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TABULATIONS OF THE CLOSURE TENSORS
FOR THE
M.P.P. MODEL OF TURBULENCE

Abstract.

We study the approximations of the closure tensors, vectors and functions apperaring in the MPP
turbulence model. The model gives a complete system of equations for the mean velocities u(z,1), the
turbulent kinetic energy g(z,t), the turbulent helicity h(z, t) and the inverse of the lagrangian coordinates
a(z,t). The ratio h/q plays an important role in this model.

For 1-D mean flows, we deduce the structures of all closure terms as function of two parameters, one of
them is the ratio h/q. Frame invariance for the averaged system leads us to reduce the number of paramaters
to compute the Reynolds stress tensor; we use this property to relate the computations of 2-D and 3-D mean
flows with the 1-D case.

TABULATIONS DU TENSEUR DE FERMETURE
DANS LE MODELE
DE TURBULENCE M.P.P.

Résumé.

On étudie les approximations des tenseurs, vecteurs et fonctions de fermeture du modéle MPP de
turbulence. Le modele donne un systeme d’équations complet reliant les vitesses moyennes u(z, t), Pénergie
cinétique turbulente g(z,t), I'hélicité turbulente h(z, 1) et les coordonnées lagrangiennes a(z,t). Le rapport
B = h/q joue un role important dans le modéle.

Dans le cas d’un écoulement moyen monodimensionnel, on peut déduire les structures de tous les termes
de fermeture en fonction de deux paramétres, dont un est le rapport h/q. Si le systéme moyenné est invariant
par changement de repére, on peut réduire le nombre des paramétres pour le calcul du tenseur de Reynolds; en
utilisant cette propriété, on relie les calculs d’écoulements moyens 2-D et 3-D avec le cas monodimensionnel.
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Notations

Q : domain in R3

Y : cube |— 7,73

Z : interval 0, +o0[

z= (z1,z9, 3) : space variable (z € Q)

t. time variable (¢ > 0)

Y = (1, ¥2,¥3) : space variable for the microstructures (y € Y)

7 : time variable for the microstructures (7 > 0)

u(,t): velocities of the fluid at the point z and at instant ¢, (u(z,t) = (ur(2, 1), ua(z, t), us(z, ))7)

p(z,t): pressure

€ : ratio of the small to the large scale

et/ 2w°(z/e, ) : initial fluctuating field of velocities

a(z,t) : inverse of the Lagrangian coordinates

u;g : Oufdt

uij: OuifBz;,1<4,j<3

Uiy OufOy;, 1<i,j <3 .

Va : matrix which elements are (Va)i; = aj;,1<4,j<3

C: VaTVa

% ® v: matrix which elements are u;v;, 1 <i,5 <3

tr(B): trace of the matrix B, By

V.B : vector which components are Bjij, 1=1,2,3

w(y, 7;z,t) : turbulent velocities (y — periodic in Y)

7(y, T;2,1) : turbulent pressure (y — periodic in Y)

u(")(y, T;Z,t) : k-order turbulent velocities (y — periodic in Y)

g(k)(y, 7;,t) : k-order turbulent pressure (y — periodic in Y)

Vyw = (VaVy)w : matrix which elements are (VaVy)w), ; = arwjk

6y x w = (VaVy) x w: vector which components are (VaVy) x w); = €iknQj,kWn,J Where €4, is the
third order alternating tensor, i.e.

1 if dkn is in 12312,
Eikn = § —1 if ikn dis in 13213,
0 if two subscripts are repeated.

A B : inner product of matrices A and B, i.e. tr(BT A) = A;; B;;
<w>:meaninY, <w>=1/(27)3 [, wdy

<<w>>:meaninY x Z, << w>>=limy_oo 1/8 [} < w > dr

@ = VaTw : canonic microstructure flow

g(z,t): mean turbulent kinetic energy 1/2 < |w]? >=1/2 < #C~'% >

h(z,t) : mean turbulent helicity < w.V, x w >=< (Va~Tw).(VaV,) x (Va~Td) >
W' (y, 7;2,t) = ¢~V 2i(y,q /?r; 2,1) : normalized canonic microstructure flow
m'(y,7;2,t) = ¢ w(y,q"*/%7; 2,t): normalized turbulent pressure

In this definitions, we have used the summation convention over repeated indices.



0. INTRODUCTION.

Turbulent flow, i.e. with rapidly varying structures in space and time, is a very complex mathematical
problem. The numerical simulation of this kind of fluids cannot be obtain directly due to restricted capacity
of actual computers.

Consider the Navier-Stokes equations which govern the velocities u(z,t) and the pressure p(z,t) for
incompressible viscous Newtonian fluids :

uw:+ (u.Vi)u+Vp~-vAu=0,Vu=0 in Qx]0,T[ (0.1)
u(z,0) =u’(z) in Q (0.2)
u=ur in I'x]0,T[ (0.3)

Here Q is the domain occupied by the fluid, I' its boundary, ]0, 7 the time interval, u® stands for the
initial velocities of the fluid and ur the velocities on the walls. We suppose that the characteristic length of
Q, u® and/or ur are unity (the variables have been rescaled). Then v represents the inverse of the Reynolds
number (Re = v~!). If v tends to zero, the flow becomes more and more oscillating in z and ¢. An argument
based on dimensional analysis shows that the smallest oscillations in space of u are on a scale of order v%/4
(cf. Monin-Yaglom [ 1 ]). Thus a numerical simulation of (0.1)-(0.3) allowing us to represent the smallest
structures must have a grid of size h = O(v®/4) ; turbulence models are otherwise needed.

0.1. Goals of the report.

In this paper, we study a mathematical model of turbulence developped by McLaughin, Papanicolaou,
and Pironneau ([ 2 ][ 3 ]). The model uses the asymptotic expansion of homogenization theory (see [ 4 ]).
The main hypothesis of the model consists in assumning that the large scale developped by the mean field
and the small scale related to the fluctuating field are far apart. Turbulence is simulated by an oscillating
initial condition in the Navier-Stokes equation

u(z,0) = u’(z) + w°(§, z) (04)

where

- € is the ratio between the large and the small scale,
- u° is the initial mean field,
- w? is the initial fluctuating field.

In [ 3 ], equations are given for the mean flow u(z,t), the mean turbulent kinetic energy ¢(z,t) and
the mean turbulent helicity h(z,t). These three averages verify a non linear system of convection-diffusion
equations involving the lagrangian coordinates relative to the mean flow. The coefficients of the equations
can be computed, in principle, by solving an Euler equation for the microstructure.

We examine in this paper the computation of the Reynolds stress tensor from the microstructure equa-
tion, its approximation in terms of two parameters, and we show that, in some cases, we can eliminate the
equation for the helicity.

Our goal is to compute mean values of moments of 1, solution of:
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By + (DY) +CVyr =0, Vyb=0 in Y xZ)
 y-—periodic in Y, w(y,0)=v(y;z) in Y
<% >=0 - » (0.5)

<WC o >=¢q

N

" < (Va~T®)(VaV,) x (Va-Td) >= h ,
where
-Y =] -7, 73, Z =)0, +o0[
< f>= gy Jy fdy
- ‘a(z, t) is solution of problem

a;+ (u.V)a=0, a(z,0)=z,

-C =VaTVa,

- u(z,t) is the mean flow,

- ¢(z,t) is-the mean turbulent energy,
- h(z,1) is the mean turbulent helicity.

The functions ¢(z,t) and h(z,t) are knowns in (0.5), so we can write the general solution of (0.5) as

w(y, r;z,Va, g, h). (0.6)

It is too expensive to tabulate y — 7 mean moments of & in terms of Va, ¢, k, so we shall show that less
parameters are independent .

We can show that & can be computed as a function of the ratio 3 = h/q only (chapter 2). The numerical
simulations of (0.5) have been made in the stationary case (@, = 0) and for matrices Va of the form

1 00 .
Va=|a 1 0 (0.7)
0 01

which correspond to fluids with one-dimensional mean flow, i.e.

™

u(z,t) = (uy(z3,1),0,0)7. (0.8)

In this way, we can rewrite (0.6) as W(y; , #), and the numerical computations are made depending on
parameters a and S.



In chapter 3, we study the stress tensors, vectors and functions

R=<wdw> S=2<w®r>
Ve =< (7 + jlw]*)w > V=2 < (7 + Hw])r >

¥y =< (VaVy)w: (VaVy)w > ¢ =2< (VaVy)w:(VaVy)r >

v=VaTdH, r=(VaVy)xw

as functions of o and 8. All these functions appear in the nonlinear system verified by u(z, t), ¢(z,t) and
h(z,t) (in fact these are closure terms in our model). We give a power expansion in « and g for R, S, V,,
Vi, ¥¢ and 95, deduced from some properties of (%, r), (symmetries, evenness-oddness in «, 8).

In chapter 4, we compute numerically the coefficients of the expansions obtained in chapter 3, and so we
have a numerical approximation for the closure terms. Finally we show that these computations can be used
in more general cases than (0.8) (two-dimensional and three-dimensional mean flows) if we assume a frame
invariance hypothesis for the averaged system (chapter 3). In the conclusion, we summarize the results and
give reasonable formulae and graphs for the closure terms of the turbulence model of [ 3 ]..



CHAPTER 1 : Description of the model.

1.1. Navier-Stokes equations with rapidly varying initial data.

The model studies a mathematical problem for a Reynolds closure: the small structures are introduced
in the initial data of the Navier-Stokes equations.

As in [ 5 ] we consider the following problem:
uy + (. V)u® + Vpf — peAut = 0, Va*=0 in Qx]0,T (1.1)
u®(z,0) = u’(z) + ellaw"(;, z) (1.2)

where ¢ is a small dimensionless parameter and g = 0(1), here u° represents the mean initial velocity and
£/3w° the initial fluctuating field.

The parameter ¢ is the ratio of the small to the large scale so (1.2) tells us that initially we have a flow
with two scales (in [ 9 ], equation for the temperature 6¢(z, t) is also considered). The analysis of u¢ will be
made up to times of order e~2/3 beyond which the separation of scales cannot be maintained. We assume
that w°(y, z) is a periodic function in y € Y =] — x, 7[> and has mean zero, i.e.

<w’>= I_}I,-L/Y wo(y,z)dy =0, Vze

We also assume that Supp;(w(y,z)) C Q , so that no boundary layer interactions will be concerned
here. '
In an attempt to study the limit case ¢ — 0 of u® and p*, an asymptotic expansion was suggested in [3):

a(z,t 1 a(x,t [ a(z,t 14

u(z,t) = u(::,t)+51/3w(L€_), pTEERd t)+52/3u(1)(_(_€_l, peTEtRd t)+eu(2)((_€_), ;m;z,t)+... (1.3)
a(z,t t a(z,t 14 a(z,t 4

p(z,t) = p(z, 1) +€2/3W(u, pTERRL t) +€p(1)(_(€_)., 5_2/3; z,t) + 54/31,(2)(%, 6—2/?;3:, H+... (1.4)

This ansatz is compatible with Kolgoromov’s scales (see [ 2 ]).

In (1.3), (1.4) a(z,t) represents the inverse of the Lagrangian coordinates relative to the mean flow
u(z,t), ie.

a;+((uV)a=0, a(z,0)==z (1.5)



and functions w(y, r;z,t),u(l)(y, Tz, 1), u(2)(y,r;z,t),...,7r(y, Tz, 1), p(l)(y, 7;z,1),... are assumed to be
periodic in the y variable in Y =] — 7, 7[> with zero mean in Y x Z, that is

<< w(.,.;z,t) >>= 11m (21‘_)30/ / w(y, 7;2,t)dydr = 0 (1.6)
Using (1.3), (1.4) into (1.1) yields

€23 w; g (ar,e + ujar;)] +
+e™ 3w, . + US,II)((ak,: + uja ;) + wijw; kar,; + T gar;] +
+e%uie + ul) + u() (ak,e + ujar;) + wju; j + ag,j(wiul} + uwi k) +pi+ PRai] +
+et 3w, + u(z) + u(s) k(@ +ujar ;) + ujw j +wju; +
+ap,j(ui g ws + wiku?) + uulF ar; + pRan,; — ko jang] +
+€2/3[u(1) + u(s) + u(4) & @k +ujar;) + u,u( ) 4 u,,,u( ) + ak,,(u Kw, + w;,Kug-a)) + wjw; j+

@ 4 oD o) 4 g

+a,j(y i LKY; K Ok + T — puE,,){Lak,,-a,,j] +..=0 1.7)

E_zjsak,jwj,x +e Y ak,,ugl)( + u; ¢ + ak,]u(z) + 61/3(111: i+ ak,_,u ) +..=0 (1.8)

Here derivatives with respect to y are denoted by capital indices. We also use the summation convention
over repeated indices even when one is a lower case and the other a capital index.

Expressions (1.7), (1.8) can be rewritten as follows :

e~ Y3T(i, 7, C) + FO + LED, @, p™V, C)+
+e3fD + L@D, w, p?, O)] + 5P + LED, 3,5, C)] + ... = 0 (1.9)

€73V, b+ 73V, a4 Vo + v, 4D+

+63(Vaw + Vy i) 4 e23(VaulD + v,.40) 4 . (1.10)

where
C=Va"Va, &=vVaTw, @M= VaTuW, @ = VaTu®, ... (1.11)
O = VaT[u, + (u.V)u + Vp| (1.12)
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O =VaTlw,; + (u.V)w + (w.V)u + (@1.Vy)u) — 4(VaV,).(VaVy)w)] (1.13)

f@ = VaT[uf,l) + (u.9)u® 4 (4 .V)u + @)D+

+({ D .V,)u® + wVw + Vr — p(VaV,).(VaV, )u®)] (1.14)

and
T(®,7,C) = W,r + (0.Vy )& + CVyr (1.15)
L(&, #%,p,C) = i, + (i.Vy) 0 + (4.V,)ii + CVyp (1.16)

The differential operator T' is a generalized Euler operator (note the matrix C in front of Vyx ) and L is
the differential operator obtained by linearization of T'. A cascade of equations is found with the operators
T and L.

B, +(0.V)D+CVym =0, Vyib=0 (1.17)

@D 4 (8.9,)5 + (@D.9,)i + OV gD = — O, v,.i® = -0 (i21) (1.18)

System (1.17)-(1.18) cannot be verified simultaneously unless {f(), ()} verifies certain compatibility
conditions.

In [ 3 ] three sets are found

<< fO 43¢ >>=0, <g¥>=0 ‘ (1.19)
o 1 (@) 4 (L), 12 ()~

<< wC™f +(§-|w| +mg' >>=0 (1.20)
<< (VaVy) x w.f >>=0 (1.21)

The number of equations like (1.19)-(1.21) necessary to make (1.18) solvable is strongly connected with
the number of invariants of (1.17) (see [ 6 ]). We know three invariants for this system :

- the mean velocity

<@ >=0 (1.22)



- the mean kinetic energy

1 1
¢=35< WC i >= 5 < |w|? > (1.23)
- the mean helicity

h =< (Va~T$).(VaV,) x (Va~Tid) >=< w.(VaV,) x w > (1.24)

REMARK .- The symbol < . > stands for the mean in Y, i.e. <w >= I—T fy w(y, z)dy. We know that

the moments in (1.22)-(1.24) do not depend on 7; in this case we have < . > = << . >>, where << . >>
is the average symbol in Y x Z defined in (1.6).

1.2. The system of the effective equations.

The expressions of f(, glven by (1.12), (1.13),..., and ¢(), defined by annuling every term in (1.10) are
implemented in (1.15)-(1.21) ; in this way, we can obtain a system of nonlinear advection diffusion equations
involving u(z, t), ¢(z,t) and h(z,t) given by

v+ (uV)u+Vp+e¥3V.R=0, Vau=0 in Qx]0,T[ (1.25)
g:+uVg+ R: Vu+py, +e/3v.V, =0 (1.26)
he+uVh+S:Vu+pupp +e/3V.V, =0 (1.27)

+ initial conditions 4+ boundary conditions

where tensors R, S, V,, Vj and functions g, ¥ are defined by

R=<<w@w>> S=<X<uwRr+re@w>>=2<<r@w>> )
Vi=<<(GlwP+mu>> Vi=2<< GluP +7)V, xw+ twxw, >> ) (1.28)
Y =<< Vyw : Vyw >> Yh=2<< Vyr: Vyuw>> J

6,, = VaVy, r= 6’, X w, w=Va Ty, #=VaTr

w verifying the canonic microstructure problem

10



W,y + (0.Vy)d + CVynr = 0, Vyh=0 in YxZ )

@y — periodic, % |P;.. +52 |.-=0; 7 y-— periodic
1)

i(y, 0) = w'(y, z)

> (1.29)
<9>=0, <7>=0,
1 <wC i >=gq,
<wC~F>=h )
and a(z, t) solution of
a:+(uV)a=0, a(z,0)=2z (1.30)

Relations (1.28) show that the model gives an expression for the Reynolds stress tensor and other
coeflicients in the averaged equations. These coefficients depend on the turbulent fluctuation w and on the
lagrangian coordinates via the microstructure problem (1.29) with three invariants. So we can notice the
importance of (1.29).

Unfortunately, it is a very complex problem. However we can study some special cases : time independent
solutions W, one-dimensional mean flows, etc. For this case, we are able to give an expression for the closure
terms (1.28) by studing directly (1.29).

A preliminary analysis done in [ 3 ] has revealed that V. << w ® w >> is not a dissipative term. The

dissipation terms are found in the next term in the asymptotic expansion. In practice, it is important to
include these terms (see the k — & model [ 10 },[ 11 ]) , and equation (1.25) becomes :

U+ (V) u+ Vp+ePV. << w@w>> +e¥3V. << w@u® + uP @uw >>=0, Vu=0

where u(® = Va~Ti(?, and @ verifying the linear canonical microstructure problem relative to operator
L given in (1.16)

L(HE®, w, p?, C)=f®
with

P = VaTlw, + (u.V)w + (w.V)u - #(VaVy).((VaVy)w))

In the same way, equations for the kinetic energy ¢(z,t) and helicity h(z,t) are affected by u(®) as new
closure tensors, linear in u(?), are involved in their expressions (see [ 6 ]).

11



CHAPTER 2 : The canonical microstructure problem
We analyze in this chapter certain properties for the canonical fluctuation  derived from system (1.29).
We shall use the following convention :

If a pair of functions (@, ) is y — periodic in Y =]— 7[> and continously differentiable, then i, =
satisfy ,

Bi(9: Dlpr = @iy ey, 1<4,7<3, Vrez (2.1)
Ow; ow; _ ..
Znlrr + Gole; =00 1<4,5<3, Vrez (2.2)
(@Dl =7 le;, 1<5<3, Vrez (2.3)

where I‘}' and I'j are opposite faces in Y and n|+ , n|p- their outward normal unitary vectors respectively
J J

(so nlr;g = —n|F;).

For a function ¥ € L}(Y x]0,6]) for all # > 0, we note

. ) 1 8 . ca ’
<<V >>= oll.l'go W./o /Yv(y,‘r)dydr . (2.4)
and if : /
~ (= =« \T
W = (W, thy, W3) (2.5)
then we put
<< B >>= (<< W >>, << Wy >>, << W3 >>)T (2.6)

2.1. Statement of the problem.

Consider

12



By + (BV,)B+CV,r=0, V=0 in Yx2)
(®,7) y—periodic in Y, @(y,0)=w(yz)
<®>=0, <7>=0 o @.7)

<wClh>=¢q

o=

< (Va~T#).(VaVy) x (Va~T5) >= h J
we wish to find
Rij =<<wiwy>> 5 =2<<rnivy >> )
Vi =<< 3lwl? + m)w; >> Vi=2<< (Glwf +m)ri+ Hwxw,); >> 3 (2.8)
hy =<< Vyw: Vyw>> ¥ =2<< Vyr: Vyu >> )

with
w=VaTe, V,=VaV,, r= Vy X w

REMARK .- Since C, q and h depend only on the variables {z,t} and the differential equation in (2.7)
is relative to the variables {y, 7} , we can consider these three functions as parameters of (2.7).

2.2. The dependence on C.

At first sight, problem (2.7) depends on matrix Va: it appears in the equation (2.7a), in the definition of
the kinetic turbulent energy ¢ (2.7d), and in the expression of the turbulent helicity h (2.7¢). But expressions
(2.7a), (2.7d) depend on C = Va7 Va rather than Va, so it would be nice if this is still true for (2.7e).

In fact, we can show, after some algebra,that the vector 7 given by

#=VaTr = VaT(VaV,) x (Va~Tw) (2.9)
is equal to
=V, x (C™'w) (2.10)
and so
< (Va~T%).(VaVy) x (Va~Td) >=< (C7'%).Vy x (C™'w) > (2.11)

13



In this way, we can rewrite (2.7) as

Gr+ (@V)0+CVyr=0, V,&=0 in Y xZ)

(®,7) y-~periodic in Y, w(y,0)=w(y,z)

<w>=0, <7>=0

<wC i >=gq

p—~

<(C'%).Vy x (C-1@) >=h J

(2.12)

which depends on C. This property will be used in the study of the invariance of certain tensors when a

hypothesis of local isotropic turbulence is assumed (see paragraph 3.5).

REMARK .- It can also be showed that

< (Va~T%)(VaV,) x (Va~T@) >=< @.(CV,) x & >

(213)

which yields another simple expression for the helicity. Notice that in (2.11),(2.13) we are using implicitly

that det(Va) = 1.
2.3. Non-uniqueness of solutions.
Let ¥ be given by

= Re(.e* )

where
v=c+id, c¢deR3keZd

Condition V,.% = 0 implies

kc=kd=0
We have also )
(9.V,) = Re(i(w.k)we*¥) = 0
Vy0=0
In this case, the invariants of @ are given by
<w>=0

< o0l >= ‘-11-((c, Cle)+(d,C ) =¢

N[ =

14

(2.14)

(2.15)

(2.16)
(2.17)

(2.18)

(2.19)



< (Va~T®).(VaVy) x (Va~Td) >=< (C7'%).Vy x (C7'@) >= (CT'd).k x (C"'e) = h (2.20)

putting B
c=7v¢, d=4d

where ¢ and d are such that

(6C ') =(d,Cc d) =1 (2.21)
then (2.19)-(2.20) becomes :
v+ =  4q }
. (2.22)
v = h/H(k)
where :
H(k) =(C™'d).k x (C7'¢) - (2.23)

REMARK - If ¢ and d are independents, and condition (2.15) holds, then we have

H(k) = (C'd).k x (C™1e) #£0.

The solutions of (2.22) are given by

5= :t\/Zq +1/(2¢)? - (7};—-)2, §= :!:\/2q F \/(2q)2 - (_}hf)z (2.24)

hence 7,6 € R if and only if

202} (2.25)

h
)

Since |H (k)| — + oo as |k| — + oo, we have that (2.25) will be verified if |k is big enough ; so for every
k € Z3 verifying (2.20) we have 4 solutions of the form

) h h d .
B = ¢125(2, C, k) 75 c0s(k.y) — ¢V/%6(=, C, k) m—=mgry sin(k.y) (2.26)
q (c,C-1c)i/ q (d,C-1d)Y

with

kec=kd=0

(C-1d).k x (C~1¢)

HGk = e (@, c-iay

15



Notice that solutions given in (2.26) are not isolated: condition (2.21) does not determine ¢ and d. Thig
was also the case of the Beltrami fields studied in [ 7 ] where these were planar. However, for ¢ and d fixed,
W depend continuously as function of matrix C.

Consequently, problem (2.7) has infinitly many solutions. Nevertheless, we know that the canonical
fluctuation may verify certain symmetries connected to C. So we shall look for solution(s) verifying these
symmetries since this can limit the set of solutions @ of (2.7).

2.4. Symmetries of the canonical fluctuations.

Solutions of system (2.7) can admit certain symmetries. These symmetries depend on the matrix C.

Indeed, let w(y, 7) = W(y, 7;C,q,h) be a solution of (2.7). We introduce the new fluctuations W and
pressure P defined as

W(y,7) = QTi(Qy 1), Ply,)=(Qy,7) (2.27)

where @ is an orthogona.l. matrix (Q7Q = I) leaving the cube Y invariant (i.e. QY =Y).
Let also assume that the initial fluctuation verifies W(y,0) = QT&(Qy, 0) = w(y,z)

Therefore (W, P) verifies the following system
W, +(W.V,)W+C'VP=0, V,W=0 in Y x2)
(W,P) y-— periodic in Y, W(y,0) = w(y; z)

<W>=0, <P>=0 > (2.28)

LaW(C) W >=g¢

det(Q) < W.(C*V, ) x W >=h )

where C* = QTCQ
If @ is such that

det(Q)=1, C=QTcQ=c"* (2.29)

then, problems (2.7) and (2.27) are the same. This leads us to the study of solutions of (2.7) which verify
these symmetries. In this case, we would have

i(y) = QT d(Qy) (2.30)

for all orthogonal matrices Q verifying (2.29) and leaving invariant the cube Y,
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. Unfortunately, all those conditions for Q are very restrictive and they can be satisfied only for certain
matrices C.
In the easiest case, we have C = I (at least this is true initially at ¢t = 0, Va(z,0) = I) and condition
(2.29) is verified for 24 matrices ! the group generated by matrices Q;, Q2 and Qs :

1 0 0 0 10 010
Q1 = 0 -1 0 Qz = -1 0 0 Q3 = 0 01 (231)
0 0 -1 0 01 1 00
The case

1402 a 0
C= ! 10
0 01
will be studied later (chapter 3) and condition (2.29) is true only for

-1 0 0
Q=0 -1 0
0 0 1

2.5. The dependence on h/q.

We can relate w(y, 7; C, q1, h1) to W(y, 7; C, q2, h2) if ¢4, hy, g2, k2 are such that

hh_ ke (2.32)
/)1 q2
Indeed putting
w*(y,7) = Ad(y, Ar;C,q1,h1), 7 (¥, 7) = Ax(y, Ar;C,q1, b1) (2.33)
then (w*,7*) verify
wh + (WY )w* +CVyr* =0, Vyw* =0 in Y x2)
(w*,®*) y—periodic in Y
<w*>=0 4 (2.34)

i< w‘C‘llw‘ >=A%q

< (Va~Tw*) (VaVy) x (Va~Tw*) >= A%k, J

17



If condition (2.32) holds then we can choose

/(I'z /hz
A=,/ =4/=
a1 hy

This property leads us to compute w*(y,7;C,h/q) only .

2.6. A new expression for the system of the effective equations.

According to section 2.5, we can expressed the system (1.25)-(1.30) in the following manner
s+ (uV)u+ Vp+ eV (qR) =0, Vau=0 in Qx]0,T[ )

0+ uVg+qR' : Vu+ ugyl +/3V.(32V)) =0 in Qx]0,T]

h+ uVh+ ¢S : Vu+ pgph +e/3V.(*2V)) =0 in Qx]0,T[

a;+((uV)a=0 in Qx]0,T[
u(z,0)=u’(z) in Q

(z,0)=3<|w’?> in Q

h(z,0) =< w°.Vxw®> in Q

a(z,0)=z in Q

where

R =<<vw' ®@v >>

Vi =<< v P+ ) >> Vi=2<< G+ )V, x ' >>

P =<< Vyu' : Vyu' >>
w = Va T
W’ being solution of the problem

@+ (@ Vy)d +CVyr' =0, V,.4' =0

(@',7') y— periodic,w'(y,0) = w(y;z) in Y

<w>=0
1 ~) V] >t
*5<UJC w >=1

<& (CV,) x & >= h/q

18
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Yh =2 << Vy (Vy x w'): Vyu' >>

in Y x2)

—

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)



CHAPTER 3 : Fluid flows with one-dimensional mean

In this chapter we study the structures of tensors (2.33) in the case of fluid flows with one dimensional
mean, i.e,

u(zy, z3,23;t) = (u1(22,1),0,0)T . (3.1)

To find the structures of these tensors we will look for the symmetries of the canonical fluctuations that
can be deduced from (3.1). .

- At first sight, it would seem that (3.1) is a very special case that could not play an important role
in our study. However, we shall see that the study of two-dimensional mean flows can be reduced to the
one-dimensional case if we assume frame invariance for the averaged system. The study of fluid flows of the
form (3.1) can also be used to compute the 3D case.

. Along this chapter we assume that the fluctuating field @' is stationnary (@', = 0, that is, the initial
fluctuation w'® verifies the stationnary Euler equation.)

3.1. The lagrangian coordinates.
If we assume that the mean field u(z,t) is of the form (3.1), then we have an explicit expression for
a(z,t) (the inverse of the lagrangian coordinates) :
ay(z,t)=z; — j: uy(za,s)ds

ayx(z,t) =z, (3.2)

az(z,t) = z3

1 00 [14a® a 0
Va=|ea 1 0 C =VaTVa= a 10 (3.3)
0 01 0 01

hence

where

a=a(z,t)= —/o uy,2(z2, 8)ds (3.4)

3.2. Evenness-Oddness properties of the canonical fluctuations.
Let @'(y1, 2, ys; @, B) be the general solution of (2.34) with « defined by (3.4) and 8 = h/q.
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REMARK.- All these matrices leave Y invariAant.

Implerhenting Q=@ ..,Qs in (2.19)-(2.27) we deduce that

Q=0
fQ=0Q:
If‘Q=Q3
fQ=0Q4

@ (v1,y2,¥3; @, B) = Wi (y1, Y2, —y3; &, —B) )
W5(¥1, Y2, ¥3; @, B) = Wy(y1, Y2, —y3; @, —B)

W5(y1, 92,935 @, B) = ~b3(y1, Y2, —y3; @, =)

(1, ¥y2.¥s; @, ) = ' (y1, 2, ~ys; &, —B) )

Wy (y1,¥2,¥3; 2, B) = Dy (1, —y2, y3; —a, =) )
W (y1,Y2, ¥3; @, f) = —Wh(v1, —¥2,¥3; —a, — B)

Wy (Y1, Y2,¥3; @, B) = W5(y1, — Y2, ys3; —a, — )

'(y1,92,¥3;2, 8) = ©'(y1, —y2, y3; —, — )

D] (y1, 92, 93 @, B) = 0 (—v1, Y2, ¥3; —a, — ) )
Wy(y1, Y2, Y3, @, B) = Wo(—v1,¥2, ¥3; —a, =)

s Y2, Y35 @, B) = Wh(—y1, Yo, Ya; —a, = B)

1 o
Giatowived ity T MW\ JirJdE IS

7' (y1, 92,93, @, 0) = ©'(—y1, y2,y3; —, —B)

W (1, ¥2,¥85 @, B) = =B (~y1, %2, ¥3; @, B) )
Wy(y1,y2,¥3; @, B) = —wh(—y1, =2, ¥3; @, B)

ﬁé(yl,yz,ya;a, ﬂ) = ﬂz{,(—y,, —yz,ya;a,ﬂ)

(¥, ¥ 93,0, 8) = ®'(—y1, —y2, 3,2, 8) J
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IfQ=Q5

fQ=0Qs

01(y1,92,¥3; @, ) = =01 (~y1, ¥2, ~ys; ~@, 8) )
wa(y1, Y2, ¥s; @, B) = Wh(—y1,¥2, —¥3; —, f)

W3(y1,¥2,¥3; @, B) = —03(—y1, y2, —y3; —a, B)

'(y1,¥2, Y35, B) = 7' (—y1, 42, — V35—, B)

w,l(ylyy% yasa,ﬂ) = w;(yl) —¥Y2,—Y3; —a)ﬂ) l
Dy (y1,Y2,¥3; @, B) = —Wa(y1, —y2, ~y3; —a, §)

B3(y1,¥2, Y35 @, B) = —wi(y1, ~y2, —y3; —a, §)

'(y1,¥2, 3, @, B) = 7' (y1, ~y2, —y3;—, B)

It is evident that (3.5), (3.6), (3.7) = (3.8), (3.9), (3.10).

3.3. Evenness-Oddness of the closure tensors.

Proposition 3.3.1.-The Reynolds stress tensor R=<w® w > can be written as

where

R=¢Va T < ¥ @4 >Va~!

pun p12 O
<V RuW >= P12 p22 O

0 0 ps

and functions pyy,paz, pas, p12 satisfy

Proof.- By definition

pii(e, B) = pii(—e, B), i=1,2,3
pii(a, B) = pii(a,-p), i=1,2,3
prz2(@, B) = —p12(—a, B)
pr2(e, B) = pr2(a, —B)
P11+ P22+ p33 =2
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1 ~/ ~/ 4
Pii = 177 /y i (y; @, B); (y; a, B)dy (3.18)

Making the changes y* = Q1y, ¥** = Qsy in (3.18) and using (3.5) and (3.9) respectively, we deduce
(3.13)-(3.16).

Moreover, from (3.9), we have

p1s(a, B) = pr1a(~a, )
p23(, B) = —p2s(—a, B)
on the other hand, from (3.10) we have

p1s(a,B) = -p13(—a, B)
P23(anﬂ) = pa3(—a, f)

Thus
p13=pa3=0

Equality (3.17) follows from (2.34d). Finally w = ¢/?Va~T’ yield (3.11).

Proposition 3.3.2.- The vector function V; =< (7 + ;|w|®)w > is of the form

0
V, = ¢%? 0 (3.19)
d3(a,ﬂ)
with
d3(a, B) = —ds(~e, B) (3.20)
d3(a, B) = —ds(a, ) (3.21)
Proof.- Putting
()
Ldz) (@.8) =< (v + WC™ @)@ > (a, ) (3.22)
d3
by definition of V, in (2.8), we can write
dy
Vq = qua"'T dy (Q,B)- (3.23)
da
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From (3.22), we have
di(a, B) =< (7' + §|&'|2) @] + By — 2040 Whw| >
dy(e, B) =< (7' + L' [2) b} + oWy — 20, Wyibh > (3.24)

da(a, B) =< (7' + L i'|2) 0} + ol — 20, @i, >

Making y* = Qsy, ¥** = Qey in (3.24) and using (3.9) and (3.10) respectively, we deduce
dl = d2 =0
ds(a,B) = —d3(~a, §)

the change y*** = @,y in (3.24) and (3.5) yield
d3(aiﬂ) = —d3(a)—ﬂ)‘

Proposition 3.3.3.- The stress tensor S=2 < w®r > is of the form

on o2 0
S=2q 012 022 0 . (3.25)

0 0 o33

and functions o;;(a, B) verify

oii(a, B) = 0ii(~a, ) i=1,2,3 (3.26)
o12(e, B) = —o12(—a, B) (3.27)
U,‘j(a,ﬂ) = _aij(as-ﬂ), ’)J =123 . (328)
011+ 022+ 033 = s (3.29)

Proof.- The components of Va~Tw' and (VaV,) x (Va~T1’) are given respectively by

~7 -~/ ~ 1 ~/ ~/
w) — awy owz; + W39 — W3
~ /) ~/ ~ / ~1
Wy ) —(W3,) — W} 3+ atby 3) (3.30)
-~/ ~1 ~7 2.5/ ~1! ~7
W3 Wy, — aw) ) + a’ws; — W) o+ awy 5

Putting
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o131 012 013
S=2| 012 02 03| (=2<Va T ®(VaV,) x (Va~Ti') >) (3.31)

013 023 033

and making the same changes of variables for all integral expressions of o;; as in Proposition 1, we obtain
(3.26)-(3.28) and

013 =023 =0

Condition (3.29) yields from (2.34).

REMARK .- Tensor S is not a symmetric tensor in principle. This is true if V,.4' = 0, which is the
case.

Proposition 3.3.4.- The vector function Vi = 2 < (7 + Lw|?)r > is of the form

0
Va=¢¥?*| 0 (3.32)
e3(a’ﬂ)
with
es(a, f) = —e3(—a, B) (3.33)
es(a, B) = e3(a, —p). (3.34)

Proof.- Putting
/e
Va=¢"?| &5 | (0, 8)=2¢%% < (=’ + %”'C‘lu")').(VaV,,) x (Va~Td') > " (3.35)
€3

thus

1 . . . .
eife,f)=2< (x' + El'ﬂz + o? @) — 20} Wh).(atbh g + 5 5 — W 3) >
ex(, 8) = 2.< (2 4 z | + Q20 — Qo] . (~Th , — )5 + i 5) >
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1 . - -y - . . . - -
es(a,B)=2< (7' + §|w'|2 + oWl - 2010 05).(W3, — o) ; + ozzwg_,,1 — 0,5 + atipg) >

Now equalities (3.33), (3.34) can be demonstrated as in proposition 3.3.2,

Proposition 3.3.5.- Functions ¢, =< (VaVy)w : (VaV,)w > and ¢, = 2 < (VaVy)w : (VaVy)r >

are of the form

Y = 4 (@) (3:36)
¥n = q9(e, B) (3.37)
with
f(a,8) = f(~, ) (3.38)
f(a,8) = f(a,-B) (3.39)
9(e, B) = g(~a, B) (3.40)
g(@, f) = —g(a,-p) (3.41)
Proof- Putting
f(a,8) =< (VaVy)(Va T#') : (VaV,)(Va Ti') >=
=< (@, — ady,)? + 05y + T+
+adyy — o’y + 0] 5 — oy 5)? + (ally y + @))% + (Bl + W55) +
+(],3 — atbh 3)° + By + Wiy > (3.42)
9(a, B) =< (VaV,)[(VaVy) x (Va~Td')] : (VaVy(Va~Ta') >=
< (aihy + Wy g — Wha ) ()1 — o))+
+(aws 5 + 133,22 — W 32).(W] 5 — il 5)+
+o(awy ) + W3,9) — B 31) + Wy 15 + Dy 9y — Wy 0] [(B],) — @By 1) + (8] 5 — @Bl o)1+
Ho(—d,1y — By,3 + Wy z)) ~ (V312 — ] 53 + by 3p)]-[athy,; + 5]+
+[@),13 — ah) 13 + a®iy 15 — B g3 + b 53] T3 5 > (343)

and equalities (3.38)-(3.41) can be deduced applying the changes of variables in (3.42),(3.43) already

used. .

REMARK .- About the dependence on C: in the general case, we can expressed all tensors as follows

R=¢Va~TR'Va~!, §=qVa-7§'Va!
Ve = 29a TV, Vi = ¢¥?Va T,
¥ = a¥(C.B), ¥n = q¥4(C, B)
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where

R=<d®d>(Ch), S=2<v'e#>(CBh)
Vi e< (@ + HEP > (©8), T=2<(+ 35> (Ch)
¥,(C, B) = Cjj*Cur < Wi > (C, ), ¥h(C,P) = 2C5' Cu < Wik T > (C, B)
# = VaT(VaV) x (Va~Td')
REMARK .- Two dimensional mean flows of the form
u(z, t) = (us(z1, 22; 1), uz(x1, 22; t), 0)

correspond a matrice C of the form

b ¢ 0
C=VaTVa=}c d 0}, bd=1+4+¢% bd>0
0 01

(347)
(3.48)

(3.49)
(3.50)

in this case, we can write @ = @(y, 7;b,c, §), and it can be shown that the parameter ¢ plays an identical
role as a in 1-D mean flows, in the sense that symmetries (3.5)-(3.10) are still right as well as propositions

1,2,3 and 4.

3.4. A power expansion for the closure terms.

| Symmetries found in section 2.3 for the canonical fluctuation when C = I (I : 3x 3 identity matrix)

yield

< wiun '>=< wywy >=< wiwz >

<w.-w_,->=0 if l#]

Since tr(R) =< |w|? >= 2q, we have the value of R taken at C' = I (corresponding to a = 0)

2
R(I ) = -3-qI
In the same way, we have

< rwy >=< rqwy >=< rzws >

<rwj>=0 if i#]
and on the other hand, }tr(S) = h ; so we know the value of S at C' =1
() = ghI

we also have

26

(3.51)
(3.52)

(3.53)

(3.54)
(3.55)

(3.56)



Vo(I) = V(1) = 0

(3.57)

Identities (3.53), (3.56), (3.57) together with propositions (3.3.1)-(3.3.5) allow us to find the expansions

in o and S for tensors R, S vectors V¢, Va and functions ), Y5 given as follows.

Corollary 3.4.1.- Assume that R, S, V,, Vi, ¥, and ¥ smooth enough in (a,3) € E(0,0) ; then we

have the following expansions :

2 h?
< ww > §q + bgll)azq + bgi)?

2 K2
< wawg D -é-q +b( ) o2 q+ b(";)T
2
< wawsg >= gq -+ b(l) 2q + b(z) p

< wywy > bglz)aq + bg)ahq
1 2
< rw > §h + ¢y ha
1 2
< rawy D= gh + ¢ ha
1 2
< rswz >= 5’1 + cazha
3
< riwp > cg)ah + cg)ash + cgg)az—z
Loz 212 @ @
<(§lll)| +1r)w>3 (d( ah +d a;+d O'-q—)
< (Gluf? +7)(Va¥,) x w 32 g2 (Wa + )
2 w T aVy w>3=¢q ea+te QF

2
< (VaVy)w : (VaVy)w > fOq 4 f(l)a2.,;_

< (VaVy)w : (VaVy)r >2¢ gOh 4 ¢Wa2p,

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

So the problem is to find out the values of all coefficients b(J), ¢jj, € 12, d®, ), £&) and g in (3.58)-

(3.69).
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To do so, we resolve the system (2.39) numerically for some « and 8 = h/q; later we compute R, S,V,,
Vi, g and ¥y; finally, we obtain all coefficients bg-c), ...,9 by the interpolation of the computed values.

As in [ 2 ], from the special form of u(z, t) in (3.1) we can find fluctuations that depend only on (z3, ).

Hence

V.V, =V.Va=0 (3.70)

We fixe now our attention in S and 1 as they are proportionnal to the helicity h. This means that a
zero initial condition for h (h(z, 0) = 0) implies, according to (3.70), that

h(z,t) =0, Vt>0 (3.71)

so that the expression for helicity is neglected, since it is trivially verified.

3.5. Asymptotic behaviour with respect to a.

In this section we study the behaviour of the turbulent field w(y; a, 3) when « is big enough and 3 is
fixed. In fact, we are interested in tensors R and S, and in functions ¥e and 5.
Putting ¥ = @™, problem (2.39) becomes
(wrw1,1 + wawy, 3 + wawy 3+ 7,1)Y + wawy ; =0 )
(wiws,1 + wawa,2 + wawa 3 + T 2)y + wowe, + 7y =0
(wrws,) + waws 3 + wawa 3 + 7,3)Y + wawz =0
’ 4 (3.72)

(w11 + wo2 +wa3)y+wy; =0

< wl+wi+wi>=2

< wiws,) — waw,1 + Y[wi(waz — w2,3) + wa(wy,3 — ws1) + wa(wz,1 — wy2)] >= By

and we wish to know the limit
Jim w(y; 7, ) (3.73)

We assume that the dependency of w with respect to the parameter « is analitical; so we have

1 1
w; = wl + yw} + 572w? + g-yaw? + ... (3.79)
r=a4+yrl 4 %7212 + le--yaws + ... (3.75)
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where -

- P _ T
P e
Making 7 = 0 in (3.72) we obtain
wiwi, = )

< (u))? + (w})” + (w§)? >=2

<wiuwd; —wiuwd, >=0 )

Two cases have to be into account
(i) wd#0
(i) wd=0
(i) w#0
From (3.77a)-3.77d) we have

w? = wd(y2,y3)

w§ = wl(y2,y3)

wg = wg (y2 ) y3)

7 = 7%(y2, y3) J

(3.76)

(3.77)

(3.78)

i.e. (w° x%) do not depend on y;. By induction we can deduce that (w/, x3), j >0, do not depend on y;;
consequently (w,7) do not depend on y; too. This allows us to rewrite (3.72) as

wawy,2 + wawy 3 =0
Wawy, 3 + Wawa3z+ Ty =0
waw3,2 + wawzz + 13 =0
Wy + w33 =0

<wl+wi+wi>=2

< wi(ws,2 — wa3) + wowy 3 — wawy,2 >= F J

\ (3.79)

ie. (w1, wz), 7 verifies a periodic incompressible Euler problem in the plane y, — ys, and w, is transported

by (wa, ws) in the same plane (note that the parameter 7 is gone).
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If (w2, ws) is ergodic in the square [—,7] x [—7, 7] (streamlines are dense in the square), then w; =0
(this is because in that case w; = constant, and < w; >=0). But w; = 0 implies 8 = 0, being in general
B # 0. Hence, ergodicity and no-zero helicity are not agreed with the condition w3 # 0.

When helicity vanish, we can have w = (0, wa, wa)T, and (wq, w3), 7 being solution of a periodic incom-
pressible Euler problem in ys — y3, and consequently

0 0 o

R=q<w@@w>=q |0 pan 0 |, p22-+paz=2 (3.80)
0 0 pas

S=0 (3.81)

Yy =< Vw :Vw > (3.82)

Y=0 (3.83)

(i)wl=0

In this case, we can find also solutions w that do not depend on . Assume w; =0, 7y =0, then (3.72)

becomes
T = 0 )

wwy,) +wawy,3=0
o= 0
wiws, + wawsz+ 13 =0 ) (3.84)

wy, +w3z=0

<wl+wi>=2

< wwy 2 — Wawy 2 >= ﬂ J

This problem have solutions of the form

wi(y1, Y2, ¥3) = ¢(y2) (3.85)
w3(y1,¥2,¥3) = ¥(y2) (3.86)
=20 (3.87)
where ¢ and 9 verify
Y PP 2y _
5 (¢ +¥) =2 (3.88)
| B
ol vé =3 (3.89)
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So, for w = (w;,0,ws)T we have

pn 0 O
R=¢<w®@w>=q] 0 0 0 |, pu+ps3z=2
0 0 pa3
g 00

S=2<w®r>=q| 0 0 0
0 0 B
Y =¢ < (VaV)w : (VaV)w >= 0(1)

Yo =¢ < (VaV)w : (VaV)r >= 0(1)

REMARK .- The general solution of the differential system (3.84) is given by
wy = &(ys — $(y2)v1, ¥2)

w3 = $(y2)6(ys — S(y2)y1, ¥2)

=0

(3.90)

(3.91)

(3.92)

(3.93)

However, periodicity conditions and the helicity restriction causes (s, t) = «;(t), i.e. wy, ws have the form

(3.85)-(3.86)

REMARK .- Notice that functions ¢ and 4 are arbitrary (they only verify (3.69)-(3.70)); hence py; and

pa3 are only subjected up to the restriction py; + paz = 2.

Consider now the general case w; # 0, w3 = 0:

1
wy = w? + 7wi + 57211)% + ...

1
Wy = 7w11, + 57211;% + ...

1
w = wg + 7w§ + 572w§ + ...

hence
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< wiw >=< wiwd > +0(y?) ‘
< wawy >= 0(7?)
—< 10u0 2
< waws >=< wzwy > +0(7?)
< wyws >= 0(¥)
<wir >=<wiul; >+ < wiwd; >+ < wiwd, > +0(7)
> (3.97)
< warg >= 0(y)
<wsrs >= — < wwi; > — < wiwd; > - < wwd, > +0(y)
< wirs >=0(%)
% =0(r7?)
¥n=0(r"%) J

and thus

<uwiwd> 0 0
lim R = g 0 0 0 , <wiw] >+ < wiwd >=2 (3.98)
s And

0 0 <wiuwd>
g 0 0
imS=]0 0 0 (3.99)
10

0 0 8

Notice that limits < wjw; >, < wsws > are not unique ( functions w = (w1, 0,w3) given in (3.85),(3.86)
are possible limits w° = (w9, 0, w3)). In the other hand, limits < wyr; >, < w3rgz > are determined and their
values are both §. Moreover, in any case we have

< wjwy >= 0(7) (3.100)
rz >= 0(%) (3.101)

@.alla

& mes.
< Wi

3.5.1. Conclusion.

If we assume that system (3.72) has isolated solutions w(y; 7, B) with analitical dependency on v, we
obtain the following results:

(a) When 8 # 0, any branch v — w(y;~,B) converges to a function w®(y) with second component equal
to zero (w°(y) = (wi(y), 0, wl(v))T).
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The limits of the mean values < wyw; > (7, 8), < waws > (7, 8), depend on the branch, but < w;r; >
(7,8), < wara >.(, B) both converge to 3/2. Moreover, we have

< wiwz >= 0()

< wirp >= 0(%)

The limit function w’(y) may depends only on ys,

(w°(y) = (w2(v2),0, w(y2))T), and then
¢q = 0(1)

¥n=0(1)
but if w; # 0 or w3, # 0, we have

¥g = 0(v7?)
¥n=0(7"%)
(b) When g = 0 another case may appear: function w®(y) can be of the form

w’(y) = (0, w3 (y2, y3), w3 (v2,y3))”

and (w3, w3) verifying an incompressible Euler equation in the y; — y3 variables. We also have

¥y = 0(1)
Ya=0

3.6. Frame invariance.

We can deduce simple expressions for functions R, S, V,, V4, ¥, and 3 in the hypothesis of frame
invariance for system (2.36). This will lead us to reduce our computations.

Let O3 = {Q € Max3 | QQT =1, det(Q) = 1 } be the set of all orthogonal matrices whose determinant
is equal to 1. For Q € O3, we put

X=Qz (3.102)
U(X,t) = Qu(z,t) (3.103)
E(X,t) =q(z,?) (3.104)
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equalities (3.102),(3.103) imply

A(X,t) = Qa(z,1) (3.105)

and thus
uVeq(z,t) = UV E(X,1) (3.106)
(Vza)(z,t) = QTVx A(X,1)Q (3.107)

REMARK.-We will work with the equation for ¢(z,t), and we will deduce some properties for R', Vys
and ¢;; the same arguments can be used for the equation of h(z, t) to obtain the same properties for §’, V},
and ¢},

REMARK .- For clarity, we do not write the parameter h/q in the arguments of R', §’,...

The equation (2.36b), in terms of X, U, A, and E becomes

E.+UVxE + ER(QTVXxAQ): QTVxUQ+
+pEY,(QTVx ATVx AQ) + €3V x (E32QV}(QTVx AQ)) = 0 (3.108)

On the other hand, the frame invariance hypothesis implies
E.+UVxE+ER/(VxA): VxU + pEgy(Vx ATVx A) + € PV x (E3*V}(Vx A)) = 0 (3.109)

hence

(QTVx ATV AQ) +£V/3Vx (E32QV/(QTVxAQ)) =

= ER'(VxA) : VxU + pEy(Vx ATVx A) + £ *V x (E¥/*V/(Vx 4)), VQ€ O3 (3.110)

Notice that (3.110) is also true when u =0, so

ER(QTVXxAQ): QTVXxUQ + /3 (E¥2QVI(QTVX AQ)) =
= ER/(VxA): VxU + PV x (E¥?V)(Vx 4)), VQe O3 (3.111)
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and
v (QTVxATVx AQ) = ¥ (VxATVx 4), VQ €O} (3.112)

The following lemma will be used to get separate expressions for R, and 14
Lemma 3.6.1.-Let 0 € , to > 0 and Mo, My € Mayxs such that
tr(My) =0, det(M,;) =1,

then there ezist two fields u(z,t), a(z,t) verifying

Vau(z,t)=0 in Q (3.113)
as(z,t) + (u(z,t).V)a(z,t) =0 in Q (3.114)
a(z,0)=z in Q (3.115)
and
V‘u(-'bo, to) = Mo (3116)
Va(Zo,to) = M1 (3117)

Proof.- Consider a smooth matrix function B(t) such that
B(0)=©, tr(B(t))=0 Vt>0
and define a(z,t) and u(z,t) as

a(z,t) = eBWz, u(z,t) = (Va)Ta,

so we have (3.113)-(3.115). A suitable choice of function B(t) can give conditions (3.116),(3.117). (Note that
Va(z,t) = eB"(®) and that the expression for Vu(z,t) contains the matrix B’(t)).

We return now to the equation (3.111); by lemma 3.6.1, we can write (3.111) when VU(zo,10) is
substituted by 2VU(zy, ), i.e.

2ER(Q"VxAQ) : QTVxUQ +e'/3Vx (E¥?QV}(QTVx AQ)) =

=2ER/(VxA): VxU + 3V x (E¥?*V](Vx A4)), VQe O} (3.118)

hence
R'(Va): Vu= R'(QVaQT) : QVuQT, vQe 03 (3.119)
V.(6¥2QV](Va)) = V.(¢*?V}(QVaQT)), VQe O3 (3.120)
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By lemma 3.6.1 these expressions are true for any Va and Vu such that det(Va) = 1, tr(Vu) = 0, and in
consequence

R'(Va) =QTR(QVaQT)Q + A\(Va,Q)I, VQ € O3 (3.121)
V,(Va) = QTV}(QVaQT), VQe O} (3.122)

Taking traces in ( ) we deduce A = 0. Finally

R'(Va) = QTR(QVaQT)Q, VYQe 03 (3.123)
V;(Va) = QTV;(QVaQT), VQe O

Putting
R=<id'@d'> V' =<+ %Wﬁ)w' >, w=¢/?ve Ty (3.124)

we will have
R'(Va) = Va~TR/(VaTVa)Va~1 (3.125)
V,(Va) = Va~TV,' (VaTVa) (3.126)

Using (3.122), (3.123), (3.125) and (3.126), we obtain the same properties for &’ and ‘7ql

R(QTCQ)=QTR(C)Q, VQe o3 (3.127)
v, (@QTCQ)=Q™V/(c), vQeo: (3.128)
From (3.128) we deduce that
v, =0

(firstly, assume C diagonal and take Q = Q,, Qs, Qs as in section 3.2; secondly, consider Q € 03 that
diagonalizes C, and then apply the first part).

We can summarize these results in the
Theorem 3.6.2.- Assume that system (2.36) is invariant under changes of coordinates (rotations).
Then R/, S', V{, Vi, ¥, and ¢}, given in (3.47)-(3.50) verify
R(@QTCQ)=Q"R(C)Q, vQeO} (3.129)
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5(@QTcQ)=Q"5(C)Q, VQeO} (3.130)

%(QT»CQ) =94(C), YQe O} (3.131)
WQTCQ) =¥4(C), YQe O} (3.132)
V=0, %=0 (3.133)

From (3.48),(3.133) we have
Corollary 3.6.3.-The vector functions V] and V} are identically zero.
.Conditions (3.131),(3.132) show.the

Corollary 3.6.4.- The scalar functions ¢(C,h/q) and ¢},(C,h/q) depend only on h/q and on the
invariants of C:

¥g = ¥y(i1(C),2(C), h/q) (3.134)
¥h = ¥h(i1(C),42(C),b/g) (3.135)

where

i = tr(C), ir = tr(AdJ(C))

. REMARK .- The third invariant of C does not appear because in any case we have
i3(C) = det(C) = 1.
Tensors R' and ' verify the hypothesis of Rivlin-Ericksen’s theorem ( conditions (3.129), (3.130)), in
consequence we deduce the
" Corollary 3.6.5.- The matriz functions R’ and S' are of the form
R/(C,h/q) = Boliry iz, h/Q)T + pr(in, iz, h/q)C + pa(in, ia, h/g)C? (3.136)
S'(C,h/q) = &,(iy, iz, h/a)I + &1 (i1, iz, h/q)C + &3(i1, in, h/q)C? (3.137)

In fact, we are interested in R’ and S’ rather than R, §'; by Corollary (3.6.5) and (3.47) we have the

Corollary 3.6.6.- The matriz functions R' and S’ are of the form

R'(C,h/q) = pl(i1, 82, h/a)I + py (i1, 82, h/q)C + ph(i1, 2, h/q)C? (3.138)
S'(C, h/q) = o(i1,i2,h/q)I + 0} (i1, 12, h/q)C + (41,42, h/q)C? (3.139)
where -
C =VaVa?
and e e P
Po =P1+ 2P, 0, =01+ 120,
p’l = ﬁz - ilﬁo O’i = &2 - 2'16'0 (3140)
P2 = Po o3 =5
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Corollary (3.6.6) shows that the tabulations of R’ and S’, in the general case, are reduced to the
computations of p;, p, py 05, 01 and o4 as functions of two parameters only! (and not five)

REMARK .- In flows of the form (3.1) we obtained

1462 o 0
C=VaTVa= o 1 0
0 01

thus
i=3+0a% i;=3+a% i3=1 (3.141)

so there is only one independent non-constant invariant.
3.6.1. Computations of the 2-D case.

Two-dimensional mean flows with two-dimensional turbulence have a matrix C of the form

b ¢ 0O
C=|cd 0], bd—c*=1, b>0, d>0 (3.142)
00 1

In this case, we have one independent non-constant invariant only
h=b+d+1 (i1 =1y, iz=1). (3.143)

This property will allow us to relate the computations of 1-D mean flows with the 2-D simulation.

Putting
b ¢ M; 0 -
A= ( ) =MIM,, Va= (3.144)
c d
0 1
we have
A’=(i i —1)A-1 (3.145)
using (3.78), R’ can be writien as
(R0 . 5
R = } v Ro=Fol+ 1A, Rig=po+p1+ps (3.146)
0 Ry

38



where
Fo=po—pP2, T1=p1+ (il - l)ﬁz (3.147)
REMARK .- The Reynolds stress tensor R can be expressed by

Fol + MMy 0 FoMyTM; Y+ 71 0
R=¢qVaT Val=g¢q (3.148)

0 Ry, 0 i3

but My TM; ! = (i; — 1)I — M3 M7 and thus

V.R = —V.(¢7VaVaT) + Vr} (3.149)
R:Vu= —g¢ifVaVaT : Vu (3.150)

and the computations of V.R and R : Vu reduce to the computation of the function #, (the term V#] can
be included in Vp).

The parameters g; can be obtained from R’ as they verify the linear system

250+ (i1 — 1)p1+[(h = 1)2 = 2pa =1 (= Ry, + Rhy)
Pothr+P2=p2 (= Rly) | (3.151)
1P+ 301 +i1p2=2 (=< @'C~ o' >)

whose determinant A = —(3 — i;)2(1 +4;) is zero for C = I.

For C # I, the solution of (3.151) is given by

o 2= =2+ Dpy L dipe—2 24 — (i1 4+ 2)ps
o = : : ) = —, = —= ; 3.152
P (11 - 3)(11 + 1) ,1 i1—3 b2 (11 - 3)(11 + 1) ( )

and by (3.147), (3.152)
. 21 ~2=2um + (1 =i

To = T T 3.153
o3+ 1) (3159

The same arguments can be used with 5 to obtain an expression for S : Vu. We find
~8:Vu=—¢5VaVaT : Vu (3.154)
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where

s = Bi=Dh/g=2 +(1—i)s
. (i1~ 3)(ir + 1)

(3.155)

and, in turn, ¢; and ¢, are defined as
=8485, ¢=358%4 (3.156)

We can use all computations made in 1-D to compute g, (1), p2(41), <1(31) and <(iy).

Thus, to summarize, V.R, R : Vu and S : Vu are given by ( ),( ),( ) with

poo 20042240 (2 +2h/g-2 - (2+al)e

2 _ 9= T, _
To = a?(a? + 4) » S a%(a? + 4) , a*=b+d-2=1tr(Va'Va)-3

and p,, p2, 1, and ¢ functions of @ and h/q tabulated.
Figures 5, 6 show yy, py as function of h/q for some values of .

Figure 7 shows #, for the same values of a.

3.6.2. Computations of the 3-D case.
For 3-D mean flows, the frame invariance reduces the parameters of C to 2, so tabulations must be
made in terms of the two invariants i;, i,. Thus the 1-D computations are not sufficient to tabulate the

moments in all cases. However, we can build up a family of matrices with one non trivial invariant (see [ 6
]); for example, consider

A 00O
C= 0 /\2 0 , /\1,)2,/\3 >0, MdA3=1 (3.157)
0 0 As

It 1s easy to see that i, (C) = i5(C) if and only if A; = 1 for some i = 1,2, 3; so putting A3 = 1, we find

2
Av=M(a)=1+ 32- + g\/4 +0%, A=M(-0a), (a=vh+r-2) (3.158)

S N TR 2 YN 1 1
18 11 e 1-U Case call D€ usea 100.

Equalities (3.138),(3.139) yield systems respectively for the coefficients 5, p1, p2 and &,, &y, G2 :

Rjj=ho+P1hj+ )], 1<5<3 (3.159)
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Sji=6o+810j+5202, 1<j<3 (3.160)

whose determinant A = (A3 — A2)(A3 — A2)(A2 — ;) is zero for a = 0, ie. C = I.

Certain tabulations of j,, j1, 52 have been made in [ 6] for fluctuations 1 with zero helicity.

3.6.3. Conclusion.

We can reduce the number of paramaters in the computation of functions R, S, ¥, and ¢, if the
averaged system (2.36) is invariant under changes of coordinate systems. These parameters are functions of
i1 = tr(C) and i; = tr(Adj(C)). In this case, vector functions V, and Vj vanish.

For 1-D mean flows of the form (3.1), we have #; = i3, i.e. one invariant only. Since in 2-D mean flows

with 2-D turbulence, we also have i; = i; , we can relate the computations made in 1-D to 2-D simulations.
In some cases, we can also use the 1-D computations to simulate 3-D mean flows.
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CHAPTER 4 : Computations of the canonical microstructure flow:
numerical approximations of the closure terms.

4.1. Numerical solution by least squares.

The stationary microstructure problem (2.39) has been solved numerically by a least squares method,
which is set up as follows :

&' <(Va~T@').(VaV,) x (Va~Ta') > h B

0= _min J(&') = E( ) + K| < w'C-1W > 2

B'eW—{0} V< o'C-w' >

(4.1)

where W is the set of periodic solenoidal fields in [H!(Y)])® with zero mean; K is a penalty constant
and the functional E(@w’) is, as in [ 8 ]

E(@) = /y V(i) : Ve(i')dy (4.2)
where ¢(1’) is the solution of
—Aye=C 'V, (W @W')+ Vyn', € y-—periodic, <e>=0 (4.3)
and, in turn, 7 is the solution of
=Vy(CVyn') =V, (#'Vy '), ' y-—periodic, <n>=0 (4.4)

The equivalence of problems (2.39) and (4.1) is established in | 8 ]. Here we add a penalty term for the
treatment of the helicity.

For the resolution of (4.1) a discretization of W by the finite element method is made {(see [ 6 },[ 8 ] for

details) and the discret problem

. ~/
w;elvrvlin— © J (), (4.5)

is minimized by a conjugate gradient algorithm. FFT methods are used to compute the solutions of the
linear systems appearing in the CG algorithm (as a consequence of the periodic boundary conditions).

4.2. Numerical results.
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* All these computations have been made for matrices Va of the form (3.3) and depending on the param-
eters o and § = h/q.

The different tabulations made show us that all parity-imparity properties obtained in section 3.2 are
verified numerically. We have taken K = 1 the penalty constant and the same initialization @} for all these
experiments (we construct @}° that verifies the condition (2.25)). The function @}’ has zero helicity.

To obtain J (@) = 10~3J(@/°) it needs between 15 to 25 iterations according to the value ||C—I|| ; we
have taken 20 iterations in all cases, and the average CPU time per iteration was 90 secondes of CRAY-1.
The convergence of J(w}*) towards zero is shown on figs. 1, 2.

Table 1 and 2 show the convergence to the expected helicity for differents values of « and h/q.

a=0.01 a=0.1

h/q h/q h/q h/q
desired obtained desired obtained

0.01 0.0086 0.01 0.0109
0.1 0.1007 0.1 0.107
0.4 0.4009 0.4 0.3995
0.7 0.701 0.7 0.698
3.0 3.002 3.0 2.98
7.0 6.998 7.0 6.86

Table 1 Table 2

Thus, we get good approximations of the helicity for small values of o.
Tables 3, 4 and 5 show the approximations of the closure tensors for some values of a and 8.
Functions < wywz > (a,h/q) and o12(a, h/q) are represented in figures 3 and 4.

a=0.01
hlg <wiw1 > <wwz> <wsws> <wwe> on 022 033 T12 ¥y
.0086 .68984 .69575 6144 .31202 .00205 .00278 .0038 .03736 9.635
1007 67372 67754 64873 .19065 .03483 .03449 .0314 -.01064 9.321
.4009 .68498 .68961 6254 21924 13283 .13211 .13598 -—.40163 19.182
701 .6607 .6628 .6764 .0856 2268 2246 .2493 -.1169 21.068
3.002 7101 7152 5747 2232 9960 .9963 1.01 .0148  23.733
6.998 66643 66624 66673 —.01651 2.3325 2.3316 2.3343 —.0567 55.504

Table 3
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h/q <wjw; > <wwy > <wzwz > < wjwz > o111 022 033 012 1[),’
.0109 76134 92914 3095 7827 -.0061 -.0018 .0178 0179 7.043
107 75275 87612 3711 .6960 0873 0579 -—-.0378 -.1337 T7.797
.3995 .05092 .04871 1.900 -.0139 1174 .0995 0183 -—.0977 5.987
.698 .09398 .08878 1.8172 —.0344 2034 1774 3172 —-.1554 8.829
2.98 54154 53734 9211 -.1017 8828 8636 12342 -.1870 20.48
6.86 .6509 62342 1257 -.1979 2.2368 2.129 2.5 —.6438 54.18
Table 4
a=1
h/q <ww; > < wws > <wiwz > <wwz > 11 022 o33 g12 ¢q
0.03 6741 1.0963 .2296 72061 0115 .005 0134 —-.0249 11.203
.15 4255 .5830 9915 .2593 3968 —.34 096 —-.0200 11.977
.6827 .06056 .02417 1.9153 —.032 28172 —-.0595 .3414 -—-.16131 5.410
2.498 43293 29705 1.33 —.28582 81458 4577 1.2257 -.51762 9.635
4.456 8977 46098 64132 —.59304 1.5746 .7542 2.1275 —.9357 21.729
Table 5

By interpolating the values of these functions (for @ = 0.01, 0.1 and h/¢= 0.01, 0.1) we get the coefficients

of the expansions (3.58)-(3.69).

2
<wiw >= ¢+ 233a2q — 16013a25‘-_-

2
< wpw >= 3¢+ 292.2a2¢ — 180900

2 . Sh
< wawz >= §q - 525.2a‘q + 34103a*

2
< wiwz >= 31.3aq — 1205.7ah?
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q

2

2

(46)

(47

—
g.h.
=3}

~—
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< wry >= Elih — 73ha?
1 2
< warg >= gh - 50ha
1 2
< wgrg >= 5’1 + 123ha
B3
< wyiry >= 4420h — 42022.50°h — 44254.4aq—2
2
e3=2<(r+ -;-lwlz)(VaV,,) X W >g= (-156—01 - 194(1%2—):13/2
1, 12 — 3 h 3/2
dz =< (7 + §|w| Yw >3= (—60ah + 5664a°h/q +6072a-q§)q
h2
¥, =< (VaVy)w : (VaV,)w >= 9.6¢ + 360a’q — 13—q—

¥ =2 < (VaVy)w : (VaV,y ) (VaV,) x w >= 1.6h +138a%h
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GENERAL CONCLUSION.
We can summarize the results for the 2-D case by the following :

Let

b ¢ 0
C=VaTVa=(c d 0), bd—c*=1, >0, d>0, a’=b+d~-2
0 01

We have then

- Functions y1, p3, ¢1 and ¢; defined in (3.92),(3.156) are given by

= -;-(< wiw > +2a < wiw; > +(a? + 1) < wows >)
(4.19)
B2 = % < wawg >
a = H<win > +2a <wyry > +He? + 1) < warp >)
(4.18)

Cz=%<wa"3>

using the expansions (4.6)-(4.13), we have an approximation for functions #, and §, given in (3.153),(3.155)
as follows

2
Fo(a, g)_ (1245 +50.20" +4823ﬁ—+2077a ) (4.20)
5o g)-— f/+q —3EL-(~1767.3 + 1680900 + 88508 s—) (4.21)

These expressions eliminates the singularity of 7, and 5, in & = 0 and show that

2
lim # = -3L 125+12057”— (4.22)
a—s
lim 5 =-"aa 825—22127-}3-2-) (4.23)
al_% 5, = 7 . P .

Thus, the Reynolds stress tensors verify

V.R = —V.(gF,(1/tr(VaT Va) — 3,h/q)VaVaT) (4.24)

R :Vu = —¢f(\/tr(VaTVa) - 3,h/q)VaVaT : Vu (4.25)
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S : Vu = —g5,(1/tr(VaTVa) - 3,h/q)VaVa” : Vu (4.26)

and (4.20), (4.21) are reasonable approximations when a and h/q are small enough.
Figures 5, 6, 7, show a certain regularity of functions u;, sz and by 7, for great values of h/q.

-Vector functions V, and Vj, vanish

V.V, =0 (4.27)

V.VAi=0 (4.28)

Tensor S is proportionnal to the ratio h/q. This property together with the equation (4.28) and the
initial condition for the helicity k(z, 0) = 0 yield

h(z,t)=0 VY(z,t)€Qx[0,T] (4.29)
h2

¥, = 9.6 + 360a’q — 137{ (4.30)

¥a 2 1.6k + 138a’h (4.31)

In 3-D, we have the approximations for functions 5, 52 in (3.159)

h K 82
51(a, =) = 1661.4 + 24.6a + 4573a? — 105772 — —mer _ 4.32
Al ) * @ Vital (4.32)
. h . h?
Pa( 7) = ~827 8.2~ 12000” — 52694 + 4.1av/4+ o? (4.33)
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Caption to figures.

Figures 1,2,3 : Descent of the cost J(@}") for differents values of the ratio h/g and a.
In all cases, the maximum cost corresponds to the maximum h/q.The descent is rapid till the 8th
iteration; from the 9th iteration the descent is almost linear.

Figures 4,5,6 : Function < wyw; > (a, h/q).

Figures 7,8 : Function o2(a, h/q).

Figures 9,11,12 Function p;(a,h/q) = < @@}, > + < @Whvh >

Visualization of the curves h/qg — p;(a, h/q) for some values of a.

Notice that p1(0,h/q) = 4/3 for all h/q and that u;(.001,h/q) stays close to this value. When a

increases, the difference u)(a, h/q) — 4/3 also increases for |h/q| < 7*(). Numerical computations seem to
show

. 4
aim p(ehlg) =3

Figure 10 : Function po(a,h/q) = < Wi} >

Visualization of the curves h/q — paz(a,h/q) « =0,0.01,0.1,1.We can say the same comments made
for py(a,h/q):

- when o = 0, we have a constant function

#2(0,h/q) = 2/3

- numerically

. 2
hll;gw pa(ahfe) = 3

Comparing the figure 5 to figure 6 we notice that

. p1(e, h/q) convex < pa(a, h/q) concave

(e, h/q) > 2/3 & pa(a,h/q) < 1/3.

Figure 13 : Function #,(a, h/q)

Visualization of the curves

h/q — 7(0.1,h/q)
h/q— Fo(1., h/q)
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We find

75(0.01,0.0086) = —31.20

which is a very good approximation for the value obtained in (4.22).
We also notice a regular behaviour of 7y when h/g >> 1 ; the convergence of 4, and u, implies
the convergence of 7, i.e.

4

h/lqlgw Fo(a,h/q) = W2+ )

Figure 14 : Function ¥, = < (VaVy )w : (VaVy )w > (dissipation)
Visualization of the curves

hfg —  4(0.01,h/q)
hlg — 1/)4(01,’1/(])
hlg — \(’Q(l"h/Q)

Our numerical results show that 1, decreases on certain (small) interval (6;(a), §2(a)). However, on
h/q > 62(a), 1, increases and

h/lqu—I}oo '/}q = oo

On the other hand, the tabulations show that 1, decreases with a (for h/q great enough).
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