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APPROXTMATION OF GENERAL SHELL PROBLEMS BY FLAT PLATE ELEMENTS
(PART 3 : Extension to triangular curved facet elements)

Michel BERNADOU

Pascal TROUVﬁ

INRIA, Domaine de Voluceau, B.P. 105, 78153 Le Chesnay Cedex, France

Abstract :

. An alternative to the approximation of general thin shell problems by flat
plate elements (see Part 1 and 2) is proposed : the middle surface is now
approached by curved triangular facets. It consists of a P2-Lagrange
interpolation of the geometry of the shell, while the displacement field is
approximated by triangles of type (1) for the membrane components and by
reduced H.C.T. triangles for the bending component. To make the implementation
easier, we also consider the addition of the drilling degree of freedom as a
sixth independent degree of freedom by node (see Part 2). We prove the

convergence of the method for arbitrary thin shells.

APPROXIMATION DE PROBLEMES DE COQUES GENERALES
PAR ‘'ELEMENTS DE PLAQUES
(Partie 3 : Extension aux éléments & facettes triangqulaires courbes)

Résumé :

Nous proposons ici une alternative a 1'’approximation de problémes de coques
minces générales par éléments de plaques (voir les parties 1 et 2 de cette
étude) : 1la surface moyenne est maintenant approchée par des facettes
triangulaires courbes. Il s’'agit d’une interpolation P2-Lagrange de 1la
géométrie de la coque, alors que le champ de déplacement est approché par des
triangles de type (1) pour les composantes de membrane et par des triangles
H.C.T.-réduits pour 1la composante de flexion. Afin de faciliter
1’implémentation, nous considérons également 1’addition d’'un sixiéme degré de
liberté par noeud (voir partie’2). Nous prouvons la convergence de la méthode

pour des coques minces de formes arbitraires.

ND PAPIER RECUPERE ET RECYCLE



1 INTRODUCTION

Among the various pseudo-conforming displacement finite element methods used
by engineers for the analysis of general shell problems, the doubly curved
facet elements approach may appear to be a good challenge with respect to some
conforming methods (see BERNADOU (1980), CIARLET (1976), DUPUIS-GOEL (1970)).
Indeed, for most of classical geometries (spherical, circular cylindrical,
circular conical shells), this is actually a conforming method ; whereas, in-
case of more complex geometries,' for which the euclidean coordinates of a
finite number of points is the only data available, it should constitute an
efficient alternative to the method of flat shell elements (see Part 1 and 2 of

this work).

In this paper, we consider a P2-Lagrange interpolation upon each triangle
for the approximation of the geometry of the middle-surface. This kind of
approximation is still nonconforming since KOITER's general thin shell theory
involves derivatives of the third order of the mapping 3 and such terms cannot
be estimated by polynomials of the second degree. Then, the tangential
components of the displacements are approximated by triangles of type (1),
while the transverse component is approximated by reduced H.C.T. triangles. For
engineering computations, it is convenient to introduce a sixth degree of
freedom at each vertex of the triangulation, i.e. the drilling degree of
freedom (see BATHE (1982), ZIENKIEWICZ (1977), and Part 2 of this work), which
is approximated by triangles of type (1).

By means of simple compatibility conditions, which impose the continuity of
the displacement and rotation vectors at each vertex of the triangulation, we
can establish convergence for general shells, without any restriction upon the

geometry of the middle surface, nor even the definition of corrector terms.

Notations and references : In this study, we will use as constant references
notations and results of BERNADOU-DUCATEL-TROUVE". (Part 1), and BERNADOU-TROUVé
(Part 2) ; specific formula or theorems will be respectively recorded by adding

a "I%, or a "1I" symbol ahead of their designation.

For instance, the continuous problem and the general 1linear thin shell
theory of KOITER are described in (I, § 2) and a reference conforming

approximation of this problem is presented in (I, § 3).
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2 A NONCONFORMING APPROXIMATION BY TRIANGULAR CURVED FACETS

In this paragraph, we consider an approximation of the geometry of the shell

that leads to constant curvatures over each triangle. Then, we introduce the
2

=

new discrete problem associated with the finite element space Xh (already

described in (I, section 4.2)).
2.1. The approximate middle surface th

Now, we consider the following approximation of the mapping 3 = ¢igi,
defined triangle by triangle : each component ¢i, i=1,2,3, is replaced by its

interpolant ¢:; in the finite element space <Dh such that :
(i) on each triangle K € %jh’ the functions of <I>h belongs to
P,(K) ;
(ii) on each triangle K € %f , the functions of ¢I>h are completely }(2.1.1)

determined by their values at the vertices Zi, 1<i<3, and at the

midside points ij, 1sj<k<3, of K ;

(ii1) &, < G°@.
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Figure 2.1.1 : A triangular curved facet

be the interpolant of 3 This approximation amounts to

3
h
replace the continuous middle surface &’ by a middle surface gh with

Let Zh e (&

triangular curved facets. By construction the images by$ of the vertices and
of the midsidepoints of the trlangulatlon% of the reference domain Q belong

to the continuous middle surface g

In order to apply results already obtained in Part 1 and 2, we only consider
here families of almost-affine finite elements - this excludes the
isoparametric approach. Thus the triangulation %jh of the domain Q is obtained
from a reference triangle T, and from a regular affine mapping FK defined by :

FK : xeK-»FK(x) =BKx+bK—xeK ,

where BK is an invertible niatrix, and bK a vector of IR2 ; FK is uniquely

determined by the data : FK(fJi) = Ei, 1<i<3, where 21’.’21'. respectively denote
the vertices of triangles K and K. In particular, if A = ('\I’AZ"\3) denotes

-

the barycentric coordinates of any point in K, we have : € = (El,fz) = FK(A)..

Then, to each curved facet k = ;*:h(‘;(), K € @th, we can associate a local
. -+ -+ - -» - - -3
basis 4. h,a’ Ja.h = la.h1Xa.h2| y Ag (a.L_,lxa.h:Z)/./ah - a.h, and fundamental

forms : -a .a b -2..2a ﬁ- ﬂ'\ 2. etc.
" ®haf T ®he'®hp’ “hep ~ %h3 %hg,a’ P %h Phaa’ hﬂ'y = %h%hg,

Each of these quantities are no longer constant on a triangle, and may present
discontinuities at the interface between two facets. Let us add that the matrix
ahaﬂ is invertible provided that h is sufficiently small as we have
a = det(ah ﬁ) = a + O(h ), and deta = 0 (but it does not appear to be a
significative restriction on 66’

2.2. The discrete problem

Let us refer to the definitions (I, (3.1.1) and (3.1.2)) for the discrete
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finite element spaces ihl and ihZ (respectively associated to triangles of type
(1), and to reduced H.C.T. triangles). Following the steps of (II, § 2), it is
possible to associate to the displacement field v S Xh xhl xhl X th'
defined on each triangular curved facet, the rotation vector @,_, i.e.

2z 2 =i . =)

. 1 s vs
wh(vh) wa . with : wy fa; e (Vh3,p+bhpvhu) , (2.2.1)

and where the third component Eﬁ belongs to the space Xhl Therefore, the
values w (2) (VZ vertex of % ) are new degrees of freedom, independent of vh
In partlcular, this drilling degree of freedom cannot be understood as an
approximation of the rotation around the normal to the facet. The introduction
of this sixth degree of freedom at the vertices of %jh allows us to define
compatibility conditions, easy to implement, i.e.

2
Cl) the displacement v, is continuous at the vertices T of the triangulation

h
T, -

v & - h(z') , V' =27 = % vertex of %, (F'ek’, Tk ; (2.2.2)
=2

C2) the vector Wy is continuous at the vertices I of the triangulation %jh

=2 = - - - - '

0, =&, ), Vi =3 - 3 vertex of B, (sTex’, sex). (2.2.3)

=
The relations (2.2.2) (2.2.3) enable to define the discrete space Yh

2 = S F 2 = |
Yh - {(vh,wa) € Xh X X'hl ; (vh,wa) satisfies the compatibility
: conditions (2.2.2) and (2.2.3)) ,

=2

(with dim Yh = 6Nh’ Nh being the number of vertices of %"h)’ and its subspace
=
Wh, which takes into account the boundary conditions, i.e.

2 ~3 2
W= ((y,0) €Y, h(z) -0 and @ L (5) = 0, vz e T (2.2.4)

we equip these discrete spaces with the norm :

Goiag) € By = L URyllT ¢ + IS vl ¢+ Il ¢+ Iapally (172 - 2.2.5)
‘ K
h

=2 B
Next, we prove the existence of a bijection between the spaces Wh and

- (G, h) eX xX, hlr - 0 and whll‘ -8 c @l@)? x w2@Q) x niq) |

o}



(see (II, remark 2.2.1) which concerns the introduction of a sixth boundary

. 3
condition, i.e., whll‘ = 0).
o

Theorem 2.2.1 : The compatibility relations

=2 - ] = -+

vh(E) - vh(E) and wh(Z) - wh(Z) , VZ vertex of ’h (2.2.6)

; i jecti W o jates to each function (v..ol) € ¥
define a bijection Fh : Wh - Wh, that associates to each function (vh,w ) € h

one and only one function (; ,w3) ey .

h'"h h
Proof : This proof is similar to the proof of (II, Theorem 2.2.1). On the one
hand, relations (II, (2.2.5)) are still available ; on the other hand, we

derive from (2.2.6)

T ® = v HEF @3 ), =i (2.2.7)

~ a.h(E) XKy € - -
vh3 ,‘(Z) = 2(3) eA#e [vh3 u(z) + bV(E)vhe(E)](an(E).a.h(E)) +

(2.2.8)
+ @ e q®E®.[E) - ,ov @@ ® 3, o
G2(3) = = v . (D + @V, (DG (5).23®)
h ./a(_Z) h3,v v he [ “2h
(2.2.9)

+ 0p (D) G (.2 @)

where I denotes any of the thfee vertices of a given triangle K of %h' So, we
conclude in the same way as in (II, Theorem 2.2.1). Finally, there is no
difficulty to verify that the compatibility relations (2.2.6) preserve the
boundary conditions. )

.|

' 2 . 2
Now, to each displacement field (vh,wg) € Yh of the faceted surface gh, we

can associate a strain tensor (7haﬂ) and a change of curvature tensor (phaﬁ)’
which are defined, triangle by triangle, as follows : ’

Gy =G w3 v . (2.2.10)

hef' 'h 2 hB,a ha,p haf 'hi haf 'h3" ° e

~ 2 - A= A ~ A= A~

*hap"h’ ™ Vh3,ap * Thap"hr " Pha®mrg'h3 * Phama.g * PhsVha.a *

(2.2.11)
+ ), r} op A kA

hB,a  huf ha "hef hp’ hr -



Then, the variational formulation of the discrete problem associated to the

approximate surface 3 is given by :

2 o~ 2
Problem 2.2.1 : Find (uh,r]i) € W, , such that

-~ =
I Eol@.m), Gl = 3§ E,.Gp . vG.o0 €W,
x59£L k€l

where we have denoted :

-~ 2 ~3 2 -3 ~ = = ~3 ~3
~ = 2 J- ~a ~p 2
a (W vy) = Jg L, 2 {(1- "”hﬁ(“'n)"h ( n t 7ha(“h)7h,9(-vh) +

o2
+ 45 [0 phﬂ(uh)ph ) + (uh)phﬁ( Y1) Jay, agtag’

k > 0 constant, independent of K ,

~3 ~3 ~3~3
(72, 52) - [ %5 Ja agtag?
L "W“h Y%h

< 5 =
£ (V) = fK P-vy JE; aglae? i

This amounts to approach the energy of the shell by a sum of elementary

curved facet energies.

For the study of the convergence of such a method, it is convenient to
associate to Problem 2.2.1 its equivalent discrete problem formulated on the
continuous middle surface 9,’ By using the bijection Fh defined in Theorem
2.2.1, we obtain :

Problem 2.2.2 : Find (G;,qﬁ) € W, such that

% 3 - 3 - 3 - 3 -
where we have denoted :

- 3. - 3 - 3 - 3 - 3, =+ 3
Ah[(vh’wh)’(wh’ﬂh)] - (%o (aKh[(vh’wh)’(wh.oh)] + kbm'l[(vh’wh),(wh,ah)]} ’
Ke©
h

G LG D] = T £ (o)

Ke ’h

with the following correspondences for any ( h) F (v wh) ( h) Fh(;h’zfx) :
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- - ~ 2 =2 -~ _— -
akh[(vh’wi)'(wh'az)] = A (W) bml[(vh.wi),(wh.oﬁ)] - (wi.nz)L2(K) ;

- 3 ~ =
th(vh,wh) = th(vh)

3 CONVERGENCE AND ERROR ESTIMATES

=~
In order to prove the existence and uniqueness of a solution (uh,ni) for the

discrete Problem 2.2.1, and the convergence of the method in the following

sense ("3-3:"§+"v§“§ 0)1/2 =< Ch“G"v , we study the consistency error
estimates, since it was shown 'in (I, §5) and (II, §3) that we need such
-+ =%,

estimates to evaluate the discretization error "u—uh"v.

. -+ = 3 3 - 3 -+ 3
3.1. Estimate of la(v,,w ) + k(wh,ah)Lz(n) - A L), (060 ]

By using similar arguments as in (II, § 3.2), it amounts to evaluate

Ty el 2yl 3 ~3
DACREAACR] I 155 ) P il -+ lon-aplo g - Va-Zaly k-

Firstly, we obtain :

Theorem 3.1.1 : There exists a constant C, independent of h, such that for any
=
vy,
have :

~3 : -p 3 - . . . .
,wh) € Wh and (vh,wh) € Wh in correspondence through the bijection Fh, we

~a® 2 2 2 2 172
g g Glg ¢ < Chilivyllg y + vpallg e + Ioslly x + elly &) SRNCRES

Proof (in six steps)

Let us recall the definitions :

ar o adl o -7 Cq .
T8 T % 12 YYhg a™Vha, 80 T ' T Pagn3!

~ a2 ax 1l ~ ~ v o~ ~
Te™h) 7 % 13 Ohg 3*Vna g T Thaghe T PhagVhs!

Step 1 : Expression of ;kn and v, ~as functions of degrees of freedom of ﬁh

)
Gp,A 0y

From the definition of the space ihl' and by virtue of (2.2.7), we get

3 3
3 35 J
Y (8) = 121 MU, 3 = L A4, Gov G
- i=1
. % ax, % L
v, (¢) = — V.a(E:) = — 4, (EIv (2,
hB, A =1 g¢* DAL i=1 g¢* dhﬁ i’"hj i

(3.1.2)
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where we have denoted : di];k(f) = Zj (5).th(5) , V6 eK.

Step 2 : Expression of v, . as function of degrees of freedom of ia'h

h3
By definition of the space §h2’ we have on each subtriangle Kj , 1=j=<3, of K :

3

v 3 (Ol (VL (E) +

j 1-1 J

v v 1 v w1 ~
+ i§1 ((Ei+1-€i)pj'i,i+1(x) + (Ei_l-ﬁi)pj’i,i_l(x))vh3’v(zi)

where p? , p1 1 1<i,j<3 , are the basis functions of the
J.1

joi,i+1 ' Pyi,4.1
reduced HSIEH-CLOUGH-TOCHER finite element attached to the subtriangle Kj"

And, by using (2.2.7) and (2.2.8), we get :

3 .
vh3<e>IK. - 121 Py i(x>d§3czi>vhj () +

+ 21 (€, -€P5 5 1y @) + (€5 1-€DP] | 4 1) X
1= (3.1.3)

a'h(zi.) Kp
i) e [wv. h3,p (2 ) + b€ (2 )v ()3 )]d (Ei) +

x |
3 hi I ' j
ap(Z;) ey wp (F;)d37(F;) - by (205 (F)d BT,

. . ,hk - -k k -k -
wl;ere we have denoted : dj (§) = aj(f).ah(f) , V€ K, and dhj(ﬁ) = a (é‘).ahj(g) s
vé € K.

Step 3 : Some geometrical approximations

According to CIARLET (1978, §3.1»), we obtain for the definition (2.1.1)
|¢ ¢dm oK = ch3" |¢|3 g 0sms3 , 1sis3
. . 3 3
so, we derive from the assumption 3 € (% @)

2o () = 3,06+ 0, L ey o(6) = a g(6) + 0hD)e,y

Ja (@) = /2@ + 0d)e L B (6) = 3,(6) + 0nD)E,
Heey - 23]
a (§) = a (§) + 0(h")e” , (3.1.4)

< (&) = T2 (&) + O(h)cT

rhﬂ,y ﬂ,r ﬂ“! ’ bhaﬂ(g) - baﬂ(ﬁ) + O(h)caﬂ * etC,

j ] i gk _ k 2, k |
G (6) = B+ 0(hDey o & = 85+ 0(hTyey B o
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In (3.1.4), and subsequently, the different constants are independent of h, and

can change from an occurence to the other

Finite expansions of v (5) and v hﬁ A(f)

Step 4 :
€P (Kj) , 1=<j<3 , we get :

v,, €EP (K) , and v, ﬂK

As we have : ha

Via (&) = Vm(€) + (€ -£%)v WA, e
(3.1.5)
Vi3 (B = Va6 + (66, (@) L E; € [5.60
and thus, by.using (3.1.4) and the following relations
3 3 ax axi 1
Y A = 1, Z A, (E -¢%) =0, Y — (€ -£%) = 5 » T3 =0 7)), (3.1.6)
i=1 i=1 i=1 36 a¢
we obtain in (3.1.2)
it h|
T, () = v (6) + 0(hD) 121 {cyvhj(zin ,
(3.1.7)
Vpg A (E) = Vg (6 + O() 2 (e) vy (Bp)
Step 5 : Finite expansion of ;h3(€)
By substituting (3.1.4) (3.1.5) (3.1.6) into (3.1.3), we derive
V3Ol = L Py ;03 +
J i=1 )
v
+ 121 (€ ,-€P] 4 1) + (€] 1€ P55 50y (B +
v v, 1 v v, 1
+ i§1 ((€1+1'€ )pj,i,i‘l‘"l(l) + (61'1-€i)pj,i,i’l(k)) X
X (b;(zi)vhe(zi) - bgu(zi)vh“(zi)) +
+0(h2)§[k (Z.) + hlciv, (T,) + P z;) + z,)
CcC.V. k . Cj h€ i cj Vh3 ( cj ( ]) ’

i=1

and, thus :
. (3.1.8)

- 3
Va3l = v @l + o) zl(cg‘vhk(zi) + ety @)+ 3 W (5))
3 | i=

Step 6 : Obtention of the estimate (3.1.1)
Finally, by substituting (3.1.4) (3.1.7) (3.1.8) into the expression of 7hﬂ’

we find for any € € K :
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. 3p
1hﬂ( )I )IKJ + 0(h) ):1{c me (1) € Vs, (Ep) oegup (>: ))
Therefore, there exists a constant ¢, independent of h, such that we have for
any K € %fh (with meas(K) = 0(h2))

3 .
i~ a2 B~ 2 2 }1/2
[Tp ) = YaCpdlp = Ch {k§1 O R o e ~ e w7

and thus, the results of interpolation theory in Sobolev spaces (see CIARLET
(1978, Theorem 3.1.2)) lead to the estimate (3.1.1).

Secondly, we establish the main result of this study (to be compared with

(11, Theorem 3.2.2))

Theorem 3. 1 2 : There exists a constant C, independent of h, such that for any

(v w ) € ‘%1 and ( wi) € ﬁh in correspondence through the bijection F _, we

have :

1/2
G - Aol x < onl ol e+ Tl + Tl + Wl 0% 319

Proof (in four steps)

Let us recall the expressions :

- A
"ﬂ‘ V3 .0p - uﬂ Vha b)\bkﬂvh3 p"h,\,y * PVt
A A u 7
+ Gy Tl Th vy ]

(3.1.10)
~a,= av ~ A~ A ~ A~ A~
Pnsn) = 2h Mh3,wp " Thop¥hy T PhoPhagns t PhgVhar t PheVha,s t

A ¥ .

o (gt I 58%hy Thug hp)VhA] -

Step 1 : Some preliminary results on the geometrical approximation

Using similar arguments as in (II, Theorem 4.2.2), we need finite expansions
up to the third order for the expression of v 3(2 ), up to the second order for
(Zi), and up to the first order for the geometrical terms in (3.1.10). Th

v
h3,v
constants appearing in the following finite expansions are independent of h.

By virtue of the definition (2.1.1), we have for any £ € K :

2 ) = Z A{(22g 1)¢(z ) +1 §_1 4,\1,\j$(>:ij)
i<j
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and thus
3 e SOYRT PRI S PE-
a, (&) = &) = — (- 13(E) + 4—= 2 ;) -
“ha n,a i-1 3¢” i,5-1 a¢* 3
irj

Moreover, by using the fact that zij = % (Zi+2j) , 1<i<j<3 , we can write :

€ L€ 1 e e . .n .0
EICARRIGRACGHSIMORS RORPIGE )8 (6 +

1 €_,¢€ N_2My A oA 4 >
+ 3 €5-eOET-EN - O +0mDe,

3y = Bo) + 5 165 + 65601 @ +
+ g [E5-€9 + €5-e010¢ET-€ + €]-eD1d (O +
156 + (€€O11ET-EM + T-eNIE-€D + (e @ 4
+ O(h“)Zij :

Next, by noticing that we get from relations (3.1.6) :

3 ax; BA. 3 3Xx;
L [ (A1) + e SRR, —L.0,
i=1 9 je1  0e® 3 =1 36°
J#l
3 axi e e % axi
(—= (BA-1)(§5-€°) + 5 (656 + 5 (&5 £9)) -
i=1 BEa i i j=1 3€a J 2 i 2
3 J”l
- T e -
i=1 g¢°
3 BA. e e n .n
—X (3 @1 (E-E(eT-¢N +
1=1 3€ i i i
+ % - ¢ET-¢T + (€5-eET-€T) + (€5-e5)(E] - + (gl el-ehD -
j5 200 i i i j i ] ]
j=i
3 1 aA
- T3 e
i=1 “ 3¢%

G_E 7)_7) €_€ ﬂ_ﬂ 6_6 f}_') €-€ ﬂ_ﬂ - 0,
+j§1 )\j[(fi €)(6;-¢7) + (§;-¢ )(€j §) + (Ej £)(6;-¢7) + (fj § )(Ej £€H1) 0
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3 aA P
—L (& a6 el-eMel - +
i=1 3¢

n_n n_.n A LA A -
+ ng = A LE5-€ + (65-€9) [6]-€") + (€]-6M) 1(65-€) + (€5:6) )
j=i
3 3
- 3 L g el +
1-1 3¢%
% LA [(e5-€6) + (€565 1(€"-¢™) + (€"-eM] [€)-eM + &)-eHD -
g2 12000 3 i i i 3
3 ax
A TTE e e m My A A
= ¥ 35 (68 -€) +
iml a¢

+

+ a5 A LET-€M (61-6M65 + (65-€51(e}-667 + (€5-¢) (€181 =

1

1 3 n_Nn
-2 z AL(EE-£) €T-eM(ed-eM

ag”

we finally obtain
3, (6) = 3,08) + CETHODE  (O)F(O) + 0w )3, (3.1.11)

where we have used the GAUSS-WEINGARTEN relations (see GREEN-ZERNA (1968)), and

where we have set :

1

i) - - 13 e
a

% X, (£6-€) (" ‘”)< Ae?)) = o 3.1.12
[B 1616)61'6 51'6)] ()r : (-.)

k k
Denx(f) - X(i) + F (€)FJA(€) ,

. . P ﬂ o ..B 3 -
(with the conventions : raﬂ aﬂ , P b s F3a . 0.

Then, we derive :

€ni eni

(§)a 4

p 3
ahap(f) = aaﬁ(f) + D ,(§).[C, () +¢C (€)aap(f)] + 0(h™)c

Bp af

and, by using : a - % eaA ﬁ“ahaﬁahxp , We get
an(6) = a(©)[1 + 25T D) (©)] + othde

and, in particular, we have :

[, | |
:}%E;-- 1+ ™ok (@ +omde . (3.1.13)
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Next, by using the definition ;h3 - 2; - (zhlxzhz)//;; , we find :
- -3 €enx 3 -q 3.~
2,3(6) = (6 - ST @D; ((©)E%©) + 0hTE, . (3.1.14)

From (3.1.11) and (3.1.14), we obtain :

2

enl 2 3, 4
<t C, (f)Dqu(e) + 0(h7)e_

atr-s
ahe) = - ™ol ©a™e) + om)el (3.1.15)

3 3, .3
dh3(€) =1+ 0(h )c3 .

Now, by using the relations aﬁ” = éi eAae“ﬂahaﬂ , eaﬂeA” = 628; - 626s ,

afe) = Mo - of @@ oo + o, @16
and, thus we derive (with d™(¢) = a *(£)(a. (£).3 (€))) :

’ K %h ahp K )

ha A 2. A

a2 (&) = 62 + omHed (3.1.17)

Also, we have, directly from (3.1.14) :

h3 3 2. 3

a (&) = ) + omdes (3.1.18)
and, from (3.1.11) and (3.1.16) :

dh;(f) - 0(h2)c’3‘ . (3.1.19)

Moreover, from (3.1.11), we have :

-+ -+ '3/2 K - 2.~ .
S, 5(6) = Bg 58 + CTHOD, \(OF () + 0T

therefore, we obtain :
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a av > oy
Thpy(6) = & (ahu(f)'ahﬂ,y(f))

e enl o 2, o
r5, (&) + 67 n] | (6) + o)y,

Brag(€) = E3(8) 3, 4(€)

€ni
ﬁ(ﬁ) +C, (€)DE A (6) + O(h )e,

a,p ap ’

> (3.1.20)
bg(&) = ap ()b 4(€) |

-1 eni
bﬂ(é) +a” (i)C p(f)D A(E) + O(h )cﬂ ,

a 4 a
b, (6) = bz (€) + rm<e)bhﬂ(e> Ty Py €6)

= 3,6 + a™©)ci"e (D] () + o), }

Step 2 : Finite expansions of V. k(5) , v 1<k<3

Vi, 6)

Firstly, it is ;ufficient to recall the finite expansions (3.1.7)

Vo () = vy, () + 0D ; (edvys Z)

i=1 5 (3.1.21)

LO = v, (© +om) T (o 2Vhj (z)).
i=1

Secondly, we derive from (3.1.8)

Va3l = v @l + o) thc AR c;"‘vh3 (B)) + cyu 2(5)))
J J i=

(3.1.22)

2,0 Ol = Vs, Ol + 0 zl(c k(>:>+cJ3 03, (B + g (E))
J i=

Step 3 : Finite expansion of V.

By substituting (3.1.13) (3.1.15) (3.1.17) (3.1.19) into (3.1.3), we get for
any £ € Kj (subtriangle of K), 1<j<3 :

- A : nA

i=1

Y Y L enA
+ igl [(5i+1°€i)(Pj,i,i+1),aﬂ (61 1 -€7 )(PJ i1-1 ap] (2 x

x D2 (©)a* (v (©) +
3

kA 3
+ 0(h) Z (c ap hk(z )+cJ a8 hk, 2 (34 )+cJ 8'h3, Alu(z )+-c af h(z )},
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Moreover, by noticing that we have :

3 € ,€ n .n A EA) % 2 €., 6e § X () n.A

- ¢" % A (e)ece) - ¢ § A (6)EET + 265
ka1 KKK o1 KCTKK
and, thus from (3.1.12) :

eni 3 aA | n.€.2 A €
(6) = tZ ekekek [Z A (65, Al SEELHE LG

. % axk \ % ax, % ax,
+ § ¢! E + £ f 5 + f f el +
k=1 a¢h KK kel agh KK k-1 Kk

- 12C

€.n n n
+ 2[6p€ € + 6”6 6 + 6 E ",

in such a manner that : C;nk(e) € P2(K) , the function C;nx(f) is then

invariant by the HCTr-interpolation, and we obtain :

” aﬁ(f) 1§1 (p .) aﬂ u (2 ) +
qu
+ E [(€l+1-€ )(pJ i, i+1) ap t <e 1 -¢% )(pJ id- 1) ﬂ]C ) .
So, we deduce :
Vi3 sl = vh3’aﬂ<5)lk. - CES(OD] (©)a (v, (€ +
) 3 (3.1.23)
k " kA 3, 3
+ 0(h) 2 (c o Vi3 * ey jap'nk, NOAR ®jas"h3 A”(zi) + cjaﬂwh(zi)}

Step 4 : Finite expansion of phﬂ( )

By combining (3.1.16) (3.1.20) to (3.1.23) in (3.1.10), we obtain for any
€eK1.

Prg ol J ;g(?rh)lxj +

3 (3.1.24)
akk Ap ’
+ 0(h) 121 (c jvhk(z ) +eg v A+ i (B cﬂJ h(z )},

which allows us to establish the estimate (3.1.9).
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Thirdly, we obtain in a similar way :

Theorem 3.1.3 : There exists a constant C, independent of h, such that for any

2 ~3 = -> 3 -> . .
(Vh’wﬁ) € W, and (vh wh) € W, in correspondence through the bijection F,, we

h ' h
have :

~3 3 2 2 2 2 3,2 .1/2

o = oo x = lvgllg ¢ + Mool ¢ + vpally  + laplly ) 2. (3.1.25)
Proof :

From the definition of the space §h1 , we have for any £ € K :
3
~3 ~3
w (€) = L e (3,
i=1 :
and, by using (2.2.9) (3.1.15) (3.1.18), we get :
3

S3(e) = wi(€) + 0(h) T (M (B,) + v, (Z.) + cw(E)) (3.1.26)
h h o1 ha*"i h3,vy* 71 3’h*71

which lead to the inequality (3.1.25).

Consequently, from the estimates (3.1.1) (3.1.9) (3.1.13) and (3.1.25), we

deduce :
Theorem 3.1.4 : For any regular triangulation @Eh of fI , there exists a
. ' - 3. = 3 @

constant C, independent of h, such that for any (vh’wh)’(wh’oh) € Wh , we
have :

) - - 3 .3 - 3 - 3

la(v, . 9,) + k(w ,ah>L2(m N (CATONCRON

(3.1.27)
=021 3n2 \1/2 2 n2.5,342 1/2
< endlloplly o / ARl lelo o 2

Proof :

Firstly, the estimates (3.1.1) (3.1.9) (3;1.13) implies that

) Ia(;h’;;h),K - o Oyl =
xe%fh (3.1.28)
-+ n2.n 342 /2 .u= n2.n.342 1/2
< ondl Al o / A el o) 2,

£ G oD, @7y e W, and 3,00, @ .00 € W ively i
or any (vy,w),(w .0, L > an he%h)r (W g h respgctlve y in
correspondence through the bijection Fh ; similarly, by using (II, (4.2.1))
and (3.1.25), we derive that : :
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yolwted , - @A, | =
ke, L L (3.1.29)

20 020 32 (1/2 2 w32 172

Then, by using the relation :

s W)+ kD60, - ATE e, @00 -
L(Q)
- - -~ : =2 3 3 ~3 ~3
had Z ([a<vh)wh) - a]q.l(v » W, )] + k[(“’ ,0 ) - (w )0 ) ]) ’
K h'¥h n_ 2 h) 2
ke, L k) L&

we derive, from (3.1.28) and (3.1.29), the inequality (3.1.27), where the

constant C may be chosen independent of k as soon as k is taken in a compact

set [ko,kl].
O
: i + 3
3.2. Estimate of |f(vh) - Gh[(vh,wh)]l
Next, we can establish :
Theorem 3.2.1 : For any regular triangulation %5£ of @i, and for any

; € (LZ(O))3 , there exists a constant C, independent of h, such that for any

(3h,w§) €W , we have :
- 3 242 2. 3 1/2
l£G%) - 6, [(V.00)1] = ch ‘""h"v*"“’h"o,g) / "3"0,0 ) (3.2.1)

Proof :

This proof is similar to that one of (II, Theorem 3.4.1) and uses the

decomposition :

- - 3 - -~ 2
£0v) - G lvpedl = X EMIg - £, (V1
Kely
£ 3 ~3 § - 3 &+ . cs s
or any (vh,wh) € W, and (vh,wh) € Wh in correspondence through the bijection

Fh' Thus, by using (II, (3.4.2)), (3.1.4), (3.1.7), (3.1.8)), we derive :

N - _— = \
£y - £ () =
(3.2.2)
2 2 2 2 32 ,1/2
s e’ vy llg  * oplly g + olly g + Bl 0% 1l g

and estimate (3.2.1) follows.
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2 ~3
3.3. Existence and uniqueness of (uh,qh) ; convergence

Henceforth, we complete the analysis of the method for arbitrary thin
shells :

Theorem 3.3.1 : Let %’ be a regular family of trzangulaclons of the domain {i.
Then, 1f the solut:.on ueV belongs to the space (H (0)) X H (Q) , if the
loads p € (L (0)) , there exists constants 0<k0<kl , h1>0 , such that for any

k kolekl , for any h<hl R

(i) the discrete problem 2.2.2 (respectively problem 2.2.1) has one and only

. a% 3 - : ~3 =
one solution (u.h,nh) € Wh (resp. (u.h,r]h) € Wh) ;

(ii) there exists a positive constant C , independent of h , such that :

-+ =%

2 1/2
02 + Wl o = ot g + gl g + Il % + ol ) - (33D

Proof :
This proof is similar to that one of (II, Theorem 5.3.1)

From the estimate (3.1.27), and from the uniform V-ellipticity of the

bilinear form a(.,.), we derive that :

ALG e, @ La)] =
(3.3.2)

- 3 -
> [min(a,k) - Ch] (“vh" + [l ||0 g+ V(.o €W .
On the one hand, when min(ea, k ) = Chl , the inequalit:y (3.3.2) establishes
the existence and uniqueness of the solution (u.h nh) € Wh for the discrete

problem 2.2.2, and thus, the existence and uniqueness of (u'h,nh) € Wh for t:heA
discrete problem 2.2.1, by using the bijection I-‘h defined in Theorem 2.2.1,
i.e. (3}‘,;31) - F{ll(q,nz). On the other hand, when min(a,ko) > Chl , the
inequality (3.3.2) allows us to find an abstract error estimate of the type
>(II, 4.1.2). Therefore, by using the interpolation error estimate (II, (4.5.3))
and the consistency error estimates (3.1.27) and (3.2.1), we obtain (3.3.1).

a
Remark 3.3.1 : 1t is possible to take into account the effect of numerical
integration in a similar manner as in Part I : this would result in a similar

estimate as (3.3.1).
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