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BOUNDARY CONTROL OF QUASILINEAR ELLIPTIC EQUATIONS
CONTROLE FRONTIERE D'EQUATIONS QUASI-LINEATRES
: ELLIPTIQUES
Eduardo CASAS and Luis A. FERNANDEZ

Departamento de Matemdticas, Estadistica y Computacidn
39005 - Santander, SPAIN

ABSTRACT

In this work, we study some boundary control problems of sys-—
tems governed by quasilinear elliptic equations. Our main interest
consists in the derivation of optimality conditions. The fundamen-
tal difficulty resides in the differentiability of the state re-
spect to the control. we overcbme it distinguishing two cases,
depending on the polynomial growth order a of operator coefficients:
in case a22, we prove the previous differentiability in the GAteaux
sense, introducing some function spaces (naturally associated with
the state equation); in case 1<a<2, we approximate the initial con-

trol problem by a family of problems corresponding to the case az2.

RESUME

Dans ce travail nous &tudions quelques problémes de contrble
frontiére de systé@mes gouvernés par des équations elliptiques qua-
silinéaires. Notre principal but e¢st la dérivation des conditions
d'optimalité. La difficulté fondamentale réside en la différentia-
bilité de 1'état par rapport au contrdle. Pour surmonter cette di-
fficulté nous distinguons deux cas dépendant de 1l'ordre de croissan-
ce a des coefficients de 1l'opérateur: dans le cas q22 nous montrons
la différentiabilité dans le sens Gateaux introduisant quelques
espaces de fonctions (naturellement associés 3 1l'@&quation d'état) ;
dans le cas 1<a<2 nous approchons le problé&me de contrble initial

par une famille de problémes correspondant au cas o22.

This research was partially supported by CAICYT (Madrid)

Une partie de ce travail a été effectuée par le premier auteur lors d'un
séjour dans le projet PROMATH en Décenbre 1987.
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1.- INTRODUCTION

This paper deals with boundary control problems of systems
governed by quasilinear strongly elliptic equations. Our aim is to

derive the optimality system.

Let @ be an open and bounded subset ofIRN with Lipschitz con-
tinuous boundary T (Nefas (17)). Let us consider the following dif-
ferential operator

Ay = -div (a(x,Vy)) + ao(x,y) (1.1)

where

a(x,n) = (a1 (x,n),. -.,aN(x,n))

We will assume the conditions

aj(.,n) is a measurable function on
(1.2)

aj(x,.) belongs to C1(RN) j=1,..,N

ao(.,s) is a measurable function on §

1 (1.3)
ao(x,.) belongs to C' (R)

Ja.
-2 y
I oant xomgges 2 A (1 n %7 g |2 (1.4)
irj=1 i J
N da.
) | —1 (--r‘ﬂ)l < A (1+|r‘||)u'_2 {1.5)
i,3=1 0Ny A
Jda
0 -2
A3 < EE‘(X,S) s A4(1+|S|)a (1.6)

aO(X,O) = aj(x,O) = 0 j=1,...,N (1.7)

e



for some ge(1,+»), some strictly positive constants A1,A2,A3,A4

all xeQ, all seR and

all nEeR".

Remark. Hypotheses (1.6) and (1.7) can be relaxed in the following

form:

There exist positive constants A3 and A4 and a medible subset
Q' such that m(Q')>0 and

Bao 02
0< ===(x,8) £ A, (1+]s]) V(x,s) QxR (1.6) "
Bao
gg—(X,S) >‘A3 ¥(x,s)eQ'xR
Jag(.,0)-aiv(a(.,0))e (W %)) | (1.7) "

In this case, it is

v
ao (xl

enough to do the change

s) = ao(x,s)—ao(x,O) and

d(x,n) = a(x,n)-a(x,0)

We are concerned with the following control system

Ay =

oy

BnA -

N

where éx—(x) = z
an .

A J=1

is the unit outward

In the sequel,

(1.8)

0 -+ — ’
aj(x,Vy(x))nj(x) and n(x)—(n1(x),...,nN(x))
normal vectbr to I' at x.

let us denote by ( , )Q the duality product

between (W1’a(Q))' and W1’a(Q), the usual Sobolev space. Also, we

consider (Kufner et

al. (12))



W1/B’a(r) = {u|riuewj’a(9)}

endowed with the usual norm

= Inf{| |ul] | =h}

ln :
|‘WUB'O‘(I") w' %) r

where %+%=1 and u|rlis the trace of u on T.
Let W_1/B’B(F) denote the dual space of W1/B’a(F) and ( , )F
their duality product. It is well known (J.L. Lions (13)) that

problem (1.8) has a unique weak solution yuew1'a(9) for each

£e (W' 7%(Q))" and uew V/B/B(r).

B

In case feL™ (Q), we may give a rigorous interpretation of the
boundary condition satisfied by the weak solution (see Casas and

Fernédndez (5)).

There are many works dealing with control problems governed
by linear PDE, we mention specially here J.L. Lions (14) . Control
of semilinear equations has been also studied by some authors J.L.
Lions (15), Komornik (10), Bonnans and Casas (3),(4). However, we
do not know other results about the control of quasilinear elliptic

equations, except our recent work (6).

Quasilinear case introduces respect to other cases,
damental difficulty of the differentiability of the state respect
to the control. The same difficulty also appears in optimal control
of variational inequalities and two different methods have been
used to overcome it. The first one consists in proving differen-
tiability in a certain sense (Mignot (16)) and the second idea is
to approximate the given problem by a family of smooth problems
and then to tend to the limit in the corresponding optimality con-
ditions {Barbu (2)).

In this work, we use both methods. In fact,‘we will distinguish

two cases, depending on the polynomial growth order a of operator
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coefficients.

The plan of this paper is the following: in section 2 we study

the state equation and when a22 we prove the differentiability of

state respect to the control by introducing some function spaces;

in sections 3 and 4 we formulate the control problem and we derive

the optimality system in case a22 and 1<o<2 respectly.

Finally, let us give two examples of the principal part of

operators A that satisfy the previous hypotheses:

EXAMPLE 1
“ O—2
a(x,V%y) = (b(x)+|vy|) vy
with 0 < b0 £ b(x) & b1 < 4
EXAMPLE 2
o
a(x,Vy) (b(x)+lvy2|) Vy
c(x)+|Vy|
where 0 < b0 £ b(x) < b1 < 40 , 0 < Sy < c(x) =
3 2 N
(a=-1)t —b1t +co(a+1)t+b1cO z 0 for all t>0

This operator can be found in Seidman (19)

+00 and



2.— STUDY OF STATE EQUATION

Let us begin with a simple result (see for example Tolksdorf
(20))

Lemma 2.1.- There are positive constants k1 and k2 depending only
on N, q, A1 and A2 such that

N _
a) j£1 (aj(x,n)—aj(x,n )).(nj-nj) 2
elnl+ln D2 [n-n |2 if ag2
2 k1-
In-n' |¢ if az2
N o-2
b) Z laj(x,n)l < k2(1+|nl) |n|
j=1
Furthermore,
c) (ao(x,s)—ao(x,s'))(s—s') 2 A3ls-s'|2
d) lao(x,s)| < A4ls|(1+|sl)a-2

for all xeQ@, all s,s'eR and all n,n'eRN

Lemma 2.2.- Assume 1<q<2. Then

{
J (a(x,Vy)-a(x,Vy' )) (Vy-Vy' ) dx 2
9

2 X | vy-vy' | |2 )||1+lVy|+|VY' | Hz;?m



Proof.- It is a simple consequence of a)-Lemma 2.1 and H&lder's

inequality applied with p:é and p'=2
J IVy-Vy'Iadx <
Q

< (}rQ|Vy-Vy' 12 (14| vy | + | vy I)O"de)z(f (1+|vy | +|vy' |)%ax)
Q

2—0,
2

In the following result, we show continuous dependence respect

to the data for this type of strongly nonlinear equations

Theorem 2.3.- Let yew1

bAy

oy
BnA

o

and, for each meN, let

Assume that fm —> f in (WT'Q(Q)V

m —> o, Then, Yo — Y in W1'Q(Q).

’Q(Q) be the weak solution of

—lIB

and 9, —> 9 in W (T') as

Proof.- From the relations satisfied by y and Y it follows that

( r
Jﬂ(ao(x,ym)—ao(X,y))(ym—y)dx + J

(a(x,Vym)—é(x,Vy))(Vym—Vy)dx=



= Ep-foyp=v)lg + (9, ~9,y, -¥) ..

Suppose a22. Applying a) and c¢) of lemma 2.1, we get

A

2 o
Ay =y + k. ||vy _-vy|]
3II m Lz(ﬂ) 1 m La(Q)

<llg,-e] |

W% g))

+ |lg_-g]] V| y, -v]|
m W-1/B’B(F) m w1,a(Q)

Finally, considering in W1’a(9) the norm

Hyll = df yax %] logl]®, e
9] L7(Q)

equivalent to the usual thanks to Poincaré s inequality (see (12))
and using the hypotheses we obtain )

Yo —> Y in W %(q)

In the case 1<q0<2, argumentation is similar using lemma 2.2,

In the rest of the section, we will assume q22.

Given yeW1'a(Q), y#0, let us consider the space

Ja
v(Q) = {zeH1(Q):j (1+|Vy|)a_2|Vz|2dx +J aso(x,y)Zde< 4}
2 Y] '

endowed with the norm

| .
|z ]| _ (j (1+]vy ) % 2| vz | %ax +J ggg(x,y)zzdx)1/2
VS (Q) Q Q

and HY(Q) the space completed of C"(§) respect to the previous norm.



It may be easily verified that VY(Q) and Hy(Q) are Hilbert

spaces with the inner product

da

B a-2 0
(z,,2,) = JQ(1+|Vy|) vz, vz, dx+-[Q 5;—(x,y)z1zzdx

Moreover, we have
w %) e mY () ev¥ (@) e H'(Q) (2.1)
with continuous injections.

More general spaces of this type have been considered by
Coffman et al. (7) and Trudingexr (21),(22).

Theorem 2.4.— Let F: L2(F)——+ H1(Q) be the functional defined by
F(u)éyu; where Yy is the weak solution of (1.8). Then F is G&4teaux

differentiable when H1(Q) is endowed with the weak topology. More-

Y
over, if DF(u)v=z, then z belongs to H u(Q) and it is the unique

solution in this space of problem

- da 928
—div(sﬁ(x,Vyu)Vz) + 7S (x,yu)z = 0 in @
(2.2)
Jda >
n (x,Vyu)Vz.n = Vv on T

Yy
Remark.-~ There exists a unique solution in H u(Q) of problem (2.2):

it is enough to consider the bilinear form defined by

Ja

_ T 3a 0
B(z1,22) = jQVz1 8n(x,Vyu)szdx+JQas (x,yu)z1zzdx

, y
which is a continuous and coercive form on H u(Q) thanks to (1.4),

and then to apply the Lax-Milgram theorem.

Let us remind that the boundary condition of (2.2) can be
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interpreted in a rigorous manner (see (5)).

Proof.- Since the proof of this theorem is rather long, it will be
convenient to divide it into some steps. For simplicity, we will

write y instead of Yy

Let be u,vst(F) and t>0. We consider the following problems

Ayt = f in @

ayt (2.3)
5—— = u+tv on T

a

STEP 1

1,a(

a) As t— 0, Yy~ Yy in W Q)

yt-y

) . 1
_7?_}t>0 is bounded in H (9)

b) Sequence {

5 Vy,=-Vy
c) f (1+|Vyl)a_z|——%;——|2
Q

Proof of Step 1

a) It is a consequence of theorem 2.3

o
K
H
ct

k

jﬂ(ao(x,yt)-ao(x,y))(yt-y)dx + JQ(a(x,Vyt)-a(x,Vy))(Vyt—Vy)dx=

r
= t'JrV(yt'Y)dY : (2.4)

for all t>0.

Using mean value theorem and (1.2),(1.3), we obtain
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Jda

f 0 2
(Ay ~Ay,y -y) = J 35 XV )y -y) T dx +

193
¥z2.5)
T..
+ J (VYt-VY)‘%%(X,wt)(Vyt—Vy) dx
Y/

where vt=y(x)+wt(x)(yt(x)-y(x)), wt(X)=Vy(X)éef(x)(vyt(x)—vy(x))
and 0<¢t(x),et(x)<1.

Now, applying (1.4),(1.6), inequalities of Poincaré and H&lder,
we get

I

2 2 2
c ||y,-y < A || vy, -vy| ol y -yl 4,
Iy I|H1(Q) il |L2(Q) 3Tt |L2(Q

‘ (2.6)

St viy -y)dy s t]| v]| | v,-v||

Jp t Ly Tt e
and so for all t>0 we have

I=E=1| <z vl (2.7)

t Vgl T € L2 (r)

yt—y :

c) In the sequel, we will denote T by Zt' Thanks to (1.6) and

a)-lemma 2.1 we have

(Ry -Ay,y,-Y) 2 k, || Vyt-VyH zo‘(m (2.8)

Therefore, it follows from (2.7) and (2.8) that

1 v a 1 2 o
= || vy -vy]l s —= || v|| =C (2.9)
£ Ilove L) K€ L2(r)

So, in virtue of (2.5),(1.4) and (2.9), we derive
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J (1+|\7y|)°“2|wt|2dx <
94

< 2“’2(f (1+|wt|)“'ZIVzt|2dx + JQIVyt—Vyla_2|Vzt|2dx)§
Q

(2.10)
p 2“'2(;Ljv T g-—(x W )Vz dx + ——J |Vy -Vyladx) <
A t on t
1] t
< 2“'2(—LJ vz dy +C) g
A t
1T
STEP 2
L . . 1
Let z be a limit point of {zt}t>0 in H (Q) and {ztn}neN a
subsequence such that
2, —> z weakly in H1(Q) as t, —> 0
n
Then, for each ¢eC” (5)
(AYtn_Ay )y —> | v’ B(x,vy)vza 20 (9 2 ax
tn PYo) Q 0 ¢ 5 X,Vy)Vz x-w ¢ 1Y)z

Proof of Step 2

Let be ¢eCw(§) fixed. Once more, using mean value theorem we
may deduce

Ay, -Ay
t
n [ T da
( - ' 9) JQ ) an(x,utn)Vztndx +
(2.11)
Jda
0
+ J ¢ s—(x,v,_ )z dx = J ve dy
9 os t t, r
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where u, (x) = Vy(X)+wt

n n

(X)(Vyt (x)-Vy(x)), 0<wt (x)<1, W
n n n

‘ » depending on ¢ and v being as in (2.5).

tn

By (2.9) and the conclusion c¢) of step 1, we have

' -2 2
(t+]u, D% |vz, |“ax s
| Celog ooz,
-2 -2 2.1 o
< 2%72(| (1+|vy )2 |vz, |2ax+-%|| vy, -vy ) £ C
[l os, Pasllor, cwll?g
On other hand, given @e(D(Q))N
a=2 a=2
(tela, 2 ¥ — (elogh 2§ in @)V

n

and moreover

Vzt —> Vz weakly in (LZ(Q))N
n

Therefore it follows that

o-2 ; a=2
J (1+|ut | 2 _‘I’Vzt dx —> J (1+]|vy]) 2 vz dx )
f n n Q
and we may conclude that
a-=2 0~2
(+lu, D 2 vz, — (+loyD) 2 vz weakly in (n2(a))"

n n (2.12)

Now, let us consider the operator G:(LG(Q))N —> (LZ(Q))N
defined by

s
i
|
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(1+]g])

Utilising (1.5) we deduce
- a-2
16(3) | s clve|r+]g]) 2

So, G is a superposition operator(M.A. Krasnoselskii et al. (11)),

also called Nemyckil operator (J. Nefas (18)), and thus G is con-

; . N
tinuos. Since U, > Vy in (La(Q)) as tn -—> 0, we have’
n

T 2a
Vd) ——(x,u ) TE ’
oan ey Vor SRV w2 o)V (2.13)
o-2 g o2
(1+]u, ] 2 (1+]vy|) 2
n

Combining (2.12) and (2.13), it_follows that

| (
yVz, dx —> | Vo< %%(X,Vy)Vz dax (2.14)

Ja Bt Jg
as tn —> 0.

o

We will complete the proof showing that

[ 3a0 [ Bao :
dx —> J o) 5——1x,y) z dx (2.15)
Q s

As in the preceding case, let us consider an operator

Gye LY(Q) —> L2(Q) defined by



[
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da

Gol9) = (552(x,90) /20

Using hypothesis (1.6), we get
a4=2
l6o(a) | s () V2ol (14]a])

Therefore, GO is a superposition operator too. Since Ve T> Y in
n

-0
- L7(Q) as n — o« we have

oa oa . .
(sgg(x,vtn))1/2<p——+ (26,9 2 g in 1(0) (2.16)

On other hand, with the aid of the relations (2.4) ,(2.5) and
(2.7) we obtain .

AN

f Eig(x v )Iz Izdx < |iv|| llz || C
’ =
Qas i tn t L2 t

n (ry tn owl(p)

Moreover, selecting a subsequence if necessary, we have that

for almost every x in Q

foa sa ;
1/2 0 1/2
(sgn(x,vtn(X))x ztn(x) —~>-f§§—(xly(x))) z (x)
Then, we deduce that
da Ja .
(ggg(x,v ))1/2zt, — (Egg(x,y))1/2 z weakly in L2(Q) (2.17)

t
n n

From (2.16) and (2.17), assertion (2.15) holds.

STEP 3

Let z be as in step 2. Then z belongs to HY(Q) and it is the
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unique solution in HY (Q) of problem (2.2). Moreover z, —> 2

weakly in H1(Q) as t— 0

Proof of step 3

From (2.12) and (2.17), it follows that zeVY(Q). Furthermore,
taking into account (2.11), the conclusion of previous step and
the definition of HY(Q) we get

Vw™ =—(x,Vy)Vz dx + wr—(xX,y)zdx = | vwdy WweH? (Q)
Q on Q ds JP

It remains to prove that'zeHy(Q). For each t >0 we consider

the sequence

1,a ®©
{Hm(ztn)}meNC:W (DN L (R) where

t if |t|sm
I (t) = m if t>m
m

-m if t<-m

Thanks to (1.6),(2.10) and reminding (2.1) , we have that
{H:m(zt )}nEN is a bounded sequence in HY (Q), for each meN.- Moreover,
n

as t, —> 0

i

n .
because I, is uniformly Lipschitz (see Ferndndez (8)). Consequently,
as tn ~—> 0

I(z, ) —> I_(2z) weakly in 1Y (Q)
n .

On other hand, it may be easily verified that



I (z) < || 2| ¥ meN
I, Hvy(m W (Q)

and then as m —> ®

I_(z) —> z weakly in HY(Q)

Remark.- We can prove directly that z, —> z weakly in HY(Q) in

t
some situations (if 15N<8 or o>N, for example) utilising the H6lder's
inequality, b) and c¢) of step 1 and the Sobolev imbedding theorems
(Adams (1)).

STEP 4

F is Gateaux differentiable and DF(u)v=2z

Proof of step 4

Continuing with the previous notation, if we consider the oper-

ator T:LZ(F) ——9~H1(Q) defined by T(v)=z, it follows easily that T
is linear and continuous: from (2.7) and the conclusion of step 3,

we get

| z| < liminf || z_|]| < ¢l vl
H'(Q) ala) L2 (r)
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3.- THE CONTROL PROBLEM (CASE 0<2)

Let K be a non empty, convex and closed subset of L2(F) and
let J:Lz(r) —> R be the functional defined by

I(v) =% fﬂ|yv_yd|2dx P Jrlvlzdy (3.1)

where Yg is a fixed element of LZ(Q) and v is a non negative con-

stant.
We consider the following control problem
Minimize J(v)
(Pg)
Subject to vekK

As usual we derive existence of solution

Theorem 3.1.- Assume that

Either K is bounded in L2(F) or v>0. Then, there exists (at
least) one solution of (Py) .

Proof.- Let{un}nE <K be a minimizing sequence and {y } the

N neN
sequence of associated states. By the hypothesis, there exists

ueK and a subsequence {u_} such that
m meN

u —> @ weakly in L(I)

Let y be the associated state of U. From theorem 2.3, we obtain
that

2 — g8 .
because L (I") c W B (I') with compact injection. The lower semicon-



tinuity of J in the weak topology of L2(F) completes the proof.

Now, we get the first order optimality system by using the-
orem 2.4.

Theorem 3.2.~ Let u be a solution of (Pa) and y the associated

state. Then there exists a unique §eHy(Q) such that

‘-div(a(x,v§))+a0(x,§) = f in Q
(3.2)
- = -—
a(x,Vy)n = u on T T
da
-aiv ((32(x,99)) T V) +=2(x,7)F = §-yg in @
(3.3)
(%%(X,V?))T‘VEE =0 on T
. [ - = -
J (p+vu) (v.u)dy 2 0. WvekK (3.4)
r

Proof.- Since J is GAteaux differentiable and K is convex we know
that

J' (u)(v-u) 2 0 YveK

Continuing with the notation of’ theorem 2.4, and denoting
DF (1) (v-u) by z we have

J' () (v-u)

j (?-yd)zdx4-vj u(v-u)dy
f r

Let p be the unique solution of (3.3) in HY (), thus

(Y-y;)zdx =
|5
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Ja )
IVzT(?(x,v{z))vaydw,J zs—-g(x,fr)f)dx
Q n Q °S

Ja
_ -T ,3a - - 0 -
= IQVp (—an(x,Vy))Vz dx +L2p-—as (x,y)z dx

r
The last equality follows from theorem 2.4. Therefore

I (&) (v-F) = J (P+v@) (v=0) dy 2 0  ¥vek
r

Q.E.D.
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4.- THE CONTROL PROBLEM (CASE 1<a<2)

In this section, we consider the same control problem (Pa) as

in section 3 with slight variations. These are motivated by the

facts that W1'a(Q) is not included in LZ(Q) and LZ(F) is not in-

1
"-IB
cluded in W B (I') in some cases (for example, if N=3 and o is

close to 1) see (1),(12),(17). Therefore, we formulaté (Pa) in the

following way
Minimize J(v)
(P )
a

Subject to wveK

with K anon empty, convex and closed subset of LB(F) and

J:LB(F) —> R given by

1 r
J(v) = 3 ngyv—yd|a<b<+ % JFIVIBdY (4.1)4

where Y4 is a fixed element of L%(Q) and v:0.
As in the preceding case, it is easily followed

Theorem 4.1.- Assume that

Either K is bounded in LB(F) or v>0

Then there exists (at least) one solution of (Pa).

Let u be a solution of (Pa)' The aim of this section is to
prove that u satisfies an optimality system analogue to (3.2)-(3.4).
Since we do not know if J is differentiable in case a<2, we are
going to consider a family of approximating problemé that fall into
the case o0=2. In order to do this, first let us consider the per-

turbed problem for each e£>0:

Aey = —eAy + Ay
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So, Ae satisfies the hypotheses (1.2)-(1.7) with a=2. Hence,

=172y

given fg(H1(Q))' and ueH there exists a unique weak solution

ye(u)eH1(Q) of problem

Aey = f in Q

(4.2)
%X— u on T
Na
e
where
3% I
BnA(x) = 321 (saxj(X) +ay (x,Vy(X)))nj(X)

€

Furthermore, we introduce the cost functional

J.(v) = % fﬂlye(v)-ydludx-+§ JFIVIB&Y-fé (Flv-ﬁlsdy

and the corresponding control problem

Minimize Je(v)
(Pe)
Subject to vek

Since Je is differentiable, we can derive the following result
which is analogue to theorems 3.1 and 3.2

Theorem 4.2.- For each e£>0, there exists (at least) one solution of
(PE). Moreover, if u. is a solution of (Pe)' then there exist el-
ements Y and P in H1(Q) such that

|
t+h
-
e}
O

’—div(eVy€ +a(x,Vy€))1a0(X,Y€)
(4.3)

li
c
O
o]
—3

(eVy€+a(x,VyE))ﬁ :
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Joa T 93,
[ —divlel +30(x,Vy )) " Vp ) 4o (x,y )p_ =

-2 .
{ = |Y€—Yd|a (Yg-yd) in @

(4.4)
Jda T >

L (eI +sﬁ(x,Vy€)) Vpgn =0 on T
[ g-2 —1B=2 -
Jr(p€+vlu€| u€+|u€-u[ (ue—u))(v—ue)dy z 0 WwveK (4.5)

where I denotes the identity matrix NxN.

Our purpose is to pass to the limit in the optimality condi-
tions of the perturbed problems, but first we need to prove two

results,

1
__rB
Theorem 4.3.- Assume that Ve —> u in W B (') as e— 0. Then

1,a

ye(ve) —> y, inW (Q) as e— 0.

Proof.- For the sake of simplicity, we will write Y, instead of
€

yg(ve). Applying lemma 2.2, HOlder's ineqﬁality and thanks to (1.6)

we obtain

A

kol vy, 112 - 1+loye 111972 wng|l v || 2
L Vle“(m Ve Tn%q) 3 Vele(Q)

A

a(x,Vy__ )Vy. dx +J a,(x,y )y. dx g
JQ Ve Ve Q2 0 Ve Ve

A

(f,yv )Q + (ve,y )F <
€ S

v
w1,a(9) €

A

|| £]

Iy, I
€

1
1,0 . —
(W (Q)) w B (T)
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From here we derive that {yV }€>0 is bounded in W1’a(Q). Thus,
€

there exist a sequence e > 0 and yeW1’a(Q) such that

Yy —> y weakly in W1’a(Q)

®n

Furthermore yV is the weak solution of (4.2) with u=v€ and
£ n
n

then we have

€1 J Vyv dex-+J a(x,VyV WVypdx +J ao(x,yV yypdx =
Q €n Q € Q €,

(4.6)
= (£,0) + (v_ ,¥), for all YeH  (Q)

n

For proving that Y=y, it is sufficient to pass to the limit

in (4.6) as e 0: Taking wzyv in (4.6) it follows that

€n

€n||VyV |322 Slfyy, Jg+ v 4y, JpsC

€4 L7(Q) €n n €

for all neN. Equivalently,

3 '
el ||\7yv lle'Q' < C' VneN (4.7)
€ ()
As a consequence, we get
ey [ov, waxlse llvg, I, Nwll , s
Ja e, e, L) L°(Q)

sced || vl
n LZ(Q

that tends to 0 as sn—> 0



- 25 -

On other hand, in virtue of b) and d) of lemma 2.1 we have

CI

A
A

B
J9|a(x,VyV )I dx

€

cf (1+|Vyv |)%ax
n £

 n

A
IA
Q

J |a0(x,yV )|de ASJ (1+|yV |)adx
9) § €n .

€l‘l n

Therefore, we may infer that there exist a subsequence (again

denoted Y, )., ie(LB(Q))N and ¢eLB(Q) such that

€n

a(x,vyV ) —> ; weakly in (LB(Q))N

®n

ao(x,yV ) — ¢ weakly in LB(Q)

€n

Let us introduce the element I of (W1’a(Q))' definaiby the formula

r
L(y) = J Yvpdx + J dppdx
Q Q
Letting €n tend to 0 in (4.6) we deduce
L) = (£,9) 5 + (w9, (4.8)

for all weH1(Q), and so for all weW1’a(Q). Moreover, by (4.8)

llmssup an(x,Vyv

) Vy dx +j a(x,y )y, dx g
n v, Q 0 v v

€ €

En n n n

LN

limesup ((f,yV )Q + (V8 'Y, )F = (f,y)Q + (u’y)F =
n € n €,

i

f
f%’wdm | oy ax = Liy)
Q Q
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Since A is an operator that satisfies M-property (J.L. Lions
(13,pg 173)) it is verified that

f a(x,Vy)Vy dx + f ao(x,y)w dx = L(y) VIPEW1’OL(Q)
& Q

and so, from (4.8) we get that Y=Y, and therefore

. 1,0
Y, T Y, weakly in W ()

€

Finally, from the above results and lemma 2.2, we conclude

. 2
lim sup]cJIVy -Vy |
€ Ve Tulon

N

limesup J (a(x,VyV )—a(x,Vyu)) (VyV -Vyu) dx <

Q € £

I

llmssup J a(x,VYV )VyV dx-—limeinf J a(x,VyV )Vyu<h<§
Y € € f €

IA

- > '
'JQxVyu.dx-— Jvayu.dx = 0
6

1,a(

Hence, Y, T ¥, strongly in W Q) as g—> 0.

€

Theorem 4.4 .- Let i . V=Y~ = .
e u_ be a solution of (Pe) Set y Yy and Y ye(us)

Then, we have

u —> 4  in LB(F) (4.9)
y, —> ¥ 1in W% Q) (4.10)
Je(ue) — J(u) (4.11)

as e—> 0.

Proof.- Applying previous theorem to V€=ﬁ ¥e>0, we deduce
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yE(G) —_— y in W1’a(Q)

Since uek, it follows that for all e>0

[I7AN

B
8 < Je(ue)

J (u) £c¢C (4.12)
L°(T) €

1 -—
Hlu -3

Thus, {ug}g>0 is bounded in LB(F) and selecting a -subsequence

if necessary, we may infer that there exists ueK such that

u. — u weakly in LB(P)
AY

Using once more theorem 4.3, we obtain

1,a

(2)

Yo —> ¥, in W

€

From (4.12) and the lower semicontinuity of Je’ we get

B =
LB(F)

A

1 - o Y B 2wz
tllvgvgllfy e lall®y o i1l

A

liminf J (u) < liminf J (Q) = (4.13)
€€ €

IA

= J(u)

1 52 a gl 8
Sy YdIILO‘m)+ BIIuIILsm

Since u is solution of (Pa)’ we know that J(u)<J(u), thus u=u

and
u_ —> u weakly in LB(F)
y, — ¥ in W' '%(@) and
T (a ) —> J(u)
as e—> 0.

Finally, we complete the proof noting that

¢



- 28 -

. 1 -1 B
0 £ lim supzi{|u -u| =
€ Bll € |LB(F)
. 1 o v B
= limsup (J ()= =|| y_-y || -2l u_ll <
e £ 3 o l e “d Lu(Q) B € LB(F)
- 14 = o Vg s B
< J(u)-— || y-vy H - lnn1nf| u <
o Il ¥ LY B e | €”LBm
< J@@) - J() =0 Q.E.D.

Now we may pass to the limit in (4.3) to (4.5). First we note that

using the same argument as in the proof of lemma 2.2 we get

2 [ IVngz
oo 117, s ey = dx) (4.14)
L™ (2) @ (1+|vy_|)
On other hagd, from hypothesis (1.6)
2 { aao 2 _
llpellLa(Q) sc 55 (x,y,) |p | “ax (4.15)

Combining (4.14), (4.15) and (4.4) we deduce

| 2
W

T 3a

Bao 5 T
" v . Jsa R X
||P€ 1,a(9)§ C (JQ NS (x,y€)|p€| dx +J9VpE (an(x,vyg)) Vpeqx)§

1 -2 :
s ¢ |7y ~yq) p ax < C”||y€—yd||LZ/B

ly -y | p_|
o € °d Q) f wh%q

PN
>
-
o
~——

1

Thus, {pg} is bounded in W' '*(Q) and we may conclude that

>0

there exist a sequence e,—> 0 and §€W1'a(9) such that
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P, —> p weakly in W1'a(9)
n

Applying (4.4) to P, it follows
n .

2 -~
€ VP ” §J -2
n“ € LZ(Q) Q |Y€n—yd| (st—yd)pendx < cC

equivalently,

% I 1
€ Vp || s C ¥nelN
al en L2 (Q)

As a consequence, given weCw(ﬁ) we have

3
e | Vyvp_ ax| s e || vp I oy || s celfl wl
| nfg en¥| ol 8n“LZ(sz) | L2 (q) n L2 (q)

that tends to 0 as gn——> 0.

Furthermore, since y . —> §-in W1’a(Q), we may suppose that

y_ (X)) — y(x) a.e. xef

®n

vy, (x) —> vy (x) a.e. xe
n

Thus, in virtue of (1.2) and (1.3), we get

3a0 Bao _
gg—(x,yen(x)) — 5;—(x,y(x)) a.e. xef
QE(X Vy_  (x)) —> ég(x Vy(x)) a.e. xeQ
on '’ €, on ' !

Now, thanks to (1.5) and (1.6) it follows that
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Bao

-2
I35~ oy vl s Mg Oely, D51l s ny vl

A

-2
—g—%(x,wgn)w! s cO+fvy, D% %|w| < c|vy]

n

for all neN.
By the Dominated Gonwergence Theorem we deduce

Ja Ja

o2y . n LB
5SS (x,yen)w —> 5s (x,¥)y in L7 (Q)
g—f](x,\'?yen)vw — %%(x,v§)vw in (LB N

as en——é 0 and therefore

oa
T - - _ -
fQV‘P g—i(xlvy)TVde+fQ a—sq(x,y)wpdx =
= fQI§—yd|°"2(§—yd)wdx wpec” ()

Summarizing, we have

oy

Theorem 4.5.- There exists §€W1'G(Q) satisfying together with o
and y the system

{—div(a(x,V?)) +a0(x,§) = f in Q

(4.17)
l a(x,vy)n = u on T
f9a
3 - - - 2 ,
-divilg2(x,v9)) Tvp) +3§9(x,y)p= |7-v41* 2(Y-yd) in @
(4.18)

\ (g—f]‘(x,VSz'))Tvs‘»K:o on T



[~ i—ige2-
J(p+v|u|82u)(v_u)dygo Yuek (4.19)

Moreover,

Ja
- - T = - =12
BT (22(x,v9)) Tvp ax +| ~2(x,3) |p|2ax s
an 9s
Q Q
(4.20)
< S a-2 = -
= JQIY vgl® 7 (F-y )P ax
It remains to prove the last inequality.
For the sake of simplicity, let us denote
- (%2 LT —CL} 5 T
Mo (x) = (3 (x,Vy_(x)))" and M(x) = (an(lx,Vy(X)),)
First, we point out that
gTME(x)g =T M2 ()€ for all EeR
where Ms(x) = %(Me(x)-+M§(x)) is a symmetric and positive definite

matrix (thanks to (1.4)). The same relation is valid for M(x) and
Ms(x)=%(M(x)-+MT(x)). Thus, applying the Cholesky Method to Mi(x)

and Ms(x) we deduce the existence of lower triangular matrices
Le(x) and L(x) such that

Mi(x) = LE(X)LZ(X) and M%(x) = L(x)1¥(x)

It follows from (4.16) that for all >0

f IL_vp_|%ax = | vpluSvp dx - j VPIM Vp dx s C
Q € € Jo € € € 0 £ € €

. , 2 N
. 8o, {LEVp€}€>0 is a bounded sequence in (L°(Q)) .

On other hand, taking into account (1.5) we have
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Hzdl, = Nuglld s ad

where i( ||p denotes the spectral matrix norm (see Isaacson-
Keller (9)). Consequently {Le}e>0 is uniformly bounded, and fur-

thermore thanks to (4.10) and (1.2)

Le(x) —> L(x) a.e. xef
Then

L€ —> L in (LS(Q))I\‘XN as e—=> 0

for all s>1, in particular for s=g

1,

Since p. converges weakly to p in W O‘(Q), we may deduce as

n

in preceding cases that

L_Vp_ -—> LVp weakly in (LZ(Q))N
o R

as . — 0.
n

Finally, it is easily followed from (4.16) ,(4.10),(1.3) and
(1.6) that

Joa , da
"--Q(X’y ))1/2p — (——9(x,§))1/2{> weakly in 12 (Q)
s € £ as _

n n

Therefore, in virtue of the above results and (4.4), we conclude

Q2
o

(V}STMV}—)dx+[ —(x,%) |5]%ax -
R QT
oa
= [ |LV§|2dx +J ES—O(X,§)|§|2dx§
f 9/

A

Ja
lim inf (J |L€ VPE Izdx +J 5—S—O(x'y€ ) |p€ |2dX )=
Q n n Q n n



IA

il

lim inf (J

lim inf Jf

9]

- 33 -

T 93,
Vp, M_ Vpe dx + JQ 55—-(x,y€n) |P€

n n

lyen—yd

'(X

n

-2 ’
(y. =y)p. dx =
En a En

- 0=2 , - -
ngy—ydl (F-y4) b ax

Q.E.D.
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