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ON THE APPROXIMATION OF GENERAL SHELL PROBLEMS
BY THE CLOUGH-JOHNSON FLAT PLATE ELEMENTS

PART 2 : STUDY OF THE CONVERGENCE AND ERROR ESTIMATES

Michel BERNADOU(I) ~ Yves DUCATEL(Z) - Pascal TROUVE(I)

Summary : In this series of reports, we give an account of some results
obtained in the approximation of gemercl shell problems by the CLOUGH-
JOHNSON flat plate elements. The first part is concefned by the study

of the compatibility equations. In the second part, we deliver several
interesting results valid for general shells and we prove the "pseudo-

' convergence" of the method for a class of shallow shells. Then, this
careful study allows us to introduce a perturbation of this approximation
and thus, to propose a new method which is convergent for general shells.
Finally, in the third part, we describe in details how to implement the
CLOUGH-JOHNSON method.

SUR L'APPROXIMATION DE PROBLEMES GENERAUX DE COQUES
PAR DES METHODES D'ELEMENTS FINIS PLATS DE CLOUGH ET JOHNSON

PARTIE 2 : ETUDE DE LA CONVERGENCE ET ESTIMATIONS D'ERREUR

Résumé : Dans cette série de rapports, nous rassemblons les divers
résultats obtenus dans 1'approximation de problémes généraux de eoques

par les éléments finis plats (de plaques) de CLOUGH et JOHNSON. La
premidre partie est relative i 1'étude des Equations de compatibilité.
Dans la seconde partie, nous donnons plusieurs résultats intéressants
valables pour des coques générales, puis nous démontrons la pseudo-
convergence de la méthode pour une classe de coques peu profondes. Cette
étude détaillée nous permet alors d'introduire une perturbation de cette
‘approximation et ainsi, de proposer une nouvelle méthode qui converge pour
des coques générales. Finalement, dans la troisilme partie, nous dé&taillonms
la marche 3 suivre pour implémenter la m&thode de CLOUGH et JOHNSON.
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5 — THE CONSISTENCY ERRORS

In this part II, we shall be interested in the following problems :
PR A

(i) show that the problem (4.3.19) has a unique solution h
this will be achieved by showing that, under mild assumptions, the

bilinear form bh(.,.) is vh—elliptic, uniformly with respect to h :

that will be the purpose of Theorem 5.4.1;

(ii) find sufficient conditions on numerical integration schemes

which ensure that (the norm on v is defined by (2.2.2))

>k

o - upllg = 1lu -]l = o , (5.0.1)

i.e., the same order as in (3.2.2). In this estimate, a (resp. K;)
denotes the solution of the continuous problem (2.2.5) (resp. of the

approximate problem (4.3.19)).

5.1 — Abstract error estimate

In order to solve the problem (5.0.1), we first give an "abstract"

error estimate.

Theorem 5.1.1 : Let us consider a family of discrete problems (4.3.19) for

which the bilinear forms are Vh-elliptic, uniformly with respect to h,

in the sense that there exists a constant o > 0, independent of h, such
that

a [P 120,90 - ¥9, eV

heVy - (5.1.1)

Then, there exists a constant ¢, independent of h, such that




> >
Ia(vh,;h)-bh(zh,wh)l

->
Ilwhll

[[8=G51| < ¢ {ing {|]d-v, || + ,sup

vhth wheVh
(5.1.2)
| £, )-8y, (o) |

| 1,11

+
_)SU.%

Yhé'h

where u (resp. K* denotes the solution of the continuous problem (2.2.5)

)
h
(resp. of the discrete problem (4.3.19)).

Proof : The assumption of Vh-ellipticity involves the existence and the
—>%
-> uh > S,
let Yh be any element of the space Vh' We can write

uniqueness of a solution for the discrete problem (4.3.19). Then,

>x > > ok >

2 >k
o l]uh-vhll, < bh(uh—vh,uh—vh)
’ > > Sk > o > >k > > Sk
= a(u—vh,uh—vh) * [a(vh,uh-vh)—bh(vh,uh—vh)]

+ [g (&7 —v,) - f(K;—xTh)J ,

so that the continuity of the bilinear form a(.,.) involves

>%x > > > Ia(;;h!-l;;_;;h) -bh(;;h’_&}*l—zh) |
a lluh.vhll < M||u—vh]| + E—
[FEA
>x > > >
. |f(uh—vh) - gh(u;—vh)|

% >
| lup-vp ||

>
|a<vh,;h>-bh<zh,3h> |

> >
< M||u—vh|| + ,sup

->
WhGVh llwhll
- >
. | £ (o) -g, (W) |
sup =
N SNTAT

whth



Combining this inequality with the triangular inequality

> o

I

| [u-ug ||

u=u I l —J-—\;h I I

and taking the minimum with respect to 3h € §h’ we get the inequality (5.1.2). (]

Let us remark that, in estimate (5.1.2), we find in addition to the
usual approximation theory term _inf ||3—3h|| , two additional terms which
v, eV
h™ 'h
measure the consistency between the bilinear forms a(.,.) and bh("')’
on the one hand, and between the linear forms £(.) and gh(.), on the

other hand.

5.2 - Esti £ th i lav, , % )-b (v, ,%. )]
. stimate of the consistency error a(vh,wh) h(vh,wh)

> > —i
I Yh¥h € *h h’
W, o€ Xh the corresponding functions through the bijection Fy defined in

theorem 4.2.1. Using the definitions (4.3.3) (4.3.14) (4.3.16) we have

Let us consider any functions and let us denote ¥

> > > > -z 2 ~ T = * 2 =
a(vh,wh)-bh(vh,wh) = a(vh, h) - ah(vh,wh) + ah(vh,wh)-ah(vh,wh). (5.2.1)

To evaluate the consistency error we have firstly to consider the

following estimate :

Estimate of Ia(vh,wh) -3 (vh,wh)| From (2. 2 3) and (4.3.3) we record that

for any vh, ;h € Xh and for any Vh’ Xh we have
> > Ee o, g o, R~
a(v.,w)= 1 [ {U-v) Yo (v )Y (w ) + vy (v, )ygp(w )
h>"h KEQEL K l_vZ B 'h’'a "h o' h’'B*"h
(5.2.2)
2

+ S LAV B{EIRE G + v 52<3h)52(§h)]} /a dg! ag?

£
-
-



2z Ee ~a . .82 0~ ~B =
V%) =L ) Tz LAY @)+ v § G600

Ke’@ K

(5.2.3)
v G LA G + v G G a dlag?
12 d\)phsvh% h vp}uvhphs h h
so that
> > > <> 4 .
|ay o) -5, G s 2 I |ER, %)l (5.2.4)
K& i)
with
ER,. (V, , Ee .03y B,y ~
Rg1 Vo) = fK Tro [Ygp)Y (W) va
- Vgs(gh)vga(gh)’/a_h] ag'ag? (5.2.5)
BRyy (o) = [ | Ly [Ya(-\;h)Yg(-v;h)/E
K 1-v o
~0 (3 )~B (? W] dEld£2 (5.2.6)
- Yha vh YhB Wh ah 2.
3 .
> > Ee -a,> =B,
BRes Gty = [ Tacrwy [P R)Py ()Ya
> >
) 5§8(‘~’h)5t§a“~’h)”a_ﬁ3 ag'ag? (5.2.7)
3
) = 12(1-v%) B h7"h8*h ~
By Oy Piog () vap 1 ag'ae? (5.2.8)

> >
If we consider the term ERKI(Vh’wh)’ we obtain



Ry G| =

Ee . Q> 8+
’TIUlo,w,K {lJ;;Jzﬁlo,w,K [IYB(Vh)IO,K |Ya(wh)|0,K *

+

- B+ .,.':
IYg(Vh)Io,KIYa("h)'Yhs(wh)lo,K *

+

e Lok MaGDT G o +
! (5.2.9)

—

+

a,+> ., ~ o B+ . ~B2
'YB(Vh)'YhB(Vh)|o,K|Ya("h)'Yha(wh)Io,K]

+

> -+ ~ Bz
|/;lo,w,x [lYg(Vh)IO,Kle(wh)-Yha(wh)‘o,K *

+

a,> B>\ ~ B3
lYB(wh)lo,KlYa("h)'Yha("h)lo,K

a,+ . ~ a2 B+ .  ~ B2
* lYB(vh)-YhB(Vh)IO,KIYa(wh)_Yha(wh)IO,K]}
and similar results for the others ERKi'

. -+ >
Then, a convenient way to estimate the expressions ERKi(vh’wh)

consists to evaluate the terms
V@)% Gy | 134G -3 G| | Va~vaT| (5.2.10)
Yep) Vgl lg ko 1Pg) Prgidlg x » 1Y378plg o g - (5-2-
This is the object of theorem 5.2.1 to theorem 5.2.3.

From the definitions (2.1.11), (2.1.13) and (4.3.1), we

obtain

a>, _ or -l _ Vv _
YB(vh) = a [7(vh8,k + th,B) FAB Vi b)‘B vh3] (5.2.11)

SO 2 OV L 2, _ 1 oav.. ~
YhS(vh) = ay YhB\)(vh) = 5 a (vhB,v + vhv,B) . (5.2.12)

Now let us prove the following theorem :

Theorem 5.2.1 : There exists a constant c¢ independent of h such that
=3 - >
for any vy, € Xh and 3h € Xh in correspondence through the bijection

Fh defined in Theorem 4.2.1, we have

o, ~a % 2 2 2 1/2
|YB(Vh) - YhB(vh)lo,K <ch {llvhllll,K + l‘lthHI,K + th3”l,K} .

(5.2.13)



Proof (in four steps) :

Step | : An expression of as function of degrees of

hg,A

v

-

freedom of space Xh
2

X

-
. For any function Gh of let us consider its restriction
...;
GhIK to a triangle K of QE’, still denoted vh for simplicity. . By
definition vhB € P (K) so that, for any & = ( E ,5 ) e K:
3
v = .2,
Tg(® = I N () (5.2.14)
and
3 Bki
v &)= v, _(.) — (5.2.15)
hB,v =1 h8'"1 BEv

N

where we denote Zi = (&i,&.

1), 1i<3, the vertices of the considered

triangle K.

By virtue of the compatlblllty relatlons (4 2. 13), we have

h(E ) = vh(Z ). Since by definition vh(g) (E)a and vh(E) = vhj(E);j(E),
we obtain :
Vg (Ep) = ng(Zi)vhj(Zi) ,  i=1,2,3 , (5.2.16)

where we have denoted
. . N .
G & =3@®.3, , fecx. (5.2.17)

Combining the relations (5.2.15), (5.2.16) and (5.2.17), we deduce

3 8)
.z a T =5 v () - , (5.2.18)
1=

Vg, v E) = -



obtained from the definition of the mapping

- 10 -

Step 2 : Finite expansions of some terms appearing in (5.2.18)

In the following, we denote c, s cJ, c{, ... constants which are

independent of h.

-
The assumption ¢ € Gz?(ﬂ)? permits to write

e =P+ 6o © «owhi
> _ € €. 2.~
aj(zi) = aj(g) + (Ei-g )aj,E(E) + 0(h )cji .

(5.2.19)

Using the Gauss and Weingarten relations (GREEN and ZERNA [20]), i.e.

> _r\) -+ + b >
a8~ ToB v T Pag 3
(Gauss) (5.2.20)
> p0 2V a >3
2" " Tew? *Pg°
> pe v > .
a3,a = a,a = - ba a, (Weingarten) (5.2.21)
we finally derive
Ty - BE - E-EOTER@ + €§-EDE, ¢ 00O
35 =30 + (E-ERNE (0 + (ET-E5b Ay + oD, Ly (5.2.22)
3, = 3,00 - (E-E9Y 3,®) + 0DE,,

. . > >1 -
The relations between the basis a; , a

at any point £ € K

w
MW

o® = Iy i -

1

I ey

i i=!

* Zhi
¢h : by definition, we have

, Z; are readily



and thus

But,

we obtain by combining relations (5.2.20) and (5.2.23) to (5.2.26)

Then, from (5.2.22) and (5.2.27),_we derive with (5.2.17) and (5.2.26)

->

- 11 -

> 3 3>\
ahB = ¢h’6(£) = I ——gd)(z ) .

i=1 9§

- E_r€ 8$
$z) = 3@ + (£5-E5) 2@ +

Let us notice that

3 3
Z>\i=l ’ z (E"'E) ’ I (g-g)—_"éss
i=l i=1 i=l BE
A,
— = o ey
3
If we set
3 BA
ANy =5 I — EEDE-ED
i=1 3¢ .

-5

~
™
HI
~
1l

=2
[o~]
~
™M
~
|

3g Tl

+0(h3)2i , ¥EcK.

¥ EeK .

85 = (E5-E9TE(E) + AJNEIL (B) + om)el,

eN € € 2, 3

¥ & eK.

2
(& -£5) ()= gMm2 e G (£)

_ > en \V) - > 2,>
apg = 3g(8) + A5 (B [T ()3, (E) +b  (B)a;()] + O(hT)Cy

b

(5.

(5.

(.

(5.

.23)

.24)

.25)

.26)

.27)

.28)
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Finally, since v_ ¢ PI(K) » V3 € PB(Ki) (Ki = gsubtriangle of K,

ha
- 3 _ 1
K = 1:1 Ki) and Vi3 é%% (K), we have for any £ € K :

€ €
Vha(zi) = vha(i) + (5-1-5 )Vha,e
(5.2.29)

Vny () = V3 (8) + (E5-E%vy s () , where Eie[Z,E].

->
Step 3 : Finite expansion of ?gB(Gh)

Combining finite expansions (5.2.28) (5.2.29) with the expression

(5.2.18) and using relations (5.2.25), we obtain :

~ - - \V] -

3
. € z
* B et Vns,e G0

+ 0(h) {c3 ) + o

VE
A8 Vnj € A8 Vhv,e

Substituting the previous finite expansion into the expression

(5.2.12) and using (5.2.27), we finally deduce
~0 2. Q) 1

\Y
= D@V (€)= by (E)v, 4 (E))

: 3
aj [oAVIS (03 >
+0h) {eg” v () +cg™ vy, o+ 151 cgi Vh3,e(61)}
or, using the definition (5.2.11)
F2.E) = 3@ + o) €% v @) + OVE P r oy @)
he*'n’ = Y8V B Vhj °6 Yhv,e T .0 °Bi Yn3,e v’

(5.2.30)
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Step 4 : Obtention of the estimate (5.2.13)

Taking into account that
2
meas (K) = 0(h") ,

we deduce from finite expansion (5.2.30) that there exists a constant ¢

independent of h such that for any K ¢ QE;

~a a,> 2 3 2 3
|Yh8(vh) - YB(vh)IO,K <ch { jzl |thl0’oo’K + jzl

2 }1/2

|th'1,w,x . (5.2.31)

The results of interpolation theory in Sobolev spaces show that (see

CIARLET [5, theorem 3.1.21])

|v <ch P | ¢

hulp,w,K hu‘p,w,ﬁ
-p |% - .2.32
<chP |vhalp,K G 32)
<ec h-l |v, | p=0,1
= ha'p,K ’ PR
where the second inequality arises from the result
5 A< clol. A P .2,
Ivlj,oo,[( s CIVIJ’K » 120, (5 33)
available for any polynomial ¢ ¢ Pk(ﬁ) , 03 <k,
_ 3
Analogously, considering the subtriangles Ki’ K= v Ki’ we can
prove that i=1
’ -1
|vh3|p,w,K <ch Ivh3lp,K , (5.2.34)

so that the relation (5.2.31) gives the estimate (5.2.13). 0

.
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Remark 5.2.1 : Since spaces Xhl and ihl respectively considered in
paragraphs 3.1 and 4.2 are subspaces of corresponding spaces xhl and
Xhl considered in paragraph 4.4, then the estimate (5.2.13) is still

available for the second alternative studied in paragraph 4.4,
- 0

- >
According to (5.2.10), we have now to estimate |pg(3h)-5:8(vh)‘o K"
’

From the definitions (2.1.12) and (4.2.12), we obtain :

av A A A
B(v ) = {vh3|VB = CyeVm3 + bB N2 vahXI +b vhle (5.2.35)
— v~
phB(v ) =2 Vi3, (5.2.36)

. -a,> , ~o T
Instead to proceed d;tectly to the study of IpB(vh)—phB(vh)IO,K , we
will consider, as an intermediate step, the following theorem which is
valid for gemeral shells without any restriction. And, after this general
result, we will have to introduce some restrictions in order to complete

the convergence study

. 2 LA €N
Theorem 5.2.2 : Theri exis::tsconst:ant:s_bcjmB s cjuB ’ cjaB >
h, such that, for anz>7h € Xb and vy € Xh associated through the bijection

Fo defined in Theorem 4.2.1, we have :

independent of

VA EU n 1
(£, Gb ,(8) 2 A EOTEY DGy 44y) g *
3 (5.2.37)

N ey (ol L
By 178 Py 5 5-1) o7 * O kzl Ceiogvne (B *

LA
cjaBVhQ,X(g ) + CJGB h3, en(gk)J .

where the expression of Agn is given by relation (5.2.26).

Proof (in seven steps) :

By definition of space Xh2 , 'we have on any subtriangle th
j=1,2,3, of a given triangle K with vertices Z = (gi,g ) , i=1,2,3,

o~

h3(g)‘K - VaaEPg O+ { DV 5 (2 (T - Ei)pJ R

1—1 i=1

~ 1
* .21 Doy (E) By 1 FPPy, 1,4
i=
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1 1

h °. . . ..
vhere szl ? pJ:1’1+l ’ szisl—l

for the subtriangle Kj of the reduced finite element of HSIEH-CLOUGH-
TOCHER (see BERNADOU-HASSAN [21]) .and where v

of function ¥ to the subtriangle Kj'

, 1£i<3 , denote the basis functions

he restriction
h3lK'denotes t
J

h3

The above expression can be rewritten as

. 3 ,
v = > (o] v _ Ve~ 1
V3 &g =1 Vh3(21)pj,i(k) + -E (€ Ei)vh3,v(zi)pj,i,i+1(x)
j 1=l i=1
3 L 1
so that
~ 3 o
Pl =, 065,409
3 v N ,
+ iEl (€i+l-€i)vh3,v(zi)(pj,i,i+l(x)),a8 (5.2.38)

1
Jeisi-l1

(A))

3
Vv V, ~
v (Bi1783)Vh3 vy (E (P B

In the following, we give the expressions of ;hS(Zi) and Vv

as functions of degrees of freedom of space Xh.

Step | : Expressxon*of vhB(Zi) as function of degrees of freedom
of space Xh.

By virtue of compatibility relation (4.2.13), we immediatly derive
with (5.2.17)

¥, 4(,) = dg3(zi) vy () - (5.2.39)
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Step 2 : Expression of Vv (Zi) as functions of degrees of freedom

h3,v
of space Xh.

From (4.2.26), we have
5 A
Th3,v(E3) = ey A, BEY) (5.2.40)

while, from relation (4.2.25) and notation (5.2.17), we obtain &g(zi)

as solutions of the system
A ~0, I _ A ~3
dha(Zi)wh(Zi) =B (Zi) dh3(2i)mh(ii) . (5.2.41)

Let us observe that in the previous equation the expression &i(zi)
. . . .+ » 3 .
is determined as a function of vyt indeed, relation (4.2.24) combined

with (5.2.18) yields

3 . A
By = —— P 3 a2 —E£ v (T . (5.2.42)
2 Va, k=1 ag” M F
Moreover, from (4.2.22) we have
A _ 1 AB : a _
B (Zi) = AT e [ Vh3,8(zi) + bB(Zi) vha(Zi)] . (5.2.43)
Then, from equations (5.2.40) (5.2.41), we deduce that 6h3 v(Zi)

are solutions of the system

. A . A
T Vh3, 1 G () + Vg 5 () 4y (E))

A

- A _
= vVa {B7(Z) - a4

~3
;) wh(Zi)} .

Hence, by denoting

2 2 1
dp(E) = dp (8) dp,(B) = dp (B) d,(E) , (5.2.44)
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we find

Vh3, v “i h

dh(Zi)

By combination of this last relation with (5.2.42) (5.2.43),

derive :

n
“EE dhv(zi)
dh(Zi)

Vi3, v &) =
va(z.)

1

n A
dhv(zi) th(zi)

Step 3 : Finite expansions of "oeometric" coefficients appearing

3 .
T 4l (=
dp(23) k=1 D€

3

€\n n A A ~3
() = dpy ) /Z; {8"() - dh3(Xi)mh(Zi)} .

we finally

€
{bn(zi) Vet * vh3,n(zi)}.

) — v, .
k s hj

(Z

k)'

in (5.2.39) and (5.2.45)

We have

+

peTOR I I(a R Gl DT

+ 0(h3)-<;J
i
where, by denoting
3 B __,B 3 _
Tag = baB » T3=7by I3 =0
and by using (5.2.20) (5.2.21), the derivatives ;JE
b ]
given by
—>j =_j—>k
a,e rke a
2 opd piogkopd 3

»EN ie "kn ke,n

1,,€ ;€\ eN_pM2]
—Z-(Ei-g )(gl_g )a’en(g)

(5.2.45)

(5.2.46)

(5.2.47)
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If we denote
@ =1 @ -0 @ @ (5.2.48)
k ke,n 7. ie 7 Tkn ’
then, expression (5.2.46) may be rewritten as

GING
(5.2.49)

Ay = Po - @O @k - JeEs-eSE-nsd

+ on)3d
i
Likewise , we have

3ep = 3@ + E-EH3@ + €D A, (©

1l p€ €y pN_zN\ (pA A2
+ 55 (E]-EM (E;-ENa, ) (®)
+ 0(h4) Zi

By using (5.2.20) (5.2.21) and (5.2.47), the derivatives ;j e and ;j en
L 9
are given by

,et8) = F (8 a (8 s

® =Ty (B 30 + T (O] (©) 3,

3 BA
Then, since 2., = $ &)=t — $(Z ), we get by denoting on
hg h, B i=1 353

+
a.
J,€EN

the one hand,

=13 i 3
k(E) r @ + er(E)Fin(E) ,

ke,n

and,on the other hand,

3A,
BN = g I —4 G560 El-Ehal-eh

1¥a2 0Og

”
MW
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and by using (5.2.25) (5.2.26),

3hg = 30 + AT @3, @ + BN @O _©F,©

(5.2.50)
+ 0(h3)2B .
Let us denote
31 (6.1 )" Asn(E)FJ ©® - €§-e9ri @
BE”*<5)T © - =51 @k @ale) ) (5.2.51)
32(5 L= e i ek &) an el
FE5€5) (- &Msd @ .
Then, from relations (5.2.49) and (5.2.50), we deduce with (5.2.17)
) = aé + DJ (B2 + DJ L(E,T) + o(h3 )c ) (5.2.52)
In order to obtain the finite expansion of ah3, let us denote
k _ .EN k
Rg) () = 45N(E)IE, (©)
(5.2.53)
k _ enA
Rga (8) = B (X (©)
so that relation (5.2.50) becomes
Zhg = (6 * R (O + REENF(®) + 0mD)Z, (5.2.54)
a . xa
Consequently, since 3. = bl b2 , we obtain

h3 Jas



- 20 -

>

o o o B +3
+ [1 + Ral(E) +,Ra2(€) + eaBRll(E)RZI(E)]a (&)
+ o(h3)Z3}.
This finite expansion combined with (5.2.49) gives

v _ Ja(g) (v v 3, v
dh3(zi) = -———ah {D31(£,Zi) + 032(5,21) + 0(h )c3i}

where we have set

v 3 Vo € ,E\npV
Dy, (6,I,) = - R (B)a (8) - (E-ENT4(8) ,

Y Ay, B 3 3 v
Dy, (E,2,) = [e ge RS (IR, (8) - R, ()1a™(D)

+ DR (DT ()™ (@)

- B (©) (E5-ETY,(8) - (E5-D) (g]-EMs), J(B)

en3

Likewise, upon combining (5.2.49) and (5.2.55), we deduce

£, = A8 a0l (5,5 +03,E,2) + om)ey,)

h

where we have denoted

3 L0
D3, (E,Z,) = R j ()

D3,(6,5) = R (D) + e 0B} (DIRS (6) + (E5-E9)RY (EIb(E)

3

203 -

1 e €0 .. N N
-3 (Ei-E )(Ei—g )S
From (5.2.54), we get

a

i h| 3
+ Ry (O] (Day, (8 + 0w)eyg

(3] PATH:] 3 3 o3 >q
s T /e (e R RO = Ry (B - Ry (91aKD)

(5.2.55)

(5.2.56)

(5.2.57)

(5.2.58)

(5.2.59)

_ A A A A
hag = 2ap8) * R, €6) + RGZ(E)}aBK(E) + {Rsl(i) + Rez(é)}aw\(g)



and thus
a, = {1 + 2R§1(g) + R(E)}a(g) + O(h3)c R . : (5.2.60)
where we denote
R(E) = 2R),(E) + R} ()R] (E) + RZ, (EDRZ ()
+ 4R (B (6) - 280 (E)R, ()

agé) eaBe*“Ril(g)Ril<a)aBu(s) .

+

From this last finite expansion, we find

alE) _ A 3 A a2 1 3
/—;;~ = 1 - R (8) + 3[R (©)]° - ZR(E) + 0(h)e (5.2.61)

and thus, we obtain with (5.2.56) and (5.2.58) :

V Y A \ v 3,V
43(E) = D3y (5,5 - R (E)D3; (E,E)) + Dy, (E,E) + O(h)ey,

3 3 A 3 A 3
dh3(zi) =1+ D31(E,Zi) - Rll(g) + D32(€’Zi) - RAL(E)D31(E,21)
(5.2.62)
3 A 2 1 3, 3
+ E'[Rkl(g)] - E'R(g) + 0(h )C3i
3 1 A 2 1 3,.3
=1+ D32(§,21) t 5 (Rkl(g)) -3 R(E) + O(h )631 .
Finally, the finite expansion (5.2.52) gives with (5.2.44)
4 (z,) =1 + 0l (£,5.) + D2, (£,1.) + D2, (E,5.) + DL (£,2.)
h i 11*>*74 21°7? 22 77 127741
: (5.2.63)

< 1 2
+ Dll(E,Z )D

1 2 3
P05, (E,Z)) - Dy (E,Z)D] (E,5) + (b )e .

~

Step 4 : Finite expansion of vh3(2i)

Upon combining the finite expansion (5.2.62) with (5.2.39), we
obtain
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~

A Vv v
Tpa(E) = Vg (T + (T = Ry ()1Dy (£,8,) + Dy (B, ) dvy ()

1 3 A 2
* 5 {20, (E,2,) + (Ry, (€N - R(E)}vm(zi) + (5.2.64)

+ 0(h3)cgivhj(£i) .

Step 5 : Finite expansion of vh3,v(zi)

Combining finite expansions (5.2.52), (5.2.61), (5.2.62), (5.2.63)
with relation (5.2.45), we get the existence of constants cgv , ct , c% ,

independent of h, such that

~

_ A
Vh3, (&) = Vi3, o)t by (Z v (2

ha i

A €
+ 00 (B2 (v () + BT vy (T)))

(5.2.65)
1 € LE .Y YA £n
+ 7 eYv{(Ei-E )b (E) - b (E)a ©)A, (E)}(vhl’z(ﬁ)-vhz’l(i))
2 € w 3 j A =
+ 00 {eqg vy q cE) revp ot Y [cvvhj(zk) + e Vg A(Ek)]} s
’ » k=1 s

where zk € [E,Zk].

>
Step 6 : Finite expansion of phaB(vh)

This finite expansion is obtained by substituting (5.2.64) and
(5.2.65) into the expression (5.2.38). Then, we get the existence of
constants cis , cgs , independent of h, such that at any point g of
any subtriangle Kj’ j = 1,2,3, of the triangle K with vertices Zi s

i=1,2,3, we have
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3
~ 2z _ A \Y v

+ L+ D (E,I) +3 @) 0% - 3 ROWLEIGS ) o
3 ' )

* 121 3, (g * By(E vy, ()

1 € E..Y YA EN

7 SLEEERLE - b OO Iy 16 - vy (D))

2L Pl 2By + BEIv ()T

V v 1
x {(£],1-§ )(pb1 01 o8 ¥ 178D @5 4 51) o8]

A
o8 h3 X(Z ) + ¢, jo8 h3 A(g )] }

+ 0(h) 2 [c (1) + cA

aB8'he

where Ek € [&,Zk].

Now, let us study this finite expansion. Let us begin by proving

some characteristic relations.

First, if we consider the function F(§) 1 and if we write

1 1
this function on the basis {p i pJ 1,441 ° pJ 1,1-1} , we obtain
3
o
i=1
so that we deduce the relation
=0 . 5.
E (pJ 2 o8 (

1_

In the same way, let us consider the function ct) = ES and let
1 1
}

us write this function on the basis {p 10 Py g, el pJ,l i3+ Since
(E) 0, we obtain
3 € € 1
Z gi(pJ,l) o8 * L ELgmEDCy g 1) ag
i=1 (s

+ 2 (€5 _-ED (s 3

=0
j,i,i~-17,aB

(5.2.66)

2.67)

.2.68)
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Next, let us consider the function Fen(E) ='%

write this function on the basis {po

£n
Since F ,GB(E)
(5.2.68), we easily«deduce

3
1 € LE\, N N, O
7‘121 (E5-E(E-ED Py ) oa

1 3
= z (E5-£9 (g}, ,-E] )(pJ 1141
+l.

2 41
_1 e n.e
=3 (6u56 + GaGB) .

Finally, if we set

¢*N©) = - 5 (£%¢" -

fl >3

€.N
A (EVESED)

o

we observe that
€N -
G (Zi) ]
(see (5.2.26))

n = AEN
g(&) = Az7(E)

en - _1 cem £¢N
G ,aB(g) 3 (86, +8;6) .

afB B o

3,17 Py,1,141

(6 Gn + 6”88), then, by

1 1 )
» Pyi,1-170

+ (E -E )(P

J,l i-1

,0B

1’

Esﬁn and let us

using (5.2.67) and

>0

3
N N € € 1
] (1M, -5 )(pJ 100 08 * Fi1780 (@5 4 i1) ag

since G is polynomial of degree 2, this function is invariant
by HCT-R interpolation. Thus, we find with (5.2.70)

€n
121 ANz ((E], 8] )(p 1,101 08

= - L (s8N + 5557
VA ap B o

* (B ED Ry )

Now, we are able to analyze the finite expansion (5.2.66).

Firs, let us observe that,

the coefficient of ? .
(] (pJ’l)’aB

,aB}

(5.2.70)

(5.2.71)

by using (5.2.57) (5.2.59) and (5.2.67),

in the relation (5.2.66) can be rewritten as :



Next,

- 25 -

2 {LL1-R), (61D, (£, 2 2+ D (E,E) v, (5D

+# I+ DY (E,2) + 5 (R}, ()7

"

i=1
1

+

+

i=1
3
+ 121 (0 1) 4a¥na(Zy)
3
-t (&i-s€>{b2(g>ail<g> - 5 E1-EMBLED, (D] ) avyaC
vom 3 <K @)
iil €j08'hk, e 1
where Ei € [E,Zi]
we have
lg IRCRIANCH Y g, -E) )‘PJ,l 1) op * (Ey7E) I Py i i1
3
= A
= izl (&), 5y >(pJ,1 1) o8 * o6y )<PJ,1 1210, 0g Py (& vy
3
€ € v vy 1
+'1£1 EEDTE =€) Gy 5 10 o + Gi-Ey >(PJ,1 i) op)

x {bﬁ(g>v [(©) +b) (v, ©)

3

-+

k=1

n ,n v A v o
7 (€5-E0Tb (Db (DT, (D)1} (o] ;)

3 € € Av Au 3 v
I (-0 (8) + a™ (ORy (DT (B)

af Vhy

A Ae 2
om) ] Leiovim (i) * ®jaBVhr, e BT -

&)

1 o

,aB

3 : '
L e @ - - @b, ©aM@16] ) v }

But, by definition of space Xh2’ we have (refer to Step 1 and
(5.2.38)) : '

3
— o
Vh3,a6(€)ix. - izl 5,5, a8"n3 %y
3
o LD GL L e e

i=1

E )(p

Jsl i-1

x

,aB}vh3,v

£)

aS}

NG

()

1

>

(5.2.72)

(5.2.73)

(5.2.74)
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Next, on the one hand, we obtain by using (5.2.67) (5.2.68)

3
o € I 1
dap * L ELED @y g )

3
€ ,€E
(L GEO6] ) g

»0B8
(5.2.75)

€ €y, 1 \Y _
+ (€L Dy 4 g ) g}Ib D)y (B) = 0
and, on the other hand, by using (5.2.69), we deduce

3

€ €\, N Ny, 0
gglcsf£)<gfa)@LixaB
1
j,i,i+l

3
N_pMy o p€ € 1
v 1 ERENEE, D6 5,1,4-1,087

€ €
L ) o * (EEED

1 y .1}

3
€ ,E n n
+ ) (gi_g )[(€i+1-€i)(P j,i,i-17 a8

1 n n
L ; ) o * G ED G

j,i,i+l7% 0
(5.2.76)

"

A 1.2
X [b (B, () + b0

(©)v,, ()]

= bR(E)vy, (B + 3 b) (Ev (©)

o3

NGNS %

hi,B

NI |

Also, note that we can write

£n _ AEN 1 £.N €0 A A
A (&) = A (Zi) ) (avdx + akav)(gi-g ) | | (5.2.77)

so that
A _ AEn A
Dy (E,5,) = AT )T (8)

Finally, from the above relation, (5.2.51) and (5.2.71), we obtain

3
A € v vy, 1
DAL CERI AR I (R s R TE T I )
Y vy 1
78y i1 o
\ (5.2.78)
_ v
= - IOy, (O + By, (O]

3
+ 0(h) en £ Ve £ € (&
i kzl L a8"n3,en i) * 508, e %) * Cj0pVne ok
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Then, combining relations (5.2.72) to (5.2.76) and (5.2.78) with

finite expansion (5.2.66), we get the existence of constants c?aB ,
L €N ,

e, c,
joB ’ “joB

independent of h such that

~ % _ 1 A A
Phag Vi) lKj = Vp3, g (B + 7 [y g(E)+b S(E)Ivy \(E)

A A A v
+ ba(E)th’B(S) + bB(E)vh)\,a(E) - FOLBA(E)[vh3’>\(£)fb>\(€)vhv(€)]

3
€ € 3 Vv Au 1 N Mo A v °
+ 121 {E-EN R, (BT (©a™(D) - 3 (EJ-gMb (DT, () I}p; P ovy (D)
3 € € 3 A _]; N M A o
+ 1 LEFEDR (ODLE) - 5 (E]-F I GENNGE IR RN
i=1 ,i7,
3
€_rEyaAn v o
- 121 (£;-¢ )Au (E)bxn(g)a (E)(pj’i)’aBth’E(g)
3
VoYYl Vo vy, 1
+ i-_z.l {(£i+1‘£i) (pj,i’i+l),a8 + (gi'l—gi)(pj,i,i-l),as} X >
* g e JEFEMN @b 02 @@ 1wy, ,© v, 1(©)
+ (B [ O] (B2 (©))v, (©) - BX(Ev,, (O
+ LA = £n

3
) - -
0(h) 121 Leiog"ne &1 * ©5asVhe, A5k * S{0p"h3,en 5 ]

where the points Ek € [E,Zk] ; they can change from an expression

to the next, as well as the values of constants cjaB y e o

Step 7 : Analysis of finite expansion (5.2.79)

By considering the different terms which appear at the second

member of equation (5.2.79), we get successively :

A —
vh3,uB(£) - raB(g)vh3,X(€) = Vh3|a8(€) | (5.2.80)

6L°2°9)
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| A A
7 [by (@+bg (v, (®) + BBV, o(O)

A A \V

+ by (E)vy, (B = TL (BB (©)vy (B)

= M (B, (B) + BA(EIV, 1o (E) + BA(EIV, ) (E)
alB >’ hA o'’ "hA|B B hija

+ 3 (T EIBNEIT) (DIBRENV, ()

By using relation (5.2.69) we find

- L2 e, ®v, L i
2 ¢ an >’ Vh3

i=1

€ € n N o
(E5-E9 EJ-EN G D

A
= by (E)by 4 (E)vy 1 (E)

+

3
A E_r&yreeN My (o)
b (B)by (E)vy5(E) Zl (E4-ENTCEL 8D (s 4 141) o8

4= i+l

]

+

n Ny .1
(€178 Py 3 517 a8

A

A -
Since bﬂ e(E) = bE

n(&), we obtain
A WA - A U _ A "
by ((8) = bl (8) = T (D)D) - T (E)b(E)

so that, with relation (5.2.69), we have

(5.2.81)

(5.2.82)
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—

3
A
- 3 b (BT (Dv, (&) L (5-£%) (£]-8M (o]

2 ic1 i, i »OB
g @) (BB (v, (®)
n n
Z (E5-£9) (L], -E] )(pJ 1,191, qg* (E3-176 )(pJ 1,1-1 8]
1 v v
= - 3 (g} (©) + XD, (D)v, (®
+ 3 GUOTL(OBXOT) (O (©) x
3
€ € n n . n
x 121 (EF-ECEL, -ED () 1 441 (g (€11~ RIC D opl 5289
1 v A v A
+ 5 GO @-b O (B)v,, (B)
i D@L 4 gan) gt G e G L )
* b OGEEOTELED Gy g ) gt ELED Ry L)
= - 3 BTN (B + BT (D)y,
v A
+ BUOI (B)vy, (B)
3
n n - n
x izl (£5-850(], €] )(pJ 1,141 g *(E117E )<PJ,1 i-1) o8
Stnce R (£) = A\(E)b, (£) and
pa(V.) = v - Mo . + B v+ by +b)\v (5.2.864)
a8 h h3foB 7 "a”A8Yh3 T Blamr T "8VhA|a hA[B e

the substitution of equations (5.2.80) to (5.2.84) into equation
(5.2.79) gives
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Ehae(cﬁ)lxj = Pog(Ve)
3
3 VA E_rEy (°
- B (82T 0v ) (Db (B ()] 121 (€= (py ) on

+ BIE v | (4D (Dv (B 5 e (v (v, ()T

3
0] CEEOTEL D@y 4 ) ot -ED G L) L1K5.2.85)
i=1 ’
+ 2 enYaY*(g)Ril<5)(vhl’z(g>-vh2’1(a>) x
n N
x z (GRS NG I G- T I
+ 0(h) z [c A °Jas( ne 2 B0 ¥ 0pvn3, en B0 }

By using relation (5.2.68) and by observing that

() = b_(&)v, (E) =y (3h) (5.2.86)

P
5'(Vh1l2(g)-vh2[1(€))eev ¥ Vhvle ev' > "h3 EV

and that, from relations (5.2.53) and (5.2.77),
3 € € _ €M
Ry (8) = (ET-E9b, (8 = afhE )b, (B) (5.2.87)
we can rewrite relation (5.2.85) as follows :

EhaB(;h)lK = pae(v ) +a’ (€)Yvn(vh)b (&) x

€l n n
.121 A EPEY, ¢ D@y 4 sa) gt L ED @y 4 4 1) (a1)(5.2.88)

+ 0(h) E [c joB hz(gk)+c aB h2 X(g y+ely jaB Vh3 e:n(g )]

i=1

© that is exactly the expected result (5.2.37). Thus, theorem 5.2.2 is

proved,
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In order to obtain an estimate of type
ACAR ST I enlfvy ]}« * "vhzﬂ o3 22 (5.2.89)

it remains to estimate the second term of the second hand member of
relation (5.2.88). Unfortunately, one can check easily that, in general,
this term is only in 0(l) with respect to h so that we cannot reach
(5.2.89) directly. In order to circumvent this major difficulty, we

have explored two ways :
a) we have tried to prove that

VA(E)Yvn(vh)beu(E) x

Z A DUEL €D & ) ot L ED B 4 ) (g (5.2.90)

i+l J,i,i+l

=-§{%@W%G9+bpwﬁg}+mm.

Such a relation should be of great interest since we could use
in an equivalent way the modified tensor of change of curvature p 8

(see KOITER [1967]) :

Pog = Pog - (b aVvg* BY\)a) (5.2.91)
so that relations (5.2.88) (5.2.90) (5.2.915 would give

~ -4 -+

phaB(Vh) K paB(vh? = 0(h) . (5.2.92)

Unfortunately, we prove in Lemma 5.2.1 that relation (5.2.89) is not

true in general,

b) by introducing some restrictions on the geometry of the middle
surface, we show in Theorem 5.2.3 that the second term of the right
member of relation (5.2.88) zs of order 0(c), where the parameter ¢

measures the "'shallowness" of the shell.
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Lemma 5.2.1 (counterexample : case of a right circular cylindrical shell)

The relation (5.2.92) is not true in general.

Proof : Let the middle surface éif of the portion of a right circular

cylinder be the image in %53 of a bounded subset {I of %52 (i.e.

@=1-L,LL x ]-H,HL , 0 <L < 2mR , O < H) by the regular mapping

E1 1

$(€1,€2) =Rcos=2ce, +R sin-%{

-+ 2+
R 1 €

2 + £ e3 .

According to relations (2.1.2) and (2.1.6), we obtain the

covariant and contravariant basis as follows :

1
&
sin R 0
> =1 gl .+_+2_ 0 .+_+3_
al—a COSR ,az—a— ,33—3—
0 1

The first and second fundamental forms are given by relations

(2.1.3) (2.1.5) and (2.1.9), so that for this cylinder we get :

11 12 22

a11 = a =1 3 a, = a =0 ; a22 = a =1 ; a-=
1 11 1

b11 = bl =b"" = - R and all the other components = 0 ,

Moreover the Christoffel symbols (see (2.1.14)) satisfy

FA =0

B sy %Ry =1,2 .

(5.2.93)

(5.2,94)

(5.2.95)

(5.2.96)

Now, let us particularize our counterexample in the following way :

the triangulations 96; are constructed so that any triangle of qa;-has

one of its edges parallel to the cylinder axis, i.e., one of its edges

is supported by a line 51 = constant (for example gi = E; : see Figure

5.2.1). This may be seen as an interesting manner to approximate the

shell problem since each triangle k = $(K), K € has at least one

/h t ]
of its edges lying in the middle surface éﬁ(of the cylinder.
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“ A
2 PX
3 3
2 K
gl
Zl
3 %
1
| >
1 . 1
‘) s

Figure 5.2.1 : one typical triangle K e(%zh

1 1 2 2

Let us observe that for a general triangle of plane (EI,EZ)
the relation (5.2.26) implies

U u @ w € €y M H
en e (Ei+1-£ )(E1+1 EP € -8 + (ai_l—ai)(gi_l-zi)(a £1+1)
A2 =3 2 2 T 1 .2 2 5.2.97)
(gi-gi-l)(giﬂ-gi—l) g mE D)
so that for a particular triangle as featured on Figure 5.2.1, we find
11 R NS U P | . 11 - .
A (Zi) =3 (€1+£2) Ei iA (Zi) 0 , 1i=1,2,3 . (5.2.98)

_ 1l 22 . 12 - . 12 1 2.2
A1 (21) =3 (&2 El) 3A) (22) 0o Al (23) 5 (gz g3) (5.2.99)

12

- . =Ll 12 =
A, (Zl) =0 A, (22) 2 (gl 52) ;A (23) 0 (5.2.100)
Then, by using relations (5.2.95) and (5.2.98)2, we obtain
def vA
FuB (g)Yvn(Vﬁ)b (€) x
€M n n n
2 AYT(T, )[(€1+1-€1)(p 1,101, ap* (6518 )(pJ’1 1-1) )
- -1 {Yu(;h) x (5.2.101)
3
X 121 (2 )[(£1+1 g )(pJ,l 1+1) ,aB (El 1-& )(pJ,l 1—1) aB
3
> 2 1 2 2 1
* Yyp (v Z (z )c<£1+1—5i) (pJ.,i’i+1>’a8+(51_1-£i)<pj’i’i_1)’a81}

or, by using relations (5.2.71) and (5.2.98)2 :
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> 1 >
Cus - % Gase Y1100 - ' Y )
(5.2.102)
2 2 1
izl A (Z )[(E i+1 E )(PJ i, i+1) ,aB (gi-ngi)(pj,i,i-l),aB]
On the other hand, relation (5.2.91) can be written :
5.aC) = Pog () *+ 5 (BaY g (V) ¥y (7))
n n
B(v ) += (6 66+686a)b Yvn(vh)
or, with (5.2.95)
5@ = Pap () — & Oud Y11 F) - 7k (58785871, () (5.2.103)
Now, add relations (5.2.102) and (5.2.103), and use relation .
(5.2.71) :
B(v ) + C B = aB(vh) + = le(vh) X
% A2z (), e« )y +EN M D o)
=1 E1+1 E p ,i,i+17 ;0B El 1 5 pJ i,i-17,08
3
1 -
- 2 Y2V 121 L, >{(g1+1—£ )(p} Pj 1,1+1) 08 (gi . -2 )(FJ 111, 08!
Set
h =G - and hy= £ -8 . (5.2.106)

Then, by using relations (5.2.98)1 and (5.2.99) (5.2.100), we

obtain

hih,

- > >
P (V) * Cyp = paﬁ(vh) * R [(93,3 1,08 (pJ 1,308 (5:2.109)

so that relation (5.2.88) can be written

hth 1

z > . 1 >
Gk = Peeh) = 7ox [Py 3,10 457 (Py,1,3) 08T V12 ()
3 (5.2.106)
2 .
+0() Y (e

= LA £ =
()
& - janhR‘Ek'+cjanh2,A(Ek)+cja8vh3,en(gk)] .

phaB
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For instance, consider the subtriangle Kl (corresponding to j=1) and the
values 0=2 and B=2 for the parameters o and B. From BERNADOU-BOISSERIE
(2, page 791, we obtain

1 1 31 2 1.2 2 '
P1,3,1 =% (1A = 7 (1430 ))A78; = 5 70, + A A5 + A A0,
1 1 3.1 2. 1.2
P1,1,3 = ~ 7 (IMAT + 7 (#3000, + 5 M),
so that
def 1 1 1 3 3 2, 2
P = P31 7 Pr1,3 T 7 (pdAp -3 (Lny)ATag - AT,

(5.2.107)
2
+ 11A3 + A1A2A3

where nz denotes the second eccentricity parameter. According to
BERNADOU-BOISSERIE [2, (3.1.30)], we obtain (note that Ei = E;) :

2 2 2
1 2,9 p .3 p a3’ p
P oy = 7 {5+ =5 -2 5555}
(mn)® Y ek aa] 1923
or
Py = (B} 4 =P | ) o = —As (149N A, - (7+3n)A. - 40} . (5.2.108)
,22 1,3,17°1,1,3,22 7 3 2N 223 2+ 5.2,
) |

Upon this expression, it is clear that p 22 = O(h—z) with respect
’
to the h-estimate, since the barycentric coordinates and the eccentricity

parameters are undimensioned. So, by substituting into relation (5.2.106),

we obtain

~  Z >

phaB(vh) Kj - paB(vh) = 0(1) : (5.2.109)
instead of the expected result (5.2.92). 0

Remark 5.2.2 : Of course, relations (5.2.91) and (5.2.109) involve

immediately

1]

2 - >
phaB(Vh) Kj - paB(vh) = 0(1) . '
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So, our first attempt to prove estimate (5.2.89) without any
restriction on the geometry broke down. Now, we are going to introduce some
restrictions upon the geometry of the middle surface which are consistent

with KOITER's concept of "quasi-shallow shells".

The case of "quasi-shallow' shells

For any given bounded surface<§Z defined as in section 2.1, there
exists two constants P > 0 and Py > 0 such that (see BERNADOU-CIARLET
15, § 3.1D).

laggl 1%, lal  Ioggl I, 161, layg 514 1% 514 1a

N > . (5.2.110)
[ogg al > 165 3l o 159 51, gyl Teggl

and
0, < ay) at' ey, . d%, e (5.2.111)

in addition, there exists two constants e > 0 and eé > 0 such that

the thickness e(El,Ez) satisfies
0<e < eehe) <e, welety ea . (5.2.112)

Now, according to BERNADOU-ODEN [22, pp. 289-290], we shall be

interested in the set of shells éz;(pa’ea’wa) and in its subset

éz;(pa,ea,wa) defined as follows.

Definition 5.2.1 : The set-égz(pa,ea,md). Givenonce and for all, seven

constants pl, Py €15 wl, wz, Ro such that :

0 <« <

9291’0(‘ s e

€ 2

Q0 <, <@ R >0

© Sw, 5 R ) (5.2.113)

we deeote by éZZ(pa,ea,ma) the set of shells éi(such'that :

(i) the inequalities (5.2.110) (5.2,111) and (5.2.112) are satisfied ;
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(ii) the coefficients of the second fundamental form bi are
such that :

e, b8 < (5.2.114)
[o ) .

a[AI R °?
o

uniformly on é;f for all o,B,A ;

(iii) the reference domains  are sufficiently smooth, and,

in particular :
C(w) < Q< clw) (5.2.115)

where the notation C(mz) denotes a square with a side of length Wy

g

Definition 5.2.2 : The subset éai(pa’ea’wa)' Let there be given a

parameter € > 0 such that

0 <e < (5.2.116)

L
R .
o
Then the set éz;(pa’ea’wu) is the set of all the shells
éﬁfc éZ;(pa,ea,ma) such that :

B l<e . (5.2.117)

In particular, when the parameter € is small with respect to pys
the condition (5.2.117) implies that the normal curvatures and their
variations are "small" : that means that the corresponding class

éz;(oa,ea.

expression for p P B (see (2.1.12)) instead of u3‘ g’ we will name this

®_ ) contains the shallow shells. Since we use the full linear
class, the set of quasi-shallow shells.

Now, let us state the following theorem :
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Theorem 5.2.3 : There exists constants Eo >0, ho >0, ¢, and ¢

1 2
such that for any €(0 < € < eo) , h(0 <h < ho), the estimate (5.2.37)

leads to
[Ppg V)P ) [, < Cepeve,m) ql"tﬁ"ix ¥ “VhZHiK * “"h3”§sK}1/2 ©-2.118)

F a4 2 > ->
for any shell éife éai(pa,ea,wa) and for any vy € Xh and vy € Xh

associated through the bijection Fh defined in Theorem 4.2.1.

Proof : The main difficulty is to estimate the second term of the

right hand member of relation (5.2.37). Let us denote

AaB(Vh) =

1

3
A EH n n
PR CRIIGHLRIE

nny L
1101008t G mED By 5 5 p) ] X0(5.2.119)
X b_ (E)Y (V)

EH n h :

Then, from the relation (5.2.37), a proof similar to that of
Theorem 5.2.1 gives the existence of a constant 3, independent of h,

such that

1B G -By T -ap 8,g (i) [ <
(5.2.120)
2 2
S exnlvl| T * [nalt ok * onga 02 -

In addition, since the sets é%;(oa,e ma) are subsets of the set

a’
éﬁg(pa,ea,wa) which is defined through the compact sets to,p,1, [pz,pll ,
[el,ezl (see (5.2.110) to (5.2.112)), a proof by contradiction reveals

immediately that the constants ¢4 can be chosen independent of €.

Now let us prove that there exists a constant ¢ s independent of
. halad

h and €, such that

IAaB(;h)IO,K = %R E{“Vhluf,x * “"hzlﬁ,x * u"h:%“cz),x} vz | (5.2.121)
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Firstly from the expressions (5.2.25)(5.2.26) we have
el -
Ay (£,) = 0(h) .
Next, a proof similar to that of relation (5.2.108) gives

1 -2
Py, 1,141) 08 = OB )

Thus, the coefficient

1

1
1 :

n n
1,441 08 ¥ B 78D Py 4 1)) ]

3
22 n n
121 AL =E)
is

i) just defined upon the triangulation of the plane reference
domain @ ; in particular, this term is completely independent of the

middle surface and thusg, it is independent of ¢ ;

ii) of order 0(l) with respect to h.

On the other hand, from inequalities (5.2.110) (5:2.111) and
(5.2.117), we can prove that
A > 2 2 2 1/2
b BT < el Tk * [Vaallik * hao,x? (5.2.122)
where the constant C is independent of h and €. Then, the estimate
(5.2.121) is proved.

Finally from estimates (5.2.110) (5.2.111) (5.2.120) and (5.2.121)
we easily derive the expected estimate (5.2.118).
a

Of course, we would wished firstly to prove that the estimate
(5.2.,118) was valid with C1 £ 0, i.e., without any restrictions on the
geometry of the middle surface. In fact such a result does not seem to

be true :
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i) with respect to the mathematical analysis, we refer to

lemma 5.2.1 ;

ii) with respect to numerical experiments and engineering expe-
rience : for instance ZIENKIEWICZ [23, p. 329], IRONS and AHMAD [24,
p. 281] and GALLAGHER [25, p. 5] pointed out that some extraneous
bending effects may occur, especially in regions where the membrane
state of stress predominates (this is in conformity with our result
(5.2.88)).

So, subsequently, we will complete the proof of convergence in
the case of quasi-shallow shells within the validity of Theorem 5.2.3.

First, we are able to prove the following theorem giving the
_>

estimate of the consistency term Ia(vh,w ) - ah(vh, h

Theorem 5.2.4 : There exists constants Eo >0, ho >0, ¢ >0 such
that for any e(O<e<e ) for anz h(0<h<h ), for any shell éi(e é%z(pa,

>
e ,w
o’ a) and for anz h € Xh and vh,w € Xh in correspondence
through the bijection Fh deflned in Theorem 4.2.1, we have

> > N T2 > >
la(vh,wh)-ah(vh,wh)| < C(€+h)th”"whH . (5.2.123)

Proof : By virtue of (5.2.4), it suffices to estimate |ERK1(V ,w )I
the analysis being the same for the other terms ERK (; Y ), 2<i<4,
Applying relation (5.2.27), we obtain

i/Z - < Ch . : (5.2.124)

%h
; aB o .

Since the mappings ag: 38 » a8, baB’ bB are independent of h,
we deduce from (5.2.9) (5.2.13) and (5.2.124) '

and, in a similar way
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|BR, o) | < e 19l I -

From an analogous decomposition to (5.2.9) and from (5.2.118) and

(5.2.124), we can prove that

|ER (o) | = Clbe) [Tl [k » 2735 4

Then, the proof of estimate (5.2.123) is achieved by summation over

all the triangles K of ng.

Remark 5.2.3 : Order of magnitude of different terms in (5.2.37)

KOITER [26, pp. 16-17 and 30-31] proposes two different expressions
to get an approximate expression of the strain energy per unit area of

the undeformed middle surface :

= _ 1 _aBAp 1 3.0BAu - =
V= 2 ek YasYau * 2 © E paBpAu
and
_ 1 _aB\u 1 3 _aBlu
Ve=yek YagVan * 24 € E PasPru

where the expressions of b, and o are linked by the relation
aB aB

_ 1A 1.\
P8 T Pag T 2 baYAB 3 bBYAa :

From these relations; we obtain

3

G _ e oBa K
V-Vs=orE {2b v, }o.

K, 0
8P au* babeK,SYmp
In order to state the "equivalence' between V and V, one can use the
arguments of KOITER [26, part 1I1] which allow to find simplified

equations. They are based on the respective orders of magnitude of the

characteristic terms as
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e
Case 3 : —<<0( =
> (<)
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%i (absolute) maximum of the curvatures Ibil
Y (absolute) maximum of strain tensor IYaBI
p (absolute) maximum of change of curvature tensor lpaBI

In this way, within the framework of a thin shell theory with small
deformations, KOITER [1966, pp. 35-38] considers three cases which

correspond to the position of %e with respect to the poles % and

R 1 J . e .o R 1
Min( e’ep ). These quantities satisfy R << Min( e'ep ).
e e R 1
Case 1 : *§<<7p- << Min( E,a )

In this range, flexural and extensional strains are of comparable
orders of magnitude. That means in particular that —E<<p and then
the difference between 60&8 and OOLB is neglectible.

R1 . .ep
e’ep )= Y

In this range, flexural strains are greater than extensional
R 1

strains. Since = << Min( —,
R e’ep

), we obtain

3

E'<<eng or ’—;%<<p

and we can conclude like in case 1.

p e
R

In this range, extensional strains are greater than flexural
strains. In this case Bov?: - pm,3 is not neglectible so that V and V

are not equivalent.

flow let us examine the estimate (5.2.37). In the right hand

member, the second tera is in 0O( % ). That means
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i) in Case | or Case 2 (flexural strains are preponderant)

we can drop the second term of the right hand member without changing
significantly the value of the strain energy. Although we have not
realized a precise study of the corresponding approximation, we can

consider that in these cases
~ = - -
Phag V) K = 0qp(vy) + 0(h)

and then we guess that convergence is valid without any restrictions

on the geometry of the middle surface ;

ii) in Case 3 (extensional strains are preponderant) : as mentionned
before, the second term of the right hand member of (5.2.37) is no longer
neglectible with respect to 5&8(;h)' This fact is in particular co¥robora-
ted by the example reported by GALLAGHER [25, p.5] who considers a

counterexample where the extensional strains are preponderant.

~ T 2 * 2 Z A .
In order to estimate |ah(vh,wh) - ah(vh,wh)| which appears into

relation (5.2.1), let us prove the following theorem : it gives a relation

between | .|| and ”'"h where the notation "'"h is introduced in (4.2.39).

>

€ ih and 3h € ih linked by the

z

v
h

introduced in theorem 4.2.1, there exists a constant c,

Theorem 5.2.5 : For any functions

bijection F

h
independent of h, such that

e ->
“"h”h <c ”vh” . : (5.2.125)
Proof :
~ . -+
Step 1 : ) ”VhB—vhB”l,K < ¢ ”vh”
Ke ’h

From (5.2.14), (5.2.16), (5.2.28), we find

Vg (&) =

e~ w

\V) \V
Ki {(GB+0(h)CB)vhv(Zi)+0(b)chh3(Zi)}

i=1

3
= vg(E) + 0(h)eg 1 1o @)
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so that

2

<c h® ¢ Iv .

=1

|‘~’h6 - "hslo,x

Then, some results of interpolation theory in Sobolev spaces show that

(CIARLET [5,_Theorem 3.1.21) :

Iviilo,e,x S c[¥sl0,0,z 5 0hslo,g S Ivpslox
Finally we obtain

3 3

¥hg = vpglo,g s ¢ ® o Vhilo,k

hence

-~ -
Vg = vigllo,e = ¢ 2 1¥yllo,q - (5.2.126)

Next, using the arguments of Step 3 and 4 of the proof of Theorem 5.2.1,

we obtain :

~ -
[ Vg, = VhB,v”O,K <c |fvl lo,K tch lvhll,K
so that
Ay ~ _ < > n
Keééfh ”"hB,v VhB,\J'IO,K <c thjll’Q (5.2.127)

Then, considering (5.2.126) (5.2.127) we have

~ > '
' z ”vhB_vhBHI,K fc ”Vh” . (5.2.128)
Ks%g '
h
Step 2 : z ”Vh3'vh3”2,K
Ke'l

h
First, from (5.2.64) we have
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3
vhB(Zi) = vhB(Zi) + 0(h) ji] vhj(Zi) . | (5.2.129)

Next, from (5.2.65) we derive

. A
V3,0 E3) = Vhs,yEg) by Evi (E4)
(5.2.130)

+ 0 {eqyv g 3 (T) + e v ().

But, by definition of space Xh2’ we have on any subtriangle Kj’ i=1,2,3,
of the given triangle K with vertices Zi = (g;,gi), i=1,2,3,
3

3 .
~ _ ~ o

Vv v, |
1+417500P5 1,141

)
v vy 1 ~
+ (E‘l-l—gi)pj ,li,i—l \) }Vh3 ,\)(Zi.)

where Vh3|K denotes the restriction of function Gh3 to subtriangle Kj’

J

and we havea similar expression for Vh3(€)|K

Then, we deduce for any subtriangle Kj , j=1,2,3, and any §& ¢ Kj

3 3 3
~ e o .
3O = Vpa (D | *OMTL T I egw B+ T gy Vs A
] 3 i=1 j=1 i=1
and thus
13 vn3lo,x ¢ B {jil Vhilo,ok * Vh3lt,e,x) -

Results of interpolation theory in Sobolev spaces give

3
V3 Vh3lo,k ¢ P {jil lvhilo,x * Whali !

and thus
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l‘6h3 = vh3||0,Q <ch ||;h|| . ‘ (5.2.131)

In the same way, since, for any subtriangle Kj’ j=1,2,3, and any

£ € Kj’ we have

3

3 = o v vy o1

Gppa®le = L 0t B G0 0)
3 sl

V) V) 1 ~
* G e Py 5, i-1) 03 Vs, v )

and a similar expression for Vi3 a(g)|K , we deduce from (5.2.129) and
, .

(5.2.130) J
3 3 3
T30k, = Vn3,al® gt (T T cpvp () + I gy vy 3D,
J 3 i=l j=1 i=]
and thus
5 3
[¥p3 Va3l g s e L 2 lvpslo,k * vl k-

Hence,‘by combining this last inequality with (5.2.131) , we obtain

~ -
Ké‘% Hvg=vasl g = ellvll | (5.2.132)
n

Finally, finite expansion (5.2.79) gives

3 3
Th3,08 Ok = Vh3,aa @t 0D {2 egv (B + 2 eivy; (8))
b 3 j=1 i=1
so that
. 3
Ivh3 - vhBIZ,K <c jzl {Ivhj|0,K + Ivhjll,K}

and thus, by combining with (5.2.132)

U N g
< c¢f|v

SLsLs2223]

11
pll
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Inequality (5.2.125) immediatly follows from (5.2.128) , (5.2.133) and

triangular inequality.

g

Now, to achieve the evaluation of the consistency error, it remains

to consider the difference

- T 2 * T 2
|ah(vh,wh) - ah(vh,wh)| .
+ >

R > e
From definitions (4.3.3) and (4.3.14) we have for any VoW, € Xh

~ 2 Ee ~0 = B 2
a @ ,w)= I [ — {(0-v¥,E)¥ G)
h*"h’"h Ke@Eh K l_\)2 h* ' h' 'ha*"'h
+ ~0 =~ ~B 2
Y Yho (Vh) Yhg (W)
2 > .8 > B 2 1,.2
+ iz t<1—v)bﬁswh)aha(ah)waﬁa(vh)5h6<ah)J}@ dgdg” |,
and
@ 3y v/ [17:1 w e 11-w7, GHTR @)
hVho ¥ KT, h 2= Uk 12 hg"'h’ Tha'¥h
+ v?ﬁacah)vﬁs(ah)mbll R
3 Dy Ee3 { oz g 2 )
+ I I (———— {(1~-v)B; (¥, ) (W)
i=1 2,1 “2,1(.1 12(1-v?) hg""h""ha " "h
s B GOBE.GON B, )]
ha®* " h’""hf "h 2 iy

2,K,

Using the definition (4.3.12) we obtain
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R > > 3 > 2
ah(vh,wh)-ah(vh,wh) = Ké%; /E;{EKM(vh,wh)+i£l EKiB(vh,wh)}
>h
where
> = Ee o 2 B 2
E, (v,,%) = [ [—{(1-V)¥; &)Y, @)
K, "h*¥h K 1ov2 18 Vh) Yha 'h
o T BT 1,,2
+ Vg G)Th, () ) a8 de
L
S B e GovE Gl
-1 2 g 102 h8'‘Vh! Yho 'Y
~a 2 ~B T
+ tha(vh)YhB(wh)})(bll,K)
and
Goe) = [ B’ (- G @)
E V, 4 W = —_— =V)p v, )P W
S MM Tk 12009 b8 Tha Th

~0 T (B 2 1,.2
+ VB (V) B g (W) }dg dg
L,
- L ®
22=l

3 >
Ee ~0 2 (B 2
e (I EOT A CATN
O RN 18"V’ Phah
R AURLACRIILHING

The purpose of the next two theorems is to estimate the errors

' (5.2.135) and (5.2.136).

Theorem 5.2.5 : With the notations of section 4.3, we assume that

¥hep, 0 , E @ =0

where

=

(@ =] d@azr- T o, $(5,)

(5.2.134)

(5.2.135)

(5.2.136)

(5.2,137)
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Then there exists a constant c independent of K é%;g and h such that

2 oz 22 gz R L 2 g2
B, Gl | 5 ¢ b (2 115,11 2 (G lall3 M 29
a=1 o=l

> >
Proof : For simplicity we have denoted EKM as a function of Gh’ah'

More precisely E is just a function of the two first components

Ky

ha and aha' The corresponding function to integrate in (5.2.135) is the
aB

product of functions Ee/l--\)2 , (I=-v),v , a, by functions

v

~ 2 1,~ ~
YMB (Vh) = i(vha,Bﬂ’hB,a) .

By definition the functions Ee/l—vz, 1-v, v are uniformly bounded

in Q. From (5.2.27) we can check that

228 = %) + o)
so that for h sufficiently small the function agB is uniformly
bounded in ﬁ,'independently of h. Then the theorem 5.2.6 is an

immediate comsequence of CIARLET [5, Theorem 4.1.4].

Theorem 5.2.7 : Assume that

Ve PZ(R) , E2($) =0 (5.2.140)
where
L,
E ) = [dmar - T 3 60, ) . | (5.2.141)
K 2,1 2 2

Then there exists a constant ¢ independent of K eQEL and h such that

> > :
IEKiB(Vh’wh)l R PRSI S UPRS (5.2.142)
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o~ ~

Proof : Observe that EK is only function of v and w as a conse-
—_— iB h3 - 'h3
quence of the expressions (5.2.136) and (4.3.2), i.e. 5ha8 = Gh3 B Then

theorem 5.2.7 can be proved similarly to theorem 5.2.6. 0

Remark 5.2.4 : Analogously to BERNADOU-DUCATEL [8, Theorem 4.3] we could

—_— > >

prove that |EK (Gh,ﬁh)l <ech ||5h3||3 K I|§h3l|2 g only assuming that
iB g Ui

¥ $ € Pl(ﬁ) ’ E2($) = 0. But subsequently we need (5.2.142) to derive the
property (5.1.1). O

. z 2 .
Remark 5.2.5 : Let us emphasize that the bilinear form a;(vh,wh) is
evaluated subtriangle by subtriangle Ki' Particularly in Theorem 5.2.7
the reference triangle £ is successively in correspondence with every
subtriangle Ki' It is a consequence of the definition (4.2.4) of
Vi3s¥,3 S polynomials on each subtriangle K.l but not on each

triangle K. : a

Combining the results of theorems 5.2.5, 5.2.6, 5.2.7, we finally
find :

Theorem 5.2.8 : Assume that

1]
o

¥ $ € PO(R) . ﬁl(i) (for membrane terms) (5.2.143)

¥ e Pz(ﬁ) , ﬁ2($) 0 , (for bending terms) (5.2.144)

with ﬁl and ﬁz defined by (5.2.138)and (5.2.141). Then, there exists
constants €_ > 0, h = 0, ¢ > 0 such that for any e(0<e<ee), for any
h(0<h<ho), for any shell éZ € éai(p '

a’ea’wu)’ we have

la(;;hs-‘;h)_ - bh(-‘;h’-‘;h)l < C(h+€)l ‘;;hl l H—‘:’hH S (5'2.‘ 145)

-> -+ : -> ->
for any Vp € Xh and for any w, € Xh'
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Proof : (i) From Theorem 5.2.4 we have
> > L 3 >
la(vy,w) - ah(vh,wh)ISC(h+eﬂl3h|| | w11 (5.2.146)

(ii) Using theorems 5.2.6 and 5.2.7, finite expansion (5.2.60) and
relation (5.2.134), we find for h sufficiently small

13.G. 5y - a @50 <cn |5 11 (%]
h ' Vh*¥h h\Vhe¥n/! T h''h h!'n

where the notation [|.||h was intrg@uced in (4.2.39). From theorem 5.2.5,
x> . ~
ve have (%11, 5 ¢ [1%,01 ana [[illy < c [[3]], so ehat
~ 2 2 > Z -
Iah(vh,wh) - a;(vh,wh)| <ch ||3h|| ||wh|| . (5.2.147)

(iii) Then, the estimate (5.2.145) arises from (5.2.146) (5.2.147)
and (4.3.16). , n

5.3 - Estimate of consistency error If(;h)—gh(;h)l.

Similarly to theorem 5.2.8, we obtain the following result :

-~

Theorem 5.3.1 : Assume that El and EZ respectively defined in (5.2.138)

and (5.2.141) satisfy the properties (5.2.143) and (5.2.144).

Then, for any regular triangulation ‘%Zh of Q and for any components

Pt € Wl’q(Q) , qeR, q> 2, defined in (2.2.4), there exists a constant c,

independent of h, such that, for h sufficiently small and for any
> >
W € Vh ,

-> - -> >
|£(w,) - gh(wh)l <ch ||p|ll,q’9 RENIEE (5.3.1)
Proof : (in three steps)

Step | : Let us consider any function $h € ih and let us denote



- 52 -

- -
ﬁh € Xh the corresponding function through the bijection Fh defined in

Theorem 4.2.1. From the definitions (4.3.4)(4.3.15)(4.3.17), we obtain
- - - ~ ~ Z *x T
f(wh) - gh(wh) = f(wh) - fh(wh) + fh(wh) - fh(wh)

and thus, to evaluate the consistency error, we have to estimate the two

>,z 2z P * T
terms If(wh)-fh(wh)| and Ifh(wh)—fh(wh)|.

~
Step 2 : Estimate of If(gh)—fh(ih)

From definition (4.3.4), we obtain

->
~

| £ )-E, G In P. @~ )va aglag’| + [jg B, (Va-/a)ag ag?] .

By using (5.2.126) and (5.2,131), we deduce for the first integral
> > T 1.,.2
| B Ghyig)/a dgac| s e Bl Hupll -
Next, by virtue of theorem 5.2.5 and estimate (5.2.60), we obtain
> 2 1..2 > >
|fo by 0a-/a'ae?] s e b [13l1g g [15l]

so that we deduce the existence of a constant c¢

that

, independent of h, such

~ 2
|£Ga) - £,G)| <ch ||3||0’Q NENIRE : (5.3.2)

~ 2 * T
Step 3 : Estimate of Ifh(wh)-fh(wh)|.
We find from (5.2.60)

/5»_}:=/5+0(h),
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so that, for h sufficiently small, the function Vah is uniformly bounded

in ﬁ, independently of h.

Then, as an immediate consequence of CIARLET [5, Theorem 4.1.5] we
deduce from properties (5.2.143) and (5.2.144) the existence of a constant

¢, independent of h ,such that, for h sufficiently small,
e G - @ s en 1B o 3
or, by using Theorem 3.2.5,
By G - £l s e v [BI1) o o 1%l - (5.3.3)
»9s
Estimate (5.3.1) immediatly follows by combining (5.3.2) gnd (5.3.3). 0O

>

5.4 - The bilinear form bh(.,.) is uniformly Vh—elliptic

In Theorem 5.1.1 which gives the abstract error estimate,we have
assumed the property (5.1.1), i.e. the bilinear form bh("‘) ‘is
uniformly Vh-elliptic. In the next theorem we check that this property

is effectively satisfied.

Theorem 5.4.1 : Assume that

¥ $ € Po(ﬁ) , ﬁl($) =0, (for membrane terms) (5.4.1)
V‘$ € Pz(ﬁ) ; ﬁ2(¢) =0, (for bending terms) (5.4.2)
with ﬁl and EZ defined by (5.2.138) and (5.2.141). Then there exists

constants €, > o, h1 >0, o> 0 such that for any E(O$€<€l), for any
h(0<h<h1), for any shell éZ’e éz;(pa’ea’wa) , we have

o |5 112 <6, GLv) » ¥V, eV, . | (5.4.3)
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Proof : The assumptions of Theorem 5.2.8 are satisfied. Then
> - > > 2
|a(vh,vh)-bh;vh,vh)| s c(hwe) v ]I . (5.4.4)

Moreover from BERNADOU-CIARLET [15, Theorem 6.1.3], the bilinear
form a(.,.) is V-elliptic, i.e., there exists a constant 8 > 0 such

that
BIvIZ < aw,v) ., wev .

Of course, this constant B > 0 is depending of the geometrical form
of the middle surface. By restricting this study to the set éip(pa’ea’wa)
defined through the compact sets [O,pl] , [pz,plj , [el,ez], we deduce

the existence of a number Bo > 0 such that
>, 2 > > >
B IIMI% < a@w) , WV , wfe & (o e0) (5.4.5)

Then, from relations (5.4.4) (5.4.5) and from the inclusion ﬁh c G,

we obtain
b, (V) € [B-c(hre) 1 [|7,]|°

V; € V , W&y é?(pa

G. 0.

The estimate (5.4.3) arises by choosing h and € sufficiently small,

that is to say O <h <h, <h and 0 <e <g, <¢
) 1 o 1 o

5.5. About Carr's approach

As it was shown in section 5.2, the discontinuity between tangential
and transverse displacements at the common edge of two facets involves
extraneous bending effects. A natural way of reconsidering the approxi-
mation problem would consist in taking the same order of polynomials
for the interpolation of the three components of the displacement (for

example, one can define the discrete spaces as Xh (XhZ) )
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Following the Carr's alternative presented in section 4.4, we
prove here that no major improvement is to be expected in raising the
order of interpolation of the tangential components of the displacement.
For clarity, we will disregard the effects of numerical integration. Of
course, we use again hereunder, most of the results obtained in sections
5.1 and 5.2. In this sense, we will only consider the estimate
IDB(Vh) phB(v Mo

independent of h,

Theorem 5.5.1 : There ex1sts constants cl R QA ,,ckEn ’
> — joB €ja8 jaB

z
such that, for any vy € Xh and vy € Xh assoc1ated through the bijection

Fh defined in theorem 4.4.1, we have :

~ 2z = > VA >
phaB(vh)IK_ = D) + 8O, b (0 X

e ny,.1 : n N, 1
121 A(T, )[(€1+1_€i)(pj’isi+1),a8+(€i‘1_€i)<pj,i,i—l),aB] (5.5.1)

ken
(E+e (€]

3
+0(h) ¥ > ja8"hk, n

(E )+c
k=1 jaB hl dB hl A

where the expression of Aiu is given by relation (5.2.26).

Proof : From the definitions (5.2.35) and (5.2.36), we have :

= _oav p\ A

DB(Vh) = a {vh3l\)8 + bB‘\)th + bB h)\l\) + b Vh)\lB \)th3} (5.5.2)
_ a\’N )

phB(v ) = b Vh3,v8 ° (5.5.3)

and by definition of the space X , we have on any subtriangle K.,
2 1 .2 J
j=1,2,3, of a given triangle K with vertices Zi = (Ei,Ei), i=1,2,3 :

3

h3 aB(g)lK - i

o -
L3, (@) *

(5.5.4)

P v e &) - (p} ) 1. (5
1§ (g1+1 gi)(pj,i,i+1( ) et 1-175 Py 1 111 ,a8” Vh3,v' i

By virtue of the compatibility‘relations (4.4.2), we get with (5.2.17) :

_ a3 _ )
3(2 ) = TP, @Y L =12, 3, | (5.5.5)
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and, from (5.2.62), we derive the finite expansion (5.2.64), i.e.,
for i=1,2,3 :
vh3(21) (Z ) + {(1- RA1(€)1D31(E Z ) + D32(€ Z, )} th i)

Otherwise, from (4.4.19), (4.4.20), (4.4.24), we have directly :

B kx / ®n > > €
h3 T =e ey az) Hag 3 (20 Dvpy 5 E)4by (T vy (2))]

(a a3(Z Nv (Zi)} .

h),k

Subsequently, we are going to prove that this expression (5.5.7)

is nothing else than relation (5.2.45) under an O(hz)-estimate. Indeed,

rewrite the compatibility relations (4.4.3) in the following way, by
using definitions (5.2,17)

1 kv o A A 3 .
Var e Vi3 v(zi)dhu( P = BE) - 4w X)),

~3 3 _ o3 1 v~
wp(Zdpa(Ey) = 37(,) - Vo e V3 v(zi)dhu(zi)

Now by substituting (5.5.9) into (5.5.8), we get :

h3(21)dhu( 1)

Hyu~ A
e vh3 V(Zi) [d (Z ) - 3 1=
h3<zi)
Ao h3(21) 3
/z:i; (B (Zi) i B (zi)} .
~ dh3(2.) ‘
1

By noticing that we have, from (5.2.51) (5.2.52) and (5.2.62)

(Z )d (€.))
hy' "1 - O(hz) ,
h3(zi)
and, in (5.5.9) :
dﬁ3(21)
3 B (z D= d (z )m (Z,) + O(h y{c vh3 V(z Y,
dh3(2i) 1

we derive in (5.5.10) :

(5.5.6)

(5.5.7)

(5.5.8)

(5.5.9)

(5.5.10)
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UV~ A
& V3, EP =
(5.5.11)
- Vay BNEY-apy ENFHENY + 06D (5, )

~

Therefore, under an 0(h2)-estimate, the values Vi3
?

of the same system as the one obtained in step 2 of the proof of Theorem

V(Zi) are solutions
5.2.2, and we deduce that the expression (5.5.7) is an O(hz)-approximation
of the previous expression (5.2.45) obtained for the Clough-Johnson
method.

So, by using the technical developments of the steps 3 to 7 of

Theorem 5.2.2, we obtain the estimate (5.5.1).

Consequently, conclusions about this approach follows exactly

in the same manner as in the former study.

6_- PSEUDO~CONVERGENCE AND ERROR ESTIMATES ; A NEW CONVERGENT METHOD

6.1 - Pseudo—conve;ggnce and error estimates for shallow shells

Now we can prove the error estimate theorem.

Theorem 6.1.1 : Let %5% be a regular family of triangulations of the
=

domain Q. Let Gh’

vely defined by (3.1.4) (3.1.5) and (4.2.15) (4.2.,38).

~

Vh be the associated finite element spaces respecti-

Assume that the numerical integration schemes (5.2.138). and

(5.2.141) satisfy the followin conditions

0 , (for membrane terms) (6.1.1)

v er ® ,

Va e_Pz(ﬁ) , §2($) 0 , (for bending terms) (6.1.2)
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-
If the solution u ¢ 3 of the variational problem (2.2.5) belongs

to the space HZ(Q) x HZ(Q) X H3(Q) , 1f the loads E belong to the space

(Wl’q(Q))3 , g€ R , q>2, then there exists constants €, >0,

hl >0, ¢ >0 such that for ang,€(0<€<€1) , for any h(0<h<h1) , for any

shell éife é?;(pa,ea,wa), we have

2
+ > 2 2 1/2
B0 5 o eatC T o} g + gy 02 + IR, g 2 +eld) (6.9

where 3; € 65 is the solution of the discret problem (4.3.19).

Proof : (i) The properties of interpolation of the triangles of type (1)
and of the reduced H.C,T.-triangle involve (CIARLET [5])

1A

logmyuglly g < © Bluyl, o

IA

¢ hfju

”“3‘"h2“3”2,n 3”3,9

where My » ﬁhZ denote the corresponding interpolation operator. Thus

we have
2
> 2 2 1/2 :
omdll < e n (] fugls o+ a3 pt2 (6.1.4)
o=1
where whz = (Whlul’ﬂhluz’ﬂhZUB .

(ii) From Theorem 5.2.8 we have
> > > > >
latmu, @) - b, (mu,w)| s elhre) il Il

so that

I(TT++) b(ﬂ_—»—>)l
a(m u,w ) - u,w

Lsu h ' h ~ h h ' b c(h+s)]lﬂh3| (6.1.5)
whth Hwh” .

(1ii) From Theorem 5.3.1 we obtain

su If(wh) - gh(wh) I
& v T

<ch ||§||1’q,Q . (6.1.6)
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(iv) Let us record that the relation (5.1.1) is satisfied (Theorem
5.4.1). Thus, we can apply Theorem 5.1.1. The infinimum is bounded. from
above taking ;h ='ﬂh:. Since ”vha[ <c ”3" ,» we obtain (6.1.3) by using
(6.1.4) (6.1.5) and (6.1.6).

0

Remark 6.1.1 : We have entitled this section "pseudo-convergence" since
two small parameters h and € appear in the error estimate (6.1.3) ;

the first one, h, can tend asymptotically to 0, while the second one,
€, is fixed for any given "quasi-shallow" shell. Nevertherless, in _

~ shallow shell theories, such geometrical counterparts are generally

considered as being "neglectible".

6.2 - Examples of suitable numerical integration schemes

We need two different numerical integration schemes in order to

satisfy the properties (6.1.1) and (6.1.2).

The first one is immediate : it suffices to evaluate the functions

to integrate at any point of the triangle, for example at the barycenter.

The second one is classical : according to STROUD [27] we shall

use the following scheme :
1 3
fK o(x)dx ~ 3 121 (b))

where bi degote the midside points of the triangle K.

6.3 - A new convergent method for general shells

" In the statement of Theorems 5.2.3, 5.2.4, 5.2.8, 5.4.1 and 6.1.1,
we have introduced a restriction upon the geometry of the middle surface
of the shell. This restriction was motivated by the treatment of the
residual term in the estimate (5.2.37). In this paragraph, we derive a
new approximation method which is unconditionnally convergent, whatever

the geometry of the shell may be.
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Let us record the relation (5.2.37) : thereexists constants

ol alA e
ch s cBj s chn , independent of h, such that :

-,
phB(vh)lK = QB(Vh) +

av >
ay (O)Y, (V)b () x

(6.3.1)
el n
2 A )0E] €] )(pJ 1100 vgt Bl )(pJ’i i1 vp]
+ 0(h) § L tvna B *eas Vig 3 (B e V3. en (B0
2 3 “he €85 Vhe,A “85 Vh3,en "k’ ?

(relation 6.3.1 is easily obtained from (5.2.36) (5.2.37) and
av

= a®(&) + 0(h)). As far as the second furdamental form (baﬁ) may be
evaluated - at least at the numerical integratioﬁ nodes -, we propose

here another way to take into .account the residual term in (6.3.1).
According to (5.2.30), we have

~a,X, _ o> o QVE ae, .
YhB(vh) = YB(Vh) + 0(h) {cB (E)+c Vhv,et 2 c31Vh3, €(Ei)} , (6.3.2)

i=1

so that relation (6.3.1) can be equivalently written as :

= 0 >

+ aﬁ Yo KAL) L8 x
(6.3.3)
€U
xigl A OIE], 8] )(pJ PR RS G )(pJ’i i-1) )
~a2k
+ 0(h) kzl{ 23 ne Cid*%a1 Vi, 2 i )+cB i3, en Gt

Then, we introduce a ''perturbed" expression 5: of the change of

curvature S, defined as follows :
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~q,2
Phg h)lK phB(vh)|K. *
- be (E)ah yhn(v ) x (6.3.4)
x z APEIIEY, D Gr 4 ) G+ E) “ED GRS 4 ) ]

where Ai“(zi) is given by (5.2.97). Following (5.2.36) and (5.2.38),

one gets the explicit formulation :

_ av
Prg h)lKJ ) {iz ®5,0,08n3 Ep *
3 .
n Nyl
UG )(pJ,l 141 ,08% Bl 780 Py 4 g (T (6.3.5)

i=1

[V, (£)-aHE b (B)F )]
Yh3,n o0 T Y1 Pey S Ve
where it is infered from (5.2.12) that ;#g is constant over each triangle K.
The new discrete problem can be stated as (see (4.3.14) (4.3.18))

Tx z
Problem 6.3.1 : Find u, ¢ V, such that

h €
N**(G;*,3 )= @), W, e T (6.3.6)
with
L
TG LT = N E (2= (a- ()()+
3, Gpovp) = 1 Ay 22=1 “ark t 7 AT
Ké%; 1
+ VY. (u )Y (v H (b )
. ho h8 EL (6.3.7)
+ ; '22 ® (—E—e?,—-{(l-v)p (u)p*B(V)+
=1 g=1 220K8 T 12(1-v%) hg
CHGRLCRIY (b, )] o

where the tensors ;Lg and 5;2 are defined in (4.3.1) and (6.3.4),

and where the linear form - f;(.) is defined in (4.3.15).
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Now, by using the bijection F, defined in Theorem 4.2.1, the

h
problem 6.3.1 is equivalent to :
ind o e V h that
Fin uh € h such tha
* ki > -> . >
b (uh v ) gh(vh) s Vvh € Vh s (6.3.8)

where, by definition, for any 3 ,; € 7 in correspondence with
-> -> h h h -

134

vh,wh € Vh through the bijection Fh’ we set :
*,> - ~ex X X
bh(vh’wh) = a. (vh,wh) . (6.3.9)

Consequently, we can establish the convergence of this new method

for general shell problems :

Theorem 6.3.1 : Let 95’ be a regular family of triangulations of the

domain Q. Let Vh’vh be the associated finite element spaces respectively
defined by (3.1.4) (3.1.5) and (4.2.15) (4.2.38).

Assume that the numerical integration schemes (5.2.138) and (5.2.141)

satisfy the following conditions

¥ e Po(ﬁ) . ﬁl($) = 0 , (for membrane terms) (6.3.10)

-~

V$ € Pz(ﬁ) . E2(¢) =0 ,. (for bending terms) . ' (6.3.11)

Then, if the solution U e V of the variational problem (2.2.5)
belongs to the space HZ(Q) X HZ(Q) X HB(Q), if the. loads ; belongs to the

space (Wl’q(Q))3 » g€ R , q>2, there exists a constant c, independent

of h, and h1 > 0 such that, for any h < hl, we have

vy

2
< ch{( Nz ch&“;,9+nu3"§,9)l/2 + n;ul’q’g} (6.3.12)

where :;* € Vh is the solution of the discrete problem (6.3.8).
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Proof : The proof follows exactly the lines of paragraphs 5 and 6.1.
The major difference comes from Theorem 5.2.3 where the estimate (5.2.118)

is replaced by

1B -Bra G o,k = <blvial sk * el * |ndl 2.k 2 (6.3.13)

Thus, this estimate is completely independent of the magnitude of the
parameter €, and the proof is pursued without taking into account any
restriction upon the class of the shell : results of Theorems 5.2.8
and 5.4.1 are now completely independent of the magnitude of the

parameter €.

Remark 6.3.1 : It is clear that this study has been performed under
the assumption that an explicit knowledge of the geometry of the shell
is available. For engineering computations, it should be interesting to
define an approximation method of thin shell problems by flat plate
elements which only relies on the euclidean coordinates of the vertices

of the facets. We will propose such a method in a further report.

O

Remark 6.3.2 : Thus, this "perturbation" method assures the convergence
of the "facet approximation" to the solution of the continuous problem
corresponding to the use of BaB as a tensor of change or curvature. To
obtain the same type of result when using tensor paB,defined in (2.1.15),
instead of paB ,.it suffices to modify the perturbation (6.3.4). Indeed,
from relation (5.2.91), use

~kkQL, o

= 1 o ~ V
Py B(vh)IKj = phs(" ) |k J -3 {bv(E)YhB(vh) +b (E)Yh (v )}
- b, (B)ap ¥, A<v ) x

) gt EL DG L) ]

j,i,i+l j,i,i-17,vB

x 2 S ], -6 o Wt
i=1 »

instead of the expression (6.3.4) ; then, the estimate (6.3.13) becomes

now :
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~%kxQ)

EAURE 8(3£) 0,k Ch{”Vhlui,K ! “th"f,x ' “vh3"§’K} v

CONCLUSION

Without any doubt, the main result of this study is the estimate
(5.2.37) stated in Theorem 5.2.2. From this estimate, we can draw

several lessons :

i) the approximation of thin shell problems by the CLOUGH-JOHNSON

flat plate elements is not always convergent when applied to general

shells. The convergence is directly depending of the magnitude of the
second term of the right hand member of estimate (5.2.37), i.e., with
notation (5.2.101)

def VA >
Cyg - 3 (E)Ym(vh)beu(ﬁ) X

1

1
3 .

n n
,i,i+1),a6+(£i-1”gi)(p3,i,i-l),uB]

3
Al n n
xizl ATEDIES -ED (P

ii) in this study, we have proved that :

* for quasi~shallow shells (see Theorem 5.2.3)

* for a '"mon-shallow" circular cylinder, this term cannot be
neglected (see Lemma 5.2.1). This result corroborates several numerical
observations by ZIENKIEWICZ [23, p. 239], IRONS and AHMAD [24, p. 281]
and GALLAGHER (25, p. 5].

iii) the field of application of such a method can be probably

extended to some classes of non-shallow shells by energy considerations.

For instance, we could restrict our attention to the case of preponderant

flexural strains and develop the ideas of Remark 5.2.3.

iv) finally, it is possible to derive a new method which is conver-
gent for any general shells without any restrictions upon the geometry.
This important improvement is obtained by means of a slight perturbation

of the bending term.
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