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Abstract

We compare a number of methods which try to combine the advantages of a
monotone scheme, which produces no "ripples” near discontinuities, together with
those of a second-order one. This two schemes are formulated within the frame-
work of the Taylor-Galerkin finite element method. We have tested artificial vis-
cosity methods, TVD methods and FCT methods. Numerical results for the one-
dimensional shock tube problem are presented.

Résumé

On compare différentes méthodes qui essayent de combiner les avantages d’un
schéma monotone, qui ne produit pas d’oscillations prés des discontinuités, avec
ceux d’un schéma précis au second ordre. Ces deux schémas sont construits en
utilisant la méthode Taylor-Galerkin des éléments finis. On a testé des méthodes
de viscosité artificielle, des méthodes TVD et des méthodes FCT. Des exemples
numériques concernant la résolution du probléme du tube & choc monodimensionnel
sont présentés. '
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I. Introduction

It is well known that second-order or higher order schemes for the numerical
solution of nonlinear hyperbolic problems, such as the Euler equations, suffer from
" dispersive ”ripples” in the computed solutions, particularly near steep gradients.
Schemes of lower accuracy or schemes with zero-order diffusion added locally pro-
duce no ripples but tend to suffer from excessive numerical diffusion. This report
describes and compares a number of methods which try to combine the advan-
tages of both approaches. In section II we discuss first- and second-order schemes
formulated within the framework of the finite element methods of Taylor-Galerkin
type[1]; then, in section IIL,IV and V we describe and illustrate the artificial viscos-
ity method(2,3], the Total Variation Diminishing (TVD) concept[4,5] and the Flux
Corrected Transport(FCT) technique[6], respectively.

The different methods are used to integrate the one-dimensional equations of
gas dynamics for an inviscid, non heat conducting fluid, i.e. the Euler equations.
These equations are written in conservative form as

U  JF(U)
ot e 0 (1)
where
p m
U=|m]| ,F=| m¥/p+p
e (e+p)m/p

Here U is the vector of conservative variables, F is the flux vector and m = pv is
the momentum density. The primitive variables are the density p , the velocity v
and the pressure p.
The total energy per unit volume e is defined for a polytropic gas as

p m2

:———+——

-1

where 7 is the ratio of specific heats (y = 1.4 for air).
Let A denote the Jacobian matrix dF(U)/3U whose eigenvalues are

(a',a%,a®) = (v —¢,v,v +¢)
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where ¢ = \/4p/p is the speed of sound. The right eigenvectors of A form the matrix
T given by
1 1 1
T=| v—-c v v+ec

h — ve —;-vz h + ve

where the enthalpy per unit mass A is defined by

The matrix T is invertible and diagonalizes A , namely
T 1AT = A ; Aij = ai6;j
Note that Eq.(1) can be rewritten in characteristic form

T_,B_U + AT-la_U =

ot oz =0

We will present numerical results for the shock tube problem used by Sod [7]
to compare the most popular numerical methods. In this one-dimensional problem,
an initial discontinuity in the thermodynamical state of the gas(Riemann problem)
breaks into a shock wave followed by a contact discontinuity and a rarefaction wave.
All the variables are discontinuous across a shock wave whereas, across a contact
discontinuity, the density is discontinuous but the pressure and the velocity are
continuous. On the contrary, in the rarefaction wave all the variables are continuous.
The initial condition at ¢ = 0 is specified by the data

p=1.000; v=000; p=1.00 0<z<1 @)
p=0.125;v=000; p=010 1<z<1

The numerical calculations are shown at ¢ = 0.2 and compared with the analytical
solution. In all calculations 101 mesh points have been used with a CFL number

equal to 0.55, 0.733 or 0.916 depending on the numerical stability of the schemes
(see later).
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II. First- and second-order ﬁhite element schemes

Consider a nonlinear but scalar conservation law in one dimensional space

du , 8f(u)

ot T oz 0 (3)

The approximate solution of Eq.(3) at the point (z;,t") with z; = jh and t" =
nAt will be denoted by u}, where h and At are increments in space and in time,
respectively.

1. Second-order scheme

The Eq.(3) is discretized in time as in the classical Lax-Wendroff scheme [8] or
in the Taylor-Galerkin scheme of second-order accuracy in time[9] :

yttl —yn af* At o, of"
= — — — (g™ —— 4
At oz + 2 az(“ az) (4)

where v™ = u(z,t"), f* = f(u") and o™ = a(u") = 9f(u")/du.

To introduce a spatial approximation by means of the finite element method, Eq(4)
must be recast in a weak form in accordance to the standard weighted residual
formulation which. gives :

<wun+l_un s ¥ > At _ gn >
At T 9z’ 2 9z’ Oz (5)

+ boundary terms

where < u,v > denotes the L2-inner product f uvdz over the domain of the prob-

lem and w is a suitable weighting function.

The spatial approximation of Eq.(5) is performed according to the standard Galerkin
finite element method. The unknown u and the weighting function w are taken in
the same space and are approximated locally by means of piecewise linear functions.
The equation thus obtained at node j can be written in the form

1 1 "

2
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where

A,
Gist = firy — 354385444 >
At
Bjigi = Ujp1—uj, A==

and f;, 1 is a convenient average of f;+1 = f(u;41) and f; = f(u;). When the flux
f is linearly interpolated ; fj+% takes the form

fiva '=‘—21;(fj + fi+1)

These chafacteriza.tions of the advection term give identical expressions in the case
of a linear equation whereas their difference is 6(h?) in the nonlinear case[10].

2. First-order scheme

If the consistent mass operator is diagonalized, i.e. if one introduces the ap-
proximation

1
1+ gl8j4s —44] =1

in the left-hand side of Eq.(6) (but not in the right-hand side), the following first-
order accurate scheme is obtained .

nt+l _ - n_ n
Ui =i - AH

- Hp ) ()
- 1 2 1
where AHJ-_*_% = /\fj+_;_ - E(Azaﬂ_% + g)AJ-_*_%uj.
This scheme can be interpreted as a second-order approximation of the parabolic
equation '
ou Af  h? 9%

5t 9z~ 6Ai 9z

It has the follqwing domain of numerical stability :

v <y/2
3

where v = Aa is the Courant number. In this whole range, it is monotone(11] and
satisfies the entropy condition. Consequently, the solution of scheme(7) converges to
the physically relevant solution of Eq.(3), which is not always true for second-order
schemes.

II. First- and second-order finite element schemes 4



The first-order scheme can also be implemented by means of a splitting-up proce-
dure. In fact, Eq.(7) is equivalent to the following two-step scheme :
1 n+3 —
1+ E(A.‘H'% - Af—ﬁ)](uf - u;‘) = =( ;+% - G?—%) (8)
+1_ ntd g n+3
uit =i+ g(A 4 - Aj_g)u;?
Notice that the diffusion step introduces only a real multiplicative coefficient into
the amplification factor as compared to that associated to Eq.(6) and does not
disturb the phases.

3. First-order scheme with modulated dissipation

The dissipation term of the monotone scheme can be modulated by introducing
a parameter d,0 < d < 1. Two different schemes are obtained depending on whether
the one-step or two-step form of the monotone scheme is started from .

3.1. One-step scheme with modulated dissipation

ultt = o} MH?, 1 (d) - H} ,(d)] (9)

dj+§
3 d

obtain a Lax-Wendroff type scheme[8]. The condition of stability is 22 < 1 — 3"

1
where A, 1(d) = Af; 1 ~ E(Azajz._*_% + )Ajs1u; . In the case d = 0, we

3.2. Two-step scheme with modulated dissipation

n+i
[1+ %(AH% - Aj—%)](“j ? - u?) = —=X( ;}+% - G;_%) (10)
+4 : +1

In the case d = 0, scheme(8) is obtained. The stability condition for this scheme is
complicated and can be approximated, in the range0 <d <1, by

V2 < i3[1 +d(v2 - 1)]

For the last two schemes, it can be useful to introduce the artificial viscosity
operator

Dju;j = (Djyy — Dj_y)u; (11)

where
Djpyu; = —>Aj 105 (12)

II. First- and second-order finite element schemes 5



II1. Artificial viscosity method

As shown in Fig.(1), the solution obtained with second-order schemes suffers
from dispersive "ripples” particularly near discontinuities whereas the first-order
scheme produces no ripples but suffers from excessive numerical diffusion. The con- ., .
cept of artificial viscosity consists in modulating the effect of this dissipation by
means of the parameter d. This coefficient may be 6(1) near discontinuities and
6(h?) in the regions where the flow is "regular” to preserve the accuracy of the
second-order scheme. Hence, at the discontinuities, the scheme is essentially the
non oscillatory first-order scheme. Of course, the parameter d must be a function
of a sensor which recognizes discontinuities in the flow.

We describe here two possible choices for the sensor.

1. Gradient of velocity
Consider the definition :

ov
diyy = X 6AL [5—j4y (13)

?]
where 6_:: is evaluated at the middle of the element [j, 5 + 1] and x is an adjustable

parameter.
Notice that d,-+ 1 is maximum inside shocks.

2. Second derivative of the pressure

Let us rather introduce the quantity

Pj+1 = 2pj + pj—1
Pj+1+2p; + pj—1

= |

and define :
d]-i--;- =X maz(dj,de) (14)

Here the quantity df+§ is maximum on both sides of a shock but may vanish inside.

III. Artificial viscosity method 6



As shown in Fig.(2), when the parameter x increases, the amplitude of oscilla-
tions is reduced and the shock’s thickness increases in the case of the first sensor.
On the contrary, Fig.(3) shows that, for the second sensor, the shock’s thickness is
less sensitive to variations of x and the effect of dissipation is not so pronounced in
the regular parts of the flow as it was in the case of the first sensor. Notice that the
oscillations are rapidly damped using the two-step scheme(10) which gives generally
a better overall accuracy than the one-step scheme(9).

The disadvantage of the artificial viscosity methods lies in that they introduce an
adjustable parameter whose value is not always simple to determine. In the next
sections parameter-free methods will be discussed.

III. Artificial viscosity method 7



IV. TVD methods

It is known[12] that the total variation

1% du
TV=/ |22

—00

of a solution of Eq.(3) can never increase. Correspondly, it seems desirable that the

discrete total variation
+o00

TV =3 l|ujr1 -yl

j=-—o0

of a solution of a discrete approximation to Eq.(3) should not increase. A discretiza-
tion which has this property is said to be Total Variation Diminishing (TVD). Since
the total variation will increase if an initially monotone profile ceases to be mono-
tone, TVD schemes preserve monoticity.

We show here how to construct schemes endowed with such a property.

1. Upwind TVD method

1.1. Scalar case

Scheme(7) can be written in the form

u?“ = u; — A( ;.‘+% - HJ'.‘_%) (15)
where ) .
Hipy =50+ fita— Y %+485+45)
and

— 1,2 =
%G+i VgLt 3

This scheme is TVD whenever the (sufficient) condition
il S gy <1

IV. TVD methods 8



ie.

2
IVj+-;-| < 3
is fullfilled. Thus, it is TVD over the whole stability region. This scheme is however
too much dissipative. Following Harten[4], we convert scheme(15) into a second-
order accurate TVD scheme by applying it to an appropriately modified flux f + %g.
The resulting second-order accurate scheme is given by Eq.(15) :

uitt =l — A(H] - BT ) (16)

with the modified flux

. A 1 1
AHjy g = o (fi + fiv) + 5005+ 9501) = S04y + 90 3) A4 345
where

Ti+i = {(?H%gj/A”%uj i A4 yu 70
I T3

The anti-diffusive flux g approximates

ou
h O'(I/) a—x

where 0(v) = 1(g(v) — v?) = ! and thus cancels the first-order error.
Now the TVD condition becomes

Wiy + % S alvjey +7543) <1

2
viesl <2~ by

and the TVD interval is reduced. We can see that it is necessary to limit the flux ¢
to ensure that v, 1 is bounded.

3 2 . -
Examples of the limiter function g; can be expressed as

i.e.

g; = o s maz(0, min(|A; 1us], 50, _1u;)] (17)

for which v;,1 <o = %;

1
2

g; = 0 s maz[0, min(2|Aj+%uj|,sAJ-_%), min(lAj+%u,-|,23Aj_%uj)] (18)

for which v;, 1 <20 = §;

IV. TVD methods 9



where s—sgn(AJ+;u,)
The second limiter gives much sharper dlscontmultles than the first one but reduces
the TVD interval (see Fig.(5) ).

1.2. Generalization to systems of equations

Unlike in the scalar case, the total variation in z of the solution of a system
of nonlinear conservation laws is not necessarily a monotonic decreasing function
of time. The solution may actually increase at moments of interactions between
the waves. Nevertheless, the scalar TVD scheme can be extended to a system of
equations so that the resulting scheme is TVD for the ”locally frozen” constant
coefficients system. To accomplish this, we define at each point a ”local” system
of characteristic fields. We describe the above approach for hyperbolic systems of
conservation laws such as (1).

Let U; 44 be some convenient average of U; and U,+1, and let o’ it l,TJ +1

denote the quantities a’, T evaluated at U;;+1- We define ol 41 08 the component
of A; +%Uj in the 1th characteristic dlrectlon, namely,

-1
Aj+_2LUj =TJ-+_%O£]-+_I_ . 7 =T ,A]-_,_;Uj . (19)

2

With the above notations, scheme(16) can be applied scalarly to each of the locally
defined characteristic variables of (1) as follows:

. ~
UJ!H' = — A( J+l - ;‘_%) (20)
where \
. 1
Ajpy = S(Fj+ Fipa) + 57503954 (21)
! | l ! ! '
¢,~+1§ =g; + 9541 — Q(Vj+.;. + 7j+%)aj+% (22)

andu+l—)\ i+l

As an example, hmlter(17) becomes

g]‘. =08 maz[O,min(|a;~+% ls sa;-_%)]

_[AH%g;- a;.+_% 1fa+, #0
if of =0

,_
o

i+3

1IV. TVD methods 10



where s = sgn(a;._*_L)
2
The simplest form of UH_% is

1
Uiy = 5(Us+1 +Uj)

but we prefer to use Roe’s averaging[13] that has the computational advantage
of perfectly resolving stationary discontinuities (see also ref. [14] for a complete
description of the procedure) -.

1.3. Interpretations of the second-order TVD scheme
We can give two interpretations of the second-order TVD scheme. We look at

it
i) as a Lax-Wendroff scheme :

2
Vitd
2

A
AHESL = 2(fi + fr41) = Bjrits

to which is added an artificial viscosity term[15)

. 1 1
LW
AHj 4 = /\HJ.+% + E(g,- +gj+1) — E[q(u,ur% +Y5+1) - uf+%]Aj+%uJ-

ii) as a first-order monotone scheme :
A 1
AHjpy = S(fi+ fin1) = 5901 1) 8541,
with an added antidiffusion term[6]

N 1 1
AHjyy =My + 5095 +9541) = Zla(vjes +9541) — ey 1)]A 41w

These two interpretations will lead to methods described in the next sections :
symmetric TVD methods and FCT methods (or antidiffusion methods).

REMARK : For systems of equations, the scheme is constructed using these
interpretations. In fact, the only term for which the implementation uses the de-

composition along the characteristics is the artificial viscosity one.

IV. TVD methods 11



2. Symmetric TVD methods

Following the last interpretation, we can obtain other second-order TVD sche-
mes. The strategy is

i)to locate the regions where the second-order accurate scheme produces oscilla-
tions,

ii)to introduce there the maximum dissipation(— monotone scheme),

iii)to reduce or to compensate the dissipation in the other parts of the flow .

We describe now two ways to achieve this strategy.
2.1. Fluz limster TVD method

In this method, the artificial viscosity term d,-_,_% (see IL.3) is evaluated using
the variations of a sensor w over three contiguous elements : A;_1wj, A, L W5 and

1
2

Denote by r* and r— the ratios :

b Birgwi By
r= y T =
Ajyiw; Bj-yw;
we define
_fo if r* <0 or r~ <0 (extremum)
d.1+§ - {1_3(1-;*',7-;) otherwise - (22)
where
o min(|A; 1 wil, |Aj 4 s w;l)
— min(|A;_1w;|,|A;, 1 w;l)
T =

maz(|A;

and B(r},r;) = min[B(r}), B(r; )]
The function B(r) is a limiter function that takes values in the interval [0,1]. Some
examples are

wfli lAj-f-%wjl)

L
2

B(r) = min(%_r—r,l) (van Leer ) (24)

B(r) = min(2r,1) ( Roe's superbee ) (25)

We note in passing that other definitions of r* have been proposed, among others,
by Sweby([5] and Davis[15] .

IV. TVD methods 12



If the conservative variables are choosen as sensor, the solution presents low
frequency oscillations. A better choice is to take a unique sensor for the whole system
of equations, so that the dissipation coefficient is the same for all the equations. In

the examples illustrated in Fig.(6), the sensor is the Mach number(M = -E) which

is very sensitive to oscillations.
2.2. Characteristic TVD method

An other possibility is to work with the characteristic variables. Following

* Yee[16], the variations A j+4Uj is decomposed into the components ozJ +1 in the
Ith characteristic direction.
The artificial dissipation term(12) is written in the following form
where
"/’1+1 - [a.1+1 QJ+1] (27)

and Q! 41 is a limiter function.
Some examples of such a function are

(a) Qﬂ_l = minmod(a;._%,a;+%,a;+%)
1
. 1 1 l 1 1
(d) QJ+L = mznmod(Zaj_%,2a7.+%,2aj+_§,E(aj__,;_ + aj+_g_)) (28)

() &L,

Il

. 1 i l
mznmod(Gaj_%,aj+%,6aj+§)

The minmod function of a list of arguments is equal to the smallest number in
absolute value if the arguments are of the same sign, or is equal to zero if any two
arguments are of opposite sign.

Fig.(7) illustrates the effect of the different limiters on the accuracy of the numerical
solution.

IV. TVD methods 13



V. FCT methods

It has been noticed that the first-order scheme can be regarded as a discretized
version of a parabolic equation of the form

du df _ h? 9%u

3t 9z 6AtdzE

h2
where oAl is the coefficient of the diffusion term.
The basis of the Flux Corrected Transport(FCT) method or antidiffusion method is
to use a modification of the diffusive scheme to remove the diffusion in the regular
part of the flow and to limit it near discontinuities in such a way as to prevent the
formation of new extrema.

1. Antidifusion methods

In the method of Boris and Book|6}, one can introduce the antidiffusion term
by operator splitting. The procedure is as follows :

"+12‘ I n _gn
uj t=ui - AHR, - H ) (29)
n+l _  n+3i c c nti
it =yt Dy~ Di_y)uy
where D]‘f +1Y; is a corrected flux defined here by
2
[+ N 1
Di uj=s maz(0, min(sA;_1uj, EIA]-_'_%u_,'],sAJ-_i_%u,-)] (30)

where s = sgn(A; 1 u;).

Notice that the second step of this procedure is nothing but an approximation of
the backward heat equation. This scheme allows very sharp discontinuities, but does
not eliminate oscillations of low frequency. As we have shown previously, a better
choice is to work with the locally frozen characteristic variables.

In this case, the corrected flux can be written as

D;_,_%Uj =T41Y41 (31)

V. FOT methods 14



where 1
1 . l l 4

¥jpi =8 maz0, mm(saj___;_,glaj+%|,saj+%)] (32)

and s = sgn(a;._*_l).
2

The solution obtained with this scheme is not devoid of a little undershoot behind
the shock. This undershoot can be eliminated using a much dissipative limiter such
as (28.b) for example.

Finally, an other way to construct the antidiffusion flux is to use the artificial
compression method of Harten[17,18].
In this method, ¢r]’. 41 18 defined by
2

'/’,l-.;_% = (g1 +9}) - I’Y};% la;'.g_li (33)

where ¢! is a limiter function such as (18) and

1/ e 1
) _{Aj+%gj/aj+% 1faj+%760
it: T

: 1 —
0 1faj+%—0

This schemes are illustrated in Fig.(8).

2. Zalesak’s method

An other method for constructing FCT schemes has been proposed by Zale-
sak[19]. If we note that first-order and second-order schemes can be expressed in
the form

nt+l __
WPt =ul — A(ftyyn — ftjy

where f tit 1 are called transportive fluxes, the procedure is described in the follow-
ing way :

1) Compute ftX ,, the transportive flux given by the low order scheme
J+3

(2) Compute j't:.“f+ 1, the transportive flux given by the high order scheme
2

(3) Define the ”antidiffusive flux”

V. FCT methods 15



(5) Limit at;,y in such a manner that u™*! as computed in the sixth step below
will contain no extrema apart those found in u!% and u”®

a:tc+1~lj+j_ at1+1,0<l 2_1

(6) Apply the limited antidiffusive fluxes :

n+1 td [ c

uf Tl =y} A(atH% —at_,)
Clearly for [ = 1 in step 5, the usual'ésc.illatory solution will be obtained and thus
the selection of limiters is crucial in the construction of FCT schemes. We recall
here the FCT limiter presented in the paper of Zalesak.

For each node j, we define

PJT" = maz(0, A atj_%)_— min(0, A atj+%)

Q+ u;naz - u;_d
. +/p+y i pF
Rt — {mln(l,Qj /PT) i PT>0

0 if PJ.+ =0

and similarly
P;” = maz(0,X at;, 1) — min(0, A at;_4)
QJ— — u:t,d u;nin
min(1,Q; /P7) if Py >0
~ o if P =

We have choosen the quantities l]-_‘_%, u*** and u;."‘" as

vy = min(R’*‘ RS RH_I, J+1)
u7*® = maz(u F—1sU5, U5 1)

“;'"i" = min(u;?__l, 3" j+1)
td

where u} = maz(u},u

%) and u;? = min(u},u!?) . But other choices are possi-
ble[19,20].

2

The extension of the above method to the solution of a system of equations as
the Euler equations is not obvious. We mention the choice

by (34)

V. FCT methods - 16



where 1?, I™ and [¢ are the limiters constructed for each conservative variable[21].

In the problem of Sod, the resolution of shocks is quite good for the two limiters,
but too much dissipation is present in the rarefaction wave and in the contact
discontinuity for the second limiter (see Fig.(9) ).

V. FCT methods 17



V1. Conclusion

In this report we have compared different techniques to construct non-oscillatory
second-order shock-capturing schemes. The artificial viscosity methods appear to
be the least diffusive in the regular part of the flow but introduce a parameter which
is not always easy to evaluate. On the other hand, TVD and FCT methods have not
this disavantage but the quality of the solution depends on the choice of the limiter
function. Moreover, these schemes often add dissipation in the smooth region of the
flow.

In general, we think that the artificial viscosity methods must be used as long
as there is no very strong shocks in the flow. In the opposite case, the TVD and FCT
methods give much more robust schemes. A report concerning the generalization of
these techniques in a finite element multidimensional context is in preparation.
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