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KINETIC BOUNDARY LAYERS,
NUMERICAL SIMULATIONS

Philippe ROSTAND *

Abstract :

We take interest here in non equilibrium boundary layers for polytropic viscous flows. A quick physical
introduction is given, then we propose a numerical scheme for the compressible Navier-Stokes equations with
slip boundary conditions ; two-dimensional numerical simulations are presented.

COUCHES LIMITE CINETIQUES,
SIMULATIONS NUMERIQUES

Résumsé :

On s’inleresse ici aur couches limites cinéliqgues dans un écoulement visqueuzr compressible d’un gaz
polytropique. Aprés une bréve introduction physique, un schéma élément finis pour la résolution’de ’équation
de Navier-Stokes compressible avec des conditions auz limites de glissement est proposé ; on présente enfin
quelques exemples de simulations bidimensionelles.
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Introduction :

The prediction of temperature on space shuttles, and more generally on supersonic and hypersonic
airplanes, has raised the need for a precise description of physical phenomena within the proximity of
obstacles.

Confrontation of numerical simulations to experimental data (see for example [1]) has shown that com-
pressible Navier-Stokes equations with the usual no slip boundary conditions do not give an accurate shock
in the case of rarefied gaz flows, which is our concern for the study of a space vehicle entering the atmosphere.

This is due to the fact that the equations of fluid dynamic (compressible Euler or Navier-Stokes) are
an approximation to the kinetic description given by the Boltzman equation, valid only when the Knudsen
number is small (Kn = A/L, where X is the local mean free path and L a local characteristic length of
the flow). This is not the case near an obstacle, because L is arbitrarily small, so one must consider a
nonequilibrium boundary layer, about one mean free path thick, between the body and the fluid flow, and
obtain from its study boundary conditions for the latter.

A simplified boundary layer model, which we will use here, has been obtained by Gupta, Scott and Moss
in [2]). Coron, Golse and Sulem are working on a more elaborate model ; preliminary results are shown in
(3).

In part I, we will give a short introduction to the Boltzmann equation, and to the derivation and validity
of the fluid approximation. The boundary layer model, and the derivation of boundary conditions for the
Navier-Stokes equations will be outlined in Part II (see [2] for more details). Slip and no-slip conditions are
compared from a mathematical point of view in part III, an adaptation of existing numerical methods for
the compressible Navier-Stokes equations is proposed in part IV ; flow simulations are shown in part V.

I. Boltzmann equation and fluid approximation

This is only a very quick and simplified introduction to a large subject ; further information can be
found in the books by C. Bardos [8] for basic outlines, by R. Brun [4], S. Chapman and T. Cowling [5],
Truesdell and Muncaster 6] or G.A. Bird [7] (among others) for extensive details.

At the molecular level, a gas is described by calculating the path of every molecule, taking into account
it’s interactions with all the others ; of course numerically this is an impossible task. Statistical models
assume that the particles are numerous enough, i.e. that the gas is dense enough, to allow description by a
smooth probability function f(x,v,t),defined by:

m dn= f(z,v,t) d’z d3 1

x € R? position
v € R3 speed
t € Rt time

where m is the mass of one particle, dn the number of particles having their coordinates in an elemensary
cell @3z ® d3v of the state space, here RS, at a given time t.

Then f verifies

S rover=c() ®

where C is a collision operator.



If we also assume that

- the particles have no electric charge, .

- the gas is mono-atomic, so that the particles have only three degrees of freedom : the three speed
components, .

- the gas is not too dense, so that collisions involving more than two particles can be neglected, and the
collisions are elastic, '

then the collision operator is local in space, and quadratic :

cn=aun= [ [ (i~ 1o - wlwyids, ©
where
£ = o,0,0) = £(z,0,1) @
fr = filv,v1,w) = f(z,v1,1) (4)
£'= £/00) = £+ (00— v, 0,0 ©)
fi = fi(v,v1,w) = f(z, 01— (v1 — v, w)w, 1) (M

§? = {w € R, ||ju|| = 1}

q is the diffusion cross section, it depends on the collision modelization chosen.

The Boltzmann equation ((2)-(7)) is difficult to solve because it is an integro-differential equation de-
pending on six variables (7 if the problem is time dependent).Probabilistic and deterministic simulation
methods exist (see[7],or [9] for a recent contribution), but they are very expensive. But if our concern is
aerodynamics, we do not need the complete kinetic solution f, but only some of its moments : the density
p(z,t), the momentum pu(z,t) and the total energy E(x,t). :

plz,t) = /R° f(z,v,t)d>v (8)
(pu)i(z,t) = /Rs vi f(z,v,t)dv i=1,2,3 9)
E(z,t) = /m Ezlif(x,v,t)dav (10)

The problem of fluid approximation is to find approximate equations giving p, pu and E without solving
the Boltzmann equation.

The collisions being elastic, mass momentum and energy are conserved in a collision.

This implies that:

/ QUf, f)d® = 0 | (11)
/Q(f,‘f)v.-dav =0 (12)
[au.naw=o (13)

as can be checked directly; 1, v;, |v|?/2 are the summational invariants.



Integrating (2) over the velocity space, one obtains

dp .
- = 14
5T div(pu) = 0 | (14)

Multiplying (2) by v; and integrating, one obtains

0 0
—_ . —_ Vs - 1
i+ 3 g [ vurdn =0 (15)
Multiplying by |v|?/2, and integrating, one obtains
i) ij [v]? _
6tE+;azi(/ vi fd®v) =0 (16)
By using
. _ [z, v, )vidy
u.(z,t) - f‘f(t, v,t)dav (17)
and for a given x and t, ¢; = v; - u; ,one can rewrite (15) as
(?(p ) ——= + div(pu @ u) + div(7) = 0 (18)

where 7 is the stress tensor, deﬁned by

Tij = /c,-ij(a:,v,t)dsv (19)
One can rewrite (16) as
OFE . . .
a + div(Eu) + div(u.7) + divg =0 (20)
where q is heat flux vector
i _/ ——cif(z,v,t)d% (21)

These equations are the conservation laws, they involve p, pu and E, but also other moments of f. It is
necessary to obtain expressions of these moments depending only of p, pu and E and of their derivatives :
we want a closing relation for (14), (15), (16).

In order to do that, we go back to the Boltzmann equation. One can show by taking the continuous
limit of a discrete model that the probability of a state {f(z,v,t), x € R3, v € R3} is given by the opposite
of Boltzmann’s H function :

H(t) = - / /R . fLogfd3zd3v (22)

H can be shown to be decreasing in time for an isolated system : it is an entropy. The state with the
minimum entropy is the most probable state, it is necessarily a maxwellian :

p v —uf? '
M(z,v,t) = exp(— 23
where p, u and T are the density, the average speed and the temperature.
Such a state is said to be at equilibrium ; one may suppose that fis locally “not far” from a Maxwellian
~hen there 2re no perturbations (shocks, walls, initial layers, etc...) near the point under consideration. This
is the base of the Chapinan-Enskog expansion : one tries to find f as a maxwellian plus a small perturbation.




The zero order expansion is obtained by supposing that f is a maxwellian

f(z,v,t) = M(z,v,t) (24)

Replacing f by M in (19),0ne obtains

1ij = p(z, )T (2, t)és; = p(z, 1)b;;

p : pressure
Replacing f by M in (21),0ne obtains

¢g=0

So (14), (18) and (20) are now the compressible conservative Euler equations

g—;’ +V.(pu) =0 (25)
g-(-g;‘—)+v.(pu®u)+Vp= 0 (26)
%{f- +V((E+p)u)=0 (27)

To have a more accurate result, we suppose

f=M(1+¢d) ¢ = ¢(z,v,1) (28)

where ¢ = Kn
The adimensionalized Boltzman equation can be written as :

R (29)

replacing £* by M*(1 + €¢), we obtain
1 . xpw oMm*

Supposing the factor of order 1; to be zero,we obtain Q(M*, M*) = 0 ,which is equivalent to M* beeing
a maxwellian : we again find that the lowest order approximation is a maxwellian.

40"V M* ~ 2Q(M* , M*$)) + eF(M) =0

Supposing the factor of order 0 to be null, we obtain

oM*
ot

This is a Fredholm integral equation of ¢, the orthogonality of the left hand side expression to the null space
of the operator gives the Euler equations.

The equation (30) is difficult to solve, and doesn’t yeld useful results because the expression for ¢ is too
complicated. But one can obtain a good approximation of the solution by taking ¢ as a linear combination
of two special eigenvectors of the operator : the two first Sonine polynomials.

Fo.V. M —2Q(M*, M*$) =0 (30)



After some calculations, one obtains

147 5 [m 31 me?2 b
% taVIrar T T 2

where m is the mass of each particle, k the Boltzman constant and K=K(e) a normalization constant.

é=- )+ %(c@ c— %czl) : (gradu)) (31)

Equation (19) then gives :
1
T= (/ cic;M(1 4+ €¢))ii = 2;1[-;-(Vu + Vu') - -3-(divu)I] + P (32)

where p is the first viscosity,

57 kT 1
—_gKm(m)’ (33)
for a Maxwellian interaction potential.
Equation (21) gives
g=x VT . (34)
75 VI, kT 1
x=-3 K m) (#)

where x is the heat diffusion coefficient ;(14), (18) and (20) are now the conservative compressible Navier-
Stokes equations

%% +V.(pu) =0 (36)

8(pu) 2
T V.(pu® )+ Vp = V(=p((Vu+ Vu') - EV.uI)) (37)
%ﬁi + V(B + pul = V.ful—p((Vu + Vo) - %V-u))l +V.(=xVT) (38)

Remark :

These values for p and X are valid only for a monoatomic gas with a Maxwellian interaction potential.
For a diatomic or a triatomic gas, a similar theory can be developped, but it is much more complicated
because the diffusion cross section isn’t spheric.

The Chapman-Enskog approximation is obviously not valid in the neighborhood of a wall, a sufficient
reason for that beeing the spatial dissymetry.



II. Nonequilibrium boundary layer models

3!

Knudsen layer

Fluid flow

The general problem of boundary layers is to derive boundary conditions for the fluid flow from an
assumed behavior of the particles when they hit the wall.
The usual formulation of this problem is the following :

00

w
<

v
»

Given a set of fluid variables at the edge of the Knudsen layer p,, (pu),, E,, the corresponding Navier-
Stokes probability function f, = M,(1 + €,4,) is known , and consequently the incident fluxes : for ¢; = 1,

e o Uy, 0)2/2.

Fr= [ [0 4% 0 60 £ (o)



Rescaling the problem by 1/, the calculation of the reflected fluxes R; is a classical half space problem
(see [3] or [10]). The boundary conditions are given by equating the sum of the incident and reflected fluxes
to the known boundary flux :

Fi+ R; = G; (39)

Gi = /_ :o /_ :o /_ :,o vy éif, ()% (40)

To avoid resolving the half space problem, one makes assumptions on the behavior of fin the Knudsen layer.
The model provided by Gupta, Scott and Moss in [2] assumes that :
- a proportion # of the particles hitting the wall is accomodated and re-emitted according to a maxwellian
law, the rest is specularly reflected (6 is the accomodation coefficient),
- the fluxes are constant during a "one-way travel” through the Knudsen layer.
The second hypothesis is a very strong one ; it rules out shock-boundary layer interaction.
In this context,

Re=(1-0) [ :”/0 - / tuycﬁ.-f,(v,,—vy,v,))d%+o / :° / :" / T: wbifo@dPs (A1)

with

where )
z,v,t) = _tumt) = 5

Equation (39) then gives the following boundary conditions, when f, is remplaced by its value, and after
simplifications :

s _2—057

U= "0 Te Asn.D(u,).7p (43)
, 2-057

v, =3 lsz\,n.D(u,).'r, (44)

where s indices refer to the values at the surface between the Knudsen layer and the fluid flow, n is the
inward normalized unit vector, 7, and 7, the two tangential normalized vectors,
D(u) = Vu + Vu' - 2/3 divu |

P 2-61520T 57 X (d(ur) , O(ur) . O(un) 1

P I Y o T AR "y Sk i wa)) B (45)
T, 1P 1,3 P 5720 A OT
ek Bl et A Pl T it 3 IR SiAbtad Y b
T, =2 PO+ i+ D) - iy (5 ks (49)

where P, is the normal momentum flux.

Only- (40) and (41) are useful for the fluid calculation if T, is unknown, (42) and (43) allow to calculate
the pressure and temperature on the wall once the fluid flow is known.

More accurate models arc under investigation at the Ecole Normale Supérieure (Bardos and al.); they
introduce a boundary layer term x in the Chapman-Enskog expansion : if the wall is located at x = 0.

f= M(1+ed) + x (z/e,v,1),

By rescaling the equation, one obtains a half-sp'a.ce problem for x, the well posedness of which implying
necessary conditions for M(1+ ¢4), and consequently boundary conditions for the fluid flow.



III. The compressible Navier-Stokes equation with slip-boundary condition :

We restrict ourselves to the two-dimensional case for simplicity, and assume the viscosity and heat

diffusion coefficients to be constant.

Ly |

O € R? represents the obstacle, Q the flow domain, I' : 80, T, = 89/T.
The adimensionalized Navier-Stokes system is then :

at + div(pu) =

/]
a(p 8(pu) +div(pu@u)+ Vp= Ed‘”(D(“))
‘Zf + div((E + p)u) = —(dw(u(D(u)) + —AT)

in 2, where:
u € R? is the speed
p = (v — 1)pT is the pressure,
Re is the Reynolds number,
Pr is the Prandtl number,

with boundary conditions on T :

un=90
n.D(u).r = —Apu.t
1 6T
Rt D+ s

where n is the outward normal unit vector to I, 7 a unit vector tangential to I',

D(u) = Vu + Vu! - 2Vl

(44)
(45)

(46)

(47)
(48)

(48)

Equation (47) is a natural boundary condition, assuming there is no mass flux through the Knudsen

layer




Equation (48) is given by (40) and (41), A is a positive constant, depending on the nature of the gas in
consideration and on its density :

A=poc (50)

where c is a physical constant, ¢ & 107 U.S.I. for air, and po is the physical density of the gas for away from
the body, peo = 1,2 kg m~3 at ground level, poo = 10~7 kg m~2 at an altitude of 120 km.

Equation (49) is the consequence of the known adiabaticity of the wall. We assume the flow at infinity
to be uniform :

u = (cosa, sina) (51)
p=1 (52)

1
e )

where M, is the free stream mach number and a the angle of attack .
. In fact, we enforce the four boundary conditions (51), (52), (53) at the inflow boundary T, but only
one of them at the outflow in the supersonic case,for an advection dominated problem.

Theoretical results on the compressible Navier-Stokes equations are scarce (see [11] for a local in time
result), but one can check a few necessary conditions for the well posedness of the problem : decay of energy
and entropy of a smooth solution, coercivity of the viscous term restricted to the speed space, number of
boundary conditions compared to the signature of the convection Jacobian matrix.

We assume the external boundary I, to be sufficiently far of the body for the flow to be uniform in
it’s neighborhood ; consequently all derivatives of p, u and E are zero on T

The decay of energy is very easily obtained :

;—t( /n E)=- /ﬂ V.((E + p)u) + ﬁ; /n V.(u.D(w)) + 'R% /n AT

__ 1 _x_or
B -/[‘Ul"oo(E +P)(uwn)+ /I‘UI‘oo(Re u.D(u)-n + RePr On

onT,
un=0
1 y oT
Reu.D(u).n+ PrRedn =

so the boundary flux is zero.

On I, D(u) = 0, 8T/dn = 0, and (E+p)(u.n) is constant, so
[
/ (E+p(un)=0
Too

thus

%(/ﬂE’):O

10



The decay of entropy is slightly more difficult to obtain: the entropy per unit mass is ps, with

‘y—l
s= Log( )
combining (44), (45) and (46), we obtain
Ops
¥ +V. (pus) = ———[—-AT+ F(Vu))
with
F(Vu) = (Vu+ V' - éz-V.u) : Vu
or
_ 4 0v., 2 2 46vouw
Fou) = 3G07 + G+ Qo+ By f2 20
ifu=(v,w)
_26”2 Ow,, ?_'ﬂ 6_1)2 Za_”_a_wz
F(V0) = §(G2 + (5 1+ (g + 5+ 3G = 5
F(Vu) >0
N CL[Eg) LT
afe==[vou -z [T [ L1d
_ _ v VT _/ _y 19T
< /ruroo ps(u.n) W BePr T Jiur RePrT 0n
onT:
un=20
y T _ 1
ReProm = Reu.D(u).n

but on I', u = (u.7)r , so that

y or _ 1
RePron = "R (v.7)r.D(u).n
using (48),
Y E -~ 2 2
RePr 6n p(u 720

11

(54)

(55)

(56)

(67)

(58)

(59)



on 'y, 8T/0n = 0, ps(u.n) is constant, so we obtain

< /n ps) <0 (60)

Coercivity of the viscous term :

The following results are extensions of R. Verfurth’s work on the incompressible case (see [12]).
The question is on the existence and uniquenes of a solution u € (H*(2)) of

div(D(u)) =g in Q (61 —a)
un=0 in T : (61 - b)
n.D(u)r = —A(u.7) in T (61—¢c)

for Q bounded domain of R?, g € L?(), where A is a positive constant, n is the outward normal unit
vector to 95, T is a tangential vector to 990.

Let V= {u € H}(Q)?, u.n = 0 on 90}
if we assume 89 to be regular (say C*), the function

n:9Q ->R?
z—> n(z)

is C! and consequently, the trace operator

HY(Q) - > HY*(69)
u —>un

is continuous (see [12] for details).
So V with the H(Q) norm, as a closed subspace of H(), is a Hilbert space.

Let ¢ € V, (61) implies, integrating by parts :

1 2
> /n D(u).D(4) + /n 29494~ /a _6.D(u)r = /n " (62)
Joq ¢-D(u).7 is a well defined integral because D(u)|r € H~Y/%(T)

Equation (61-c) is equivalent to :
Yy € HY*(T), / (n.D(u). 7+ Aur)p =0
r
<=>VgeYV, J/ (n.D(u).1 + Au.7).(.7) =0
r

12



Equation (62) then implies

1 2
VeV —/ D(u)D(¢) + —/ VauV.é+ A/(¢.r)(u.r) =_/ g.¢
2Ja 9Ja r o
conversely, it is well-known (see [12] for example) that (63) and u € V implies (61).
To use Lax-Milgram’s theorem, we must prove the coercivity of the bilinear form ¢ :

¢ V->R

uw ->1 /n D) + 3 /n (Ve d /r (w.r)?

where we recall that A is a strictly positive constant.

ID(W)|? = [Vu + Vau' — %V.uIlz = |Vu+ Vulp - %('v.u)2

L] 2, g 2_1 t2_ Lo 12
4lD(u)I +9(V.u) _4|Vu+Vu| 3(V.u)

ifu = (v,w),

(V.u)? < 2[( )2 +( )2]

|Vu + Vul|? > 4(3 )2 ( )2

so Yu € H(Q)

4l|D(u)|2 —(dwu)2 IVu + Vu'|? ’

=12
We will now recall two classical lemmas :

Lemma 1 : (Korn’s inequality) : There are two positive constants, depending on , such that

1
Yu € H'(Q), 5/0 IVu+ V' |2 > Cillull}yq) — Callullzae
a proof is given in [13].

Lemma 2 : (Poincaré-Morrey) : There is a constant C3(2), strictly positive, such that

vae H'@),  Co@llulliam < [ [Fut v+ [ junl+ [ o
a r r

(63)

(64)

(65)

(66)



Proof :
See [12], lemma 2.2.

Proposition 1 : ¢ is coercive.
Proof :

(64),(65) and (66) imply ¢(u) > C|lullgryay VU €V ,ifC< G (3 + & )andC< A
So, by Lax Milgram’s theorem, (61) has a unique solution.

s

It is easy to check that no such result exists in three-dimensions.
Weak formulation of (44)-(49), (51)-(53)
It is well known that the boundary condition u.n = 0 cannot be enforced strongly on a polygonal domain:

if for example u is piecewise linear, if s is a corner of the boundary, u, .n; = 0, u,.n3 = 0, s0 y, = 0,
this means u = 0 on the boundary. Consequently, we will take a weak formulation in (H'(Q2))*.

Let ¢, e € HY(Q), ¥ € HY(Q)? , (44) — (49), (51) — (53) is equivalent to

2 /n b — /,, puV4+ /r _ om)e =0 (67)

gt-/npu.d)—/np(u.Vl/).u)+/P°°Po(uo'ﬂ)(u-¢)—/nPV-I/H'/Foo Po'l"n'*'/PP’/’-"

=g [ 0w vws g [ nDw- g [sunwn+ g [eDwmwn @)

d
——-/ Ee—/(E+p)u.Ve+/ (Eo + po)(u.n)e
ot 0 [1) Too
-1 S L 29T
= /n u.D(w). Ve~ =1 /n VTVe+ = /r D@+ g (69)

where ug , po , To ,Eo0,Pp are oo , Poos Tooy Ecoy Poo OF u, p, T, E, P depending on the signature of the
jacobian matrix of the convective terms (see [14) or {15] for details).

IV. Numerical methods :

Efficient finite element methods have been developped in the recent years for the compressible Navier-
Stokes eqn_at.ions (SP.P. [1 4] and [15]) They rely on centered Galerkin annroximation with artificial viscosits

I3
ce 112y 2220 Qi1 Ceiveicu ' Prsvaiiiiduiva <. vaoLUsivy)

or upwind finite volume solvers, for the Euler equations (see [16], {L7]). We will only outline these methods
here.

The functional space (H'(£2))* is approximated by (P1(Q4))*, where Q4 is a polygonal approximation
of Q, and Py (S2) the space of piecewise linear functions on a standard triangulation of Q4.

14



The discretized variational formulation then reads

%/{;wh‘f’h = E(wn, ¢n) + N(wn, én) Yo € (P*(Q))* (70)

where

wp = {Pln (P“)h ’ (pv)h’ Eh}

E(wh,qﬁh) stands for the convection terms, depending on the approximation chosen (we usually take an
upwind Osher approximation ,see (18)),N(wn,$n) stands for the diffusion terms

N(wn, én) = N1(wn,dn) + Na(wn, én) + Na(wa, én) + Na(wn, éa) ()
with
Ni(wn,¢8) =0 o (72)
: ! 2 43y_ A 2 43
Na(wh, #s) + Na(wn, é8) = _E/m. D(un).V(dh, ¢3) — 5/1‘;. pr(un-T)((6n, 3)-7)

_% /r h(n,D(uh).n)((¢§,¢%).1')+ I%Z /F - n.D(un).(63,43) | (13)

Na(wn, ) = =75 [ unDun).v64 - 52 [ 97,994 (74)

where ¢p = (¢4 )i=1,4

up and T} are P! approximations of (pu)s/ps and En/ps - 1/2 ((pu)n)?/p? respectively (one can check
that u; and T} are still first order approximations of u and T).
One is usually interested in stationnary solutions ,so classical time discretizations are delta schemes :

[ MR = uR), 60 = AB(R, 1) + N(uf 64)] (15)

with M the identity operator for an explicit scheme, a linearization of E in most implicit schemes.

Slip boundary conditions introduce a new problem : A is often a large constant, so the system (75) may
be ill-conditioned. That is why, while (75) with M = I — At 8 E, 8 E being a linearization of E, is quite
efficient with no slip boundary conditions, it isn’t here : the Courant number is drastically limited for A
greater than unity.

So we introduce an implicit factored scheme :

M = (I — AtON)(I - AtSE) (76)

where ON is a complete linearization of N, including boundary integrals:

Jonuna)= = [ Dow). ik 811+ 7 [ dontutr)ieh o))

o /m pr(Bun.7)(6%, 4317 - ﬁ/rh(n«D(évh)-"M‘ﬁi’ #aln

L n 4 _1_/ n 4 Y / 4
+Re ‘/nh 6U},.D(Uh).v¢h+Re ~ Uh.D(&Uh).Vqsh'*‘RePr vnh V(6T;.)V¢h (77)

< _ n41 UK
where dwy, = wp™ - wy

15



(76) is solved at each time step in two successive operations :

(I — AtOE)(6Wh) = At[E(wg) + N(wp)]

(78)
is solved with respect to the conservative variables,and
(I - AtaN)(éw,.) =Wy (79)
with respect to the non conservative variables.

Although an improvement over existing methods, (76) is not stable enough to allow very high mach
and low Reynolds flow calculation, which are our goal for the study of a shuttle reentry. A totally implicit
scheme with viscous terms calculated from the conservative variables is beeing developped.

V. Flow simulations :

These computations where performed on the Cray of the C.C.V.R. and on the I.LB.M. 3090 of AMD-BA.

Transonic, supersonic and hypersonic calculations were performed with slip and no slip boundary condi-

tions, at different densities, around a NACA0012 airfoil and a cylinder ;comparison with experimental data
taken from [1] is made.

~ N\‘\ ‘\ N . \
~ > \\‘ \.\\.'. \
A
\‘\'.\ .\ \'~.* \\
~\ ‘.\ -,.‘ ‘ \':.f\
N\, \ ‘\\ ‘/)i
\ . l,
7 |
! -\ i,
\
7 4.
| / : i
. /7
. l |
. /i
~ ! |
. N
A~
/]
7
7. / /
/ |/ /
/ /
N h // /

exainple of the unsiruciured meshes used
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A) Flow over a NACA 0012 airfoil at a Mach number of 2 and a Reynolds number of 106 ;two results
are presented :the no slip flow and the flow at a density of 10-%kg/m3. The experimental flowfield ,at a
density of 10~7kg/m3, taken from (1) ,are superimposed.

No-slip iso density lines

Slip iso density lines

It appears that slip boundary conditions improves the precision of numerical results, although the closest
to experiment result is obtained for po, = 1075 kg/m3, which is not the experimental density. But one must
remember that the boundary layer model is very coarse, we only intend here to show that our approach is
legitimate.
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B) Flow over a NACA 0012 airfoil at a Mach number of 0.85 and a Reynolds number of 500 ;four

resu;ts are presented :the no slip flow and three rarefied flows at densities of 10~3kg/m? , 10~%kg/m3 and
10~ "kg/m3.

Iso-Mach lines
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Y™
10,7500
12 0.
13 5.0
v .97
15 10508
No slip Poo = 1075 kg/m3
130-WLEUR is-mnn
.07 el
0.15008 2 .1
.20 3 .25
o.5000 ¢ 0.20000
o.9750 S 0.3
005000 6 0.5
ppinned y 5w
s o oo
..6750 o ST
puplion 18 o758
00250 1t 0.5
pp— 12 0.9000
.. 13 o.q1see
pyiions Ty ™ ’\_/J-—_—‘/
1.12500 15 1.12508
N 18 1.20088
B 17 L2198
" 1.3
- — 1n—6 1. .73 _- =
Poo = 107" &gjm Poo = 1077 kg/m?
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Mach number on the body
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Poo = 1075 kg/m3

U W W S U ST ST SN N SR S S M v »
[ 2 ]

Poo = 1077 kg/m?

Peo = 1076 kg/m?

It is obvious that a transsonic flow depends very strongly on the boundary condition ,so the boundary
layer model must be carefully tuned in order to obtain reliable results.

19




C) Flow over a cylinder at a Mach number of 8 and a Reynolds number of 1000 ; four results are
presented : the no slip flow and three rarefied flows at densities of 10~*kg/m3 , 10~%kg/m?> and 10~%kg/m?.

Iso-Mach lines

- . b2 g
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19 7.c0008 1.00000
20 0.000m s.00000

poo = 1075 kg/m? poo = 107° kg/m3
The bow shock is closer to the wall when the gas is rarefied ,while the viscous boundary layer shrinks
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Speed vectors directions behind the cylinder
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The recirculation zone between the wall and the stagnation point is smaller for rarefied flows ,;moving
with decreasing densities to the perfect gas solution.
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Enlargement of the iso-Mach lines
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Pressure coeflicient on the body

WX = -0.08717

HIN = -1.81701

HAx = -9.80853

NIN = -1.63116

No slip
X - 0.60476 WAX = 8.62033
MIN = -1.06851 fIN = -1,83873

4
1.8 prory

Poo = 107° kg/m3

Poo = 1076 kg/m3

The pressure on the body doesn’t much depend on the boundary condition ,it is also very close to the

perfect gas pressure.




Density on the body ( ;&)

WX = 5.97115

HIN = 0.09573

MRX = 5.97588

Poo = 104 kg/m3

WRX = 6.64386

NIN = §.87220

#AX = 5,94888

NIN = §.0887]
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Skin friction coefficient

MAX = B.82196

MIN = -8.80127
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CONCLUSION :
Significative differences appear between slip and no-slip simulations, the former seeming to be closer

to experimental results. Nethertheless, more realistic boundary layer models, together with temperature
dependant viscosities, will be necessary to compute accurately low Reynolds hypersonic flows.
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