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- Abstract

" We compare a number of methods which intend to combine the advantages
of a monotone scheme, which produces no ”ripples” near discontinuities, together
with those of a second-order one. These two schemes are formulated within the
framework of the Taylor-Galerkin finite element method. We have tested artificial
viscosity methods, TVD methods and FCT methods. Numerical results of the com-
putation of hypersonic flows around a blunt body are presented.

Résumé

On compare différentes méthodes qui essayent de combiner les avantages d’un
schéma monotone, qui ne produit pas d’oscillations prés des discontinuités, avec ceux
d’un schéma précis au second ordre. Ces deux schémas sont construits en utilisant
la méthode Taylor-Galerkin des éléments finis. On a testé des méthodes de viscosité
artificielle, des méthodes TVD et des méthodes FCT. Des exemples numériques
concernant la résolution d’ écoulements hypersoniques autour d’un corps arrondis
sont présentés.
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I. Introduction

In the following, we extend to the two-dimensional case some non oscillatory
shock-capturing schemes described in a previous report [1] concerning the solution
of one-dimensional hyperbolic problems. We compare a number of methods which
intend to combine the advantages of a monotone scheme, which produces no ’rip--
ples’ near discontinuities, with those of a second-order one. These two schemes are
formulated within the framework of the Taylor-Galerkin finite element method[2].
The difference between the two schemes is a discretization of a Laplacian operator
which uses the dissipative effect of the well-known mass matrix operator of the fi-
nite element formulation. The main idea of this paper is that, using P! triangular
elements, the dissipative operator constructed on an element can be distributed
over its sides which will be subsequently named segments. Thus, we can replace
the element contributions to the discretization of the dissipative operator by seg-
ment contributions and use the one-dimensional character of the latter to generalize
one-dimensional methods described in [1].

An outline of the report follows. In section II, we present the Euler equations
and a very brief description of the finite element spatial dicretization; then, in section
HI, we discuss first- and second-order schemes formulated within the framework of
the finite element methods of Taylor-Galerkin type. In section IV, we describe the
artificial viscosity method, the Total Variation Diminishing (TVD) concept and
the Flux Corrected Transport (FCT) technique, respectively. Finally, in section V,
numerical results of the computation of hypersonic flows around a blunt body are
presented.
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II. Mathematical modelling

1. Governing equations

The conservative form of the Euler equations in the two-dimensional space is
given by :
oU oF(U) oG(D)
+ + =

—_— 0 1
ot oz dy (1
in which _
p gu, pv
_ | pu _ | put+p _ puv
U= pv » = pUY » G = pvi+p
€ u(e + p) v(e+ p)

where p is the density, W = (u,v) is the velocity vector, e is the total energy per
unit volume and p is the pressure. We assume that the fluid satisfies the perfect gas
law :

u? + 2

)

p=(y-1)(e-»p

where 7 is the ratio of specific heats (y = 1.4 for aif).
Let A and B denote the Jacobian matrix 8F(U)/8U and dG(U)/dU whose eigen-
values are

(a',d®,a%,a%) = (v —c¢,u,u,u+¢)

and
(b, 0%,6%,0%) = (v—=r¢,v,v,v +¢)
respectively, where ¢ = \/yp/p is the speed of sound.

Eq.(1) can be written in the non conservative form :

oUu aUu ou
FT +A(U)£ +B(U)Fy- =0

i1, Mathemstical meodelllng 2



2. Finite element approximation

In order to discretize the continuous problem, the flow region is imbedded in a
bounded polygonal domain 0 whose boundary is denoted by I'. A triangulation T
with charateristic mesh spacing A is introduced on Q. The vertices of the triangles
define a set of computational nodes, S , where the numerical solution of (1) is to be
computed. For each node S;, a piecewise linear basis function Ni(z,y) of support
{); is introduced where ; is the union of the elements Tf that possess the node S;
as vertex. It is a first degree polynomial on each element T} of T which takes the
value O for all the nodes except for S; where Ni(zi,y:) = 1.

Any scalar function u(z,y) on € can be approximated by :
uh(z,9) = D Ni(z,v) u(zi, )
i

where the sum is over all the nodes of S. In practice, for a given (z,y), the sum
involves only three terms :

uh(xay) =Z Nf(zsy) u(z;,y;) )

t=1

namely those corresponding to the basis functions N; associated with the vertices
of the triangle containing (z, y).

11. Mathematicel modelling ’ 3



ITI. First- and second-order finite element schemes

1. Second-order scheme

The Eq.(1) is discretized in time as in the classical Lax-Wendroff scheme [3] or
in the Taylor-Galerkin scheme of second-order accuracy in time[4] :

Unl_yn  9F"  9G". At d .. OF" OG"
A - Car Yoyt e G T 2
+ S (r(C 1 2y,
2 dy oz dy

in which U™ = U(z,y,t"), F* = F(U") and G™ = G(U™), where subscript n is the
time level so that t® = nAt and At is the time increment .

To introduce a spatial approximation by means of the finite element method, Eq.(2)
must be recast in a weak form according to the standard weighted residual formu-
lation which gives, after integrating by parts the second-order terms,

g+l —yn
/ w ———~ 40 = RHQO" + RHT™ 3)
Q At
where
Jw At oF™ oG" Jw At OF™ oG™
RHQO™ = —[F? — —_ 47 = e _ 2P nn IV
/n{az[ 2 4" Cog 5y 1t 5y 67— 3 B (G + 5, han
and
At JdF™ 9G™ At oF™ 9G™"
RHAT"™ = —Fr L AN —— o, T nn
/Pw{fcz[ + A Gy + 5, =G+ B (G + B

— . .
K = (kg, ky) is the outward unit vector normal to I .
The spatial approximation of (2) at node S; is performed according to the standard
Galerkin finite element method for which the weighting function w is chosen as the
basis function N;(z, y).
The equation thus obtained can be written in the form
/ N, U™tldn = / N; U™dQ + RH? (4)
Q Q
where RH = At(RHQ? + RHT?) .
Since the lefi-hand side of Eq.(4) involves vaiues of the variables for all the nodes

lying in Q;, the resulting system is, by nature, implicit.

JIX. First- and second-order finite element schemes 4



2. First-order scheme

If the consistent mass matrix is diagonalized(or lumped), i.e., if one introduces
the approximation

/N.- U"“dn—»/ N Urtldn
Q Q :

in the left-hand side of Eq.(4) (but not in the right-hand side), the following first-
order accurate scheme is obtained

/N.- U{‘+1dﬂ=/ N; U™dQ + RH? -~ (5)
Q Q

where U = U(z;,y:,nAt) .
This scheme can be interpreted as a second-order approximation of a parabolic
equation of the form
U 9F 8G _ h?
ot "3z dy  6At
where A is a laplacian operator.
The first-order scheme can also be implemented by means of a splitting-up proce-
dure. In fact, Eq.(5) is equivalent to the following two-step scheme :
JoaN: UMt3dQ = [ N; U"dQ + RH? ©)
Joa N UMl = [ N; Unt3dn

Notice that the diffusion step introduces only a real multiplicative coefficient into
the amplification factor with respect to that associated to Eq.(4) and do not disturb
the phases [1].

Al

3. ' Structure of the dissipative effect of the first-order scheme

-3.1. Element contribution
| The dissipative operator of the first-order scheme at node S; can be written as
D.U; =/ N; (U - U;)d0 (7
Q;

This term is composed, in fact, of the contribution of each element Tf that possesses
the node S; as vertex :

DU; = ZDf U; (8)
l .
where D} U; =/ N;(U - U,)dq.
!

3il. Firat- and second-order finite element schemes 5

— [N ~ -

k



k4 k3

e3

es el

e6

k6 k1

Fig.1: Elements and segments around the node S; .

3.2. Segment contribution

It is interesting to distribute the contribution of the element over the segments
which join two adjacent nodes. Denoting by Sk; and Sk the two other nodes of the
element T,-’, Df- U; can be written as :

D U; = K}y Uy - U) + Ko (Uka = Uy)

where Kfj =/ N;N;d.
7
Using this decomposition, Eq.(8) becomes :

™ ( - e 2d e \ VY
LiUi = ) Ki(Ux — Us) (9)
k

where the sum is over all the nodes surrounding the node S; and K = Zka .

l
The decomposition of the dissipative operator by segments is used subsquently to

oonaralina Al ) PR 3

SAVAA Ara : OTAET 11071 osciatary crligimaoa (11 oo 1
STt SUIMC one-aimensionar second-order non oscillatory schemes (1] to the
multidimensional case.
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4. First-order scheme with modulated dissipation

- The dissipation term (9) of the first-order scheme can be modulated by intro-
ducing a parameter d, 0 < d < 1. Two different schemes are obtained depending on
whether the one-step or two-step form of the monotone scheme is started from.

4.1. One-step scheme with modulated dissipation

/ N; U‘-"'Hdﬂ = / N; UdQ) + RH! + ZdikKik(Ui‘ -Uul) (10)
Q Q &
In the case d;x = 0, we obtain a Lax-Wendroff type scheme [4].
4.2. Two-step scheme with modulated dissipation

Joa N U340 = [, N; UndQ + RH?
oMU = [ N U a0+ Y dnKa(uptE - oty (D)
k

In the case d;x =0, scheme (4) is obtained.

For the last two schemes, it can be useful to introduce the artificial viscosity
operator

AD; U; = Z‘D"k U; (12)
k

where
Dk U; = dix K1 (Ur — U;) : (13)

IFI. Firsi- and recond-eorder Snite element achemes 7



IV. Numerical methods

1. Artificial viscosity method

The solution obtained with second-order schemes suffers from dispersive ”rip-
ples” particularly near discontinuities whereas the first-order scheme produces no
ripples but suffer from excessive numerical diffusion. The concept of artificial viscos-
ity consists in modulating the effect of this dissipation by means of the parameter
d. This coefficient may be O(1) near discontinuities and O(h?) in the regions where
the flow is "regular” to preserve the accuracy of the second-order scheme. Hence, at
the discontinuities, the scheme is essentially the non oscillatory first-order scheme.
Of course, the parameter d must be a function of a sensor which recognizes discon-
tinuities in the flow.

An effective sensor of the presence of the shock wave can be constructed by
taking the second derivative of the pressure. Denoting by S; and Si the nodes which
delimit the segment {ik}, we introduce the quantity

_ ,Pk — 2p; + pis

= 14
Pk + 2p; + pis (14)

where
pi =pr — 2V p; - " (15)

is the pressure extrapolated in the direction = (zk — i 5 ye — y;) from the node

__)
Si and Vp; is the gradient of the pressure calculated at this node. Similarly, we

define
_ {Pkx — 2pk + p;

B Dk« +2pk + pi

(16)

where
—
P« =pi +2Vpr -7 (17)

Note that d; and dy appear to be evaluations, at nodes S; and S , of a non
dimensional second order derivative of the pressure in the direction 7.
Finally, the coefficient of artificial viscosity d;x is expressed as

dir = X max(d,-,dk) (18)

IV. Numerical methods 8



where x is an adjustable parameter. Here the quantity d;; is maximum on both
sides of a shock but becomes zero inside. The disadvantage of the artificial viscosity
methods lies in that they introduce an adjustable parameter whose value is not
always simple to determine. In the next sections parameter free methods will be
discussed.

2. Symmetric TVD methods

We can obtain second-order TVD scheme (without any adjustable parameter)
using the following strategy :

i) Locate the place where the second-order accurate scheme produce oscillations
ii) Insert there the maximum dissipation(— monotone scheme)

ili) Reduce or compensate the dissipation in the other parts of the flow.

We describe now two ways to implement this strategy.

2.1. Fluz limiter TVD method

In the one-dimensional case, the coefficient of artificial viscosity d. (related to
an element) was evaluated using the variations of a sensor g over three contiguous
elements. In the multidimensional case, we work with the segments and, using the
extrapolated points {1*} and {k*}, we construct the following variations :

Divd = ¢i—qin; Aikg = q—¢i; Agug = Tk« — Gk

where ¢;. and g, are determined by equations similar to Eq.(15) and Eq.(17).
Denoting by r* and r~ the ratios : )

VI — = Qik g

Aikg ' A g
we define
dix = {0 i rt <0 or r~ <0 (extremum) (19)
1-B(r},r;) otherwise
where

_ min(|As g, | Ak« q|)

maz(|Aik ql,|Akx qf)
~ _ min(JAi g|,]Au q])
maz(|As g, |Aik q)

<
©

IV. Numerical methods 9



~and B(ry,r;) = min[B(r]), B(r7)].
The function B(r) is a limiter function that takes values into the interval [0,1]. -
Some examples are

B(r) = min(lz—_:r, 1) (wvan Leer) (20)

B(r) = min(2r,1) ( Roe's superbee ) (21)

Our own numerical experience indicates, that if the conservative variables are chosen
as sensor, the solution presents oscillations in the non-conservative variables such
as the pressure. A better choice is to take an unique sensor for the whole system
of equations, so that the dissipation coefficient is the same for all the equations. In

the examples illustrated later, the sensor is the Mach number (M = I ”) which

is a variable very sensitive to oscillations.

2.2. Characteristic TVD method

Another possibility is to work with characteristic variables. As a matter of fact,
since system (1) is hyperbolic, any arbitrary linear combination of the Jacobian
matrix A and B :

C=mA+ n2 B

where 7; and 5, are real numbers, possess real eigenvalues : A1,12,A3 and A%.
The right eigenvectors associated with the eigenvalues A! form the matrix T which
diagonalises C, namely

T™ICT = A ; Ay = Mg

The expressions of T and T—! can be found in [5]. Let U;x be some convenient
average of U; and Uy, and let A,k, Tk denote the quantities !, T evaluated at U

q
and where we have chosen 7y, 7, as the components of the unit vector —2)— We

(78
define a;; as the component of A;x U; in the Ith characteristic direction, namely,

Dix Uiy = Tip a5 asx = T" Air U (22)

1

With the above notations, the artificial dissipation term can be written in the
following form

Dix U; = Tir Wix (23)
where

Yhe = Kux [ab — Q4] (24)

IV. Numerical methods 10



and Q! is a limiter function.
Some examples of such a function are

(6) Qix = minmod(a,, oy, ah.)

~ . 1
(b) Qf-k = mmmod(Zaf-*, Zafk, 2afc,,, E(af-* + afc*)) (25)

() Q) = minmod(6al,, aly,60k,)

The minmod function of a list of arguments is equal to the smallest number in
absolute value if the arguments are of the same sign, or is equal to zero if any two
arguments are of opposite sign.

Note that other ways to generalize TVD scheme in a finite element multidimensional
context have been studid by Arminjon and Dervieux|6].

3. FCT methods

The basis of the Flux Corrected Transport (FCT) method or antidiffusion me-
thod is to use a modification of the diffusive scheme to remove the diffusion in the
regular part of the flow and to limit it near discontinuities in such a way that no
new maximum or minimum is formed. A method for constructing multidimensional
FCT schemes has been proposed by Zalesak [7]). The following construction of a
FCT finite element scheme is inspired from it.

Note that the relation between the first-order and second-order solutions can be
expressed at node S; in the form

MD; uf = MD; uf — ZKik(uk — uy)
k

H

where uf’ and uf are the solution calculated by the second- and the first-order

schemes respectively, and M D; u; = / N;u; df). Then, the procedure is as follows:
Q

(1) Define for each segment the ”antidiffusive flux”
atir = Kik(uk — uq)

(2) Compute the update low order ("transported and diffused”) solution :

td _ L
U = u;

(3) Limit the at;x in such a manner that u"*! as computed in the following step
below is free of extrema not found in u*¢ and u" :

ot =ik ati 5 0< L < 1

iV. Numerical methods 11



(4) Apply the limited antidiffusive fluxes :

MD; ul*! = MD; uf? - 3 atf
k

Clearly for l;x = 1 in step 3, the usual oscillatory solution would be obtained and
so the selection of limiters is crucial to the properties of FCT. We restate here the
FCT limiter presented in the paper of Zalesak.

For each node i, we define

= — Z min(0, atik)

Q+ — MD; ( maz __ u:d)
_ [min(LQ}/PY) P} >0
o if ¥ =0

and similarly
P = Zmaz(O, at;r)
k
Qi =MD; (uf? —ul™™)

p- - [min(LQ7/P7) i P7>0
0 if P =0

We have chosen the quantities ;x, u™** and u"‘"‘ as

lie. = min(R}, RT, R}, RY)

maz __ a a
ui = maz(u",ukl, ukz,...,ukm)
min __ . b, b b b
U = man(ud, Ugy, Ukgy e Upyn)

where Sk 1, Sk2, --s Skm Tepresent the nodes surrounding node S;, u¢ = maz(u?, ul?)
and u? = min(u? utd) But other choices are possible [6].

. The correct method of limiting for a system of equa.t1ons as the Euler equations

- ~ 4L 1
10U UUV lUub VVU lllcllblull we bllUlbU

is
l;k —_ mln(lfk,l‘k ’ltk’ ) (26)
where [?, [P¥, [PV and [¢ are the limiters constructed for each conserved variable.

We note that other finite element FCT schemes, using elemental contributions, have
been proposed by Parrot and Christie [8], and by Morgan et al [9].

IV. Numerical methods 12



V. Numerical experiments

To illustrate the behaviour of the numerical schemes described in the previous
section, an hypersonic flow around a blunt body is considered. The Mach number
at infinity is 8.0, the angle of attack is zero and the initial condition is the uniform
free-stream flow. The mesh contains 1908 nodes. We present plots of the following

non dimensional numbers : -
— w
the pressure coefficient : C, = 9P " Poo ; the Mach number : M = ] ;

Poo|| W oo|? ¢
the entropy deviation : £ = (p/peo)/(0/Po0)” — 1 and the non dimensional
density : Rho = (p/pso) — 1.

Our own experience indicates that the results obtained using the consistent
mass matrix are qualitatively similar to those obtained with the lumped mass ma-
trix when we reach the steady-state. Nevertheless, the oscillations are more rapidly
damped in the first case; this behaviour has been already observed for one dimen-
sional calculations. The inversion of mass matrix can be approximated by a purely
explicit iterative technique of Jacobi type which takes a particulary simple form due
to the incremental character of the scheme [2]. Only three iterations are needed to
give a solution very close to those obtained with an exact technique.

Using the artificial viscosity method (Fig.2), we can obtain non oscillatory
solutions. We note also the very good behaviour of the characteristic TVD scheme
(Figs. 3-4), but the convergence depends of the limiter. In fact, if the convergence is
very good for the limiter (25.b), it is harder for limiter (25.c) which is less dissipative.
The flux limiter TVD scheme (Fig.5) gives the most dissipative results as can be
seen on the curve of the entropy distribution along the body. The results obtained
with the FCT scheme (Fig.6) gives monotonic profiles for the conservative variables,
but it is not the case for non conservative variables such as pressure or velocity.
Furthermore, the calculation do not converge. We can reduce the amplitude of the
oscillations by adding artificial viscosity. Another solution would be perhaps to use
characteristic variables in the limiting procedure.

We note that, for the illustrated results, the entropy jump at the shock is a little
smaller than the theoretic value given in available shock tabulations.

We have also implemented a predictor-corrector version of the schemes of Richt-
myer type [10,11]. The advantage of this algorithm is that it does not require the
evaluation and subsequent multiplication of the Jacobian matrices 4 and B which

V. Numerical experiments 13



are very time-consuming. Using this scheme, the computational time is reduced by
. a factor 1.66 for the artificial viscosity method or the flux limiter TVD method, and
by a factor 1.45 for the characteristic TVD method. The results obtained with the
one-step and the predictor corrector approaches are very close. Nevertheless, the
first one is a slightly more stable that the second one.

In all the calculations, we have used a local time stepping technique to accelerate
- the convergence.

V. Numerical exverimentn 14



VI. Future developments

1. Another first-order scheme

We have noted, in section III.2, that the first-order scheme can be interpreted
as a second-order approximation of a parabolic equation of the form

oU OF G h?

3t Tz T oy T oAt
2

where the coefficient of the diffusion term, i.e. 6AL’ depends of the time increment
in such a manner that the dissipative effect increases when the time increment

. . . h .
decreases. This dependence can be removed if we replace the ratio — by a quantity

w which has the dimension of a velocity. We propose the following first-order scheme
in which the diffusion operator is constructed from the segments:

/ N; UPTlda = / N; UPdQ + RH! + ) %’—" K UR—-UP) (27)
Q Q & ik

where K} = 6K, hii is the size of the segment {tk} and w; is the spectral radius
of the matrix C on the segment {¢k}, i.e.

Wik = [m1%ik + n2vik| + ¢k

The Mach-8 calculations obtained with the first-order schemes (5) and (27) are
illustrated in Figs. 7 and 8, respectively. The numerical solutions are very similar
for the two schemes. Moreover, the new first-order scheme seems to be a little less
dissipative than the old one. Experiments using the artificial viscosity method (Figs.
9 and 10 ) show that the entropy jump is better represented when we use the new
scheme, for which the artificial viscosity term does not depend anymore of the time
increment. ‘L'his might be important when the solution reaches the steady-state.

WVI. Foture developments 15



2. Multistage time stepping scheme

Multistage schemes for the numerical solution of ordinary differential equations
are usually designed to give a high order of accuracy. In these schemes, Egs.(1) are
first discretized in space, so as to get a set of ordinary differential equations which
can be solved subsequently by a Runge-Kutta method.

The spatial discretization of Eq.(1) can be written as

oUu
,/QN'E_dﬂ = Qs (28)
where aN ON
= gn J — .
Q: = ./n[ 32 F + 3y GldQ /PN,[FK,,; + GkyldT
For simplification, we diagonalize the consistent mass matrix. Thus, Eq.(28) be-
comes o )
i —_— .
Bt = MD: Qi (29)

where MD; = [ N;dQ. Finally, if we add an artificial viscosity term, Eq.(29) can
be rewritten as

oU;
= R:
ot t (30)
in which 1
R; = ; + Dy

-and where D; is a diffusion operator constructed as in (10) or (27).

Let U™ be the value of U after n time steps. The general m stage scheme to
advance a time step At can be written as

v® =y
vl =y® 4 g,At RO

Um0 =py® 4 g At R(m-2)

v =y©® g At RUmD
Un+1 — U(m)

(31)

An efficient 4 stage scheme, which is also fourth order accurate for linear problems,
can be construct with the coefficients :

§ﬂ2=l;,-s
3

N | b

= s B, =1
o 1

3 “®
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VII. Conclusion

In this report, we have presented different techniques to construct second-order
shock-capturing schemes in a finite element multidimensional context. The artificial
viscosity method appears to be the least diffusive in the regular part of the flow but
introduces a parameter which is problem dependent. On the other hand, TVD and
FCT methods have not this disadvantage but the quality of the solution depends
on the limiter function. Moreover, these schemes sometimes add dissipation in the
smooth region of the flow. For steady-state calculations, we have observed that the
calculations always converge when the artificial viscosity method is used but not
always for the other methods. In fact, the convergence is greatly influenced by the
type of limiter functions.

The first-order scheme employed here has a dissipative effect which depends
on the time step. This dependence can be removed by multiplying the artificial
viscosity term by an appropriate *Courant number’. Moreover, the schemes are of
Lax-Wendroff type, in the sense that steady-state solutions depend on the value of
the time step. At present time, we investigate multistage time stepping versions of
the schemes. Another way of ameliorating the schemes is perhaps to use an upwind
scheme as first-order scheme. Nevertheless, these schemes are much less dissipative
than the centered first-order ones.

Finally, using the concept of segments, the previous schemes can be easily general-
ized for three-dimensional calculations with tetrahedra.
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Artificial viscosity method
Sensor : second derivative of the pressure
Consistent mass matrix ; CFL=0.6 ;X = 2.0
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Fig. 2 : Artificial viscosity method



Artificial viscosity method
Sensor : second derivative of the pressure

Consistent mass matrix ; CFL=0.6 ; x = 2.0
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Characteristic TVD scheme (2-s)
Limiter two
Consistent mass matrix ; CFL=0.8
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Fig. 3 : Characteristic TVD methbd, limiter 25.b



Characteristic TVD acheme (2-s)
Limiter two
Consistent mass matrix ; CFL=0.8

Fig. 3 : Continued
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Characteristic TVD scheme(2-8)
Limiter three
Consistent mass matrix ; CFL=0.5
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Fig. 4 : Characteristic TVD method, limiter 25.c



Characteristic TVD scheme(2-s)

Limiter three

Consistent mass matrix ; CFL=0.5
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Flux Limiter TVD scheme (2-s)
Limiter : Roe’s superbee
Consistent mass matrix ; CFL=0.5
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Fig. 5 : Flux limiter YTVD method
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Flux Limiter TVD scheme (2-s)
Limiter : Roe’s superbee
Consistent mass matrix ; CFL=0.5
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FCT scheme (2-s)
Limiter : min(I2,1™,1",1¢)
Consistent mass matrix ; CFL=0.5
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Fig. 6 : FCT method
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FCT scheme (2-s)
Limiter : min(1?,1™,1",1°)
Consistent mass matrix ; CFL=0.5
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First-order scheme (2-s)

with time increment dependence of the viscosity

CFL=0.5
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Fig. 7 : First-order scheme
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First-order scheme (2-s)

with time increment dependence of the viscosity
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First-order scheme (2-s)
with eigenvalue dependence of the viscosity
CFL=0.5
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Fig. 8 : First-order scheme



First-order scheme (2-s)
with eigenvalue dependence of the viscosity
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Artificial viscosity method (2-s)
Sensor : second derivative of the pressure
Lumped mass matrix ; CFL=0.5 ; x=2.0
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Fig. 9 : Artificial viscosity method



Artificial viscosity method (2-s)
Sensor : second derivative of the pressure
Lumped mass matrix ; CFL=0.5 ; x=2.0
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Artificial viscosity method (2-s)
with eigenvalue dependence of the viscosity
Sensor : second derivative of the pressure
CFL=0.5; x=2.0
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Fig.10 ; Artificial viscosity method

“r



05

Qs+

1.0t

20t

7.0

6ok

50F

40

dor

20}

Artificial viscosity method (2-s)
with eigenvalue dependence of the viscosity
Sensor : second derivative of the pressure
CFL=0.5 ; x=2.0
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