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ON THE APPROXIMATION OF GENERAL SHELL PROBLEMS
BY THE CLOUGH-JOHNSON FLAT PLATE ELEMENTS

PART 1 : COMPATIBILITY RELATIONS

Michel BERNADOU(l) - Yves DUCATEL(Z)

Summary : In this series of reports, we give an account of some results
obtained in the approximation of general shell problems by the CLOUGH-
JOHNSON flat plate elements. The first part is concerned by the study

of the compatibility equations. In the second part, we deliver several
interesting results valid for general shells and we prove the "pseudo-
convergence'" of the method for a class of shallow shells. Then, this
careful study allows us to introduce a perturbation of this approximation
and thus, to propose a new method which is convergent for general shells.
Finally, in the third part, we describe in details how to implement the
CLOUGH-JOHNSON method.

SUR L'APPROXIMATION DE PROBLEMES GENERAUX DE COQUES
PAR DES METHODES D'ELEMENTS FINIS PLATS DE CLOUGH ET JOHNSON

Résumé : Dans cette série de }apports, nous rassemblons les divers
résultats obtenus dans 1'approximation de problémes généraur de coques

par les &léments finis plats (de plaques) de CLOUGH et JOHNSON. La

premiére partie est relative 3 1'étude des &quations de compatibilité.

Dans la seconde partie, nous donnons plusieurs résultats intéressants
valables pour des coques générales, puis nous démontrons la pseudo~
convergence de la méthode pour une classe de coques peu profondes. Cette
étude détaillée nous permet alors d'introduire une perturbation de cette
approximation et aihsi, de proposer une nouvelle méthode qui converge pour
des coques éénérales. Finalement, dans la troisiéme partie, nous détaillons

la marche 3 suivre pour implémenter la m3thode de CLOUGH et JOHNSON.

() INRIA, Domaine de Voluceau, Rocquencourt, B.P. 105, 78153 Le Chesnay

(2) Université de Poitiers, Département de Mathématiques,
40, avenue du Recteur Pineau, 86022 Poitiers Cedex
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1 - INTRODUCTION

A very interesting alternative to the approximation of thin shell
problems by conforming methods [1] [2] is given by the use of flat plate
elements [3] [4]. With no doubt, such flat element methods are very

popular among industrial people. These methods have as common features

- a nonconforming approximation of the geometry of the considered

shell using facet elements ;

- a pseudo-conforming approximation of the components of the displa-
cement, i.e., an approximation using conforming plate elements over every

flat element.

By contrast, it seems that very few studies are available concerning
convergence and error estimate results. Let us mention [5] [6] and [7]
for the approximation of a circular arch by using straight beam elements,
[8] for the approximation of a general arch by using the same straight
beam elements, and [9][19]in the case of a portion of a right circular

cylinder by using flat plate elements.

Until now, it seems that there were no results concerning the
convergence and error estimates valid for shells whose middle surface
has a general design. In the three following reports, we detail several

interesting results obtained in this way :

In the first one, we give the compatibility conditions which have

to be satisfied by the degrees of freedom at every node of the triangu~

lation :

- continuity of the displacements at the vertices of the

triangulation ;



- continuity of the tangential components (with respect to the
middle surface of the shell) of the rotation vector at the vertices of

the triangulation.

These compatibility conditions should insure the consistency
between exact and approximated bilinear and linear forms. At this stage
we prove that they insure the existence of a conventent bijection
between the finite element space attached to the facet elements, constrai-
ned by the compatibility conditions, on the one hand, and the conforming
finite element space attached to the initial middle surface of the shell,
on the other hand.

In the second one, we present several interesting results derived when
studying the convergence of the method. We prove that the compatibility
conditions insure the consistency of the extensional part of the energy
integrals and the consistency of the linear forms for general shells. The
consistency of the flexural parts of the energy integrals depends on the
form of the shell and of the respective magnitude of extensional and flexural
parts. We have proved the pseudo-convergence of the CLOUGH-JOHNSON method and
obtained error estimates for a class of shallow shells. Then, this careful
study allows us to introduce a perturbation and thus, to define a new method

which is convergent for general shells.

Finally, tn the third report, we detail how to implement the CLOUGH
and JOHNSON method.

Besides, we have to mention other alternatives : a facet triangular
plate and shell finite element is described in [10] ; its 18 degrees of
freedom are the displacement and the rotation at each corner ; this
element is applicable to thin or thick shells, with or without transverse
 shear deformation. The previous 18 degrees of freedom element is refor-
mulated in [12] by introducing constraints to reduce the number of such
degrees to 9. Moreover, a facet element whose degrees of freedom are the
displacement U at each corner point and the normal s10pe<%% at the mid-
points of each side is proposed in [11]. Finally, let us notice the

alternative of [13] with his semi-loof shell element.

ACKNOWLEDGEMENT : The Authors are indebted to F. PALMA who read the manus-

cript in its entirety and who suggest various improvements ; also, they

gratefully appreciate the excellent typing of Mrs. DESNOUS.



2 — THE CONTINUOUS PROBLEM

In this paragraph, we give a brief description of the general
linear shell model of W.T. KOITER [14] and next we recall the corres-
ponding existence and uniqueness theorem of BERNADOU-CIARLET [15].

2.1 - Some notations

1 22

Let %53 be the usual Euclidean space and let (O,; ,Z ,33) be an
orthonormal reference system of %53. We denote by Q an dpen bounded
subset of a plane %52, with boundary I'. The middle surfbce<gz of the

shell is the image of the set {I by a mapping ¢ : & < %52 -> %53, i.e.,

7 1 .2 =
=8 , €= (£,6% «q} .
Subsequently, we shall assume that

bGP (2.1.1)

and that at any point of the middle surfaceé;? we can define the

covariant basis (all the points of the surface Gf are regular)
- -
a; x a, .
= — . (2.1.2)
3 |a1 X a2|

—>_$ > > >
3791 » 3 =9, , a

We shall use Greek letters for indices which take their values
in the set {1,2}, while Latin letters will be used for indices which
take their values in the set {L,Z,B}. For these indices, we shall use

Einstein's convention for summation. Finally, the notations f £

: of 3¢
etc..., will denote the partial derivatives .

ag® o

oo’
6 ’ etc. « 0

,oB ?

The previous definitions are illustrated by Figure 2.1.1.
The first fundamental form (auB) of the surface éZ’is given by

ayg = ZG.EB ) (2.1.3)



¢(T)

+0

=g

%Z

+a

Figure 2.1.1



If we denote

11 _ 222 12 _ 21 212 22 _ 21
a =—-—-a , a = a = - a y 2 _T *

—> K
Then, to the covariant basis (ai), we associate the contravariant
basis (aY) of the middle surface §f, i.e.,

>0 af - >3
a a a a =

>
g =a; .

The next expressions of some vector products will be useful :

> > -3 >0 ->B_ aR >

aa X aB = EaB a , a Xa =¢ a3 ,
- > >\ > - BA ~

a3 X aB = EBX a ., a3 X a = ¢ aA ’
where

aB o (OBy L 01
e R (eas) =(e™) =0, o -

>yl-

€ ,=1Vae s B

Moreover, by construction,

—>—>J’

a .a” = 61 . 61 being the Kronecker symbol.

The second fundamental form (baB) of the surface is given by

b“b—++ > >
aB = Pga T T 3333 T 333y g
from which we derive the third fundamental form (caB)
_ A A _ O AB
CaB cBa = ba b>\B , where ba = a baB .

(2.1.4)

(2.1.5)

(2;1.6)

(2.1.7)

(2.1.8)

(2.1.9)

(2.1.10)



In the following, the unknowns of the problem are the three

functions
u, 2 € e Q- u,(B) e R , 1i=1,2,3,

. > >
which represent the covariant components of the displacement u = u(&)

of the point $(E), i.e., u = u, at.

151 i

> -
More generally, to any displacement field v = v ai, we associate

i
the strain tensor (YQB) and the change of curvature tensor (BaB) through

the relations

> __1_ -
YQB(V) = 2 (Vsla + thlB) baB V3 > (2.1.11)
I A A A
paB(v) = Y3008 ~ ag V3 + bBla vy ¥ bB Vila + b, WK (2.1.12)
where the covariant derivatives are given by
v =v - TK v
ol 0,87 CoB A
v = v - FA v v =v (2.1.13)
3|aB 3,08 aB 3,7’ 3o 3,0 Tt
A LA Y VoA
bBla =bg o *t Too P8 = Tga Py 2
and
A _ LA _ A > .
FaB = FBa —.a-.aa’B.(Chrlstoffel symbols) (2.1.14)

In his analysis, KOITER [14, (4.9)] proposes the modified change
of curvature tensor paB which introduces in the energy integral an
approximation of the same order than the tensor 5a8° The relation between

both tensors is given by

_ = 1l A A .
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2.2 - Variational formulation of KOITER's linear model

Let Fo be a measurable part of I' such that meas (Fo) > 0.
-
Subsequently, we assume that the shell is clamped on the part BSO = ¢(F°)
of the middle surface boundary 9S, i.e.,

>

>
alp =0 , 3l =0,
o o

where Bv denotes the outer normal derivative operator. Then, the admissible

displacement space V is defined by

> _ > 1 2 2 L2 - > -
V= Av=(v,v,,vy) € @) xB(D) ; v|Fo 0, avv3|r° o0} (2.2.1)
Equipped with the scalar product
((@,9)) = % (¢ + ((
U,V)) - o1 ua’va))l’g u3’v3))2’g s
the space G is a Hilbert space. The corresponding norm is denoted
> > 11/2 '
191 =t a2 (2.2.2)

For simplicity and without loss of generality, we assume that the
shell is elastic, homogeneous and isotropic. Then the strain energy of

the shell can be written

> > - Ee _ o, B, o> B,

a(u,v) JQ 1-\)2 {Q1 V)YB(U)YCX(V) + \)ya(u)yB(v) +
2

+ 35 [(l-v)Bg(u)52<v) + VS3(3)52(3)J} Va ael ag?

(2.2.3)

oA oA

where Yg(ﬁ) = a YAB(K) s 52(3) = a

where e, E, V denote the thickness, the Young modulus and the Poisson

- ->
pxs(u) on the one hand, and

coefficient of the shell, on the other hand.
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The potential energy of exterior forces associated to a displacement
> .
v = vigi of the particles of the middle surface é¥7i§ given by

£(V) = f p-v Va ag! ag? = f Pl v, VA agt ag? (2.2.4)

Y 9]

where the functions pi are the contravariant components over the basis
(Zi) of the reduced density per unit surface of the resultant over the
middle surface of exterior forces applied to the shell. This expression
corresponds to the case of a shell which is free on the complementary part
Fl =T - Fo of the boundary T.

Then, the problem of deformation of the shell éZ’in KOITER's linear

model admits the following variational formulation : Find U e V such that
a(u,v) = £(¥) , WeV, : (2.2.5)

where the forms a(.,.) and £(.) are defined by (2.2.3) and (2.2.4)

respectively.

2.3 - Existence and uniqueness theorem

Theorem 2.3.1 : (BERNADOU-CIARLET [15, Theorem 6.4.1])

. The problem (2.2.5) has one and only one solution.

3 - A CONFORMING FINITE ELEMENT METHOD

In this paragraph, we only consider an approximation of the displa-
cement components using a conforming finite element method. This stage will
be an useful intermediary for the analysis of an approximation using flat

plate elements.
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3.1 - The finite element space G£

From now on, we shall assume that the set {} is a polygon. Then, we
may exactly cover the set { by regular families of triangulations :%;h

in the following sense :

(1) there exists a constant O such that

we UG, , =<0 , (3.1.1)
h DK

where hK = diam(K) and Py = sup {diam(S), S is a ball contained in K} ;
(ii) the quantity

h = max (3.1.2)
KGQEL hK

approaches zero.

To each triangulation‘%@h we associate a product of finite element

> >
spaces X, = Xh1 X Xhl X Xh2' Next, we define a subspace V, = V x VvV

ces Xy h T Vh "V Vw2
of Xh which takes into account the boundary conditions which appear in
the definition of the space ?, so that the inclusion
->

vth . (3.1.3)

holds and justifies the appellation : conforming finite element methods.
The different spaces are defined as follows

Space Xhl is the finite element space associated to triangles of type (1),
i.e., the functions of Xhl are such that :
(1) on every Ke‘%g;, they belong to P, (K) ;
(ii) on every Ke @5;1, they are determined by (3.1.4)
their values at the vertices of K ;

(1id) X, <B°@D .

S : = . =
pace Vh‘ we set V,, {vh € X, 3V, =0on Fo}
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Space Xhz is the finite element space associlated to reduced HSIEH-
CLOUGH~TOCHER [16] triangles, i.e., the

functions of X are such that

h2
(i) on every K e@z; , they belong to Prs
with
1 R
P, = (peG ®) ; pIKi e Py(K), 15153,
BQPIK' € Pl(K') for each side K' of K} ; >(3°1'5)

(ii) on every Ke(%g , they are determined
by their values and by the values of their
derivatives at the vertices of K ;

‘o 1 =
(iii) Xh2 c QZ ().

Space V., : we set V., = {v, ¢ Ko 3 Vv, =9V, =0on Fo} . /

h2 h2 h h v h

In the previous definitions, we use the following notations :
Pk is the space of all polynomials in El, 62 of degree < k. On the
figures, the knowledge of the values of a function (resp. of its first
derivatives) at a point is indicated by a black point (resp. a circle
surrounding this point). Finally, the definitions of the spaces Vhl
and th suppose that the triangulation<%5£ is realized so that Po is

an exact union of sides of triangles.

Then, the inclusions Vip €V = {v|v ¢ Hl(Q) , VIF = 0} and
: o

2
th <V, = {vlven @ , vl =23yvl,

x o o
Vh c V.

= 0} are satisfied. Hence

3.2 - The discrete problem

The corresponding discrete problem can be stated in the plane

>

domain as follows : Find u, € V such that (compare with (2.2.5))

h h

> >
Vv, € Vh . (3.2.1)

> >
The inclusion Vh < V involves the theorem :

Theorem 3.2.1 : The problem (3.2.1) has one and only one solution.
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Using CIARLET [6], we find the following error estimate :

Theorem 3.2.2 : If the solution U of the problem (2.2.5) belongs to

the space ¥ n ((HZ(Q))2 X H3(Q», then, there exists a constant C, inde-

pendent of h, such that

2 2 2 .1/2
ool =< cn {Iullz,Q + |u2|2’Q + Iu3|3’9} . (3.2.2)

At this stage, the discrete problem is seldom realistic in practice
in the sense that it would lead to exactly integrate any regular functions.

Some ways to circumvent this difficulty are :

(1) to introduce a conforming approximation of the geometry as in
CIARLET [5, § 8.2]. To be completely realistic it would need an additional

approximation of the loads ;

(1i) to use numerical integration techniques as in BERNADOU [1] or
BERNADOU-BOISSERIE [2] ;

(iii) to introduce a nonconforming approximation of the geometry

using, or not, numerical integration.

In the following paragraphs, we shall analyze this third kind of
methods, and so doing, we plan to generalize to the case of general shells,
the studies of CIARLET [5, § 8.3] and Claes JOHNSON [7] related to circular
arches, BERNADOU-DUCATEL [8] related to general arches, as well as
BERNADOU-DUCATEL [9] and KIKUCHI [19] related to right circular cylinder.

4 - THE DISCRETE PROBLEM USING FLAT PLATE ELEMENTS AND
COMPATIBILITY RELATIONS

Now, we are going to define the approximate middle surface <£Zh. Next,
>

~

we shall introduce the discrete space V, by using the compatibility

h
conditions. Finally we shall set the discrete problem by using the CLOUGH-

JOHNSON flat plate elements.
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—

4.1 - The approximate middle surface <§Zh

In this section we shall consider an approximation of the mapping
¢ ¢ e defined as follows : each component ¢1 , 1 =1,2,3, is replaced

by its 1nterpolant ¢h in the finite element space ¢ such that
® =X, ., X, siven by (3.1.4) . (4.1.1)

Let $ € (@ ) be the'interpolant of $ This approximation amounts
to replace the given middle surface <§7 by a faceted middle surface éZ;.
By construction, the images of the vertices of the triangulation‘%; of
the reference set {i by the mapping $ are in the initial middle surface
éiﬁ Thesé considerations are illustrated by Figure 4.1.1, For more clarity,
the surfaceséifand éZ; have been separated and the domain ) is taken

rectangular,

To each flat triangle k = $h(K), K € 2y We are able to associate,
by analogy with section 2.1, local basis, fundamental forms, Christoffel
symbols, i.e., with obvious notations (we will check in § 5.2 that

-
= a + 0(h) so that a

a hl

-
h x ;hZ # 0 for h sufficiently small)

- » -
a a
> > _ _hl h2
%ha $ﬁ,a > %h3 |2, , xa_| ’ (“-1.2)
hl h2
> -> i
Va, lag; < a,l (4.1.3)
-> -> 4 4
a8 = Pha?hg (4.1.4)
>0, _ OB > >3 _ -
ay T ap” apg 3 T a3y, (4.1.5)
where the matrix (aﬁs) is the inverse of the matrix (ahaB) .
bhaB bha haB FhaB =0 . (4.1.6)

It is worth to note that all the previous quantities are constant
in any given triangle Ke:qg; with possible discontinuities on the inter-
>
faces due to the discontinuity of the first derivatives of ¢h on these

interfaces.




: The initial middle surface<§z and the faceted middle surface é?;

Figure 4.1.1
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>

~

4,2 - The discrete space Vh using compatibility conditions

One of the main ideas of the approximation of general shell
problems by flat plate elements is to approach the energy of the shell
by a sum of plate energies defined on each facet of the approximated
middle surface éZL.

In this goal, we shall introduce in a first step a discrete space

z
Xh, i.e.,

1232

S S S Y (4.2.1)

~ ~
~ ~ o~

The space Xhl (resp. Xh2) will be used to approximate the components 2%

and ¥ (resp. the component $h3) on the local basis ;ﬁi (see (4.1.2))

h2

of a displacement field vh. Since the local basis are constant in any

triangle K.eqa; with possible discontinuities on the interfaces, the

functions of the spaces Xha

without imposing any connection between functions defined on adjacent

will be determined triangle by triangle
triangles.

In a second step, in order to get an approximate energy which is

congistent to the energy of the shell, we shall introduce congfraints,

i.e. compatibility conditions, on the functions of the space Xh. The

2
corresponding subspace Xh will be

2
X = {3h € ; 3h satisfies the compatibility conditions} . (4.2.2)

;%R+

Next, in the theorem 4.2.1 we shall prove the existence of a

>
"suitable'" bijection F, between the space Xh and the space ih considered

h
in paragraph 3.1.

Finally, in a third step, we shall take into account the boundary
>

~

conditions and thus, we shall get the space Vh.
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=
Definition of the space Xh :

According to relation (4.2.1) we have to define the discrete
~ I
spaces Xhl and Xh2 :
~ ~
Space Xhl : The functions of the space Xhl
defined triangle by triangle. On a given triangle K(sQZ; with

are independently

vertices %,, %,, L,, the restriction v of any function v, ¢ X
1 %22 73 h|K h © “hl
is such that
Zz . -~ _ (4.2.3)
(1) Valk € F1 ) 3
(ii) Vh,K is completely specified by the
z
3 21 values VhIK(Zi), i=1,2,3.

Next, the definition of the space §h2 uses the reduced HSIEH-
CLOUGH-TOCHER [16] triangle :

Space §h2 : The functions of this space are independently defined
triangle by triangle. On a given triangle K<s@5% partitioned in
three nondegenerated triangles Ki’ i=1,2,3, the restriction vth
of any function Vi € Xhz is such that

(1) Vh|k © P, , with
1
P = {p e % (X) ; pIK e Py(K), 1si <3, >(4.2.4)
i
] : 1 .
va|K, € PI(K ) for each side K' of K} ;
(ii) vth is completely determined by the

values VhIKSZi), Dvh]K(Zi) , 1=1,2,3 .

These def;nitlons of the spaces Xhl and Xh2 involve immediately

~

that the space X, has 15 degrees of freedom, where ¥, denoctes the
h ’ ‘h

number of triangles of the triangulation.
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Derivation of the compatibility conditions :

To derive the compatibility conditions it is convenient to consider

two facets k and k~ of the approximate middle surface éZ which have a

h

common vertex O (see Figure 4.1.1). This common vertex O can be regarded

as

(i) a point of the middle surface éZ’ : then, using the notations

of section 2.1, aﬁy-displacement field v ¢ V of the middle surface éz

has the following components at point O, or, more conveniently, at point

L (using the mapping $) :

V() = v (D) 2 .

> -+
To the displacement field v we associate the usual rotation vector w,

the strain tensor YaB and the change of curvature tensor 5&6 which

expressions are given by (see KOITER [141])

> i,~-» -
wlv) = w™(v) a, ,

with U)A(;) = €>\B(V3|8 + bgvd), w3(§;) = -%— EAB VBIX N
1

Y(XB(V) = 7 (VB|0L + VU/IB) - bocBV3 ’

= o A A A
OaB(V) V3|ag ~ SupV3 * bBlavA + bBVl|a + bavXIB

(4.2.5)

(4.2.6)

(4.2.7)

(4.2.8)

The previous expressions can be attached to any displacement field

; of the middle surface<gz, particularly to the solution u of the problem

>
u

(2.2.5) and to the solution h

of the discrete problem (3.2.1).

(ii) a vertex of the facet k+ = $ (K+). For convenience, we shall
h

sometimes use the superscript + to refer to parameters attached to the

+ .
triangle K+. Thus we shall write I instead of I, ;;
>

134

->

h

+
instead of al, etc.

Then, any displacement field ¥ e Xh of the faceted surface éz; has the

h

. + . , +
following components at point 0 = o (or, using $h at point I ) :
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Fah =5 @Y a’ . ' (4.2.9)

2
To the displacement field Vi, we associate the usual rotation vector
& R
W s the strain tensor YhuB and the change of curvature tensor phaB
which expressions are obtained triangle by triangle using the mapping
B+ R
55. By using relation (4.1.6) and by denoting vy = Vh}K* , we obtain

+
for the triangle K :

Z (EH it o+
G ) = By 3y
(4.2.10)
th S e)\B o §3+ . e)\B 5+

VRS T h3,8’ “n h8, A

a * 2yat

h h
& 2+ 1 =+ ak+ ] 2+
COIES SO VIR FCA R AWCAR (4.2.11)
~ By R RO TN
PrapVy) = h3 B "he("h> a” PglVy) (4.2.12)

(iii) a vertex of the facet k = $£(K-). We can derive similar
results than in (ii) ; it suffices to replace the superscript + by the

superscript - .

w

Now, we are able to get the compatﬁbility conditiogs which consist

~
~

in constraints imposed to the functions v, of the space X

h h’
correspond to relations that the degrees of freedom of the space Xh have

i.e.,%they

to satisfy. We derive them by writting that :

¥

(i) the displacement V, is continuous at the vertices 0 of the

h
surface éﬁ?, or equivalently, at the vertices I of the triangulation

Gz;h’ i.e.,

2 2
0% =% (7)) , ¥ vertex of @Eh ) (4.2.13)

Next, we remark that the knowledge of the values of the degrees
of freedom of the function V., € Xh involves the knowledge of the values '
of the rotation vectors w () and @ (Z ) for any vertex L of(%;
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Indeed, using the relations (4.2.10), the result is immediate for the

RIA+
components W, . For the third component we have just to remember that

h
5:8 € Pl(K+) ; hence the values VhB A(Z )} are just dependlng on the
values of vhB at the three vertices of the triangle K . Obviously, this
argument can be applied in the same way to prove that wh(Z—) is well

known. Hence we can state the second kind of conditions :

(ii) the tangential components - w1th respect to the middle

surface éyy - of the rotation vector wh(vh) are continuous at the

vertices 0 of the surface égp(or é}y) or equivalently at the vertices
z 2£_‘%§h, i.e.,

%h(z").zo‘(m 6, (z).a %) , ¥I vertex of %fh i (4.2.14)

These conditions seem to be natural enough from mechanical
viewpoint. They correspond to the conditions used by CLOUGH-JOHNSON
[3,4]., Moreover, they generalize the compatibility conditions considered
by CIARLET [5, § 8.3] and Claes JOHNSON [7] in case of circular arches,
by BERNADOU-DUCATEL [8] in case of general arches and by BERNADQU-DUCATEL
[9] and KIKUCHI [19] in case of righ circular cylinder.

->
Let Xh be the following space

2R3
X, 3 v, satisfies the compatibility conditions

€%y 3 Yh _
(4.2.13) (4.2.14)} (4.2.15)

and let us state the following hypothesis :

Hypothesis 4.2.1 : Let 0 = o' = o~ be a vertex of the faceted surface

éZL respectively considered as a point oféif, as a vertex of a facet

+ —
k and as a vertex of a facet k .,
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Then, by using the correspondence 0 = 5(2) and by denoting ;3(2), Zﬁ*,
;i_ the corresponding normal vector to the middle surface<§z, to the

facet k  and to the facet k , we assume

>3+

;3(2).ah £0, ;3(2).23— # 0, ¥I vertex of two adjacent

triangles K’ and K~ . (4.2.16)

d

>
It can be proved that the assumptions:¢ e(%§3(9),and all the points

of éZ are regular, imply the existence of a constant h; such that the

1

relations (4.2.16) are satisfied ¥h < h,. But it is interesting to note

1
that if we had had to consider a junction between two different surfaces

éZl and é%; with discontinuity of the tangent planes along the junction,

the previous result would not have been always true.

Now we are going to prove the following theorem which will be

very useful for the next purposes :

Theorem 4.2.1 : Under the hypothesis 4.2.1, there exists a bijection
=

F, between the spaces X, and X

h h h °
Proof :
R 2 -> >
(i) vy € Xh > vy € Xh :
2 Z Z 2 %
Let us consider any function vy € Xh’ i.e., v € Xh and Vi

satisfies the relations (4.2.13) (4.2.14). Then, to the set of values
4

of the degrees.of freedom of the function v, we associate the following

h
set of values

A() = Gh(z*) = 3h(z‘), ¥I vertex of %°h , (4.2.17)
o PN 2 -y 0
B7(L) = wh(Z Y.a (%) = wh(Z Y.a (L) , ¥I vertex ofé%;h . (4.2.18)

And now, to the set of values (4.2.17)(4.2.18) we associate the
function 3h € ﬁh determined by the following values of its degrees of

freedon :
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3h(2) = A(Z) , ¥I vertex of %fh. , (4.2.19)
Vi, oD = sav(Z)BO‘(Z) - b%(Z)Z(Z).Za(Z) , VI vertex of %fh . V.2.20

The equation (4.2.20) requires some explanations : the relations

(2.1.13) (4.2.6) and the relation eaveak= 6$ (see (2.1.7)) involve

Ql, > o
v = € w({v) - b v
3,v oV ) v

b

o

> >

and, moreover, we use the relation vyS Ve, -
2 =z

Thus, to any given function v, € Xh’ the relations (4.2.17)-

(4.2.20) associate one and only one function v, ¢ X

h h*

Now, we consider the converse property :

(i) v e % > 2
ii vh € h vh € Xh

The knowledge of v, ¢ X is equivalent to the knowledge of its

h h
degrees of freedom 35(2) and v 3 v(Z) for all vertices I of 95;. To
b

h
this set of values we associate the following set of values :

X(Z) = GL(Z) , ¥I wvertex of %5£ , (4.2.21)
M) = ey (V3 () + bY(E) v (D] , ¥ vertex of C, - \wu.2.22)

Then, we take the following values for the first pirt of the
z ~

set of degrees of freedom of the searched function v, € Xh :

+ 2
V.

(D) = A . (4.2.23)

From these values we can derive the values of

~3 o+ 1 AB ~+ + ~3 oy o
wh(Z ) = ———i: e vhB,A(Z ) . wh(Z ) =
2 ah 2 ah

1 AB ~-
e vhB,A

), (4.2.24)

by applying (4.2.10) and by using the analysis which follows the relation
(4.2.13).
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Then, we are able to determine the components wh(Z ) and mE(Z )

by writting that the vectors wh(Z ) = w oD ahi and wh(Z ) = w ~(57) a hi

are the unique solutions of the system constituted by the equatlons

LD - e -8, v vertex of T,

Above equations (4.2.25)+can be written in the form
~Bot, o+ A _ A _ ~3 o+ A
wh(Z ) a2 (Z) = B7(D) wh(Z ) a 4.3 (L)

These equatlons permit to derive wB(Z ) if we observe that

det (a .3 (Z)) # 0. To prove thlS last statement we notice that

hB’
ZA(Z) = (ahi.a ) ah and thus, on the one hand

>3 >3+
o 5 R a”().a
@ x Pyt s —
va(l)

and, on the other hand,

>3+

@l x 32(D). a

% det(Z;B.ZA(Z)) .

®h
Then, the result arises from the relation (4.2.16) of the hypothesis

4.,2.1. Exactly in the same way, we can derive the components 55(2_).

Next, from G§(2+), Sﬁ(z') and relations (4.2.10), we get

+ - ~A -

(4.2.25)

(4.2.26)

Then, the relations (4.2.23) (4.2.26) determine one and only one function

~

vy € Xh Since by definition this function satisfies the relations (4.2.23)
>

(4.2.25), i.e., the compatibility relations, the function v belongs in
-5

h

fact to the subspace ih'

Finally, one can check eadily that the application of step (ii)

: . , -1 . .
is, by construction, the inverse F of the application F

h h

section (i).

defined in
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z
Geometrical aspects of the functions of the space Xh :

2z 2 2

~ ~ _)i
Let us consider any function v, € X, . By definition v

- 5 cer ay v h ¢ “n° h~ Vhi %’
€ Xhl s Vo € Xh1 > Vy3 € Xh2' Let us refer the functions Vhi®

defined on each triangle K e‘%;h, to the normal to the domain . We

get

(i) for the functions v., and v 9s @ discontinuous plane faceted

hl h
surface. This proceeds from the fact that v € Pl(K) and that the

ha|K
hi are taken with respect to basis 3#
angle by triangle and generally discontinuous from one triangle to the other.

components v which are constant tri-

(ii) for the function v, . a discontinuous curved faceted surface.

h3»
One can see this by analogy with (i), but now Vh3|K € PK’ PK‘defined in
(4.2.4).
x 2
Finally, we observe that the displacement field vy Xh associates

to the faceted middle surface é?7 (which is an approx1matlon of the
undeformed middle surface) a dtsconttnuous curved faceted surfaceé?M

Let us note that by definition of the space Xh’ the surface éy is

continuous at the vertices X of the tr1angu1ation<%§h . In other words,

the surface éz;

>
Thus, in general we do not have Xh c (HI(Q))2 X HZ(Q) but only,

looks like some modern parachutes.

X < I @l x BL®) x 712 (K))
Ke ’h

. o774
At this stage one can wonder why to use %5 -element to approach

vy since we do not have §h3 c (ﬁil(ﬁ). This is essentially to realize

a conforming approximation of plate equations on every facet and to find

again the conforming finite element method for plates in the particular

case where the middle surface ééf of the shell is plane.

0f course, let us add that, by construction, the corresponding
> >

=9 =
= Fh(vh), v

h € Xh , .are such that

>
functions Vh

e (B’ x G'd
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Remark 4.2.1 : The choice of the equations (4.2.14) among the set of

compatibility conditions calls the two following comments :

(i) these conditions state the continuity of the components of
the rotation vector on the tangent plane to the surface éZi Particularly,
these conditions specify nothing on the normal component of the rotation
ih’ is defined triangle
by triangle and is generally discontinuous at the vertices I and on the

3 - ->
vector. Let us note that the component W (vh), vh €
interfaces.

(ii) the use of the geometry of the middle surface requires the
knowledge of the analytical definition of éZﬂ This situation often
occurs practically. However, it would be interesting to generalize this
flat plate element method to the case of a description of the middle
surface by the data of the coordinates of a finite number of its points
(for instance, the vertices o of the faceted middle surface) and,
eventually, by the data of the tangent plane to the middle surface at
these points. In this way see BERNADOU-LALANNE [17].

=
Definition of the space Vh

To study the convergence of the flat plate element method it is

useful to define a subspace V, of the space X which image, through the

h
bijection Fh, is precisely the space vV

(3.1.5), i.e.,

h

h defined by (3.1.3) (3.1.4)

> -> >

> >
h € Xh H vhlro =0 ; vahS =0 on Fo} . (4.2.27)

Accordlng to the definition of the space X to get the boundary

h’
conditions Vh|T =0 and 5 Va3 = 0 on Fo , it gufflces to equal to zero

the following degrees of freedom :

3h(2) =93
VI vertex of qz;'located on Fo . (4.2.28)
Vh3,v(z) =0
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Using the relations (4.2.21) and (4.2.22), the equations (4.2.28)

involve
A(z) =3 . ‘ (4.2.29)
¥Z vertex of <%;h located on Fo . .
BM2) = 0 | (4.2.30)

The relation (4.2.29) combined with (4.2.23) involve

z > :
vh(Z) = 0 , VI vertex of (%;h located on Po . (4.2.31)

<

Particularly, these relations (4.2.31) and the definition of the

space involve
P 1

Vig = 0 on ro , =12, | ' (4.2.32)
The relation (4.2.30) combined with (4.2.25) implies wh(Z ). a (Z)

and hence

>3

z
wy

ah = ¢,

where C denotes a real number. Let us consider the components of

the rotation vector wh(Z ) on the basis ;;i ; we find
Geh = cPmat,
or, by using (4.2.10)

PV, 40N = 23(1) §A+ , (4.2.33)

hB () = 3.2 *3+ ) ' (4.2.34)
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The hypothesis 4.2.1, i.e., ;3(2) a ¥ # 0 ¥I vertex of ez;
and the equation (4.2.34) determine the value of the constant C' on
the triangle K

~ +
B Vg (D

Ll PO

C+

(4.2.35)

where, following a previous remark, vhB A(Z+) is only depending on the

values of the functions v,, at the vertices of triangle K . Then, the

hB
relations (4.2.33) (4.2.35) determine vh3 B(Z'), i.e.,
>+
(Z) a
+ _ 1 VU a h ~ +
Vh3,B(Z ) =5 &g © ;gzg;—ggI vhu’v(Z ) , ¥I vertex of %
' 3 3808y (4.2.36)

located on T .
o

This last relation prove that in general v B(Z ) # 0 and hence

£0 and 3 v o . (4.2.37)

Vhslr VB3| T

Thus, the bijection F,

=
-> XQ associates to the subspace
_>
X

X
w e
V, of

of Xh the following subspace h

z 2

2
V {v Xh 3 vy satisfies the relations (4.2.31)(4.2.36)} . (4.2.38)

Particularly, this result means that the bijection Fgl associates to

boundary conditions of clamped type for the functions of the space Vh’

a set of boundary conditions different of clamped type for the functions
=
of the space Vh'

Norms on the discrete spaces ih’ vV, X,V

The soaces X. V. are respectively discretc subspaces of the spaces
X = (H (Q)) X H (Q) and V defined by (2.2.1). Hence, we equip these
discrete spaces with the induced norm (2.2.2). Now, consider the appli-

cation
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2 ~ ~
ek Bl L R R0t e

3
which is well defined since, on the H.C.T.-triangle K = igl Ki’ we have the
property (CIARLET [5, Theorem 2.1.21) :

~ 1 ~ 2 ~ 2
Vislk € %" (x) and Vh3lk, © H (K%)# Vislg € B @) .

We can readily check that (4.2.39) defines a semi-norm on the

space Xh Moreover, Hv 0 implies ”v = 0 and “v =0

h”h "1 K h3"2 K

so that v, = 3. Then the application (4.2.39) is a norm on the space
= z

Xh In the following we shall equip the subspace Vh of Xh with the

corresponding induced norm.

4.3 - Definition of the discrete problem using flat plate elements

Let us consider a displacement field 3; € 5; of the faceted
surface éZ; = 35(9). Then, like in (4.2.11) (4.2.12), we can define
triangle by triangle the components of the corresponding strain
tensor (Yh B) and the components of the change of curvature tensor

(phus), i.e.,

~ 2 1 .~ ~

YhaB(vh) = 5‘(Vh3’u + vhu,B) (4.3.1)
~ 2~

Phag k) = Vh3,a8 (4.3.2)

According to the expression (2.2.3) of the bilinear form a(.,.)
a natural candidate for the approximate bilinear form is given by plecing

together all the elementary energies, i.e.,

a, (u,v,) = . %5, J 5 {(1- v)YhB(uh)Yha(vh) + tha(uh)YhB(v )+
U K 1- v
2 B B z 2 2
> [(- v)ohe(u )pha(vh) + vpha(uh)phs(v )]}/—_ agl d€ Vup v e Vo

(4.3.3)
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On this expression one can check that the approximate strain
energy of the shell is the sum of uncoupled elementary energies of
plates in extension, on the one hand, and in bending, on the other

hand.

By analogy, we define the approximate linear form f£ according
to the expression (2.2.4) of the linear form £(.)

o 2 2 2

Fwy= 73 PV, VA aglaE® |, W eV, . (4.3.4)
h''h Ke K h "h h h

Re%n

The integrals over the triangle K which appear in (4.3.3) and
(4.3.4) are seldom computed exactly in practice, but rather numerical
integration schemes are used. Thus, let us consider a numerical

integration scheme over the reference triangle R :

~ L A A A
L B arnv T Dby (4.3.5)
K =1

All the integrals appearing in (4.3.3) and (4.3.4) are of the

form J ¢(x) dx.
K

We use the usual correspondence between ¢ and & through the affine

invertible mapping

N K>F () =B RX+b, ek , - (4.3.6)

where BK is an invertible matrix and bK is a vector of ]R2 such that
F (§i) =a, , i=1,2,3 , (4.3.7)
where the points ai, a; are the respective vertices of the triangles

ﬁ_and K. Assuming, without loss of generality, that det (BK) > 0, we

can write

f ¢(x) dx = det(B,) f» B(R) d& . (4.3.8)
K K
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Then, the numerical quadrature scheme over the triangle K
automatically induces a numerical quadrature scheme over the triangle

K, namely,

L
d(x) dx v ) w, , o(b, ) (4.3.9)
SRR R
with
0y g = det(By) w, and by = Fedp) , 1sesL . (4.3.10)
Moreover, we define the error functionals
-~ -~ . ~ L - ~
E(9) = J* $(x) dx - ) wy $(b2) , (4.3.11)
K =1
L
E (¢) = JK ¢(x) dx - 221 9K ¢(b£’K) , (4.3.12)
so that
EK(¢) = det (BK) E(¢) . (4.3.13)

Thus, from the expression (4.3.3) we define a new approximate
bilinear form :

Ee

L
xR R d ~o, R~ B
3y (up,vy) = L /a z= W g (T {-Vy glap)dy v +

h ,
kg@;h 8=l 71 1-v

~az NBﬁ
+ vyha(uh)YhB(vh)}) (bzl,K)

L ' (4.3.14)
% 22 w ( Ee’ (1-v5. @5 2@ )
+ —_— -V)p, yu)dp, “(v,) +
=1 gm0 2251 120-0%) h8""h""hah

~ Q2 o~ B %
+ vpha(uh)phs(vh)}) (bkz’Ki)]

In the last expression we have used two different numerical

quadrature schemes to take into account the uncoupling between the
. ~ B

pha

of them being approximated in two different finite element spaces.

membrane terms, i.e., th , and the bending terms, i.e. » each
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Practically, we can use effectively two different numerical schemes

or we can use only one numerical scheme satisfying the conditions that
we shall derive later for the membrane and bending parts. Moreover,
the second part of the second member of the expression (4.3.14) takes
into account the definition of the function v 3 subtriangle Ki by

h
subtriangle Ki - see (4.2.4) -,

By analogy, we define a new approximate linear form

L
1
* 2 > S, ~
f£(v)= ) [Y w ({p.a, } v Va, ) (b ) +
Y ks, 0,01 2K b’ Yha %h £,k
5 L2 (4.3.15)
3 ~
+ ) ) w ({p.22} v. . V/a_ )b N
i=1 22=1 QZ’Ki h h3 h Qz,Ki

= =z >

->
B¢ Vh € Vh - vh € Vh defined in the

theorem 4.2.1, we can define the following approximate forms :

Then, using the bijection F

> > * 2 R
bh(uh,vh) = ah(uh,vh) . \ (4.3.16)
=z
> *
g (vy) = £.(v) (4.3.17)
£ > > > r R 2 . .
or all UpsVy € Vh and all U sV € Vh associated through the bijection Fh'
Now the discrete plﬂobler_n> ustng flat plate elements can be stated
~ 2
as follows : Find an element u; €V such that
2 2 2 = 2
*  ~k * ~
ah(uh,vh) = fh(vh) , Vvh € Vh , (4.3.18)
2 >
or, equivalently, using the bijection F o Vh - Vh and the definitions
(4.3.16) (4.3.17) : Find an element & e U, such that
b (0, V) =g (V) , W eV . (4.3.19)
i 1 51 n n n n
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4,4 - Another alternative : CARR's method

The ideas are similar to those of Section 4.2. Thus, we shall
]
emphasize on the new aspects of the definition of the space Vh.

>

Definition of the space §£ :

According to relation (4.2.1) we have to define the discrete

spaces ihl and §h2'

Space ihl : this space is defined following the lines of
(4.2.3) but now

(i) vth € Pg(K) (CIARLET [5, page 681) ; 4.4.1)

(ii) thK
the values Vh]K

is completely specified by
(Zi), Dvth(Zi), 1i=1,2,3.

o~
~

Moreover, the space Xh2

by Mh the number of vertices of the triangulation, the space ih has

is the one defined in (4.2.4). genoting
now 9Mh degrees of freedom.

Derivation of the compatibility conditions :

Let us consider again two facets k+ and k of éZ; which have
a common vertex O (see Figure 4.1.1). According as we regard this
common vertex as a point of the middle surfaceéﬁ(or as a vertex of the
facet k+, the displacement field and the associated rotation vector,
strain tensor and change of curvature tensor are respectively given by
the relations (4.2.5) to (4.2.8) on the one hand and by the relations
(4.2.9) to (4.2.12) on the other hand. Moreover for the triangle K
we have similar results to those given by relations (4.2.9) to (4.2.12) ;

it suffices to substitute the superscript - to the superscript + ,
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> ->
One can easily check that to any function vy € Vh, we can

> > > >
associate the set of values of v w(vh), Yas(vh) at all the vertices

h’

L of the triangulation(%gh and, conversely, to the set of values

of ;ﬁ, $(3h), YaB(;h) at all the vertices I of the triangulation (%;h
->

->
we can associate one and only one function v, € V_. Ln the same way,

h “,'h

we can show that the knowledge of any function ¥V, € V., is equivalent

d h € 'h
he knowledge of .. B (%) ¥ (%)t T of 1
to the knowledge of v, & vh), Yhag(Vy) at any vertex I of any triangle

K e‘%gg. Thus, we derive the compatibility conditions by writting that :

>
(i) the displacement Gh 18 continuous at the vertices I of the
triangulation (%Zh s Te€.,

= -
") = éh(x ) , ¥IL vertex of 96; . (4.4.2)

z =2
(ii) the rotation vectors W (Vh) are continuous at the vertices

h
L of the triangulation qu Z.e.,

h 3
h(Z ) , ¥I vertex of 95;1 . (4.4.3)

(1ii) The tangential components (with respect to the middle

2
surface é23 of the strain tensors (?ﬁ(%%)) are continuous at the

vertices I of the triangulation @5% s LTeee,

>i+ >
a, .a
h o

-

Vni (EC eNE23m) P s B -

>

o B - ,i- > >j- > >0 B
Yhij(z )(ah .aoc(Z))(ah .aB(Z)) a () 8 a"(%), (4.4.4)
¥I vertex Of(%5£ , @ and B given (no summation)

This expression uses all the components of the strain tensors
$;ij on the basis ;i and so we are led to give some complements on the
definition of this tensor. For details we refer the reader to KOITER [14]
or BERNADOU-CIARLET [15]. Let us consider the shell(%g as a‘tridimensional
continuous medium parameterized by a system of curvilinear coordinates

& e?,6%), ie.,
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G-wmcB =323, &edea,
G- ERAEE (AR} I

where e denotes the thickness of the shell. Particularly, the middle
surface éz7of the shell is obtained for £3 = 0,

Then, let us assume that the shell becomes deformed. The strain

tensor (Y*) = Y;j Ei B Eﬂ is given by

*

Yy =7 Gy - 8gy) (4.4.5)
where (Ei) denotes the contravariant basis of the three-dimensional

medium, éij (resp.‘gij) the metric tensor of the continuous medium

in deformed (resp. undeformed) position, for a same parameterization
(€l,€2,£3) of the two configurations of the medium. The exponent * which
appears in (4.4.5) distinguishes the tensors defined on %53 from the

tensors defined on the middle surface. According to KOITER [14]

we assume that

(i) the normals to the undeformed middle surface, considered as

point sets of the shell, remain normal to the deformed middle surface ;

(ii) during the deformation the stresses are approximatively

plane and parallel to the tangent plane to the middle surface.

More precisely, if we denote by M the position of any particle
of {0, by P the projection of M on the middle surface éz7of ) » by
M and P the respective positions of the same particles after deforma-.
tion, then the first assumption (i) involves

2 2 3 2
OM = OP + £ a,

where the three vectors

o1y

It
o
=182
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constitute a local basis of %53 analogous to the basis (a ) introduced

>
in paragraph 2, and where E is the coordinate of M measured on (P, a3)

=3
In first approximation, we can assume that &~ is independent from

and just dependent on £3.

Then, one can show that

8ap = ByBg = g - Pogh * S8’
Bag = ByBg = 3ag = g * g’
8a3 T B3q T got3 B §3a =0
833 =1, 845 = (%)2 .

Using these relations and the definition (4.4.5), the strain tensor
(Y*) has the following components on the middle surface é£((€3 = 33 = Q)

*

- l.(' y =
Yag = 2 ‘%08 T 2ap YaB

* . * -
Yo3 = V3o T
* l_ dg

dg’

Moreover, for an elastic isotropic homogeneous medium verifying

the Hooke's law, one can prove that the plane stress hypothesis (ii)

involves
* Vv oL* . ox _ OA _*
Y337 -1y Yo With Y, =8 Yy s

where Vv is the POISSON coefficient of the medium. Therefore on the middle

surface éZ7we have

* Y oA

Y33 ~ 2 Yo
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To summarize, the strain tensor (Y*) = Y;j Ei ] gﬂ of the
three-dimensional medium_C&§ has the following expression on the middle

surface éifof the shell :

% i >
(Y)-Yija B a ’

(4.4.6)
* Lux *"O' * VvV _aA '
Yo “ Yo > Ya3 T Y3a TP 3 V33T "1 2 Yan -

Naturally, all the previous complements can be applied to the
particular cases for which the middle surface of the shell is either
the facet k' or the facet k~. Particularly, the relations (4.4.6) show
that the knowledge of the strain surface tensor YGB involves the
knowledge of the %53—tensor Y;j upon the middle surface, and then, the

relation (4.4.4) takes a sense.

2
Let Xh be the following space
Z Z
Xh = { h €% Yy satisfies the compatibility conditions

4.4.7
(4.4.2) to (4.6.4)}) . ( )

Let us state the following hypothesis :

Hypothesis 4.4.1 : Let ¢ = o' = 0~ be a vertex of the faceted surface

éz; respectively considered as a point of éi(, as a vertex of a facet
k+ and as a vertex of a facet k . By using the correspondence o = 3(2),
we denote 23(2), Zﬁ+, Zﬁ‘

+ -
surface éZ; to the facet k and to the facet k . Then, if we set for

the corresponding normal vector to the middle

. + -
any vertex I of two adjacent triangles K and K

>3-

+ -3 >3+ - -3
cos 63 = a (Z).ah , €0S 63 = a (Z).ah R

we assume that

cos 6; >0 , cos 6; >0 if -1 <v <0
cos 6+ > YV cos 8. > Vv if 0 <V <-l
3 ’ 3 2

where Vv is the POISSON coefficient of the medium.
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Theorem 4.4.1 : We assume that the hypothesis 4.4.1 is satisfied.
=

Then, there exists a "suitable" biJection F between the space Xh

defined by (4.4.7), and the space Xh = X X Xhl X Xh2 » where X, ,
denotes the conforming finite element space (Xhl C(ago(ﬁ)) associated

to the P

[} e :
y-Hermite triangle and X , is defined by (3.1.5).

Proof : We indicate only.the main points of the proof which is similar
_to the one of theorem 4.2.1,

+

(i) v Xh > v €

Let us consider any function v Xh i.e., v Xh and v
satisfies the relations (4.4.2) to (4.4.4). To the set of values of
z
"the degrees of freedom of the function v, we associate the following

set of values

> z 4
A(L) = vh(Z ) = vh(Z ) ¥I vertex of ’h 0
2 -
B(I) = mh(2+) =B () , %I vertex of 0
>i+ = J+ —> f~13 + _
CaB(E) (a .a (Z))(a (Z)) Yhij(z ) =
>i- >

(a

3 AT Ty, a0

In the last expression we have, following relations (4.2.11) and
(4.4.6)

ok + ~ + 1  ~+ 4+
YhOLB(Z ) = YhOLB(Z ) =3 (VhB,a * vhoc,B)
ok + _ M + _

Yha3(Z ) = Yh3a(Z ) =0

iy ED = - 25 ™ §

h33 1- YhaA

and similar expressions at point I

(4.4.8)

(4.4.9)

(4.4.10)

(4.4.11)
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Then, to the set of values (4.4.8) to (4.4.10), we associate

>
the function v

of freedom at any vertex I of 95; :

v, (D = &® ,

(%)

Vh3,\)

Vh1,1 (5

Vh2 2 ()

Vi1 2(®)

Vhe 1)

o, .. o] re ->
Equ(DBY(E) - BU(DA(D) .2 (D) ,

=C; ()
= Cpp(2)
= C1,(D)

= Cp(®)

+

+

+

+

by (2)vy5(E)
by2 (2)vy3(D)
b1 (2)vy3(2)

b1y (T vy 5 (E)

+

+

+

+

A

1 (v, (D)

r* (v .z
22(2) vy, (2)

' (Dv. (D)
1244 Vq

A
T2 (B)vy ) ()

+

€ ih determined by the following values of its degrees

(4.4.12)
(4.4.13)
(4.4.14)
(4.4.15)

A;(Efﬁ<z>.23(2), (4.4.16)

ValD)B(D).a3(D) . (4.4.17)

To derive the previous relations, we use the relations (4.2.19)
and (4.2.20) to gef (4.4.12) and (4.4.13), we use the relations (2.1.13)
and (4.2.7) to get (4.4.14) and (4.4.15), and finally, we use the
relations (2.1.13)(4.2.6) and (4.2.7) to get the two last, i.e., (4.4.16)

(4.4.17).

Thus, to any given function v

B
h

=
€ Xh’

the relations (4.4.12) to

(4.4.17) associate one and only one function 3£ € §h' Let us consider

now the converse property :

>
(ii) v, € X -

h h

>

~

h €%t

->

The knowledge of v

h
degrees of freedom 3h(2) and v

>

€ X, is equivalent to the knowledge of its

h
hi

a(z) for all vertices Z of(%gﬁ. Then,
b

the first members of the equations (4.4.12) to (4.4.17) are known and

we can easily derive the following parameters as unique solution of the

system (4.4.12) to (4.4.17)

AT = v, (@

(4.4.18)
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A _ _AB a _
B"(Z) = € 7(2) [Vh3,8(2) + bB(Z)vha(Z)] , . (4.4.19)
i.e., B(Z) ,
3 1
B(%) = ———— [v () - v ()] (4.4.20)
9 a(z) h2,1 hl,2 .

B(z) Y (V ,B(Z) + vhB,OL

2 T .
From relation (4.4.18) we derive vh(2+) and vh(Z ) as solutions of

the equations
Next, the equations

permit to find

~4
vhB,B(Z) = e>\6

1 ~4 >3+
7 (g, 1 (D) = ¥y () = /ot B3

. — 1 o ~
and similar results for vh3,8 and -i--(vhz,1 - vhl,Z)'

Finally, we prove in lemma (4.4J) that the set of equations

~% + ~% + ~% - ~%
Tha3® ) = Y3 ) = Vo3 = Yy,

oF oV aA+
Yp33(E) = - EHY D,

A
(%)) - raB(Z)th(Z) - baB(Z)vh3(Z). (4.4.21)

(") = R@) . - (4.4.22)
T >
) = wh(z ) = B(D) (4.4.23)
/r* +A+
B(Z).a (4.,4.24)

(4.4.25)

() =0, (4.4.26)

(4.4.27)

~x -\ _ Vo OA=, o=

~% -
v Yha)x(z )

>i+ > + . )

(a .a (Z))(a .aB(Z))Yhi (Z7)

(4.4.28)

_ >i—- > ->J'- -+ ~% -
= (@ a3 (T3 (ENY () = (D)
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has unique solution ;;ij(2+) and ?;ij(z'), We recall that equations
(4.4.26) (4.4.27) originate from the fundamental hypothesis of KOITER's
theory. Then the equations (4.4.11) and (4.4.25) imply :

~+ ~x + ~t ~% +

Var,1 - e G 0 Vpo o T V22 (2 )

~4t _ + > >3+ :

Vi1 T Y1, (ED + /51; B(I).a, | ) (4.4.29)
~4 ~% + + >3+

vh1,2 - thz(z ) - /a_]: B(Z) a

and similar results for ;b
ha, B8

Thus the equations (4.4.22) (4.4.24) (4.4.29) allow to assocé?te

one and only one value to all the degrees of freedom of the space Xh

h belongs in fact to the subspace Xh of

satisfies by construction the compatibility

The corresponding functlon v,

h
conditions (4.4.2) to (4.4.4) (see equations (4.4.22), (4.4.23) and

(4.4.28)).

Xh since the function v

Lemma 4.4.1 : Under the hypothesis 4.4.1, the set of equations
. X ~% + ~% -
(4.4.26) to (4.4.28) has unique solutioms Yhij(z ) and Yhij(z ).

Proof : The equations giving ;; (Z+) on the one hand and the equations
giving ;h (£7) on the other hand are not coupled. Therefore, we just

consider the determination of Yh (Z ) as a unique solution of the

equations
G -3, (D) G 3N (D) = 0 gD (4.4.30)
Vs =¥, @ =0 (4.4.31)
Y3y (E) = - 1 NI aEh (4.4.32)




(4.4.33)
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Substitutingequations '(4.4.31) (4 4, 32)intotheequation (4.4.30)
and taking into account the symmetry Yth YhBa we find the following
system of three equations to three unknowns (for convenience, we have

+
dropped the arrows and the references to I and I )

1+

2 v _1l+, 3+ 2. %
[Gay -ap” - 753 ¢ ¥

ah -al) ]thl

1+ 2+ \Y) 12+ 3+
+2 Lay wap(ay e -5 3y (8 ay) ]Yh12

2+ 2 \Y 22+ 3+
+ Uayea)” - 758, (ay ) ]Yh22 C11

L( i+’31)(a ray) - T¥3 ai1+(ai+'al)(ai+'az)]Y;11 *
+ [(a,rll+.a1)(a .a )+ (a *a )(a1+.a2) -_12-1\)&1}12*.@1?:'31)(ai+'a2)]Y;12 +
* [(a§+'31)(a§+'a2) - Tgﬁ ai2+( i+ 1)(a "8y ﬂYhZZ 12
[(a;+‘az)2 - Tgs aé1+(ai+‘az)2]Y;11 *
+2 [ay"oa) (ap eay) - 1 ap (2 a)) ]thz
* [(a§+'a2)2 s ai2+(ai+‘32)2]Y;22 = Cy

To prove the lemma 4.4.1 it suffices to show that the determinant
of the system (4.4.33) is different from O. In this goal, we set with

obvious notations :

[+
hoo i
+
[0
i
o))
-
—
+
]
(2]
Q
[}
Q
o
N
+
1
N
N
[
0
O
1]
w

217 %% %n 1 % %1 7T 8 % 1
1+ /[ 11+ 2+ /22
ay -3, a,’ a,, cos az » a, .a, = Ya "a,, cos 62 (4.4.34)
1+ A 2+ _ j22+
a,.a, = /éh cos 0, , a .ag = /hh

—— T



D=(ah

D =

- 2 . 2 2 2 2
cos a1+Bcos Y, 2[cosa1cosBI+ABcos yfl cos 81+Bcos Yq
3
11+a22+a a )2 cosa, coso,+Bcosy, cosy cosalcosBZ+cosa2cosBI cosB, cosB.,+Bcosy,cosY, |
h 11722 1 2 1 2 1 2 1 2
‘ + ZABcosylcosY2

2 2 2 2 2

cos a2+Bcos Y2 2[cosa2cosBZ+ABcos Yz] cos 82+Bcos Y2 i
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3+ _ 3+ -
a .a; = /all cosy, , a, -a, ¢a22 cosy, (4.4.35)
a12+
A= —D , B=2 (4.4.36)
J 11+ 22+
%h %n

Then the determinant D of the system (4.4.33) can be written as

After a technical calculation,we get
3

11+ 22+ )2 (cosa

(ah a a3, cosBz—cosazcosBI)

1
{{cosa, cosB,-cosa.cosB )2 + B(l-AZ) (cosq.,cosy,-cosQ, COSs )2 (4.4.37)
1698P; 2 1 2605Y; 160873 e

+ B[(cosBzcosYl—cosslcosYZ) - A(cosuzcosyl-cosalcosyz)]2}

Now, we are going to transform D in order to get a very simple

expression. Let us set

+ /+ + [+ +

ayeay) = Ya c0551 s 85-8,, = V3., c0362 > 8508, = cos63 . (4.4.38)
Moreover, we have

- j+, o+
a; (ai.ah ) ahj .
Then
a; X a, = Va ay on the one hand, (4.4.39)

‘ i i+ 4, + +
a; X a, = (al.ah )(az.ah ) ay X ahj on the other hand. (4.4.40)




that

- 44 -

Using relations (2.1.7) (4.4.34) (4.4.38) to (4.4.40) we can show

(a, X a at = v/aa ., coss, = / * 22+ (cosBlcosyz-cosylcosBz) (4.4.41)

1 2) hl hll 1 11 292
+ / + - /+ 11+
(al X az)ah2 =Vaa,, cosé‘2 a;18,, (cosqécosyl—cosalcosyz) (4.4.42)

+ _ S+ 11+ 22+
(al X az)ah3 = /a cos63 = /ghah a " a)a,, (cosalcosBZ—cosazcosBl) (4.4.43)

Moreover, the relations (4.4.34) (4.4.38) involve

a3.al+ = /a11+ cosl., = all+ Jal o cosS, + a12+ /b cosG2 (4.4.44)

h h 3 h hill 1 h h22

Using the relations (4.4.36) (4.4.41) to (4.4.44) in connection

with the following relations

+ 4+ 22+ + _ + 11+
h11 T % % %22 T % %

we derive

5 cosd3 \
cosd,cosB, - cosd,cosB, = /—
1 2 2 1 +
a I/ 11+ 22+
h ah

2, 311322

cos6
/1 (cosa ,COSY, - cosa cosYz) v//-

TT+ 72+
fay et 10y, )

cosBzcosY1 - cosBlcosY2 - A(cosazcosy1 - cosalcosYz) =

_ —a— C‘.OS(X.3
- N 11+ 22+
ah ‘/;h

3y 211%2

Finally, by substitution in the expression (4.4.37) we get :

a /2 2 2 2
D = (;:) cosG3 {cos 63 + Becos 62 + Bcos u3}
h
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1+ +
%h %h2. +
But the three vectors s » 8,4 are orthonormal.
/a11+ Va
h h22

Then, the relations (4.4.34) and (4.4.38) involve

cosza + COSZGZ + cos263 =1 ,

3

from which we derive

D = (&) 3% cos3s, {1 + Brg?s.} . (4.4.45)
+ 3 3

®h

If we observe that the POISSON coefficient v is always such

that -1 < Vv <1 , it comes with (4.4.36)

2 .
2
§,-v
_ a\ 3/2 cos Og
D = (—:) cosG3 v (4.4.46)
ah '

Then the relation (4.4.46) combined with the Hypothesis
4,4,1 involve D > 0 and the proof of the Lemma 4.4.1 is achieved.

>
Geometrical aspects of the functions of the space Xh :

By analogy with section 4.2 one can check that if we refer the

functions v, _,
hi

domain {2, one gets :

defined on each triangle K e(%§£ to the normal to the

~

(i) for the functions v and v, , a discontinuous curved faceted

hl h2

surface and, for each facet, Vha|K € P3(K) 3

(ii) for the function ;h3

~

but now, for each facet, Vh3|K

a discontinuous curved faceted surface

€ PK . PK defined by (4.2.4).
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2
A

Definition of the space h®

b
By analogy with section 4.2 we shall define the space V, as the

image of the space

> > > > >
Vh = {vh € Xh : vh]Fo =0 ; avvh3 = 0 on Po} (4.4.47)

; . According to the definition of the space X
->

R
to get the boundary conditions Vth = 0 and avvh3 = 0 on Fo’ it suffices

through the bijection F

’

to equal to zero the following combinations of degrees of freedom :

v, (D) =0 (4.4 .48)
vh3’v(2) =0 (4.4.49)
> > > > '
(t'El)vha,l(z) + (t'EZ)Vha,Z(z) =0 (4.4.50)
> >
where I denotes any vertex Of(%;h which belongs to Po’ where El’ E2

denote the reference orthonormal basis of the plane which contains
the domain 2 and where E denotes a vector which has the direction of

Fo at vertex I. Naturally, if I is at a corner of Fo the condition

(4.4,50) must be satisfied for two different directions 31 and Zé,
that means in this case the conditions (4.4.50) must be replaced
by Vha,B(z) = 0.

Then, the consideration of relations (4.4.18) to (4.4.21) shows
that the conditions (4.4.48) to (4.4.50) involve

A =0 , M =0
and generally,

3
B"(Z) # 0 , caB(Z) #0 .
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That means that the image of the boundary conditions (;hlr

and 9. v,, = 0 on I' ) through the bijection F-1 does not lead to °
v h3 [o] h =

gimple boundary conditions for the functions of V

-
=0

h' Thus, we set

VvV, = {vhlvh = Fy (vh) , Wv

+
h h eV.} .

h
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