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ON THE STABILITY OF SETS DEFINED BY A FINITE

NUMBER OF EQUALITIES AND INEQUALITIES

it i

JOSEPH FREDERIC BONNANS AND GENEVIEVE LAUNAY

Abstract. Let a set be defined by a finite number of equalities and
inequalities‘ For smooth data the condition of Mangasarian and Fromovitz is
known to be equivalent to the local stability - in a strong sense - of the set.
We study here weaker forms of stability. Namely, we stéte a condition
generalizing the one of Mangasarian and Fromovitz that, for some weak form of
stability, is necessary. If the gradients of the equality constraints are

linearly independent (or if then is no equality constraint) this condition is
also sufficient.

Key words. Stability analysis, nonlinear constraints.

SUR LA STABILITE DES ENSEMBLES DEFINIS PAR UN NOMBRE FINI

D' EGALITES ET D' INEGALITES.

Résumé. Soit un ensemble décrit par un nombre fini d' égalités et d' inégalités.
On sait que lorsque les données sont régulidres, la condition de Mangasarian et
Fromovitz équivaut A la stabilité locale —-dans un sens fort- de 1'ensemble.
Nous étudions ieci des formes plus faibles de stabilité. Nous énongons une
condition généralisant celle de Mangasarian et Fromovitz qui, pour une forme
faible de stabilité, est nécessaire. Si les gradients des contraintes d' égalité
sont linéairement indépendants (ou s'il n'y a pas de contraintes d' égalités)

cette condition est aussi suffisante.
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1. Introduction. We consider a subset of R" (n being a positive integer)

defined in the following way :
n
D={xe R ; g(x) =0 and h(x) S0 },

where g and h are smooth mappings from r" into IRP and IRq, respectively; the
vector order relation is taken componentwise. Let X be in D. Our problem is to
study the stability of D (near X) when g and h are subject-to small
pertubations. As we are interested in a local analysis, we will suppose in all
the paper that h(x) = 0. Specifically we consider pertubations of the form

DE={x61Rn;gs(x)=0andhs(x)§0}

+ . .
with ¢ ¢ R, g° = g and h® = h and the mapping (e,x) =+ (ge(x),he(x)) smooth
enough, and we call them smooth pertubations. The problem is to give an
estimate of dist(X,D) defined by

,— _€ . - .
dist(x,0) =min{ || x - x* || ; x* e D® },
with the help of the successive derivatives of g and h at X.

Such problems have been already studied, mainly in connection with
optimization problems. Linear systems of equalities and inequalities have been
studied in J.W. Daniel [1]. The behavior of linear systems seems rather well
under'stood.. Nonlinear systems are studied in S.M. Robinson [3]. In particular,
the result of [3] is that the condition of Mangasarian and Fromovitz [2],

namely

Vg(x) is surjective

There exists d in R" such that (MF)
- t -

Vg(x) d = 0 and Vh(x)td <0

for some stirong form of stability. Our aim is to
study a weak form of stability, for which it is necessary to consider the
. second derivatives of the data. We state a new condition (which is a
generalization of (MF)), necessary for weak stability. If Vvg(x) is sur‘jeétive,

this condition is also necessary.
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The paper is as follows. In section 2 we study a new concept of
stability, the k—stability and we caracterise it on some simple examples. In
section 3 we prové that the k-stability for k < 2 implies the t1-stability. In
section 4 we establish a technical result concerning 1linear systems of
equalities and inequalities. In section 5, we give a necessary condition for
2~stébility } we prove that if the gradients of the equality constraints are

linearly independent, this condition is also sufficient for 2-stability.
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2. The concept of k—stability. We define the k-stability, relate it to the

result of S.M. Robinson [2] and give a study of simple examples.

DEFINITION 1., The family of perturbations Dt is 2-smooth (% positive integer)
if the mapping (e,x) > (ge(x),he(x)) is & times continuously differentiable.

DEFINITION 2. Let x be in D, We say that D is k-stable at x (k > 0, real) if g
and h are Cz and, for any %-smooth pertubation D€ with %2 2 k, there exists K >
0 such that

dist(x,0%) sk /¥ .

The simplest form of stability is obviously when k = 1; in this case a

complete characterization is known :

THEOREM 1 (S.M. Robinson, [2]). The set D is 1-stable at x iff condition (MF)
holds. o

It remains, however, to study the k-stability for k > 1. In order to get
some intuition of the kind of result we might prove, let us consider two simple

cases. As the results are easily obtained we state them without proof.

a) The dimensions aren =p =1 and q = 0 and g is Cm. Then :
- if all derivatives of g are null at x, there is no k—-stability of D at
X.
- otherwise let k, be the index of the first non-null derivative of g. If
ko is even, there is no k-stability of D at x. If ko, is odd, then D is
Ko—stable.

b) The dimensions aren =1, p=0, q =1 and h is c”. Then :

- If all derivatives of h are null, there is no k-stability of D at Xx.

- otherwise, let k, be the index of the first non-null derivative of h at’

(ko) (ko)

X. If k, is even or if k, is odd and d'“°’n / dx (x) < 0, D is

ko-stable ; otherwise there is no k-stability of D at Xx.

In view of these results, we may think that the integer values of k are
of special importance and that, for integer values of k, the k-stability is

strongly related to the derivatives of g and h at X, up to the order k.
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3. The k—-stability for 1 < k < 2. The study of this case reduces to the
following Theorem, showing again that integer values of k are of special

importance.

‘THEOREM 2. If g and h are C2?, the k-stability of D at x for k < 2 implies the
1~-stability. a}

Before giving the proof, let us state some definitions and notations that

will be useful in the sequel of this paper.

DEFINITION 3. A pertubation D¢ of D is said to be elementary if it is of the

form

g (x)

g{x) - € ¢,

h°(x) = h(x) - ¢ o,

with (c,c') given in ]Rp x RY .

€ . n -
Let {x } be a sequence in IR converging to x when € + 0. We notice that

we may always write

- € . €
X+ ad

»
]

with

€ € _ -
<" - %,

Q
1]

€
e | = 1.

PROOF OF THEOREM 2, Let D be k-stable at x with k < 2. We consider an
elementary pertubation of the above form. Then there exists K > 0 and {xe},
with x° € D", such that | x* - % | sx 'K, This is equivalent, with the above
notations, to o & K 51/k; hence (ae)2 = o(e). As x° = X + o°d° is in D° and

(g,h) are C2, we obtain

-t
o Vg(x) d% + o(e) = ¢ o,

i}

S(XE)

h(xe)

o ()% + ofe) g€ o,
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The relation on g and the fact that ¢ is arbitrary imply that the range
of Vg(x) is dense in IRp, hence (as any vector space of RP is closed) Vg(x) is
surjective. Now suppose that ¢ = 0 and ¢' < 0 (componentwise)., Let r® be the

minimum (22) norm solution of

Vg('i)t (afd® + r%) = 0.

As Vg(x) is surjective, r° = O(aEVg(f)tde) = o(e), hence y°© = e ! (_aed€ + r%)
satisfies
-t e
Vg(x) vy =0,

Vh(i)ty€ Sc' + o(e)e.

The right hand side of the above inequality is strictly negative for e small
enough. This proves that‘(MF) holds; hence, by Theorem 1, D is 1-stable at x. o

B Y/
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k., Some results concerning linear systems. Before going on with the study of
the 2-stability, we have to state some technical results concerning linear

Systems of equalities and inequalities. Consider the system
Az=e Bz <2Tf, (L)
with A, B being matrices and z, e, f vectors of convenient (finite) dimensions.

Denote
Bi : the ith line of B,

B, = {B,; i€eJ},

'

3 {fi;

e}
fl

i€edJl.
We will have to consider the associated homogeneous system

Az = 0, Bz £ 0. (LH)

i »
{1 ; there exists z satisfying (LH) and B, 7' < 0}

]
it

]l
it

{i ; there exists no z satisfying (LH) and Bi z < 0}

We denote [

a

max(f,0) and £ = min (f,0).
The aim of this section is to prove the following result.

THEOREM 3, There exists M > 0 such that, for any (e,f) such that (L) has a

solution, then (L) has a solution z satisfying
+ -
Izl s mdiell o5 I+ 0 £, D o
For clarity we state two preliminary Lemmas. Our Lemma 2 is a corollary

of Lemma 3.5 of J.W. Daniel [1] ; we give a proof (different from the one of

[1]) for the convenience of the reader.
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LEMMA 1, 1If z satisfies
AZ=0, B“Zso,

I

then BT z = 0., o _ o

PROOF. Let zi be as in the definition of I. Define z° = T z'. Then obviously
: " iel :
If Lemma 1 does not hold, there exists j € I and w such that
Aw=0, Bf w <0, Bj w < 0.

Then, for o > O large enough, z = w + o z° satisfies (LH) and B, z < 0; hence

J
J€I, in contradiction with the definition of I. m]
LEMMA 2. There exists M; > 0 such that any solution (z, e, f) of
A
= — 7z < f- N
Az=e, Br z S fI’ A (L)

satisfies

[m]

! +
lozzl sm dlell 1 & |

PROOF. 1If the conclusion is false, there exists {(zn, en, fn)} satisfying (L)
and
n n n,+
IBrz Nl >nd e [l +I (6" ID.
Normalizing the sequence if necessary, we may suppose that || By 2" | = 1; hence
n n, + n n n .

e =+ 0 and (ff ) » 0. As Az = e and sz are bounded, there exists a bounded
sequence z" with AzZ" = 22" - " and BfEn = szn S (ffn)+. Extracting a :

subsequence if necessary we may suppose that z' + z. Passing to the limit we
obtain

By zll =1, Az=0, B
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in contradiction with Lemma 1. o

PROOF OF THEOREM 3. Let (z, e, f) satisfy (L). From Lemma 2 we deduce that

Fazll«llBrz] son+ndell |5 D

Hence there exists M, > 0 independent of (z, e, f) such that there exists z

satisfying

Az =Az, By zZ = By 2,

and v
+
Fell =10 £ 1.

N

A

=
~N

Let z° be as in the proof of Lemma 1. Then 2% = z + az° satisfies, for any a20

= — < —
Az e, BI z s fI,

and the inequality BI z% < fI Wwill be satisfied iff (as Bi z° < 0)

a2 (B, z-°f.)/B, z°, ¥iel.
1 1 1

Denote B = min { |Bi z° |, i €I} ; the above inequality will be satisfied if

az g ¢ |8, 2| + fi+ )

and this with the above estimate on z proves the result. u]
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5. Study of the 2-stability. The reduction of the k-stability to the
1-stability for k < 2 does not hold for k = 2. Take for instance n = 2, p=1,
q = 0 and g(x) = (x,)? - (x,)2.

For any element y of.mn, we denote by ytvzg(f)y the vectér of TP whose
ith component is ytVZgi(i)y. Let us state the following condition :

For any (c,c') in RP « ]Rq, there exists (y, z) in R" x ®" satisfying

. =t -t

(i) Vg(x)’y =0, Vh(x)'yso,

: | - t 1 t’ 2 -

(i) Vvg(x) 'z + Y Vig(x)y = ¢, (BL)
(iii) For any i in RY, either Vhi(E)ty <0 or

=t 1 to, =
Vhi(X) z+35yV hi(x)y s ci'.

This new condition is a generalization of (MF) because, if in (BL) we may

always take y = 0, then the above relations reduce to
-t -t
Vg(x) z = ¢, Vh(x) z £ec'

for any (¢, ¢'), which is easily seen to be equivalent to (MF). We will prove

the following result :
THEOREM 4. 1If D is 2-stable at x, then condition (BL) holds. a]

However, we will obtain it as a particular case of a more general result,

involving uniform estimates with respect to a set of constants (e, cf).

DEFINITION 4, Let 1 be a subset of IRp x IRq. We say that D is uniformly
k-stable at X with respect to t if there exists K > 0 such that, for any (c,c')

in 1, there exists a path { xe } in the elementary pertubation De associated to

{c, e') with

- € 1/k
Tx-x N sklel™  qel+l e DV
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As an example, take 1 = { (a ¢, a ¢'), a € R }. If D is k-stable at x, the
constant associated to (¢, ¢') being K, then D is uniformly k-stable at X with
respect to 1, with the same constant K‘(this is a justification of the power
1/k associated to || ¢ || + || ¢ || in definition 4). We will prove the following

result :

THEOREM 5. Let D be uniformly 2-stable at x with respect to 1. Then there
exists K,>0 such that to each (¢, ¢'") in t is associated (y, z) satisfying (BL)

and

Pzl =0 ylzsc el +e D o

PROOF. We consider the elementary pertubation associated to an element (c, c')
€
of 1. Let x be an element of De satisfying

172

1/2
S N P

I x* =% sk|e

. . . € — € € .
Writing, as in section 3, x = x + o d , we obtain

.2
g(x%) = o«fvg(x) bt + (‘"—2) (a5 v2g()af + ole) = ¢ o,
.2 . .
h(xS) = o570 %a® + L2207 (a8yt yap(xya® « ole) Sec.

2

Case 1 : An extracted sequence of ae/e has a limit point Y. Dividing the above
system by e and passing to the limit for the extracted sequence, we obtain
(d being a limit-point of {d%1)

-t -
Y Vg(x) d ==¢, Y Vh(x)td sc.

Then statements (i) - (iii) of (BL) are satisfied with z = Y d, y = 0. Applying
Theorem 3 to the linear system Vg(i)tz = ¢, Vh(?)tz S ¢' we see that (BL) may
be satisfied with y = 0 and || z || s M Ml ¢l +1 e |I), the constant M
depending only on Vg(x) and Vh(x) (not on (c, c')).
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o

Case 2 : As ¢ » 0, de/s + +o, Dividing the above quadratic system by ae and

passing to the limit, d being again a limit-point of de, we obtain
=t =t
Vg(x)’d = 0, Vh(x)"'d g 0.

Put d% = d + g°v" with 8% = || d® - d ||. We expand here d° in the same way we

€

did for x%. For an extracted sequence, deéd, hence BE + 0 and (as)Z B~ = o(e)

because of the 2-stability. Hence, for this extracted sequence, and using the

relations on d :

(a”)

5 dtv2g(§)d = ¢ ¢ + o(e),

-t
o 8% Vg(x) v o+

-t
and if Vhi(x) d = 0, then

e)2

2

- t —
of 8% v W + L) qvenid s € o ¢+ ole).

Dividing the above relations by e and defining

we get
-t e 1 t -
Vg(x) z~ + 5 (ye) V2g(x) ye = ¢ + ole)/e,
. -t €
and if vni(x) Yy =0 then
=% e i et =
h; ()°2° + 5 (v9) V2h, (x) v s o + ole)/e.

-1/2 ¢
| a SK ([ e +| ¢ ”)1/2, ye is bounded and converges for some

subsequence to some y = Yd with 0 S Y SK (| ¢ | + ¢ H)1/2; hence

As | ¢

Py llz s a2 el +| e,

and y satisfies (BLi).
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As ye is bounded we may, using Theorem 3, suppose that z% is also bounded and
(extracting if nécessary a new subsequence) converges towards some z; (y,z)
satisfy (BLii - iii) and, applying Theorem 3 as in case 1 we get (K, depending
on V2g(x) and V2h(X)) ’

Mz sudiefl«lle x|yl
S M 2K ([ efl + ) e [

which proves the Theorem. o

We conjecture that condition (BL) - or perhaps the strenghtened condition
obtained by supposing that (y,z) satisfy the estimate of the conclusion of
Theorem 5, with 1 = IRp x Biq - 1s sufficient for 2-stability. This seems not
easy to prove, however; the main difficulty is due to the lack of knowledge
about the behaviour of the solution of quadratic systems. Nevertheless, we can

state the following partial converse result.

THEOREM 6. Let X be a point of D at which condition (BL) holds. If in addition
g and h are C?® and Vg(?) is surjective (or no equality constraint is present),
then D is 2-stable at X.

€
PROOF. Let D be a smooth pertubation of D associated to mappings gE and h°.

We shall construct a point x% in DE sufficiently close to x. Let us denote ¢ =

d €,— .
- — and def !
T & (x)l€=0 nd define ¢' by

LA i —9—. € = -
¢, min (0, P hi (x)|€=0-) 1.

Let (y,z) be associated to (c,c') by condition (BL). We shall choose x° of the

form

€ -
X =X+ g2y+¢gz+ pt

As g is C3® (and (e,x) - ge(x) is C?), we find , using (BL), that
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g(x + e& y+ez)=g(x+ e}é y+€2z)-¢€c+ 0(e?)

3/2

Vg(E)t(sz y+ € z)+ % ytvzg(i)y -ec+ 0(e” ")

0(e3'?y,

As Vg(?) is surjective, for ¢ small enough, we may find r€ such that

r€ = 0(53/2) and x° = X + e%y + ez + r° satisfies (for ¢ small enough) :

gt (x5 = o,

- X
=%l s 2 fly] *

Now consider the inequality constraints : we have

3/2

() = MO ek y + e 2) + £ vy e & h°)| g * 0172

If, for some i, Vh (x) y < 0, this implies that h (x¥) < 0 for e small enough.

Otherwise (BL) 1mplies that Vh (x) y = 0; our ch01ce of ¢' implies that

3/2

h (x ) £- € + 0(e ),

which implies that the constraints are satisfied for e small enough.. o

¢«

L3
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