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ANALYSE NUMERIQUE DE PROBLEMES DE COQUES MINCES
APPROXIMATION ET OPTIMISATION DE FORME (*)

Michel BERNADOU
INRIA, Rocquencourt

RESUME : Ce rapport constitue une syntheése de différents résultats d’'analyse numérique
de problémes de coques minces. La premiére partie comporte une définition géométrique
générale des coques minces illustrée par différents exemples concrets. On rappelle
ensuite la formulation mécanique et mathématique des problémes et 1l'on donne quelques

resultats d’existence.

" La seconde partie du -rapport fait le point sur les résultats (obtenus ou en cours
de développement) relatifs a l'approximation de ces problémes par des méthodes
d'éléments finis. Ce sont essentiellement les méthodes conformes, les méthodes

d'élément finis & facettes planes, les méthodes mixtes et les méthodes D.K.T.

Enfin la troisiéme partie rassemble les résultats de base pour aborder le
probléme d’optimisation de forme d’une coque mince (travail conjoint avec F. PALMA et

B. ROUSSELET).

ABSTRACT : This report constitutes a synthesis of different results of numerical
analysis of thin shell problems. The first part involves a general geometric definition
of thin shells which is illustrated by different concrete examples. Next, one records
the mechanical and the mathematical formulations of the problems and one gives some

existence results.

The second part presents some results (obtained or under study) concerning the
approximation of these problems by finite element methods. They include conformlng

methods, flat plate element methods, mixed methods and D.K.T. methods,

Finally, the third part contains basic results to solve the optimal design problenm
of a thin shell (joint work with F. PALMA and B. ROUSSELET) .

(*) A paraitre dans Proceedings of the 3rd. Theoretical and Applied Mechanics Course
"Optimal Design, Foundations and Applications”, held in Rio de Jaﬁeiro,

July 6-31, 1987.
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NUMERICAL ANALYSIS OF THIN SHELL PROBLEMS
APPROXIMATION AND SHAPE OPTIMIZATION

PART I : GENERAL PRESENTATION OF THIN SHELL EQUATIONS

1 - INTRODUCTION

A shell is a three-dimensional continuous medium for which one dimension, the thickness, is

"small" with respect to the two others. Under the action of sufficiently small loads, the
shell, initially wunconstrained, is deformed following the wusual laws of the
three-dimensional elasticity. The basic idea of a first family of shell theories is to take
into account the particular geometry of such a medium and, by "integration through the
thickness" to obtain a two-dimensional model, formulated in terms of the middle surface of

the shell, which represents a "good" approximation of the three-dimensional model.

The pioneers of this kind of derivation are KIRCHHOFF [1876] and LOVE [1934]. Their theories
were developed and improved by numerous authors, especially by KOITER [1966,1970] and KOITER
and SIMMONDS [1973]. The mathematical analysis of such derivation methods is now in
progress, especially with the works of CIARLET and DESTUYNDER [1979] for plate problems and
DESTUYNDER [1980] for shell problems. R

A second very well-known family of shell theories is based on the COSSERAT [1909] surface
theory ; it has been developed by NAGHDI [1963,1972] among others. Though the basic ideas of,

these two families are different, their numerical analysis is very similar.

Subsequently, we will use the KOITER model, which originates from the displacement
formulation of three-dimensional elasticity. By means of suitable assumptions about the
types of loads applied to the shell and on stress distribution, KOITER has obtained a
two-dimensional formulation in terms of geometrical properties of the middle surface of the
shell, for which the unknown is the displacement field of the particles comprising the
middle surface. From the knowledge of this displacement field, one deduces the displacement

field and the stress field for any particle of the shell.

In the following, we will consider

i) some general formulations of thin shell problems according to KOITER's models (Part I) ;
ii) some different ways to approximate the soluciqns of linear equations by using finite
element methods (Part I1) ;

iii) a convenient way to obtain the derivatives of some functionals to be minimized in view
of optimizing the design of a shell : the design variables are the parametric functions
defining the middle surface and the thickness of the shell (This part II1 is a joint work
with F. PAIMA and B. ROUSSELET).
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Some notations

Throughout this paper, we shall frequently make use of the properties of the SOBOLEV

spaces. Let {l be an open bounded subset in a plane %52. Then, we set
wiP@) = (ve tP@) : 0% e 1P() for |of < m
2 1 integer, 1 < p < o ,

with the usual extension to the case p = +=. When equipped with the norm

P 2 \1/p

M 0= ¢ 2 Jo 0P agta

W p(Q) is a BANACH space. Here f 5 denote a system of orthonormal coordinates of the
%gz-plane. The corresponding semi-norm is

Mapoa = ¢ I o 7P agtas? )27P

al=m
In the following, for the case p = 2, we shall write "vﬂ and hd instead of "ﬂl q and

Iﬂm 2.q In particular, the space Wm (@) = H™(Q) is a HILBERT space vhen endowed w1th the
scalar product
(g = 3 L ] 0% p alag?

|of<m
In view of section 2.4, we record here some basic properties of the SOBOLEV spaces. The

notation X G Y indicates that the normed linear space X is contained into the normed linear
space Y with a continuous injection. By the SOBOLEV’s imbedding theorems, the following

inclusions hold, for all integers m > O and all 1 < P =@

*
Wm’p(ﬂ)C>Lp €)) with = - £ . I . ifm< B
pr P D P
VP G LY@) for all qe (1,0 , ifm ‘§ ,

vi'Pay g Ga it § <m
For more details on SOBOLEV spaces, we refer to ADAMS [1975], LIONS and MAGENES [1968]
NECAS [1967] and ODEN and REDDY [1976]. '



2 - GEOMETRICAL DEFINITION OF THE UNDEFORMED SHELL %

Orientation : W.T. KOITER's linear theory of thin elastic shells makes use of intrinsic
geometrical properties of the middle surface of the undeformed shell. Our first task is to
define this middle surface and to record relevant results on differential geometry needed in
the following. Next, from the knowledge of the geometry of the middle surface, we give the
definition of the undeformed shell.

2.1. Definition of the middle surface

Let %3 be the usual euclidean space referred to an orthonormal fixed system (0,31,;2,23),
and let O be a bounded open subset in a plane %2, with a boundary I'. Then, the middle
surface § of the shell is the image in %3 of the set {I by the mapping 3

$: et enc Bt e . ' (2.1.1)

We denote 495 = 3(1‘), hence § = § U 48S, and we assume 3 And ' sufficiently smooth.
Particularly, we assume that all the points of the surface § = z(ﬁ) are regular so that the
vectors

2 -3 =22 4o, (2.1.2)

are linearly independent for all points £ = ({1,52) € {i. These two vectors define the

-
tangent plane to the surface § at the point ¢(¢). Next, we define the normal vector

a.xa .
-+ 1772
ay = lg le R (2.1.3)
1772
|.|. denoting the euclidean norm in %3 equipped with its usual scalar product (a,b) - a.b.
Then, the point 3(6) and the three vectors Zi define a local reference system for the middle

surface (see Figure 2.1.1), i.e., the covariant basis attached to the point 3(5).

,
€ p

Figure 2.1.1 : Definition of the middle surface §
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In the following, we denote by a baﬂ the first and second fundamental forms of the middle

af’
surface § ; that is,
- = -

aaﬂ = aﬁa - aa.aﬂ - ¢,a'$,ﬂ , (2.1.4)

b ,=b, =-2a .3, ,=a,.a ,=a,.2 . (2.1.5)

af Ba a 3rp 3 a,p 3 B,a
As a rule, we shall use Greek letters, a,f,..., for indices which take their values in the
set {1,2} ; Latin letters, i,j,..., will be used for indices that take their values in the

set {1,2,3}. In addition, we shall employ the summation convention for a repeated index,

occuring once as a subscript and once as a superscript.

- -
To the vectors aa, we associate two other vectors aﬂ of the tangent plane defined by

lifa=8 |,
a PP 68 - (2.1.6)
@ @ Oifawpg |,
These vectors are linked to the vectors ;a by the relations
-+ . -»ﬂ - - aﬂ-» aﬂ - - -bﬂ ﬂa
a, aaﬂa , a a aﬁ y a a . a , (2.1.7)

where the matrix (aaﬂ) is the inverse of the matrix (a ﬂ)' This inverse matrix is well

defined, since all the points of the middle surface § are assumed to be regular. The set

(31 gz,a ) defines the contravariant basis attached to the point ¢(E)

For a given tensor, the metric tensors (a ) and (aaﬂ) permit us to derive the different

ap

kinds of components. For instance, to the covariant components b af of the second fundamental

form, we can associate the following mixed and contravariant components

P o P L B
a a a Aa

(2.1.8)

baﬂ = aaxaﬂub

Av !
and, conversely,
A v '
baﬂ = aaAbﬂ = aaxaﬂub . (2.1.9)

Since the basis (31,;2 3) and (a az ,a ) are neither normed nor orthogonal, it is somewhat

complicated to compute their derivatives. Thus, it 1is convenient to introduce the
CHRISTOFFEL's symbols rg defined by
. i

=T = . = . s : 2.1.10
By 45" 8 -3 a .a , ( )

as well as the notion of covariant derivatives for a surface tensor. For instance, for

tensors of order 1 or 2, we have



by

T, =T -r*7T

’ A !
oy eyt T ey (2.1.11)
™. -1 +1° 7

T » Y A
A A

T , =T B O SR N
ofly T Tef,y T Tavy A8 T 'Byiar
™, =T +1%7 .ptqe (2.1.12)
Ay T T By T Tt T Tey A '

o T G RV
Y Y Ay Ay

Relations (2.1.5) and (2.1.10) involve

-» - b s d -+
aa,ﬁ Faﬁa7 + baﬁa3
N (GAUSS) (2.1.13)
g 1 a - -
a'ﬂ - Fﬂka + bﬂa3
3, =33 - .p7m2 (WEINGARTEN) _ (2.1.14)
3,a , a y

Expressions of some cross products of basis vectors are also worth noting :

-
a X
a

aﬂ = aﬂa

(2.1.15)

-Jae, , . af B (2.1.16)

X
Ja

op (o 1) ‘
(e ) =(e") = , (2.1.17)
af -1 0

' 2 . S
a= )18y, - (alz) » 0 (regular points) . (2.1.18)
The parameter a appears in the expression of the area element dS of the surface, that is,

ds = |31><32| actae? - /7 aetae? | . (2.1.19)

2.2. Geometrical definition of the undeformed shellqz

' s . : 1.2 e
In addition to the two curvilinear coordinates £€7,6" that allow definition of the middle
. . cqs . 3 . . v <.
surface, we introduce a third curvilinear coordinate, €7, which is measured along the normal

23 to the surface T at point 3(6;,52). This system (51,52,53) of curvilinear coordinates is,
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at least locally, a system of curvilinear coordinates of %3, generally called norma]

coordinates system.
The thickness e of the shell is defined through a mapping

e : (51,52)eﬁﬂ(xe]R;x>0)

(2.2.1
Then, the shell % is the closed subset of %3 defined by
G- meC ;dh-3etedH + 6%, €D en,

3 (2.2.2)

- pet et s @ s eeth

[

The derivatives of the vector OM = 3(51,52) + {333 are vectors gi which, by wvirtue of
(2.1.14) satisfy

-+ - v TR
By = OM = (60 - ¢7B)3

]

- - . (2.2.3)

The vectors -él and §2 are parallel to the tangent plane to the middle surface at point
-+ .1 2 . -+ .
¢(£7,€7) while vector 8y is normal to this plane (see Figure 2.2.1). In BERNADOU and CIARLET

(1976, § 2.1} it is shown that (El,gz,EB) is a local reference system at any point of the
shell .

(1R 2

Figure 2.2.1 : Different local basis through the thickness




2.3. Some examples

2.3.1. Cylindrical roof

R = 300 in
L = 600 in
e = 3.0 in (thickness)
E= 3.0 x 106 psi
v =20,0
¢ = 40°
Diaphragm
Figure 2.3.1 : The cylindrical roof
X
- -
OF = ¢(x,y) = (R sin y (2.3.1)
R cos y

where £1 = x , 62 -y = (da’da)di

From this geometrical representation of the middle surface, we obtain the following

geometrical characteristics :

- 1 - 0 - 0
a = 0 ; a, =4 R cos y ; a; =¢siny
0 -R sin y cos y
) . 2 2
a; = 1 ; a1, = a5 = 0 ; a5, R ; a = R ;
11 _ 1 : a12 - a21 -0 : a22 - ;%
R
-z 2.1z 3.3 |
1 r? 2 3 - (2.3.2)
P11 = P12 =By =0 5 By, = R
1 2 2 1
b1 = b, =b, =0 ; b2 = R
bll - b12 - b21 -0 : b22 - . _%
R
re, =0
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2.3.2. Torus

2 x° a =15
X
b = 10
= ! t = 0.5
S x
N 2w 1
“ -~ £ -4
b b P e2 - p

2 - W/
AC N ‘\‘~w

e 5 -

Q 1 Figure 2.3.2 : The torus
- £

(a-b cos El) cos €2

x(6'.6%) = xT(eh.eH3, = { (a-b cos €y sin 2 (2.3.3)
b sin §1 '
sin 51 cos 52 -sin 52 -cos fl cos 52
- . 1 2 - 1 2 Lo 1 . 2
a, = b {sin £ sin ¢ poay = (a-b cos ¢7) cos & ; a3 ={-cos £€” sin ¢
cos 51 0 sin El
2 . . 1,2
a;y = b ; aj, = 0 ; a5, (a-b cos ¢€7)
a = b2(a-b cos 51)2
11 1 12 22 1
a =~2 ; a =0 s a =—‘—'——'—T—-2-
b (a-b cos £7)
sin El cos f? -sin §2
31 - allz + a122 -1 sin 61 sin 52 ; 22 = a123 + azzz = 1 cos 52 (2.3.4)
1 2 b 1 2 1
1 a-b cos £
cos § 0
{sin 51 cos 52 [ sin 51 cos §2
by = -21.23.1 = -b {sin ¢! sin €2 . !sin ¢! sin €2 = -b i by, =0
1 1
cos ¢ cos ¢
-sin 62 + cos 51 sin §2
- 1 2 1 2 1 1
b,, = -a,.a = -(a-b cos £7) cos &7 . (- cos € cos & = (a-b cos £7) cos ¢
22 2°'73,2
0 ( 0
sin 61 cos 52 cos El cos 52
T%l = 31.31’1 = % sin {1 sin 52 . b cos 61 sin 52 =0 i etc...

cos 61 -sin §1
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2.3.3. Hyperbolic paraboloid

b =50 cm
c =10 em
h=0.8 cm
4 2
E =2.85.10" kp/cm
v =0.4
q = 0.01 kp/t:m2
Figure 2.3.3 : The hyperbolic paraboloid
x(=X =¢1)
0F - 3(x,y) = {y(=y =£2) (2.3.5)
[ 2 2 . . - ) :
— " - x7)
2b
1 0 < 4
1 b2
- - - c
81 wn 0 ’ 8,2 = 1 ) 33 = - —2 y
c2 2 2 b
c c_
- % X ._2 v 1+ 4()( +y ) 1
b b (2.3.6)
c2 2 c2 c2 2
a,., =1+ = x ; a,, = a = - = xy ; a, =1+ —y
11 b& 12 21 ba 22 ba
2
o 2 e ,.2,. 2
a = a11a22 (al2) 1+ Z x"+y")
2 2 2
11 -1 c 2 12 21 c 22 1 c 2
a == (1+= y°) ; a = a " = — xy ; a = = (1+= x°)
a b4 aba i a b4
2 2
1+£Z y2 c~4 Xy
b b
(2.3.7)
2 2 .
Z-!'- E—xy ‘3’_1 1+E~x2 *3-3
1 a bl» 2 a ' ba 3
cx c:
- 5y




c c
b - : -=b,, =0 ; b
11 b2./Z 12 21 22 b2/;
2 3
1 [ c 2 [
b - I+ y7) ; by =-— Xy
Lo w2 L b
3 2
by gt xy By m i ()
b a ab“Ja b
2 4 2
2 2
bl - o= [L+25y +°—y8—(,y—x2)]
b“a“/a b b
(2.3.8)
5
b12 - b21 - 1(;):(2 (x2 y2)
b a f;
2 4 2
22 o 1+ 2% 3% + &5 (2—y?)
22 4 8
b a"Ja b
2 2
1 c'x 2 cy 1 2
r - . T - y T = T -0 ;
11 aba 11 aba 12 12
ook o2y
22 abl' 22 aba

2.3.4. An arch dam

Figures 2.3.4 and 2.3.5 are extracted from the preliminary file of GRAND'MAISON arch dam
studied by COYNE-et-BELLIER [1977]. Figure 2.3.4 gives the site plane of the dam with
different level lines as also excavation results. In Figure 2.3.5, we have the geometrical

definition of the dam and the horizontal sections of the upper arcs.

In these figures one can note that the definition of this arch dam is very close to the
definition of a thin shell as given in (2.2.2). For simplicity, we introduce two slight

modifications to the geometrical definition of the dam as proposed by COYNE-et-BELLIER :

(1) the middle surface of the dam will be assumed symmetric with respect to the vertical
plane including the dam axis. This is not true in Figure 2.3.5 : at the heights 1697 and
1630, lateral sides are not symmetrical.

(2) the thickness of the shell will be measured along the normal to the middle surface in
agreement with definition (2.2.2). This is only approximatively true in Figure 2.3.5 where

the thickness is measured along an horizontal line.

Definition of the middle surface -

The middle surface S of the arch dam is referred to a fixed orthonormal reference system
(0,31,32,;3) of the euclidean space %3 as indicated in Figure 2.3.6. The origin of this
reference system is located at the intersection of the crest line with the symmetry plane of

the arch dam. Vector ;1 is horizontal, in the symmetry plane of the arch dam and oriented

-
towards the upstream part of the dam. Vector e is vertical and oriented from top to

: : 1 :
bottom. In this reference system, the coordinates (x ,x2,x3) of any point M are such that
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CEOMETRICAL DEFINITION OF THE DAM
HORIZONTAL ARCS

Dam axis '

Hiddle linc at Jevel (1697 - x)
3¥= 50% 4 = 0.819100

P - p,(z)c"e avec a -

tR v
Polz) = 200 - 0.008233 27 + 0.000029 z°
Half thickness in M

L = Lo+ A(2). ?

-8 -
A= 11070 22 4 3 07N

Yam = 0.393 ¢ - 0.000010 2!
Yav = 0.145 z - 0.000007 2!
Lo = 4 + 0.5 (Yam - Yav)

d = 0.5 (Yam + Yav)

o8
4 Middle line
~ lal Leveluesr,y

Geometric definition of the dam - Upper horizontal sections

Figure 2.3.5

- 0T



upstream

downstream
—cwes-tean

Crest line of the arch dam

upstream downstream

3
Figure 2.3.6 : The fixed orthonormal reference system of the space %g
(in the figure, the thickness of the dam is defined horizoptally as

indicated in COYNE and BELLIER [1977])
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0P - xiZi : (2.3.9)
(using EINSTEIN's convention).

The middle surface S of the arch dam is defined as the image of a plane domain O through a
map ¢ (see Figure 2.3.7) i.e.

3 tedH ea-ob-dele?) - xi<e1 e, (2.3.10)

The curvilinear coordinates (51,52) are given by

1 8 2z
(6" = T ' £ = Z ) (23.11)
[}
where the parameters § and Z are defined in Figure 2.3.5 and where 6, = max4| , Z = max Z :

the maximum is taken along the arch dam, for instance Z is the height of the arch dam.

Then, by observing Figure 2.3.5, we see that the generic point P of the middle surface S is

defined by its coordinates

1
ad |¢
xl(El,Ez) - po(Ez) e ° cos (00k11 + 40°) - cos 40°]

+0.269 z_¢° - 0.0000085 z2(¢%)’
. 2.3.12
€ o e R

X €
x2(ete?) - = Po6) e sin (oJell+-40°) - sin 40°)
3

NGRS

where constants a, 60, Z0 and function po(fz) are defined by

a = tg 40°

6, = 48° 178 (2.3.13)
z = 157

b (6%) = 200 - 0.008233(z )% (%)% + 0.000029(z_)%(e%)> (2.3.14)

3 - DEFORMATION OF A THIN SHELL

3.1: Basic hypotheses

The basic idea of Koiter’'s thin shell theories is to reduce the study of the deformation of
a thin shell to the determination of the displacement field u = ula of the particles of the

middle surface.

In this way, Koiter uses the tvo following basic hypotheses



o 10° 26°

4n°

T escanecng

10

Figure 2.3.7 : Exact and approached reference
domain Q and 9

- L1



(i) the normal to the undeformed middle surface, considered as a set of points of the shell,

remains normal to the deformed middle surface ;

(ii) during the deformation, the stresses are approximatively plane and parallel to the

tangent plane to the middle surface.

*
Such hypotheses allow us to obtain an approximation of the strain tensor 7ij of the
three-dimensional medium defined by
*

1i5 "~

Y

(Bjy - 8yy) (3.1.1)

where gij (respectively gi.) is the metric tensor of the continuous medium in the deformed
(respectively undeformed) configuration, for a same parameterization (51,52,63).' The
exponent * which appears in (3.1.1) indicates a difference between tensors in %53, on the

one hand, and tensors defined on the middle surface, on the otherhand.

For instance, let us give a brief presentation of one possible modelization

The assumptions of small displacements and small strains, added to that of a thin shell,
allow us to obtain
* 1 - 3
1&/5 - 2 (aaﬂ-ac:ﬁ) = (Eaﬂ-baﬁ) 6 ’
(3.1.2)
* *

Ya3 T Y30 T 0

Moreover, for an elastic homogeneous isotropic material satisfying HOOKE's law, we can check
that the second complementary hypothesis (ii) of plane stresses implies

* v *a *o al *

37T Ve VIR vy (3.1.3)

"where v is POISSON’s coefficient of the material. In order words, these relations show that
*
the evaluation of the strain tensor of the shell(zg depends on the evaluation of the two

following surface tensors

(i) the strain tensor of the middle surface

1 -
7aﬁ - 2 (aaﬂ'aaﬂ) r (3'1'4)
(ii) the change of curvature tensor of the middle surface
?7,.,=5 _-b . (3.1.5)

After many simplifications, we can obtain an expression of tensors 7aﬂ and Faﬂ as functions

of the displacement vector u of the particles located upon the middle surface

- 1
1aﬂ(u) -3 (uﬂa+g#ﬂ) - baﬂ“3 , (3.1.6)

.
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- - A A A
paﬂ(u) - uﬂaﬂ - babAﬂu3 + bAauA + bﬂuﬂa + b u”ﬂ . (3.1.7)
where
u =-u - FA u (3.1.8)
3laﬂ 3,a8 af 3, :

3.2. Total potential energy of the shell

In the previous section, we have developed an approximation of the strain tensor of the

three-dimensional shell by assuming that the material is elastic, homogeneous and isotropic.

More generally, we can obtain an approximation of the total potential energy of the shell
valid for more ‘general elastic material (for instance, for orthotropic elastic shells).

Thus, let us assume that the shell is

(1) loaded by a distribution of forces whose resultant is ; on the middle surface S and

whose resultant moment is O on S ;
(i1) clamped on the part P of its boundary I' = 4Q ;

(iii) loaded on the complementary part Fl - T- F of its boundary by a distribution of forces

whose resultant is N on Pl and whose resultant moment is M = M%a a, on Pl
Then, the corresponding total potential energy of the shell for an admissible displacement
field v is given by

P = 1 Jo 0¥, + wP@)5 ) Ja delag?

ap
(3.2.1)

. fn PV J/aaelae? - frl [NV + M (%)) 4
where

aﬂ)

= symmetrical tensor of stress resultants

aﬁ)

symmetrical tensor of stress couples

= strain tensor on the middle surface

(vaﬂ)

(;;ﬁ) = tensor of changes of curvature

ds Ja d£1d€2 . area element on S

ef with 7

af’

. . : a .
It remains now to use the behaviour law in order to connect n A with v ~ and m

af

3.3. Complementary hypotheses

Subsequently, for simplicity, we assume the shell is elastic, homogeneous and isotropic, the
deformations are small, the stresses are approximatively plane. So, we have the following
relations

, (3.3.1)

oS - e 1M Gy ) - ol R MY
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where

Eaﬂ)p - __E__ aaxaﬂ” + aa#aﬂx + 2z aaﬂaAp] . (3.3.2)
2(1+v) 1l-v

When substituting (3.3.1) into (3.2.1), we find out that it just remains to define the

functions
v - 7aﬂ(V) and v -~ p ﬁ(V) _ (3.3.3)

in order to completely determine the functional P(;). In section 3.5, we will see four

suitable possible choices (there are many others !).

3.4. Characterxization of the solutions

Possible solutions u minimize the total potential energy P(z) on an admissible displacement
-
space V. For sufficiently smooth data, these solutions u can also be characterized as

solutions of
P(Q).V=0 , Vvev , - (3.4.1)

where P’(K) is the Fréchet derivative of P at point 3. Thanks to equations (3.3.1) and
(3.3.2), relation (3.2.1) gives

, -om aff P etted af +, ,— ,-4-’_-»—» 1..2
@3 = [ @, @F 4 a6 Y - ) /2 ackae
(3.4.2)
e e 4 -
- frl (N + 1% ()] dy
Now, by expliciting the functions 3-'7aﬂ(3) and E-o;aﬁ(ﬁ), we obtain four classical cases of

shell equations.

3.5. Some examples of thin shell models ; corresponding existence results

Linear or nonlinear "general" shell equations

For the case of small deformations and small finite deflections, we consider the following

expressions for 7,5 and ;hn (non linear terms are underlined)
bt ad hatad

- - -+ 1 - 2 1 - -
vaﬁ(V) 0013(\') + 5 2,58 + 3 ¢a(V)¢ﬂ(V) (3.5.1)
— Ay .1 - - by . A
paﬁ(v) 2 [¢a(v)]ﬂ + ¢ﬂ(v)|a + ba(v,\'ﬂ-b/\ﬁv3) + bﬁ<vAla-bAav3)] (3.5.2)
where we have set oaﬁ(G) = 1/2 (Vdﬁ+vﬂa) - baﬂv3’ ¢a(;) - Vﬂa + b:vx and

Q@) - 1/2 eaﬂwaﬂ(;). These relations imply immediately
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()" OV = 8,9 + 2, 0DAG) + 8 @ ¢,

(ag)" (0 = 3, (3)

Theorem 3.5.1 (BERNADOU and CIARLET [1976])

The linear general thin shell problem associated to the equations (3.5.1) (linearized) and
(3.5.2), has one and only one solution in the admissible displacement space :
av

V- (ve @l@an? x vi@) ; 3]1, - _3f =0 (3.5.3)
o n Po
Proof : The proof takes essentially three steps :

*) the square root of the strain energy

- - 1 aﬂ - - aﬂ -+ — Ind 1 2
1 =1 0@, + D7) /o attag

- -
is a norm on the space. V. The main difficulty is to prove that 1(3) - 0=V = 0 in the

Sobolev space V. This is obtained by proving first that
1@ =0, Ve al@)? x v

implies vV is an infinitesimal rigid body motion. Then, by adding boundary conditions, this
5 .
rigid body motion is reduced to O.

**) the energy norm JI(3) is equivalent to the usual norm on the product space (Hl)2 X Hz.
This is completed by using arguments of lower weakly semi-continuity.

*%%) then we apply the Lax-Milgram lemma to the variational formulatibn (3.4.1).

Nonlinear case

The existence of solutions for the nonlinear general this shell problem seems to be an open
question. We have investigated the incremental methods which are successful for some
nonlinear elasticity problems (see BERNADOU-CIARLET and HU [1984]). Due to the absence of
regularity results, these methods do not seem to be transposable even for some particular

cases like clamped shell along all its boundary.

Linear or nonlinear “"shallow" shell equations

By shallow shell, we intend a shell which has a weak curvature, in other words, a shell such
that b P and baBL\ are very small when compared to the unity. These geometrical restrictions
[+

authorize to do some simplifications in equations (3.5.1) and (3.5.2). They can be

respectively rewritten as follows

- = 1 _ 1 « :
7aﬂ(v) 3 (vdﬂ+vﬂa) baﬂVS + 3 V3,av3,ﬂ | (3.5.4)
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Pap™) - Y3lap (3.5.5)
so that we immediately find

(Top) ' WV = 0,59 + Y3 035

(Bop) " (DY = 5, 5(¥)

Theorem 3.5.2 (BERNADOU and LALANNE [1985])

The linear shallow shell problem associated to equations (3.5.4) (linearized) and (3.5.5),
has one and only one solution in the admissible displacement ;; given by (3.5.3) as soon as
the curvature of the middle surface of the shell is sufficlently small (i.e., "sufficiently
shallow” shell).

Theorem 3.5.3 (BERNADOU and ODEN [1981])

For "sufficiently shallow" shells and for "sufficiently small" tangential loads, the
nonlinear shallow shell problem associated to the expressions (3.5.4) and (3.5.5) has at

; . . 3. .
least one solution. There is uniqueness when the normal load p° is sufficiently small.

Proof : For shallow shells the nonlinearity concerns only uy. Hence

i) we can solve the problem with respect to uy and u, (Lax-Milgram lemma) ;

ii) we substitute u, and u, into the third equation and we obtain a nonlinear equation

@du:;-f;

iii) then, we show that operator Gj{ is coercive and pseudomonotone, so that cd is
surjective (LIONS [1969]).
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PART II : APPROXIMATION OF THIN SHELLS BY FINITE ELEMENT METHODS

4 - APPROXIMATION BY CONFORMING FINITE ELEMENT METHODS

In this paragraph, we give an account of basic results obtained in the approximation of the

general linear thin shell problems by using conforming finite element methods.

4.1. The discrete space Vh

The definition of the middle surface S through the application 3 is very interesting with

respect to the approximation by finite element methods. Indeed, according to (3.2.1), the
problem is defined on the plaﬁe reference domain Q instead to be defined on the middle
surface S. And now, the geometry of the shell appears only through variable coefficients.
More Precisely, the variational formulation (3.4.1) can be written
afu - - e2 - S 1..2
Jo e8P 11, ) + 5 5,07, 1 /5 ot
(4.1.1)
- [, % /3 agtag? - frl (B + 4%, ] &

-+ Q

For simplicity, let us assume that N = 0, M = 0, so that (4.1.1) can be equivalently
Yy

rewritten as
t 1.2 t 1,.2
fo U [a,] V aglae? - fn FV detde (4.1.2)

where the column matrix V (and similarly for the matrix U) is given by

t

V= [v (4.1.3)

1 Y21 %1,2 V2 V2.1 V2,2 V3 V31 V3,2 V311 V312 V3 20)
and where the square matrix [A13)12%12 is only dependent of e, E, v and of the first, second

and third partial derivatives of the mapping 3.

In order to approximate problem (4.1.2), we have

-+ -
i) to construct a finite dimensional subspace Vh of space V. For this, we assume that O is a

polygonal domain and we introduce finite element spaces

1
Yy €V = (veH (M), v|r°=0),

2 v,
Vi, €V, = (ve R (@ , vll.0 = 'Po 0) ,) - (4.1.4)
Yo ™ Vn1 X Vm1 X Vo
ii) to 1introduce a numerical integration scheme, 1i.e., for any element K of the

triangulation %Zg :
L
[ 8 a - PROPEICTRE (4.1.5)
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4.2. The approximate problem

Thus, from (4.1.2), we obtain

L
a0y ) = L 1§1 wp.x ( Ty [Ag;] V) (g k)
xé%i% (4.2.1)
- L t
fh(vh) - Z w.E,K ( F Vh) (bE,K)

)
Ke%fh =1
and the approximate problem can be stated as follows :

-+

Find G.he \7h such that ah("uh,i;h) - fh(zh) , v?h eV, . (6.2.2)

The mathematical analysis of such an approximation is complicated owing to the presence of
variable coefficients and to the coupling between tangential components and normal component
of the displacement. All proofs concerning such studies can be found in BERNADOU [1980]
and BERNADOU-BOISSERIE [1982].

The Figure 4.2.1 gives some illustrations of these results in case of an approximation of

‘high degree of precision.

Vhl ARGYRIS-FRIED-SCHARPF [1968] GANEV-DIMITROV [1980]
(u1 and u2)
Vha(43) !
!
ARGYRIS - 4 - 4
fe-ull = om™ , lo-all = o™
Ge @) hat@, ie @) b,
4, 4,
AIJ EW (€9)) AIJ EW )
pl e W), q 22 ptew i), q =2 2
Integration scheme exact for | Integration scheme exact for
polynomials of degree 8 .| polynomials of degree 6
(16 nodes) (12 nodes)

Figure 4.2.1 : Examples of high degree of precision

The space Vhy 1is construct from ARGYRIS finite elements. For the space Vpj, we can take
Vhi = Vh2, but this is expensive and useless. Indeed, in this case, the mathematical
analysis shows that the o
the same asymptotic error estimate, for the same regularity on the data, that means less
degrees of freedom and less integration nodes. This is illustrated by the example considered

in section 4.3,

The Figure 4.2.2 gives analogous results for approximations of low degrees of precision

using for instance the H.C.T.-elements.
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—

\/ V.., : Tr. type (2) v V.. : Tr. type (1)

hl}Complete H.C.T. hl hi Reduced H.C.T. hi

th th : Complete H.C.T th th : Reduced H.C.T
- = 2 - - 2 - - - =

- —om?) I3 ~om?) Rl -em | L E-E o

. Scheme exact for . Scheme exact for . Scheme exact for . Scheme exact for
P, on every sub- P, on every sub- P, on every sub- P, on every sub-
triangle (6 nodes) triangle (3 nodes) triangle (6 nodes) triangle (3 nodes)

e @andat@| . te @wdaniat@ | . Te @@y’ Lt e @waniaia

Figure 4.2.2 : Examples of error estimates, sufficient conditions on the

gquadrature schemes and regularity required for the solution

4.3. Test of ARGYRIS/ARGYRIS and ARGYRIS/GANEV methods on a clamped hyperbolic

paraboloid roof under uniform pressure loading

As an illustration of previous considerations, we report hereunder some results obtained in
the approximation of the classical bench-mark of a clamped hyperbolic paraboloid roof by the
methods given in figure 4.2.1. This bench-mark has been considered by different authors
~ CONNOR-BREBBIA [1967), BATOZ [1977] and ADINA [1983] ; it is described in figure 4.3.1.

Equation :
Z = c(Yz-Xz)/Za2

\ fz g T vhere

a= 50 cm

c = 10 cm

h=0.8 cm

2.85.10% kp/cn?

=
[}

v =0.4

0.1 kp/cm2

—_
w
oL
0

Figure 4.3.1 : The hyperbolic paraboloid roof

The mesh in use is described in Figure 4.3.2 and takes into account the symmetry conditions.

In Figure 4.3.2, we also indicate the number of degrees of freedom, the number
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of unknowns, the number of integration nodes and the computing time corresponding to both

methods : ARGYRIS/ARGYRIS or ARGYRIS/GANEV. For more details see BERNADOU-HASSIM [to
appear].
Vpp (4 and u,) | ARGYRIS GANEV
th (u3) ARGYRIS | ARGYRIS
c
Number of d.o.f. 693 651
Number of
483 471
unknowns
Number of inte-
. 576 432
gration nodes
Computing time '
(on BULL DPS8/70) \
. Rigidity matrix | 693s 412s A B
Second member l4s 9s
Solution 153s 107s
Total 860s 528s

Figure 4.3.2 : The used mesh and some characteristic values of the implementation

Thus the ARGYRIS/GANEV method allows us to win about 38% of CPU time : 25% on the number of
integration nodes plus about 20% on the obtention of elementary rigidity matrices (51
degrees of freedom for ARGYRIS/GANEV instead of 61 in case of ARGYRIS/ARGYRIS) .

Let us add that the obtention of basis functions for the GANEV element has been realized by
using the symbolic language MACSYMA [1983). It is quite sure that the systematic use of such

language for all the implementation could significantly improve the total computing time.

5 - APPROXIMATION BY FLAT PLATE ELEMENT METHODS

In this paragraph, we describe a very popular approximation method for the geometry of the
shell which amounts to replace the given middle surface 5 by a faceted middle surface S
Then, the energy of the shell is approached by a sum of plate energies defined on each facet
of the surface Sh by using suitable finite element spaces. The most important difficulty is
to propose good compatibility conditions from a- facet to another in order that the
approximated energy is sufficiently closed to the exact energy. Here, we briefly detail the
method using CLOUGH-JOHNSON [1968] flat plate finite elements.

5.1. The approximate middle surface Sh

Each component ¢1(§1,§2), (51,52) € {I, of the mapping 3 is replaced by its interpolant ¢; in
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the finite element space ﬁh associated to the Pl-triangle. So, the middle surface T is

replaced by a continuous faceted surface Sh whose vertices are on § (see Figure 5.1.1). By

using the mapping ;h - ¢§;i’ we can define local basis ;hi"' exactly like in section 2.1.

> 1

Figure 5.1.1 : The initial middle surface S and the faceted middle surface Sh

=
5.2. The discrete space Vh using compatibility conditions

Then, on each facet, we are able to define the corresponding potential energy. Next, facet

by facet, we approach such an energy by a classical conforming finite element method for
plate. For instance, in CLOUGH and JOHNSON method, on every triangular facet, the membrane
displacements are approximated by a Pl-triangle meanwhile the deflection is approximated by
a reduced HCT-triangle (see CLOUGH and TOCHER [1965]). At this stage, that amounts to

introduce a discrete space
2 ~ ~ ~
X=Xy X Ky X &y
in which we approximate, facet by facet, the components $h1'$h2 and $h3 of the displacement
2 = ~+i fsar 5 5 .
(vh - Vg ah). These definitions of the spaces xhl and xh2 involve immediately that the

space ﬁh has 15 Mh degrees of freedom, where Mh denotes the number of triangles of the

triangulation.

In order to get an approximate energy which is consistent (i.e. sufficiently closed) with
the exact energy of the shell, we must introduce constraints, 1i.e., compatibility
conditions, on the functioné of the space ih : consider two facets k+ and k~ of the
approximate middle surface Sh which have a common vertex o (see Figure 5.1.1). In the CLOUGH

and JOHNSON approach, these compatibility conditions are :
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=2
i) the displacement ;h is continuous at the vertices o of the surface S, or equivalently, at

the vertices Z of the triangulations 65: , 1.e.,

1

(Z )y =% (Z ) . V) vertex of %jh . (5.2.1)

< i

ii) the tangential components - with respect to the initial middle surface S -« of the
2 2
rotation vector Bh(v ) are continuous at the vertices ¢ of the surface S, or equivalently,

at the vertices ) of h i.e.,
=2 2 - - ’
Jh(z+).3a(2) - wh(z ). a%(Q) V) vertex of %"h . (5.2.2)

2 2 2
Then the space Xh is the set of functions v, € Xh which satisfy the compatibility conditions
(5.2.1) and (5.2.2). By adding suitable boundary conditions, we can define the subspace
V c x.h and prove the existence of a bijective correspondence Fh between the space Vh and

the space Vh introduced in the last example given in Figure 4.2.2.

By using such a method, CLOUGH and JOHNSON have obtained good numerical results, specially
for cylindrical shells.

5.3. The discrete problem (CLOUGH-JOHNSON method)

The energy of the shell is now approximated by the sum of plate energies defined upon each

facet of the approximate middle surface Sh' So doing, we define the bilinear form Zh(.,.)

-~ = =2 Ee ~a® =g ~a® ~p2
) = L f AR IR ORI CRERAC S
ke, (5.3.1)
2 2

S ~a@ ~pg=2 1 2 3 =
+ %’:—2- [(1-u)phg(uh)pha(vh) * vy () oy g (V)T Ja agtae” Vo v, eV

where the components of the strain and change of curvature tensors are given by

- 1 -~ - =2 ~
Trap ) = “hgra * Vhars  Phapn) = Th3ap - (3.3.2)
Likewise, we approximate the potential energy of external loads by the expressions
~ = - 2 1..2 = =
£,(v) = Z.‘, g PV /Eh‘ d¢de” , v eV . (5.3.3)
Ke"(o,h

Next, we introduce a supplementary approximation in order to take into account numerical
integration used to compute the integrals f( .y which appear in relations (5.3.1) and
(3 3.3). This procedure amounts to approximate the forms ah( .) and ‘fh(.) by new forms
ah("') and f ( ). So, we obtain the following definition of the flat facet discrete
problem :

Problem 5.3.1 : Find G.: € ¥, such that

~k By =

4 (y,v) = f & W vsh € §h : | (5.3.4)
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=

By using the bijection Fh between spaces Vh and Vh’ we can define the approximate forms

-

b (uh vh) - ah(uh h) and gh(vh) - f (vh), and then, we obtain the equivalent formulation :
—-+% -
Problem 5.3.2 : Find uh € Vh such that
—-% = - — -
bh(uh,vh) - gh(vh) . Vvh € Vh . (5.3.5)

5.4. Study of consistency errors

As a basis of convergence properties, we have to study the consistency errors.

Abstract error estimate :

Theorem 5.4.1 : Let us consider a family of discrete problems (5.3.5) for which the bilinear

forms bh(.,.) are V -elliptic, uniformly with respect to h. Then, there exists a constant C,

h
independent of h, such that

EYCARB T N CAR ]

"G-Gh" < C(*inf ("ﬁ-zh" + qsug || "
v, V. w, €V
h™'h h™'h : (5.4.1)

[£G5,) -8, )
+ sup — b “h hT

3 e (A
whth h
*
where u (resp. Gh) denotes the solution of the continuous problem (4.1.1) (resp. of the

discrete problem (5.3.5)).

We have now to study the two consistency terms]a(vh,wh)-bh(vh,whﬂ and]f(vh)-gh(whﬂ. Let us

detail the results for the first one.

N < -
Estimate of the consistency error Ia(v Y )-b (v wh)l : It amounts to estimate the

s a,+ .  ~a= — . .
quantities |'1ﬂ(vh)-—yhﬁ(vh)|0,K and Ipﬂ(vh) phﬁ( HO K The obtention of these estimates,
particularly the one concerning the change of curvature tensor, constitutes the main
difficulty of this study. We recall here the main lines of the results ; all the details of
the proofs can be found in BERNADOU-DUCATEL and TROUVE [1987].

=

2
Theorem 5.4.2 : There exists a constant C, independent of h, such that, for any vy, € Xh and

v € Xh in correspondence through the bijection Fh between spaces Vh and vh, we have

)1/2 . (5.4.2)
(@]

- - = 2
G T lg = Calllvglld o + Bl + o fl2

Concerning the consistency between change of curvature tensors, we prove in the next theorem

(main result of this paper) that the result is different and much more complicated :

. IA
Theorem 5. 4 3 : There exists constants cJaﬂ , Jaﬂ J ﬁ

2
any vy € Xh and v € Xh in correspondence through the bijection Fh between spaces Vh and Vh»

, independent of h, such that, for

we have
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Pap) + a0, MCRLINIS Z afEprel, €D er

;haﬂ(vh)l( 5,1,i+17 a8

3 _ (5.4.3)
A €

where Kj denotes any subtriangle of the reduced HCT-triangle, where p} i1+ denote  the

basis functions of the reduced HCT- triangle, where Aﬂ“ ) = (1/2) 21=1 (f 56)(5" E’") ax. /agﬂ

and where the A; are the barycentric coordinates of the considered trlangle

a

To obtain an estimate of type (5.4.2) from finite expansion (5.4.3), we have to pProve that
the term
2 €p "
cep(§) = 2" (5>7uq(vh>b &) z atE)e], ¢ ><pJ 1,41 0p
(5.4.4)

+ (f -6 )(pJ 1 i- 1) aB]

is in O(h). Unfortunately the counterexample of a right circular cyllndrlcal shell shows

that ¢ ﬂ(f) is only in 0(l) with respect to h.

From this ascertaining, we have explored two directions

i) the use of the "modified” change of curvature tensor : such a modification does mnot

improve the situation !

ii) the case of "quasi-shallow” shells : in this case, we have been able to prove a "pseudo-
~ convergence" result for "sufficiently" shallow shells. By "pseudo-convergence", we mean that

the estimate (5.4.1) leads to

2
=+ =% 2 2 1/2:
G0 = ctni 3 Moy ol ™2 + IRl o) + o) (5.4.5)

where ¢ denotes the maximum of the curvature of the shell.

The estimate (5.4.5) can be regarded only as a "pseudo-convergence" result because this
result depends on two parameters : h which can be- arbitrary small ; ¢ which characterizes

the shallowness of the shell so that, for a given shell, this parameter i1s small but fixed.

Let us mention that this result corroborates numerical observations made by GALLAGHER.
{1976]), IRONS and AHMAD [1980], ZIENKIEWICZ [1977]. These Authors observe a deterioration of
numerical results, particularly in the case of preponderant flexural terms : in this case,

the term (5.4.4) is not negligible.

Besides the above results, one of the main interest of the estimate (5.4.3) is to allow to
propose a new flat facet approximation which is unconditionnally convergent for arbitrary -

thin shells. This is the purpose of the next paragraph.
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5.5. A method convergent for arbitrary thin shell

All the difficulties that we have met in the study of the convergence of the previous method

are coming from the presence of the term ¢ (see (5.4.4)) in the expression (5.4.3). But,

ap

from relation (5.4.2), we have
v + 0(h
YVn(Vh) = ( ) (h)

and so, we can rewrite relation (5.4.3) as

Pras k. = PagGp) + O (5.5.1)
j

where we have set

~ 1 -~ =1
”ha,3<"h)|1<j = ”haﬂ("h)lx
3

vA, .~ = €u n,,.1
(E)Vhyﬂ(vh)beu(f) 121 AT(Z, )[(€1+l-ei)(pj,i,i+1),aﬂ (5.5.2)

+ €] DR {51 o)

~o% -~
If we substitute p to p , we then obtain from (5.5.1) the searched and decisive
hafg hap

estimate of type (5.4.2).

Let us notice that :
i) the implementation of relation (5.5.2) does not present any new difficulties ;

ii) the second term of the right hand member of relation (5.5.2) can be regarded as a

perturbation of the flexural plate energy on each plane facet ;

iii) the introduction of a perturbation in the flexural energy does not disturb the "well

posed" character of the discrete problem.

So doing, we define the new discrete problem :

3
Problem 5.5.1 : Find Gh € Vh such that

b (q* V) =g (V) v, €V, (5.5.3)

where g, is defined as in Problem 5.3.2 and where gh( .) 1is deduced (by using the leectxon
F ) from the blllnear form ah( .) (see (5.3.4)) by substituting to phaﬂ(vh) the

~k
expression Pha ﬁ<vh) defined in (5.5.2).
a

Similarly to the previous analysis, we can deduce, from estimates (5.4.2) and (5.5.1), the

following convergence theorem which is available for any general shells

Theorem 5.5.1 : There exists a constant C, independent of h, such that

-
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-+ %%,

2
2 2 1/2
IE-G s ot 3 ey o + lhaglls o1 + Bl g )

where E:* € Vh (resp. a € G) is the solution of the discrete problem (5.5.3) (resp. of the

continuous problem (4.1.1)).

6 - MIXED FINITE ELEMENT METHODS

By using conforﬁing finite element methods, we have obtained very good results with respect
to the numerical analysis of the problem and to the numerical experiments, particularly in

real-life situations. But such conforming methods present intrinsically two difficulties :

i) the main unknown is the displacement field u when the main information required by
engineers is the distribution of the stress field. That means we need to derive the stresses
from the displacement and so we get a distribution which is not really good ; in particular,

stresses are discontinuous from an element to another ;

s . 1 .

ii) the use of finite elements of class<€g which are not easy to implement.

The mixed finite element methods allow to circumvent these two difficulties but the major
drawback is the computation of the discrete solution which generally requires some

specialized duality techniques.

In this brief presentation we will just set the new variational formulation well adapted to
this kind of approximation and then, we will define the corresponding discrete problem. For
more details, see BERNADOU-BOUZIANE and THOMAS [to appear] and BOUZIANE [1984].

6.1. Mixed formulation of HERMANN-MIYOSHI type (continuous problem)

With the mnotations introduced in paragraph 3, this mixed formulation can be stated as

follows (for simplicity, we assume the shell is clamped along its boundary)

Find o™ e¥ , o™ eM and Te (H(@))* such chac
1 g af 1..2 12 Ay af 1. .2
fn e Capau ¥ T Ja detde + fn 3 Coapay ™ 7 Ja daeae
(6.1.1)
- ‘ ‘ 1.2
= [g (g 0% 4 £ p@ 1 by Tlg) Ja agtag
for all neEM | L€ M* : )
and
Find naﬂ € M and maﬁ € M such that )
fQ (yaﬂ(ir’) P 4 faﬂ(z) n®f . vl | } Ja de d§ (6.1.2)
- 1,2
“jn pv Ja dé-de” |, wvv e (H @)°>

where kaaﬁ is the inverse of EaﬂA” defined by (3.3.2), i.e.,

»
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1w 2

GApaﬂ = 2E (aakaﬂu + aapaﬂ/\ T 1w aaﬂaAu)

" and
yo=(vivy) o, faﬂ(x) - paﬂ(v) - vﬂaﬂ

M = (; - (raﬂﬂraﬂ € Lz(ﬂ) and 112 - 121)

M* = {1 = (raﬂﬂraﬁ € Hl(ﬂ) and r12 - f21)
Note that the equation (6.1.1) is obtained by applying the Green formula to the first
member of relation (4.1.1), whereas equation (6.1.2) 1is another form of the equation
(4.1.1). Also note that we use here the alternative definition of the change of curvature
tensor, i.e. (see KOITER [1966])

v

1 v
paﬂ - paﬂ T2 (ba7uﬂ+bﬂ7ua)

6.2. Mixed formulation of HERMANN-MIYOSHI type (discrete problem)

From now on, we assume that the domain 0 is of polygonal type and we consider a family of
regular triangulations QE£. Then, we introduce three different finite element spaces Xh’ th
and Yh in which we will approximate the components of the unknowns of the problem, i.e.,
q - uizi , N o= (naﬂ) and m = (maﬂ). More precisely, by denoting K the generic triangle of
QE;, we define

X = v, eG°@ Vg € By 0 K Gy .

Xho = (Vh € Xh R vh = 0onT) ,
. & 'y
Yh = {vh ; VNK € PK2 , VK e th)
Of course,
C Hl(ﬂ) ; cC Hl(ﬂ) and Y, ¢ Lz(ﬂ)
xh ! Xho 0 h

So, the discrete problem is defined as follows :

Find 3 e (xho)3 , mo€ (Yh)g . m o€ (xh)g such that '

A

1 1,2 12 A 1,2
fﬁ © Sapau T "ﬁﬂ Ja agtae” + fﬂ'ZE ¢ " w Jaagtag

afiu h
- af af af 1.2
- Jo trag G P v £ P g A e acta
for all g = (np) € (%)g . 1, = ¢FH) e xl
- af af a 1..2
la Tap™n) My * Fp0n) m™ - vy, mhﬁﬂ} Ja agtag
=g Py A agta? W e o )®

where ( )g denotes a quadruplet whose second and third components are equal.
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To conclude, let us mention some other works related to the numerical analysis of dual mixed
and hybrid finite element methods applied to thin shell problems : DESTUYNDER and LUTOBORSKI
[1982], MIYOSHI [1973]) for mixed formulations, KIKUCHI and ANDO [1974), STEPHAN and
WEISGERBER [1978] for hybrid formulations. ‘

7_- APPROXIMATION BY D.K.T. METHODS

The D.K.T. (Discrete Kirchhoff Triangle) methods are now popular when approximating linear
or nonlinear plate problems. These methods are based on MINDLIN plate models which take into
account the effects of transverse shear deformations and which are well adapted to
moderately thick plates. Unfortunately, a direct discretization of these MINDLIN models by
conforming finite element methods leads to numerical instabilities (locking phenomenon) as
soon as the plate thickness becomes too small. A first way to overcome such instabilities is
to use reduced integration technics ; a second way 1s to use D.K.T. methods whose basic

ideas are :

i) when computing the strain energy, to neglect the part due to transverse shear

deformations (generally small when compared to membrane and bending parts) ;

ii) on the discrete model, to introduce some constraints like
* some KIRCHHOFF-LOVE conditions (the normal to the middle surface remain normals after

deformation) at the mesh nodes ;

** some tangential KIRCHHOFF-LOVE conditions at some nodes located on the element

interfaces ;

*** some other constraints without a clear mechanical meaning, but insuring a good

definition of the discrete problem.

In particular, these D.K.T. methods allow to compute plates whose thickness is varying from
thin to moderately thick by using the same discrete model, without the above mentionned

numerical instabilities.

In case of plates, these methods have been extensively studied by KIKUCHI [1981] with
Tespect to the numerical analysis and by many Authors with respect to numerical

experiments ; among t:hem,' we refer to BATQZ-BATHE and HO [1980]) and to the references of

In case of shell approximations, the original idea of D.K.T. method appears in a paper from
WEMPNER, ODEN and KROSS [1971]). Next, many numerical experiments were done for different
kinds of shells : for a summary of contributions in this way,. we refer to BATOZ, BEN-TAHAR
and DHATT {1982] and to the bibliography of this paper.

Hereunder, we give a short description of the formulation of a D.K.T. method in the context
of the KOITER's formulation studied in paragraph 2, and we refer to BERNADOU and MATO EIROA

[1987) for more details.
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7.1. A set of thin shell equations including the effect of transverse shear deformations

In addition to the usual displacement field U of the particles located on the middle

. = e as
surface, we need to take the components ﬂa of the rotation of the normal a, as additional

unknowns. Then, the corresponding variational formulation can be written as

Find (1,8) €V’ , g = 3 , such that
2
afiu -+ - e - -+ 1..2
Jo ™™ (1,507, () + G5 x,,G.0%,, 580 /3 aglae
£.%B (7.1.1)
a .

*Jg a0 (¢ (0) + 8} {¢ﬂ(v) + sﬂ) Ja aetae

-d
-J PSS Easta? [ NIy ay | v(E,8) € v
£l Fl a -
where

v-(viveul(n);v' -0)

r
o

- 1 A A
Xap @) = 5 [(ByygtBeio) b (uyooby gug) -batuy by )] (7.1.2)
- bA
¢a(u) - uﬂa + ot
Note that this formulation gives back the usual KOITER's formulation when during the
deformation the normal remains normal, i.e., when ﬂa + ¢a = 0 or, equivaléntly, when ﬂa - -

A
(uﬂa+bauA)'

-
7.2. The finite element spaces used to approximate u.and 8

The unknowns u and B are approximated in finite dimensional spaces Vhl or th constructed by
using the elements mentionned in Figure 7.2.1. Of course, other choices of triangles or

quadrilaterals are possible : see for instance BATOZ, BEN-TAHAR and DHATT [1982].

Corresponding
Finite element Schematization finite element
Unknowns type of the element space
w,o, u, ,
1 2 P,-Lagrange Vhl
ﬂl 1 ﬂz ’
u, Pj-Hermite th

Figure 7.2.1 : Finite elements in use for D.K.T. approximation

-
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Constraints imposed to the degrees of freedom

For a given triangle, there are 33 degrees of freedom. By imposing 12 constraints, we are
going té reduce this number up to 21 effective degrees of freedom, i.e., with obvious
notations : uah(ai)' uah(bi)' u3h(ai), ﬂah(ai)’ a=1,2, i=1,2 3, where ai’bi denote
respectively the vertices and the midsides of the triangle. These 12 constraints are (see

Figure 7.2.2)

i) The KIRCHHOFF-LOVE condition is verified at the vertices a;

Pan(ay) = - gy ,(85) - b:(ai)uxh(ai) ; (7.2.1)

ii) The KIRCHHOFF-LOVE condition is "tangentially" satisfied at midsides bi :
x

-
o a .
One can check that t, = t7a with t© = &, . -€, so that the constraints are
i i i i+l *i-1

v ——— v, A
€iPyn(Py) = - Dugp(by).ay jay g - £bi(B) uy (by) 7.2.2)

iii) The "normal” component of vector éh(bi) is equal to the mid-sum of normal components at

- the adjacent vertices a, and a, i.e.,
the adj i-1 i+1 0 L

- 1 -+ -+
(B m) (b)) = 35 (B -nd(a; 4) + (B -my)(a; 1))

or, equivalently,

al 1 al al
(e taiPan) (by) = 5 (Ce e B 0(ay 1) + (e ta1Pyn’ (35,10}
with
@A L o 22 CoGl2 21
Ja

o4

(284

r od
[
+
ot

o

i-1

Figure 7.2.2 : Corresponding triangles
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7.3. The D.K.T. approximated problem : Find (Gh,gh) € Gh such that

2

afAT - - e - - 1.2

Jo BT G g Gryp G + % xop G B, o)) /3 aae
(7.3.1)

- Jaagtae? + [ w3 Mm% ) dy V.8, €V

PYh r; 7 Yh %an ' h’>h ’
where the space Gh is defined as follows
h ((vh,éh) such that Vi € Vhlehleh2 s éh € Vhlehl

(7.3.2)

and ;h’ﬁh satisfy the constraints (7.2.1) to (7.2.3)}.

The question of existence and uniqueness of a solution for this problem is in progress as
well as the study of the effect of the use of numerical integration schemes to compute the

integrals in (7.3.1). Meanwhile let us mention that :

i) these methods give good results for some classical bench-marks in thin shell problems
see BERNADOU-MATO EIROA {1972). Also, see BATOZ-BENTAHAR and DHATT [1982] for other closed
related methods ;

ii) KIKUCHI [1981] has proved the convergence for plate problems and he has got error

estimates such that

2
i Jz_l “ahij“h - aiju"Lz =< Ch "f"L2 ’

where u and u denote respectively the solutions (plate deflections) of the continuous and

D.K.T. approximated problems.

7.4. Some examples

7.4.1. Cylindrical roof of SCORDELIS-LO [1964]

This is the roof mentionned in Figure 2.3.1. It is loaded by its own weight ; the shell is
simply supported at its extremities by rigid diaphragms and it 1is free along the
longitudinal sides. The weight of the shell is worth 90 £b/sq.ft or, equivalently,
0.625 £b/sq.in.

By consideration of the symmetries, we just consider a quarter of the domain, i.e., the part
"ABCD of the roof. We have used the four meshes indicated upon Figure 7.4.1. The results are
given upon Figure 7.4.2 to 7.4.5.
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A B
"
D C
Mesh 1 ] Mesh 2
A B
D C
Mesh 3 Mesh 4

Figure 7.4.1 : The different meshes in use
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Figure 7.4.2 : Value of the component uZ(B)
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Figure 7.4.3 : Comparison of the values of uZ(B) as given by different Authors
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182 210 295 368 420 567 570 736 816
unknowns unknowns unknowns unknowns unknowns uninowns unknowns uninowns unknowns
Mesh 1 0.8900858 0.9680249 0.9921052 1.000975
Mesh 2 || 0.8240027 0.9196454 0.9630637 0.9835955 0.9933972
Mesh 3 0.82;0166 0.9616398 0.9931181
Mesh 4 0,7862465 0.8983767 0,8510304 0.9765213 -0.98%555

Figure 7.4.5

Value of uhZ(B)/uZ(B) as a function of the mesh in ﬁse
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7.4.2. Clamped hyperbolic paraboloid under uniform pressure -

This example has been considered by CONNOR~BREBBIA [1967], BATOZ [1977], ADINA [1983, eX.A.26],

and MEEK-TAN 1986 . The hyperbolic paraboloid is described upon Figure 2.3.3. It is clamped

along the entirely of its boundary and it is loaded by a uniform pressure.

The mesh in use is presented upon Figure 7.4.6 and corresponding results are detailed upon
Figures 7.4.7 to 7.4.10.

O

< b

L AN

A B

The mesh in use The entire mesh

Figure 7.4.6 : The meshes
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Figure 7.4.7 : Comparison of the values uz(A) given by different Authors
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Figure 7.4.10 :

Quotient of the values of uZ(A) computed by FEM

or by Finite Differences
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PART IITI : OPTIMAL DESIGN OF A SHELL : COMPUTATION OF THE FUNCTIONAL DERIVATIVE

(extracted from M. BERNADOU, F. PALMA and B. ROUSSELET [1987])

8 - GENERAL PRINCIPLE FOR THE COMPUTATION OF THE FUNCTIONAL DERIVATIVE

8.1. Design wvariables

Let qg.be a thin shell whose middle surface S is the image of a plane domain {I by a regular

mappingyz and whose thickness e is again a regular mapping defined at any point of I.

According to the formulations given in paragraph 3, the deformations of the shell‘%g are
characterized by the displacement field U of the particles located upon the middle surface

of the shell. This field u € V is the solution of the variational equation (see (3.4.1))
P.v=0 , VweV , (8.1.1)
where V is the space of admissible displacements. Subsequently, we will restrict our study

to the thin shells whose deformations are governed by the "general" linear equations

considered in section 3.5, i.e., with (4.1.1)

a(u,v) = £(¥) , eV - (8.1.2)
with

a@V) = [g e [y @y, ) 4 —‘{—2 Pag (07,1 Ja detag? 5.1

£(3) = fo v Ja detae? + frl [NV + w7 ] dy (8.1.4)
and

> 1
'yaﬂ(v) -3 (Vaiﬂ+vﬂla) - baﬂv3
(8.1.5)

b A A A p\ '
(V) = v b"b, v. + bav“ + b v”a + bdﬂvk

Pap Jap ~ PaPrp¥3 p* 8

The goal of fhis study is to propose a methodology of the shape optimization of a general
thin elastic shell. The design variables are the form of the middle surface and the
thickness of the shell, i.e., 3 and e with the .notations of sections 2.1 and 2.2.
Subsequently, we will set

® = (,e) . (8.1.6)

822. ThelopCimization problem

This optimization problem can be formulated as follows
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i) Minimize a functional JO(Q,GQ) which is explicitely dependent of the desipn wvariahles &
and which is dependent of the solution SQ of the state equation, i.e., of the solution G¢ of
the equation (8.1.2). Here, we note G¢ instead of u since the solution u of equation (8,1.2)

is implicitely depending of &.

Some examples of such functionals are given by the measures of the weight of the structure,

of the stresses, of the critical loads for buckling... ;

ii) With or without constraints. These constraints can be bounds on the displacements, on
-
some stresses, on the thickness... They can be also expressed as functionals Ji(¢,u¢),

i=1,2,...

In order to use the classical optimization algorithms, we will have to compute the
derivatives of such functionals J°(¢,3¢) and Ji(¢,3°) with respect to ¢ (see CEA [1986] or
ROUSSELET ([1986)). Subsequently we will Just consider J all that follows can be applied
exactly in the same way to any functional Ji(¢.3¢), i=0,1,2,...

From the functional J, we can define a new functional j, just depending of &, as.follows
J(@) = 3,5y (8.2.1)

and we need to compute the derivative of j with respect to.®. This is generally difficult

since the dependence of GQ with respect to ¢ is not explicitely known.

By using CEA [1986], this computation can be easily done through the introduction of a new
problem : the adjoint state equation. Briefly, for a state equation of the form (8.1.2), we

will obtain :

. - Radiind ) o
Dj(®) . ¥ = aéJ(é,u¢).W + 6¢a(®,u¢,v¢).w aéf(¢,v§).¢ (8.2.2)

where HQ is the solution of the state equation (8.1.2), i.e.,

-

a(®;Uy, V) = £(8;%) , Wel | (8.2.3)

-
and where Vo is the solution of the adjoint state equation :

o2 8- (% - -+ v-» —wv 8.2 4
a(®;vg,w) = - 82J( U)W, YwE . (8.2.4)
Of course the equation (8.2.3) is identical to (8.1.2) but we have explicitely mentionned

the dependences of a(.,.) and f(.) with respect to &.

Some works have been devoted to this type of problems ; BUDIANSKY - FRANENTHAL - HUTCHINSON
{1969], BANICHUK [1975], BOISSERIE-GLOWINSKI [1978], HLAVACEK [1983]. Differentiability and
computation of differential with respect to midline variations for arches has been adressed

in CHENAIS-ROUSSELET [1984) ; the case of midsurface variations is adressed in CHENAIS [1985}
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and CHENAIS [1987]. The case of shells of revolution is considered in HLAVACEK {1983] ang
C.A. MOTA SOARES-C.M. MOTA SOARES-MATEUS [1987] ; shallow shells : BANICHUK-LARICHEV 19847,

Thus, in the next paragraphs, we will compute the derivatives of J, a and f with respect to
®. This will be done for the bilinear form a(.,.) attached to the deformation of a general
shell and for some classical linear forms f(.). Finally we will consider some examples of

functionals J and we will give their corresponding derivatives with respect to &.

9 - COMPUTATION OF THE DERIVATIVE aQa(¢;§,3).w

With the relation (8.1.3), we obtain
2
a5, ) = [y EPM@) 11,,@ir, @) + G 7,305,390 a@d ale® 6.

where we have explicitely mentionned the dependences on & = (z,e). Then, by assuming that

the mappings 3 and e are sufficiently regular, and by setting
-
Vo= (¥,¢) : (9.2)

we obtain

2
0ga@:0 0. = [0 EPV@) 10 @iy Gy + G5 G5, @) Ya@d) alag?

2
+ Jg ety By, B + 55 5,,Gi05,, @) (93 PG @) 1 agtes?

(9.3)
+ [o B @) o) v, ,Fidogy, BB+ v, GiDragy i 3
e2 —_ - - — + > - e2 - -+ -+ - N 1..2
+ 13 paﬁ(¢:u)6$ /\“(¢;V)-¢ + 15 p/\p(«ﬁ;V)agpaﬁ(é;u)-l/a] a¢d¢
Hence, the computation of aQa(¢;3,3).w is reduced to the computation of
o3 (P 3y Ja@d)).3 (9.4)
83 Yup(B10) ¥ , (9.5)
3 paﬂ<$;ﬁ>.¢ (9.6)
Computation of 63 (EaﬂAp(z) Ja($)).$ :
The relation (3.3.2) involves )
o3 (EPM Q) a@N 3 = 52— fa@ 122D 02433 + PED) 922D D
@ 2(1+v) é ¢
+a™@ 0P @ G+ PG oD B B PD MBI (9.7
+ 2L M@ 0@ 31+ PG =55 0 Y

2/ad) *



- 45 -

‘But
@ - @dap -4 9
al A a afa af)\
;nd hence,
e, ®d -idBaip L (9.8)
3¢ a¢
Thus
1 - N B 4 - - - . -
3 33a() .3 = tay, D3, D) - a12(¢)a2($>>.j?§ + a3, (@) - a12<$)a1(¢>>.:f%
Since
s, @ - a@a2@ .
a, @ = - adat?@d (9.9)
3,0 = a@dal@d
we obtain
T COR RO PR N (9.10)

ag
It remains to compute 8$aﬂ“($).$. By using relations (9.8) and a“*($)aap($) - 6:, we get :

o333 - - PDEFD + PG 1L (9.11)
a¢

Finally, we report the relations (9.10) and (9.11) into the expression (9.7) and we obtain :

o3 EP¥@) L@ F - - @ 2 @PEHEG - M HPE D)
v a¢

(9.12)
s PP DG + PG - EPEGH @)
Computation of 631aﬂ($;a).$
We start from the expression
Tup B = 5y gruy O - T B, - b Buy (9.13)

In this expression, we have explicitely mentionned the dependences in 3 of all the
éarameters. In particular, let us mentionned that the components Uy .U, and uy are considered

as independent of 4. Then we obtain
837p B P = - w BT @0 P - wazk 3P (9.14)
By definition

V—0=-b‘ -
rogé) - 3 "
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so that
2=
v - _-) -+ _’-by-* - -y = a]é
63(P05(¢))-$ 8a’ﬁ(¢)3¢(a (¢)).¥ + a (¢)'a§°a§ﬂ . (9.15)
The relations ;V(z).;i(z) = 6; involve
3, . @3 @) + P Js
a asa
(9.16)
3, .03 @N P + @ (33@E,3.H -0 .

But 23(3).3a($) =0 and 33(¢).33($) = 1 involve

m

NORFERCRIEE Z3<$).:?§
33(3>.63<23<2>.$) -0

so that

- - - - - iﬁé - =
53(35(8)) ¥ @@ FD

9.17)
Substituting (9.17) into (9.16), we obtain
GG I - - @H DT + D ED EHTPD (9.18)
aet aek
Then, a new substitution into (9.15) and the relation
3, 4B =T @3B + v, BaB (9.19)
give
2+ - ) -
. v - - . -y - P ] ) X - iué v = - - Jaé
83T, (30 .3 = 2 <¢>.(;E;ji5 Tap® T3+ @ Db, @B (9.20)

ag
Now, it remains to compute §-

¢(baﬂ($)).¢. By definition

Then, the relations (9.17) and (9.19) involve

2 -
a2(b (3.9 = 2. (¥ - (G &, . (9.21)
¢ Qﬁ 3 afaafﬂ aﬁ agA
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' By substituting the relations (9.20) and (9.21) into relation (9.14), we get
: 2+ - -
@3- - 3D =T - @ B - w2 @B @@ 2

a2 (y
¢ af 36%a¢ a¢ ae

(9.22)

Computation of a;;;ﬂ(z;ﬁ).z : we will use the expression (8.1.5) for Z;ﬂ(ﬁ) ; it can be

written as :

7 (30 =u - @u, - YD (Du, +
af 3,a8 af 3,v a vp 3
(9.23)

+ (b:]ﬂ(Z) . bi(?)r;ﬂ(b - bgd)r:a(b)uu + B @u, o+ AT

H

B

The relations (9.20) and (9.21) give respectively the derivatives with respect to ¢ of the
v - - v, vB .
functions ¢ r g and 3 b,p($). Since b2 (3) = a (E)baﬂ(z), it comes :

930@) . = b ,Dag@? @) 3 + P Doy @0 3
and hence, with relations (9.11) and (9.21) :

2 -
30a @3 - DI . L - @ 2

3¢%ac” a¢ (9.24)
-y @ + vl @1@E@. fg’”;)
Now, it remains to express ag(bqﬂ(z)).z. By definition, we have
P =) -+
LNORERENOR RN
so that
A e -\ - - -+ -\ 4 = -
bafp(#) = - g2y ) - @) ay @)
But
- - by -
158 = bz P
3@ = 23 ;@ = - pI@E B
330ap @) = 33 B - TBE; D)
so that
by - >\ .= = v o= A=
boyp® = - & @ .35 B - T @)
(9.25)
- BB A B - @R
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By taking into account the relations (9. 11) (9.20) (9.24), the computation of the derivative
with respect to 3 of the function ¢ - ba’p('ﬁ) amounts to compute the derivative of the

product a (¢) a3 ﬁ(¢ . This one can be written as :

5,333 4B = -5, LB ayd -3 (DI D -5, (DI D

Then, with the relations of Gauss and Weingarten
- - A - = - =
5, B =T, B3,@) +b, @)
A -+
8 () = - b (e, @
we obtain

- -+ - - § §
8,335 @ = -3, @ A@ 4T by @ 4T

IOLINCS) (9.26)

so that with (9.17) (9.20) and (9.21)

- -+ - -+ - - =), = - =+ =
035G, 55 @D =-3D I+ @D, NGB I )

-5 = - A =
bas P E"D (B - @)+

$ T DD g - T @ ) e BEDG B - T )

@, HGE@F 1+ @i G - B )
or

-5 —+ - - - -
@) by @Y b (DT

@ g5 + T, @3 ) + (E DT, ) + by, B +
(9.27)

P s X - § -+ P - -
+ B (@) - T g @) - T @ 1GE® B )
s - b B @ - b Bt @G @) Y
[- bgg BT, &) - b (AT @GBS ) /

Coming back to (9.25), the relations (9.11) (9.20) (9.24) (9.26) and (9.27) involve
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A -
330 5% =

- = & - 5§ = - de =+ =2y = A D Vs 4 -
(@33 o) - T, @@ - T @b @@ @@ + @i @N.3

Av

+

Y DELD B, - MDED @ bos P )

pry

TN ST IR e e A DIEB I 0 + o5, @ + iD, B

[

€

Y - - 1y - € - - -+
" TyaTgs(d) - T DI (D1GE@H 3 )

+ a*"<$>[bﬁ5<$>rja<$> + B DTGB 3 ) - T, B DB B, - ros @9 ]

+

p@® @@ + vl @1ED 3 ) - GTD.F -t )
S BB B B Gy B F )
or equivalently :

X - - v -+ -
330 ], .% = & (@@, B3 )

vap
AV 4 2§ - = -
S GERCORLINOI IR SN CST SRS S COT N

SR OOLRC NN CIT A )T SR R T

C @B 3 L DTG + BB F )

(9.28)

—_—

8§ - - § - G -
MR OLINERUE WS LIRS ST e3Y
(@ TG + DT .F

€ = - € - € = - Y B T 4
* g Dby, B + T8, Brb,, @) + T2, De, G D@D T )

-

(¢)

€

p 8
€= e 6§ .6 § 2 € 2
+ o Db, @) - r BTy @) -1 Brs @) - 1l Bt B

- ED I )G D.3 vag) + Pa(B, (@) + bI@Bm

Now, we have got all the necessary partial results to compute the derivative in 3 of

Zaﬂ(g;:). The relation (9.23) involves

33 op®i0) B = w5307, ) - b DT @) - b B 3
M LRI A UAC DR N L S LRI CPR OO P (9.29)
+ b, (B30 ). - uy a3l (@) 3
where the derivatives with respect to ¢ of the functions byﬂ bl b, and 1':,; are

respectively given by the relations (9.28) (9.24), (9.21) and (9.20).
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To obtain the expression of the derivative of aéad’(ﬁ,;).\ﬁ, we report the expression' (9.12)

into the relation (9.3) so that we obtain
345584 = Jo P 1 ,Gir, @) + %?saﬂ<$;ﬁ>ﬁkp<$;3)] fa@ agtag?
+f e —;”% PGy - 22 HED) - 28 DD
(1,507, BiV) + %; P s @7, Bi)) Ja@) agtae® (9.30)
s [ B PED 0, Gidagn, G0 B 4, Ginrop @i 3
+ 5 T@iog, G99+ %; P05, @G 31 L@ aetac?

where the derivatives in 3 of the components 7a/3 and ;aﬂ are given by the relations (9.22)

and (9.29).

10 - COMPUTATION OF an‘b(vé).w

A general enough expression of the work of the external loads is given by relation (8.1.4),

i.e.,

£, = Jo pl@v, Ja@) aglag?

s

b R ae® ae) (10.0.1)
[ @, + @ v, @ )1 ¥Ya, D) S e a

where t € [a,b] -~ (61(1:),52(1:)) denotes a parameterization of the loaded part I‘l of the
boundary I' = 3Q (see Figure 10.0.1).

f = 5 /
= L Yo -t
] : b

Figure 10.0.1 : Parameterization of the loaded part 1‘1 of the boundary I' = Q2
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Subsequently, we consider two kinds of applied loads and we refer to BERNADOU-PALMA and
ROUSSELET [1987] for more general cases.

10.1. The pressure loading

By noting -pﬁ(@) the surface density of load upon the external loaded surface (associated to
¢ - %), we obtain (BERNADOU-BOISSERIE [1982, (5.2.10)])

g, = Jgpig e 2P @y, - -3 ebf@vy) fa@) agtas® (10.1.1)

Then
6§f°(v).w - aefQ(v).e + 83f¢(v).¢ (10.1.2)
where, by using relations (9.10) (9.11) (9.24)

3 £, (V) e = % Ih p[e’ﬂaaﬁ(z)va + ebg(Z)v3] Ja@) aelae? (10.1.3)

23t 3 = 5 Jotve (P BTD - L DTD - P DHFDG

+evy DI, B3 i@ ) -2 @D F ) (10.1.4)

+ 0@ - wy@F@) .3 1 p 2@ aglag?

But for very thin shells we can consider the approximation

£, = - [ pv, Ja@) aetae? (10.1.5)
so that
CREMCPRIEI G@ .3 evy fa@ aglag® _ (10.1.6)

Note that in case (10.1.5), the load is independent of the geometry.

10.2. The weighting loads

With BERNADOU-BOISSERIE [1982, (5.1.6)], we obtain
- ‘ - -1 =3 1. 2 ]
£, = [, pge 8. v 3@ L@ agla? - (10.2.1)

where

P mass .density

8, = gravity acceleration

- .
ey = "vertical" vector . O
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Thanks to relations (9.10) (9.17) (9.18), we obtain
Bpfp (V) ¥ = 3 £, (9) . + 835, (v) ¥ (10.2.2)
with
8,550 e = J prgoe v Gy T @) Ja@) aglae? (10.2.3)
032, 3 = Jg o180 S U B @B 3 PBED
+ @D I DD - @D I pPdy,
(@D I ED) - @D T PP Divy) @ acta?
The last expression can be reduced to :

838, F = [o p1ge 35 v P @ @D 3 BB L@
(10.2.4)
+ v @ - va D1 xF ) actae?

11 - EXAMPLE : OPTIMIZATION OF THE WEIGHT OF A SHELL

Orientation

As an example, we consider in this paragraph the optimization of the mass of a shell under

some constraints like

- bounds on the thickness,

- bounds on the strain energy.

11.1. The functional giving the weight of the shell

With previous notations, the weight of the shell is given by

J(P) = fﬂ P18 8 ngzg d.fldf2 : (11.1.1)
so -that

33@ ¥ = [ pye,e Ja@) actas® + [ o5 eco5 Ja@) .3 agtac?

But relation (9.10) involves

63 /a3 .3 - fa®) 3.2,
a
3¢
so that

»a 8% = 1,.2
8¢9, (®) .0 = D_J (8).¥ ~ fﬂ plgo(e+eaa.;j%) Ja@) detag? . (11.1.2)
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11.2. Some constraints

Of course the minimization of J(&) without any additional constraints would give e = 0 as a
solution... which is not a realistic one ! So, we will impose simultaneously the two

following constraints

Bounds on the thickness

0<es<e(ele?) sz (11.2.1)

where @ > e > 0 are given constants. When one of these constraints becomes saturated the

corresponding functional is zero, i.e., Jl(@) = 0 or Jz(b) = 0 with
Jl(Q) -e-e and J2(¢) -e - e . (11.2.2)

For the implementation of the optimization algorithms we will use the derivatives of these

functionals, i.e.,

BQJI(Q).W = aeJl(Q).e = ¢ (11.2.3)
or

6¢J2(¢).W - aer(Q).e = - ¢ (11.2.4)

Bounds of the strain energy

There 1is a narrow connection between prescribing a bound on the strain energy and
prescribing a LZ(O) - bound on the stresses. This functional is currently used in structural
optimization as can be noted in the books of BANICHUK [1983], HAUG-CHOI-KOMKOV [1986],
PRAGER [1974].

We will impose a constraint of type

s

5 a(®;u,u) =< C : (11.2.5)

where the constant C has to be chosen so that

1
2

-
a(d;u

" .
b,u¢) <C . (11.2.6)

since a(0;3¢,3¢) realizes the minimum of this strain energy. When the constraint (10.2.5)

becomes saturated, the corresponding functional is zero, i.e., J3(¢,3) = 0 with
J4( u) = € - 5 ag(u,u) . .2.7)

The derivative with respect to & of the functional & -~ j3(¢) = J3(¢,3¢) is computed

according to (8.2.2). We obtain
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- 1 - -
6¢J3(¢,uQ).W =--3 6¢aQ(u¢,u ). ¥
so that
1 - - _-o_-»l L .
8gix(8) ¥ = - 5 BQaQ(u¢,u¢).w + a¢a§(u V) ¥ . 8@f¢(v¢).w e - (11.2.8)
But with the definition (8.2.4) of the adjoint problem we obtain .
- =+ - - l»-b
- a(b;u¢,w) + a(Q,vé,w) = 0 , Vw»elw
so that 3¢ - G¢' Then, the derivative (11.2.8) can be written

. _]: - - -~
6¢J3(Q).W -3 8¢a¢(u¢,u¢)4W - 8°f¢(u¢).W . ‘11.2.9)
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