P Up = f in Q,
1 a%a + B84 L 2420 on T
2 5;? an2 P v
(3.12)
1 3%a 3 2 o
- 5 5;2 + p 3%, +p“ =0 on 'y,
aa da L -
3, + 3%, +ypa =0 at the point O,

or, more exactly, using the weak formulation, of
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a(p) € V
(3.13)

a(p,a(p),0) = <L(p),¥v> , Vo ev,

where the bilinear form &4(p,-,+) is defined by

8(p,0,0) = | V07O dax + p? f 4% dx

(3.14) f .
5T L [éa 8¢ 2 4(0) 3003
+p|ruv 218 a7da+2u(0)0(0),
r r
and the linear form <i(p),-> is given by
(3.15) <I:(p),0> = j uy v dx + P ‘f Uy v dx.

0 Q

We have the following :

LEMMA 3.1

For >0, if p is a positive real number the bilinear form

a(p,4,v) is V elliptic.
Proof : It sufflrices to write

a(p,a,v) = f |va]? dx + p? flﬂlz dx + p f]al2 do

Q Q r
24 15717 00+ § la)?
Lo . 1 2 1N Hall2

to deduce that a(p,Q,4) = inf (1, -6, P°, 2] ||u”v ‘ D

Then, thanks to the Lax-Milgram lemma, problem (3.13) admits, for (uo,

u;) in V x L2(Q), a unique

solution G(p) in H. In particular if ug = u; = 0, we

necessarly have G(p) = 0, for all p > o¢. Using property (3.9), we deduce the
following theorem :
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THEOREM 3.1

The solution u of PV’ if it exists, is unique.
Of course, one could try to develop an existence theory for (P ) using the
Laplace transform method. One could hope to prove an existence and uniqueness
result for problem (3.3) when p = n + iw, n>0 being fixed, and w varying in IR,
and to obtain estimatés on G(n+iw) (in V) for any v inIR. We didn'’'t succeed in
obtaining such estimates (one can show that such estimates are available in the
region w?<3n?, but we don't know how to extend these estimates to the whole
line p = n + iw).

IIT.3 - The existence of a smooth solution for v = 7* =-§—

In this section, we first assume that the initial data ug and u,; are
smooth, namely

(3.16) (ug, up) € D(QYXD(Q),

- and we look for a solution of class C° of (P %) . Of course, it suffices to
find a function u satisfying all equations of (P %) except the corner condi-
tion. To construct such a function, we first remark that if it exists, then the

C? function v defined by

Vo= Ll L2 u !
82 82 1 42
G.17) Li - 37 * 3n5c 7 9x%2
L _ 62 . a2 l 32
2 T 52 8%, 8t 2 %2
satisfies
2
Q—; - Av 0, X €Q, t>0,
at
v = 0,
(3.18) [T
v(x,0) = vo(x) x € Q,
2,0 = Vi), x € q,
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where
1 1 3%y 3%pug 1 asu! 83u? 33%u, 3%y,
Vo =73 Ao * 7 ax%1ox5 * 9%, 8%, *2 (8x1 * 6x2] + dx19x%, * %,8x%5°
(3.19)

1 .2 1 _8%u 3%y, 3 3 2. 1 (2° 38
Vio= g A U5 TaxZ T Bx,0%, | oxg | axz] Ao -3 (a_x';' * %3] Avo-

Moreover, we deduce, using the fact that u is a solution of the wave equation,

that

L I A

Now, the process for the construction of a regular solution of (PV*) is the

following :

(i) We consider the solution v of (3.18) associated to homogeneous Dirichlet

boundary conditions.

(ii) We solve, in the quarter plane 2, the problem

%[_3__‘_1]2 i+i-)2u=v,xeﬂ , £t >0, (3.20),

at dx, at dxq
u((x,0) = ug(x), x €10,
du
(3.20) 3t (x,0) = uy(x), xen ,
2
83 x,0) = duo(), xea
t
3
%E% (x,0) = Auy (x), X € Q

This problem is well posed since we integrate in the quarter plane

Q = {x1<0, x<0 }. Moreover u is C®.
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THEOREM 3.2
The function u defined by (3.18), (3.19) and (3.20) is a
classical solution of (P7).
8%u
Proof : 1Let us set w = Fre Au,

32

Applying the operator O = T -A to (3.20),, we show that :
- (3.21) Iw = 0, in Q,

Moreover, it 1is easy, by simple algebraic calculations,
(3.19)

ow 3%w 33w
(3.22) w(x,0) = 3t (%,0) = 322 (x,0) = Frea (x,0) =0,

W=EE1;-Au=O, in Q.

to show that, using

It remains to check that the boundary conditions (CLl) and (CL2) hold. For

this, let us set

Wy = (g% + 5%:)2 u.

We have, in light of (3.20),, that

8

83z, _ i
e t axz) wy = Vv, in Q.

In particular, the function, g2(xq,t)

el

9, 82 -
(3.23) 5 * 5a)” B2(%2,1) = v(0,x4,8) = 0,

]

w1(0,%,,t) satisfies, as w, is smooth,

xgefg,t>0.

Moreover, as the initial data vanish on the boundary I', we also have

(3.24) g2(x2,0) = 282 (x,,0) = 0.
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From (3.24), (3.25) we deduce that

(3.27) g2 (Xp,t) = {(at 2 ] } (0,%5,t) = £0, %, € T,

But, as u is a solution of the wave equation, we have

3 3 Y2 . _ :
3¢ T 5;:) u = Lyu, in Q.

In particular, we have, by continuity

3%u 3%u 1 8%
(3.28) Loulp = 3e7 * ax0t 2 aZlp, =0

Inverting the roles of x; and xp, .it is easy to see that we also have

3%2u  _3%u 1 3%u
(3.28) Liul, =57 * 5oat "2 alr, = O
which completes the proof of the theorem. O

It is interesting to analyze the structure of the solution we cons-
tructed with the help of the theory of images. Indeed, the solution v of (3.28)
can be written as

v=v. + v+ v

I R R R’

where (v v ) are respectively the solutions in Q of the solutions of

R' R’ §
the wave equation in the whole plane IR? corresponding to the following initial

data (vy, Vv; being the exten51ons of vy, vy by O outside Q)

VI(X1,X2,0) = Vo(X1,Xz)

v

* at (XI’X2’O) Gl(x].yXZ);

]

1

VR(X1,X2,0) = -Vo(Xq,-%Xz)
avé

—_ v 0N = v~ asen
3t \F1aR2, V) ViiXi, X2/,
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Ve (x1,%2,0) = -Vo(-x1,Xz)

av?
—g_t—' (X11X2)0) = 'Vl('xl ’XZ);
V§<X1 :x210) = ‘GO(—XI)_X2)
av?

F (Xl » X2 ,0) = \71(‘X1,’X2).

Then, the solution u constructed in theorem 3.2 can be equivalently decomposed

(3.29)

where u

I

1 2 0

u =,uI + uR + uR + UR,

I

without boundary; i.e., with (U,, U; being defined as v,, v;),

8%a

Fez - Mup = 0,

up (x,0) = o (x),

and where u% (j=1,2,0) denotes the restriction to © of the solution ﬁé of :

L(Gg{) -3

e 8%lg

. ~ a?"j
ﬁf{(x,o) = 3t (x,0) = *a—tr(x,o) = 32 (x,0) = 0.

The decomposition (3.29) can be interpreted as follows

u is the incident wave.

is the wave reflected by the absorbing boundary TI';.

2ol

is the wave reflected by the absorbing boundary T,.

oo

is the secondary reflected wave corresponding to
reflection of uﬁ on T', and the one of uﬁ on T,.

o

is the restriction to O of the solution u_. of the wave equation

the
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In the case of a point source, we can represent the different wave fronts

corresponding to the decomposition (3.29).

X2

v

The three curves depicting ug indicate that the amplituq}e of u; us greater than
that of uﬁ and u.f{, each'rep.resented by two curves, which is in turn greater
than that of Up represented by a single curve. Also, along u;{ and u.é the arrows
point in the direction of decreasing amplitude, (cf. numerical results of

section IV).
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For completeness, we also have to check that the solution u cons-
tructed in theorem 3.2 belongs to the class of functions for which we obtain
the wuniqueness result in section 3.2. For this, let us consider regular

functions f and g such that :

6_t+E=g' in Q.
After multiplication by f and integration over ( we get (we set
fo(x) = £(x,0))
L d (f | £]? dx] + f |£]2 dx, = Jfg dx,
2 dt
Q T, Q

which implies

t t
(3.30) 2 J1el? ax - JI 1£12 ax; as = 2 [l£]? + ] £g axas.
a or, o Yy
In particular :
t |
le17 ax < 5 J1£0]2 [ fg axas.
o a o

Then, using Gronwall's lemma, we obtain

t
(3.31) f|f|2 dx < 2 { f |£o]? ax + ff |gl? dxds },
Q Y 00
and, plugging (3.31) into (3.30),

t t
(3.32) [ |wl? ax, as = (1+2t) []£0]2 ax + Ja+e-s)(Jlgl? ax) as.
or, Q 0 0

Now consider two functions w and g define in Q and related by the sequence of

equalities (with w = wyi22)

oaw aw

1 ovL -

6t + 3X1 g‘

dw; o w2 w

at aX2 L

0wy 9 avi12 —w
at 3%, 12>

dWi122 + 8wi122
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Then assuming that f |g|2 dx = ”Gollz, uniformly in time, we get, using
Q

(3.3L),
J ] ax = 2 (Jwi0]2 + fIGolI2 ¢,

2
[ fosal? ex s 2 (I (@17 + 2 [u(@]2 ¢ + lledll® 5},

3
f [wy,2]2% dx < 2 {|w112(0)|2 + 2w (0)]% t+2 Jwi(0)]? €2 +]|Go]|? %—}
and finally, with the aid of (3.31) and (3.32) we see that

[ 1w]? ax = c(1+e2) (Jw(0) |2 + lwi12(0)]% + w12 (0) |2+ [wy (03 |2 +]lG6]12)
(3.33) | _

[ 1w]2ax, ds = c(1+t5) (Jw(0) |2+]w11 2(0) | 2+ |w12€0) | 2+]wy (0) |2 +][Go [2) .
0T,

We can now invert the roles of x; and x, in the previous estimates. We then

introduce w,, wgy, and wy,; to obtain

[lw]? ax = c(r+e?) (Jw(0y|? + [waz1 (0) ]2 + [war (O) |2+ |w2(0) |2 +|[Goll 2],
3.36) | +

[ w7 axq = c(1+€) (Jw(0)]? + [wazs (0 ]2 + w1 (0) |2 +|w2 (0 |2 + |]Goll2) .

or,

Now, we can apply estimates (3.33) and (3.34) successively to
3

w = o4 A
T &= B¢
v = ou _ v .
axl’ & 3X1'
- Ay _ 9w
waXZ’ g—aX2,
and we can take ||Go|]% = j]vllz dx + f]Vvolz dx since v satisfies a classical

energy identity. Using the relations between (vqy, v;y) and (ug, u,) it is easy

to get the following estimates :
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[15217 ax = cluwes) (luollZs gy + NwillZe )
Fival? ax = cliees) QludllZs y + lwillze )
[15eF a0 = o) Uluollfe gy + luille ).
[ 15717 00 = clee) Qluollfe gy + Mlulle ).
Ii 15212 a0 = cl1+e®) QluollZs gy + NuallZe ) -

and then to deduce that the solution u we constructed in theorem 3.2 is a weak
solution in the sense of definition 3.1. Moreover, these estimates permit us to
generalize the corresponding existence and uniqueness result to the case of
initial data (up,u;) in H®(Q) x H*(Q) (this result is probably not optimal

though we have not succeeded in improving it).

III.4 - THE CASE y # %_ : EXISTENCE OF A CORNER WAVE

We return now to the problem Py for arbitrary 4>0. We again assume
that all initial data is C* and is compactly supported in . First suppose that
uy is a solution to P7 for some given <. If we denote by u the regular solution

of P7 for 7=% then we may define

Thus we can decomposevu7
i

u =u¥+ v,
Y Y

*

wvhere u” is regular everywhere and V7 is a function which clearly satisfies the

following equations : (we omit here the index vy for simplicity)

%%; - Av =0, XeEnN t>0,

g—%¥+83;;’2 % Z—;‘%=O, xerlr,, t >0, CL1
f’y g—z§+ai;:1 ——]21 %;;{=O, x e T,, t >0, CL2

%g—ig+§z(;%+‘a%=g, x=0, t>0, (CCy) !
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with
_ _ i % a2u*
(3.35) g = &, (-7") ez -

(We remark that in this section for simplicity of exposition we have
chosen to work with the corner condition (CCy)’ instead of (CCy) since with the

zero initial conditions (CCy)' and (CCy) are equivalent).

What we shall do in the following is to show that there exists a
solution H7 of f’,y with g = g’y. We shall show that v7 has a singularity at the
corner and shall say that v7 is the corner wave due to the corner condition
(CCy). Finally the solution u'y to P7 shall be obtained by adding the regular

solution WofPgygtov ;, u =YV +u®,
b v v 4

To construct the solution HY to 1;7 we shall proceed much as for the
construction in II1.3 of the regular solution u* to P‘Y* except here we need to
introduce a singularity at the corner point. Thus we shall start with the
elementary solution ¢ to the wave equation in R? at the point (0,0). Then, as
before, we shall integrate G along the caracteristics of L ((3.20)) to obtainé
which should satisfy the wave equation as well as the zero initial conditions
of f”y. However, as G does not vanish on the boundary T, there is no reason why
¢ should satisfy the boundary conditions ¢Ll and CL2 of PY' But, we observe

8%G

that m_ , which will play the same role here as does Vv in II1.3, does
10X2 -
- 2
vanish on I'; so taking the corresponding derivative of G, H = a—f—f;{— , we shall
10X2

§
obtain a function H which we shall demonstrate satisfies all of the equations

of P7 except the corner condition. Moreover, we chall show that a constant

miltiple H_ = a7H of H does indeed satisfy the condition (CCv)'.

To be more precise, we let G denote the solution to

2
%E(é-Ac=5(x)xs(c), x eR, £ >0,
G(x,0) = -‘;—Gt-(x,O) -0, x eR?.

Then G is given explicitly by
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= m(t?-x2-x2)" , xZ+x3 < t?,
G(x,t) =

o, otherwise.

Next we integrate G twice in the direction (t+x;) and twice in the

direction (t+x,) to obtain the solution G to the problem :

= 1(3 3% (3 . 8732 : 2
S - I G- e g >
e =% Gt &, (at * 8x1) ¢=e x R, t>0,
(3.36) i ) i
~ 2 3
cx,0) = Lx,00 = L8 x,0) = g-t% (x,0) = 0, x €T,

at at

An explicit expression for G may be obtained by straight forward calculation :

T3 (t-x1-x2)® F(b(x,8)), x+ed < 7,
(3.37) G =

0 otherwise,
where bs

I
F(b) = ff ——7 do ds,
00 (1+0)

(3.38)

b(x,t) = (£2-x}-x3) / (t-x1-%2)2.
Remark : One may further calculate that
(3.39) F(b) = (5 + % b)/b - (543b) arctan/b,

with b given by (3.38); though, as we are interested in the derivatives of é,

the form (3.38) is easier to work with.

Concerning the regularity of G, we note that G is bounded but singular
along the plane =x;+x,=t. However, the intersection of this plane with the

. . + . .
domain that interests us, @ XJR , is the point x=0, t=0.

To study the regularity of the derivatives of G we define Q to be the

intersection of the cone x2?+x3<t?, t>0, with the octant x;<0, x,<0, t>0, i.e.
. i+ . . .

with T xR, and denote by K the intersection of the boundary of Q with the

boundary of the cone x%+x3<t?, i.e. K = Q \ Q.
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THEOREM 3.3
i) G vanishes in (@1 XIR;:) \ Q.
ii) G is C° in Q.
PO 3 . +
iii) G is ¢® in (@ \ {(0}) xR .
iv) The fourth derivatives of G have singularities of the

form (t?-x% —x%)-l'i along K.

v) C satisfies the wave equation
24 -
g—t—g--AG=O, xen t>0,

with initial conditions

G(x,0) = 2 G(x,0) = 0, ‘x € Q.

at

Proof : By (3.37) G vanishes outside the come x3+x% < t2, thus in O \ Q.

As b is €® in Q \ (0}, to study the regularity of E; in Q \ (03}, it
suffices to consider the regularity of F. F is C® for b>0; it is ¢® for b=0,
its fourth derivative having a singularity at b=0 of the form b-;i. Since the
zerbs of b are the points of the boundary of the cone t’<xi+x3  whose
intersection with Q is K, ii), iii), and iv) follow.

The proof that & satisfies the wave equation is essentially the same
as that that the function u of section III.3 satisfies the wave equation ... We

2

note that the function R(x,t) defined by R = aiti E; - A E; satisifes

IR = 0, x eR?, t >0,
and it clearly also satisfies the zero initial conditions

R 8%R a3R
R(x,0) = g—g (x,0) = 5% (x,0) = 3 (x,0) = 0, x e R,
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Thus one concludes by uniqueness that R=0. The demonstration of the theorem is
completed on remarking that by its definition G satisfies the zero initial
conditions of 57.

Next we introduce the function H defined by

342G

H(X, t) - aX13X2

(x,t).

The following result is an immediate consequence of the preceeding theorem.

COROLLARY 3.1

i) H vanishes in @1 \.Q

ii) H is C® in Q.

iii) H is ¢ in 0\ (0).

iv) The second derivatives of H are singular along K.

v) H satisfies the wave equation in the distributional sense
in R? XIR: and in the classical sense in ﬁx]R: except along K; in
particular :

a’H

3 AH = 0, (x,t) € Q.

H also satisfies the initial conditions

H(x,0) = %% (x,0) = O, x €q.

3

We need now to show that H. satisfies the boundary conditions of P7

LEMMA 3.2
‘ H satisfies the boundary conditions CLl1 and CLZ.
Proof : To see that CL1 holds for H along I'; we consider first the part of I';

R : + . . s
interior to the cone x?+x2<t? or more precisely (I'; xIR') N Q. Since H satisifes
the wave equation in the classical sense in the interior of the cone, it

suffices to show that
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< 1(8 , 82y
Ly H =75 Gt +6x2) H - 0.

We know that L, G is the solution G; to

Doa L[l 8)3zg, - 2
L, G =5 5z + axl] G, =G, xeRR, t>0,
3 = 2

G, (x,0) = 3t G,(x,0) =0, x €IR®.
One easily calculates that

oL = 1 1,2 2 2%

G1 = Tx)? 3 (£°-x1-x3)°
and that

: _ 32 - -2X X X 2 .2
(3.40) L, H = ————_8}{18}{2 1 -(—C—Tz—g (£2-x2- X2) + -—tl;{—§7 (t2-x%-x3),

which vanishes for x, = 0.

Clearly CL1 holds for H on the part of Ty x R outside the cone
x?4x2<t as H vanishes there.

We shall show that CLl holds along I'; in the sense that L, H is
integrable along T; with L! norm equal to O. Toward this end we remark that
since the wave equation holds throughout Q that (3.37) gives an expression for

Z,H there, i.e.

32 a2 1, 82
L, H - (557+ax26t 2 5;{) H

B (radad) + R (P exdxd) * o (x,8) €Q.

]

(t-x1) (t-x4
Thus we may define a function
LZ'H(Xl ,Xg,t) (X)t) S Q
H2(X1;X2»t) =
0 otherwise.

Then H, has a singularity along the boundary of the cone x3+x2<t of the form

1/4 ti-xl—xg . Define the function H2 for ¢ < 0 by
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H3(x;,t) = Hp(xy,¢,t).

Then H; is an L' function and one can calculate that Hg tends toward 0 in the
L' norm as ¢ tends to O. (That CL1 is satisfied along I'; in this sense implies
that it is satisfied in the weak sense of definition 3.1.)

It follows from the symmetry of H with respect to x; and x, that
condition CL2 is satisfied on T',.

Now we have that H satisfies all of the conditions of ﬁy except the
corner condition. Thus we want to investigate the behavior of H at the corner
X1=Xo=0. As H is C® in a neighborhood of the corner when t>0, the following

lemma is immediate.

LEMMA 3.3 : H satisfies (CCyy)' with g=0 for t>0.

We can also show the following lemma concerning the behavior of H at

the corner for t>0.

LEMMA 3.4 : The first derivatives of H in time and in space at the corner

X3 = X3 = 0, for t>0, are constant in time and positive, i.e.

dH
7t (0,t) = ¢y > 0, t >0,
(3.40)
7%, 0,t) = %, (0,t) c, >0, t>0.
Proof We consider first the time derivative. From (3.37), (3.38) we
calculate
__8% i_1 1 42 gy (2B, @b
(3.41) H = 7%, 0%, G = 5 (t-xy-x2) F(b) - 7 (t-x1-X5)° F’'(b) (axl + 3%,
_l 3 " _éb_ db [ aZb
t 1y (Bxamx)T (D) gon g+ FUD) g,
. ab b 2 a’h 6
Now for x;=x,=0 and t>0, b=1 while %, ~ 9%, "t and ax,0%, - &I - Thus



H(0,t) = %

3H

and we conclude that It

value of the constant :

F(b) - F'(b) = f £b~2227

(2F(1) - 2F' (1) +-§ F* (1)),

(0,t) is constant,

f b-o-1 a%
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>0,

t>0, In fact we can calculate the

o

- f (1+a)2 do

N rorz %
and
F(1) - F'(1) = -} ——93;7 do
h 0 (l+o) ’
23 b5nm " 1
which one can calculate explicitly to be % 4 As F"(1) = 7 Ve have
(O t) = 2 - %§:> 0.
. L . dH dH
As H is symmetric in the variables x;, X, we clearly have 3%, " 3x.
1 2

at x=0. We can obtain an expression for

culation which permits us to determine that

t>0, but which is not very ameanable
positive.

As H satisfies
sense,

d

J‘del dXQ'_'
a dt

: d
Integrating the conditions CL1l over T,

d e

2
Jiy f Hdy + — e
T T

dt

We then combine these two equations to

2
L [ Hoaxy axy + S [ B oay -
dt Q dt r 2

the wave equation in Q,

on integrating over O and differentiating in time,

% from (3.37) by straightforward cal-
1

6X1
for determining that the constant is

is constant in time at x;=%,=0,

Thus it is simpler to proceed in an indirect fashion ...

t>0, in the distributional

we obtain

t > 0.
and CL2 over T, and adding we have
dy = = [——— (0,0,t) + —;— (0,0,t)].

arrive at

1

3H
[a (0,0,t) + —;— (0,0,t)].



33

- “a2n
The relation between H and G, H = G , gives wus :
: dx319x%x,
2 G
3c3 G(OOt)+a—tg[ (OOt)+T(OOt)] [ (00c)+-x—(00t)]

One calculates from (3.37), (3.38)

G(0,0,t) = == €3 F(1)

12
3G 3G 2 2
ax, (0,0,8) = 52=(0,0,8) = = [-F(1) + £ F/(1)].
Thus we have
3H H 1 2 .,
3x, (0:0:8) = 3= (0,0,8) = - 2 F(1) + 5 F' (1)
| 1 i (o+1/3) *
o+ ag
=5£ (1+9) do
-3
= 3 > 0 ()

COROLLARY 3.2 » For ¥>0, we have along the axis (0,0,t), t>0,

d (., 8H . oH

dt ‘7 3¢ * 6x1 6x2) =z %O

7

where the amplitude a7 is defined by

1

(3.42) 3 S Ycer+t 2c, > 0.,
Y
Thus we may define
3.43 : H = H,
( ) v a‘Y

and it follows that

dt [7 at 9%, + 3x2) = §(0)

along the half line (0,0,t), t>0.
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Since H 1is a constant multiple of H, that H satisfies all of the
conditions of P, except the corner condition clearly implies that HV does also.

Hence we have proved.

THEOREM 3.4 : H7 is a solution to §7 with
g = 6(t).
We define
3.44 v =H * s
( ) Y Y g')‘

where g, is defined by (3.35), and define

(3.45) u =v + u¥.

Then, using the properties of convolution with respect to derivatives, we have

the following corollaries

COROLLARY 3.3 : v7 is a solution to éV with

g =8,

I Y

COROLLRAY 3.4 :i uv is a solution to PW' P

It is interesting to determine a posteriori the behavior of u7 at the

.corner xX;=X,=0,

LEMMA 3.5 : uy(0,0,t) is proportional to u¥(0,0,t); thus u7 is C® in time
along (0,0,t).

Proof : Clearly it suffices to show that v, = uv-u* is proportional to

ki

u® along x;=x,=0. By definition
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t
2. %
v_0,0,8) = (y-v%) [ H(0,0,c-5) T (0,0,5) ds ;
. .

however, from lemma 3.4, Hv(0,0,t-s) = a7 cy(t-s). Thus

¢ ¢ 8%u*
v (0,0,6) = a_ ey (-7 Jt-s) £ (0,0,5) as
¥ ¥ 0 at
= a ci(r-7%) u¥(0,0,¢).
THEOREM 3.5 The second order spatial derivatives of uy are singular at the

corner x;=x,=0 for t>0 for 7%7*.

Proof : It sufficies to show that v does not satisfy the wave equation along

the axis (0,0,t). We have

. t
82 * a°H a%u* I
27 v (0,0,6) = a_(v-7") g e ©0,0,e-5) L5 (0,0,5) as,  j-1,2.

Moreover, as H satisfies the wave equation in the classical sense on (0,0,t),

t>0 and is symmetric in %, and x5, we have

2

3%H 1 38%H d? r1
at 0,0,0) =5 43 (0,0,0) = S5 (5 ert) - 0.
62
Hence Y VV(O,O,t-s) = 0, j=1,2. However, as a consequence of Lemma 3.5.
J
32 %, ou”
. 3¢2 Vy(O,O,t) = a, c1(v-7") 37z €0,0,%).
Thus,
(5 - a) v (0,0,8) = a cr(v-1) B2 %0,0,1) £0.
3t ¥ LA ¥ 1 at » VY s
aZu* 32
As T is not identically zero along the half line (0,0,t), (EE - A] Vy(0,0,t)
is identically O only when 7=7*. O
Concerning the behavior of u7 along the boundary of the cone we have
THEOREM 3.6 The second order time derivatives of u7 are continuous but the

second order spatial derivatives are singular along x2+x3=t?,

t>0.
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Proof : It clearly suffices to consider v7 as u¥ is C®. Then we have

only to note that the convolution in time defining v, makes u_ G2 in time along
x2+x2=t? as H7 is C' in time there. However, as H7 is only C' in space along

xf+x§=t2, V7 is also.

Remarks :

o The function H7 can be shown to be of finite energy (Indeed for each
>0, H7 is in C'(Q) and compactly supported). As it is initially 0 in 0, H7
gives a counter example to the uniqueness of the solution to (P) (i.e. without
the corner condition) in the class of finite energy solutions.

« Tt can also be shown that the solution u7 defined by (3.45) belongs

to the class of functions for which we get a uniqueness result in section 3.2.
In summary we have shown concerning the corner wave VT

. v is a solution of the wave equation in Q in the

distributionnal sense.
. v satisfies the corner condition CGCv.

. v has singular second order spatial derivatives along

|x] = t and along |x| = 0.

] VY is of finite emnergy.

Of course, the boundary conditions CLl and CL2, as well as the cormer condition

(CCv) are satisfied in the weak sense of Definition 3.1.



37

IV - NUMERICAL RESULTS

Here we exhibit the results of numerical experiments confirming the
conclusions obtained in the previous section. These results were obtained using
a variational scheme which we apply not to the wave equation (1.1) itself but
to its time derivative in order to be able to use the boundary equations after
the standard integration by parts in. the variational formulation. The
discretization in time is obtained using an explicit scheme incorporating the
four time levels n-2, n-1, n, and n+l as a third order time derivative appears
in the time differentiated wave equation. We remark that it is mnot the
numerical scheme per se that interests us here and that another scheme, the
finite difference scheme proposed by Engquist and Majda in [5] for example,

could just as well have been used.

IV .1 - Numerical scheme

IV.1l.1 - Variational formulation

We let Q denote the unit square (0,1)x(0,1) with boundary T written as
the disjoint union of I'; the upper edge, I'; the right hand edge, C the upper
right hand corner, and I‘R the left and lower edges with the three remaining

corners.

. X ~
3 F1 C
1
Iq Q I
o - X,
o T, 1
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The problem we shall solve numerically is the following :

(4.1) Fri 3t " e in Q,

9%u 3%u 1 8%u .
(4.2), —a‘gf+atax2 - 25;{ = 0, in Ty,

8%u 3%u 1 8%u . .
(4.2), 32 + atax, 2 —5_}-{-3- =0, in Ty,

Ju Jdu Ju

(4.3) T 3t %, + 3%, = A(t), at C,
(4.4) u =0, on FR,
and initial conditions

u = ug, at t = 0,
(4.5)

%% = u,, at t = 0,

where f € L?(Q) is of compact support.

The solution u will be sought in the space V of functions in H'(Q)
having trace in Hi(I'), where by H3(I') we shall denote the Hilbert space of
functions in L2?(I') whose restrictions to 'y and to T, are H! functions determis
ning the same value at the corner C and whose restriction to FR is identically

0, (see III.l)

<
i

{v € HY(Q) : trace (u) € Hy(T) }

]

M) = {6 € 12D 1 b = 4pp EHTD i do = dpp, € WIS

$1(C) = $5(C) ; and gy = 0 }
R

Proceeding as in section III.1 we can write the variational formulation of

, (4.2);, (£.2)2, (4.3), (4.4), (4.5)

1 H
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Find u € V such that :

a3 3 8% 1 _8u v 1 3u  4u
ges (W) + g (Vu, W) + gy <uv>r + 5 <G a2 ey x0T,
(4.6)
1 3 3 1
+ 57 3% u(l,l) v(1,1) = 3t (£,v) + 5 Av(L,l) , veV.

IV.I.2 - Spatial discretization

To discretize Q we use a uniform mesh of triangles obtained by cutting
along the upper left to lower right diagonal each of the squares of a uniform
mesh of squares. Let n be a positive integer, h = %, and Xij = (ih, jh), i = 0,

.,n ; j=0, ..., n. Then our mesh Th contains all of the triangleé (xij’
Xi+l,j’xi+l,j-l) and (xij’ xi,j-l’ xi+l,j—1) i=0,..., n-1 ; j=1, ... , n.

The approximation W towu will be sought in the space Vh of functions
in V whose restriction to each triangle of ’I‘h is a linear function. Thus Vh
shall have a basis of functions {vij : i=1,...,n, j=1,...,n} where Vij has

value 1 at Xij and vanishes at all other nodes of the grid, and w, may be
o )
expressed as u., Vv,. where u,, = X..).
P izl ij "ij ij “h( ij

A X2
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We can now write the problem discretized in space as follows

Find u 'S Vh such that :

= a v
63 _ 62 _l_ u_h i
e (e Vig) T e o Wiy e w Vi Y7 ek T
d av
1. Ty 1.9
+ <aX2 ' 3%, >1‘2,+ 7 Y at uh(l,l) vij(l’l)
1 - .
(f V )+5‘A'V (l l)’ 1;_]:1,...,1'1,

The integrals occuring in the first and third terms of the left hand
side as well as the integral in the first term of the right hand side will be
computed numerically using mass lumping whereas all other integrals will be

computed exactly. The resulting equations are

a® 3 3
2 9. . i} ; ) _ 12 9
h™ 3¢ iy *ae {““ij Bi1,5 7 M,5-1 7 Vi, ui,j+l} b ae F(xyy)
1<i,j<n,
bi -EE; u, + T {2 u el - } +
2 ac® Yin 7 3t in = %,n-1 "2 Yi-1,0 2 "i4l,n
+ h jf; u, + L {Zu - u - u } =0 1<i<n
at in 2h in i-1,n i+l,n - !
hi i u .+ 2 {2u - . i }
2 3c% Ynj T Bt n n-1,j ~ 2 Yn,j-1 Yn, j+1
+ h —Q; u_ ., + L 2u -u - u } = 0 1<j<n
3t nj 2h nj n,j-1 n,j+l o
L 1 }
6 dJt nn at nn 2 un-l,n 2 un,n-l
Th—a‘; . 4,.._];12‘ —u ll_l =lA
t?2 “mn ' 2h "“nn n-1,n 1j 2 mn 2
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IV.I.3 - Time discretization

The time discretization is an explicit four level scheme involving times
m,m+l,m-1, and m-2 and is centered at time m-1/2. The third derivative is approxi-
mated by taking the difference over At between the standard centered second order

difference at level m and that at level m-1:

3

2 ) =~ g {O™3™ s 3™ - (™2}

The second derivative is approximated by the average of the standard centered

second order differences at levels m and m-1 :

2 - -
22 ) =g {O™ - O™ - ™ (™2

The first order derivative is approximated by a simple centered difference (at

1¢ve1 m-%)
a3 1 m m-1
2 O~z {e"- o}

and finally terms not involving a time derivative are averaged between time levels

m and m-1 :
) =5 {™+ ™

We initialize by putting

1 s s
uij u°(xij)’ i,3 1, ..., n,
2 _ s s

uij At u, (xij) + U, (Xij)’ i,j 1, ..., n.

Then for m = 2, letting g = At/h, we solve
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+« in the interior

ot mogmel me2
1] 1] 1] 1]

m m m
+ g { [ .1 g% J ST Yy Y e T Y ]

m-1 m-1 m-1 m-1 m-1
- u, . +u + u, . +ou, - bu_ . ] }
i-1,3 1,j-1 i+1,j i,j+1 i
2 m . -1 PR
+ At (£]] f?j y 1<i, j<n,

+ on the upper boundary

+1 2
(1+g) u?n = (3+g) u?n - (3-g) u + (1-g) um

+ g2 {[ 2u?’n_l + (1+g/2) u?_l,n + (1+g/2) u?+1,n - (b+g) Wy ]

m-1 m-1 m-1 m-1
- [aufTh g+ Qe Wy Qe Wy - ) w )

i=1,..,n,

« on the right hand boundary

m+1 m m-i m-2
(1+g) unj = (3+g) unj - (3-g) ut nj + (1l-g) u nj
2 m m m m
sg? {2 | ox Qeg/2) W)L+ Qe o L - () o]

m-1 4 m-1 m-1 m-1
) [ 2up ]t e/ u gy (482 vy - (4rg) v ]},

» at the corner

m+1 m m-1 m-2
(2/3+2g) u = (2+2g) wo - (2-2g) u + (2/3-2g) uon

+g? {0 (2ep) Wl v e Wl - (be2g) un]

m-1 m-1 m-1
S B2 R €1 Bt (v IO R |

+ g2 At (A" 4+ Am-l).
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V.2 - Description of experiments

V.2.1 - Study of a single absorbing boundary

In the first set of experiments, we observe the effect of introducing
an artificial boundary with the second order absorbing boundary condition.

The results obtained with the 2nd order condition are compared with
those obtained when no artificial boundary is introduced as well as with those
produced when a lst order condition is used for the absorbing boundary. It is
also interesting to include the results givén by the Neumann boundary condi-
tion, a totally reflecting condition.

Our domain of observation is the unit square and the calculations have
been done with mesh size Ax = .01 and time step At = .005. The source was
placed near the upper edge with center at (.5, .9) and radius .04 so that the
other edges of the square are not attained by the wave at the times of observa-

tion t=.3 and t=.5. .
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For the 2nd order condition we have taken the domain and boundary

conditions exactly as described in secion IV.1. For the lst order condition

(4.2) is replaced by

3%u 3%u
ae2 * 3tdxg 0 on Ty,
3%u 8%u

EET + 6t6x1 -0 on Tz,

and (4.6) is replaced by

3% (u,v) + A (Vu, Vv) + 6% <u,v>, = 2 (£,v) vev
ats 3t ’ 9cZ SV T e '

whereas for the Neumann condition (4.7) becomes

du
3%, =0 on I'y,
du
%, 0 on Iy,

so that instead of (4.6) we have :

li; (u,v) + 4 (Vu, V) = 3 (f£,v)
at i at ’ at ’ :

The so called "exact" solution, is obtained by doing the calculations

on the rectangle [0,2}%x[0,2] so that the wave has not reached any edge at the

observation times and there is thus no reflection.

The source has been introduced as a right hand side

f(x;,%,t) = g(x1,%2) h(t).

10 000 x (l-r/.04) if r < .04,
g(xl :XZ) =

0 otherwise,
where r is the distance of (x;,x,) from the center of the source (.5, .9

2
/ e-10(1-t/.05) if t < .1

h(t) =

0 otherwise.
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V.2.2 - Study of the corner

The remaining experiments, are concerned with the reflection by the
corner. We study the corner condition (4.3) for several choices of the constant
¥, 9=1.5, ¥=0.1, and y=3.0. The results obtained are compared among themselves
as well as with those obtained in the ideal case when no artificial boundary is
introduced. Here also it is interesting to observe the results obtained when a
first order condition or the Neumann condition is used for the edges, boundary
conditions for which no special condition need be specified at the corner.

Again our domain of observation is the unit square but here the
source, while of exactly the same form as in the previous experiments, is

located near the upper right corner with center at (.9, .9).

e

As before for the second order condition, the domain and boundary conditions
are as given in section IV.1 while the same modifications as indicated above
are used in the cases of no boundary, of a first order boundary, and of a

Neumann boundary.
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For most of the results we have used the same discretization as earlier
Ax=.01, At=.005 (discretization 1) but in order to see that the y-wave is not a
discretization phenomena we have also presented results obtained with a finer mesh,
Ax = .005, At=.0025 (discretization 2).

For each of the experiments we have presented "snapshots" representing
the solution u as a function of (x1,X;) at the times t=.3 and t=.5. For the
experiments concerning the corner, where condition (4.3) for the various choices of
v is used we have also given seismograms representing the solution u as a function
of t at several points near the corner. The seismograms were actually obtained by
repeating these experiments and the source was placed at (.89, .89) instead of (.9,

.9). The points where the response was calculated are

Py = (.79, .79) , B, = (.89, .79) , Py = (.99, .79)
P, = (.89, .89) the source, Pg = (.99, .89), P, = (.99, .99).
x?.
} .
I P6
1.0 Y
P4
ol . @ ]PS
8 i p1' P.2 P3
3
Q IS
05 8 .9 10
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IV.3 - Results of experiments

IV.3.1 — Experiments concerning a single absorbing boundary

In figures 1 through 14 we see the results of the experiments concerned
with a single absorbing side. In these experiments we are essentially concerned
with comparing the behavior of the first and second order absorbing conditions to
see. how much each of these differs from an ideal condition which would act as if
there were no boundary. However, for completeness we have also included the results
obtained with a totally reflecting condition, the Neumann condition.

Figures 1 and 2 give the so called exact solution, i.e the solution
obtained on a larger domain for which the side of the square. under consideration
was actually interior, at times t=.3 and t=.5. In figures 3 and 4 we present the
solution obtained with the second order absorbing boundary condition at these same
times, in figures 5 and 6 those obtained with the first order absorbing boundary
condition and in figures 7 and 8 those obtained with the Neumann condition.

First observe that for all of these figures, except 7 and 8 where the
Neumann condition was used, the minimum and maximum are the same for the figures
representing the solutions at the corresponding times, so that the scale is the
same in figures 1, 3, and 5 and again in figures 2, 4, and 6. Also figures 1, 3,
and 5, or again 2, 4, and 6, at first glance seem to have roughly the same form.
However, on closer examination, in figures 5 and 6 one can see a trace of the
reflected wave seen in figures 7 and 8 though here in the opposite direction.

To better see the waves reflected by the different boundary conditions
we present in figures 9 through 14 the differences between the solutions obtained
with the various boundary conditions and the exact solution. We emphasize that the
scales for these figures are not at all the same. In figures 9 and 10 representing
the wave reflected by the second order condition the amplitude is roughly half that
in figures 11 and 12 representing the wave reflected by the first order condition.
We remark that in both cases the amplitude of the reflection increases with the
angle § from normal incidence; however in figures 9 and 10 the amplitude is "small"
for a much larger range of values of #. Thus a noticeable disturbance propagates
into the interior of the domain much more pronouncedly and more rapidly with the
first order condition than with the second order condition. This is, of course, as
expected since the reflection coefficients R2 and Ry for the second and first order
conditions are given by

1-cosf

T+cosf

l-cosd
Ry =~ (l+coso
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For the Neumann condition the reflection coefficient Ry is 1 indicating the

perfect reflection of the initial wave seen in figures 13 and 14.
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Figure 14: Difference between solution calculated with Neumann BC and exact solution
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V.3.2 - Experiments concerning the corner condition

We turn now our attention to the results of the experiments concerned
with the corner condition (5.3). Here we are primarily interested in comparing
the results obtained with different choices of the constant vy though again we
include the results of the same experiment with the 1lst order condition and
with the Neumann condition where, as remarked before, no special condition for
the corner is needed.

In figures 15 and 16 we see the "exact" solution at times t=.3 and
t=.5. For figures 17 through 22 the solutions were calcuated using the second
order condition for the upper and right hand sides and the corner condition
(5.3) for «¥=1.5, 0.1, and 3.3. For figures 23 and 24 we have used the first
order condition for the upper and right hand-sides while in figures 25 and 26
we have used the Neumann condition.

As before, except in the case of the Neumann boundary all of the
reflected waves are dominated in amplitude by the initial wave so that the
minimum and maximum are the same for corresponding times and the scale is the
same in figures 15, 17, 19, 21, and 23 where t=.3 and again in figures 16, 18,
20, 22 and 24 where t=.5.

If we compare figures 17 and 18, as representative of the second order
condition, and then 23 and 24, where the first order condition is used, with
the exact solutions in 15 and 16 the superiority of the second order condition
is perhaps more striking than in the earlier experiments. Still, as before, the
difference is more pronounded in the figures where only the reflected wave
obtained by subtracting the "exact" solution from the solution computed with
the bounddry condition is shown. These are figures 35 and 36 for the second
order condition and figures 41 and 42 for the first order condition. ,The
reflected wave for the Neumann condition is shown in figures 43 and 44. Once
more we emphasize the difference in scale.

| To compare the corner condition with different y's we examine figures
17 and 18 for y=1.5 (the "good" v), figures 19 and 20 for v=0.1, and figures 21
and 22 for ¥=3.0. We note that in figures 19 and 20 and in 21 and 22 there can
be seen a second wave following the initial wave that appears to be emitted by
the corner. This is the y wave or the corner wave which is seen again in
figures 27 and 28 and in 29 and 30 where the differences between the solution

for v=1.5 and those for y=0.1 and y=3.0 are given.
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To see that the y-wave 1is not a discretization phenomena that tends to
0 with At and Ax, we have depicted in figures 31 through 34 the same waves as
in figures 27 through 30 respectively but now obtained with a discretization in
which Ax and At have been halved, Ax=.005, At=.0025 (discretization 2).

We remark that in figures 17 and 18 where the "good" v, v=1.5, has
been used, there still seems to be a second wave following the initial wave,
but much smaller than that seen in figures 19 through 22. This is in fact,
however, only the effect of the 2nd order absorbing boundary condition, cf.
figures 9 and 10.

The differences between the solutions for the three choices of vy and
the "exact" solution are shown in figures 35 through 40. Besides the y waves we
see in each of these figures a disturbance further from the corner on both the
upper and right hand edges. This corresponds to the reflection due to the
second order absorbing boundary condition transparent only for waves at normal
incidence as we have seen in figures 9 and 10.

The last 12 figures, 45 through 56, are the seismograms giving the
response at six points near the corner. For the odd numbered figures, those
shown on the left hand side of the page, the solid line represents the exact
solution, the dotted line the solution obtained with the second order condition
with «4=1.5, and the dashed line the solution obtained with the fir.st order
condition. At all of the points, even at point 1 which is farthest from the
boundary, the better behavior of the secend order condition is gquite pronoun-
ced.

For the even numbered figures the three curves all represent solutions
obtained with the second order condition but with different choices of the
constant y. For the solution represented by the solid line y=1.5, by the dotted
line «=0.1, and by the dashed line =3.0. Again at each point it 1is quite
clear, especially on comparing with the exact solution in the corresponding odd
numbered figure, that the better solution is obtained with +=1.5. We do remark
that by the final time of the observation that all of the solutions with the
second order condition have nearly converged to the exact solution while the

solution with the first order condition remains at some distance.
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Figure ]7: solution calculated withy=1.5
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Figure 18 : solution calculated with y=1.5
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Figure 20 : solution calculated with y=0.1
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Figure 21 : solution calculated with y=3
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Figure 22 : solution calculated with y=3
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Figure 25: Solution calculated with Neumann BC
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Figure 26: SoYution calculated with Neumann BC
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Figure 28: difference between solutions calculated with y=Q.1 and v=1.5
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Figure 29 : difference between solutions calculated with y=3 and with y=1.5
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Figure 30 : difference between solutions calculated with y=3 and with y=1.5
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Figure 32 : difference between solutions calculated with y=0.1 and with y=1.5




min -0. 1534
max 0.0

min -0.09085
max 0.0

'.

5
%
%

)
Q
X
0
X
)
&
\)
O

%
%
5

‘)
()
O
’0

O
ﬁo
0%
&)
s
X
O
)
3
%
S
X
.
X
0
X
X
X
!
\S
&
&

9,
9
5
)
3
4,
O
Q)
%
"
)
)
)
O
O
)
)
)
4,
O
)
.’
O

O
%5
&
%

s’&’
\
)

>

(X
g
%)
)
X
O
%
55
SR
%
*4
9,
X
&
X
%
X
%
0
%
&

O
..’

SR
RELXNW)

W
\

Figure 34 :

difference between solutions calculated with y=3. and with y=1.5
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Figure 38 : difference between solution calculated with y=0.1 and exact solution
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Figure 40 : difference between solution calculated with v=3. and exact solution
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Figure 42: Difference between solution calculated with lst order ABC and exact solution.
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Figure 44: Difference between solution calculated with Neumann BC and exact solution
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2nd order ABC (y=1-5) 2nd order ABC y=0-1
st order ABC 2nd order ABC vy=3.0
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Figure 5!: Response at P4=(.89,.89)

exact solution
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Figure 52: Response at P4=(. 89,.89)
2nd order ABC y=1.5
2nd order ABC y=0.1
2nd order ABC vy=3.0
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Figure 53: Response at P5=(. 99 .89)

Figure 54: Response at P5=(.99, .89)

exact solution 2nd order ABC v=1.5
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Figure 55: Response at P6=(.99,.99)
exact solution
2nd order ABC (y=1.5)
1 st order ABC

Figure 56: Response at P6=(.99,.99)
’ 2nd order ABC y=1.5

2nd order ABC vy=0.1

2nd order ABC vy=3.0
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