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1 Introduction

Let X = (Xu)n>0 be an homogeneous irreducible Markov chain evolving in discrete
time. To simplify the presentation, the state space is supposed finite and it is denoted
E = {1,2,...,N}. The stationary distribution of X is denoted m. Let us denote
8 = {B(1),B(2),..., B(M)} a partition of the state space and n(s) the cardinal of
B(¢). We suppose the states of E ordered such that:

B(1) = {1,...,n(1)}
B(m) = {n(1)+ ..+n(m—-1)+1,..., n(1) + ..+ n(m)}

B(M) _ (n(1)+ .. +0(M—=1)+1, ..., N}

To the given process X we associate the aggregated stochastic process Y with
values on F = {1,2,..., M}, defined by:

YVo=m <= X,€B(m) Vn>0

It is easily checked from this definition and the irreducibility of X that the process
Y is also irreducible. Y need not be Markov, not even homogeneous. The question
here is under which conditions Y is another homogeneous Markov chain.

X is given by its transition probability matrix P and its initial distribution o; we
will denote (e, P) this Markov chain when necessary. The elements of P are denoted
P(7,5). We will denote agg(c, P, B) the aggregated chain constructed from (e, P)
over B. We will often consider the family of all the homogeneous Markov chains over
the same state space E sharing the same transition probability matrix P, which can
be denoted (., P).

Let us denote A the set of all probability vectors with N entries. It is well known
that agg(a, P, B) is an homogeneous Markov chain V a € A if and only if a condition
(see next section) is satisfied by the matrix P. Such a chain is called lumpable or
strongly lumpable with repect to B. A more general problem is to determine if there
exists some initial distributions « such that agg(e, P, B) is an homogeneous Markov
chain but not necessarily for every vector of 4. In this case, the Markov chain X

is called weakly lumpable with respect to the partition B. This problem has been



discussed in [1] when X is regular. The authors show that it is possible to have such
a situation, that is, agg(a, P, B) Markov homogeneous for some a but not for every
starting vector; a simple but strong sufficient condition is also given.

In 2] this analysis is continued by working on a characterization of weak lumpa-
bility. A useful technique is introduced by the authors but they give a wrong theorem,
and their supposed characterization can only be seen as another sufficient condition.
In this paper we will review these works and in particular a counterexample to the
main result of [2] will be exibited. The correct form of the condition will be then
exposed and we will show that it is a particular case of a more general sufficient
condition for weak lumpability. A characterization and some properties of the set of
all the initial distributions leading to an homogeneous aggregated Markov chain are

given. These results are valid in the more general case where X is only irreducible.

2 Preliminaries

Following the book by Kemeny and Snell, we will denote a? the vector of A defined
by: aB(i) = a(t)/K iff i belongs to the subset B of the state space E, where K =
Y;ep a(J), for all a and B such that K # 0. On the other side, we will denote ap
the restriction of a to the subset B. We will always consider subsets B belonging to
B; so, the elements of B are consecutive integers, and thus, if B={7+1, ...,7+k}
then ap(i) = a(j +1), 1 = 1,2, ..., k. For each ! € F the mapping o — apq will
be denoted Tj, that is, Tj.a = ap(). Conversely, for any vector § with n(l) entries,
T .8 = v € A with 4(¢) = 0if ¢ & B(!) and ~(¢) = B(z) for all i € B(l). Let us give
some examples. Suppose N = 5 and B = {B(1),B(2)} with B(1) = {1,2,3} and
B(2) = {4,5}. Then, we have:

for a = (1/10,1/10,1/5,2/5,1/5):
P = (1/4,1/4,1/2,0,0) a?® = (0,0,0,2/3,1/3)
ap() = (1/10,1/10,1/5) ap) = (2/5,1/5)

Ty.aPM) = (1/4,1/4,1/2)
T5'.(1/4,3/4) = (0,0,0,1/4,3/4)
for « = (1/2,1/2,0,0,0)



oBW) = (1/2,1/2,0,0,0) oP@is not defined
(ap(2) = (0,0))

All vectors used in the text are row vectors. Column vectors will be indicated by
means of the operator (.)T. A vector with all its entries equal to 1 will be denoted
simply 1; its dimension will be defined by the context.

When we need to fix a particular chain of the family (., P) by choosing an initial
distribution, it is usual to denote explicitely this choice when calculating probabil-
ities by indexing the symbol associated to the probability measure with the initial
distribution. For instance, Pg(X, € B) means “the probability that the state of the
chain (8, P) will be in the subset B of E at step n (E and the transition matrix P
are considered here as fixed)”.

We will denote P(:,B) the transition probability to pass in one step from the
state 1 to the subset B of E, that is P(z, B) o e P(i,7). If we consider the
decomposition of matrix P in blocks generated by the partition B, we note Pg(;)s(;)

the block n(:) X n(j) corresponding to the transitions from B(z) to B(j).

Let us analyse now the chain Y = agg(e, P, B). We will say that the family (., P)
is lumpable or strongly lumpable with respect to B if for every initial distribution
a € A, Y = agg(a, P, B) is an homogeneous Markov chain. The following well known

result characterises these Markov chains:

Theorem 2.1 ([1]) (., P) is strongly lumpable with respect to B sf and only if for
every pair of sets D, B € B, the probability P(d, B) has the same value for any deD.
This common value is the transition probability corresponding to the aggregated chain

Y of moving from set D to set B.

Let us introduce now another useful notation. A sequence (Co,Ci,...,Cj) of
subsets of E is called a posstble séquence for a iff Po(Xo € Co,..., X; €C;) > 0. In
particular, if B € B, (B) is a possible sequence for a if ap # 0. In the sequel, every
considered sequence of elements of B will be possible for the corresponding starting

distribution.



Given any distribution vector « € A and a possible sequence (Cy, Ci,...,C;), we
define the vector f(a,Co,Cy,...,C;) € A recursively by:

(e, C) e of
f(e,Co,Chy...,C) ¥ (f(a,Co,Chs. .., Croy) P)*
We will denote A(e, B), for any B € B, the subset of all the probability distribu-
tions of the form f(e,C}, ..., B), that is:

Ala,B) ¥ { B e A /37 >0 and a sequence (Cy, ...,C;), empty if j = 0,
such that 8 = f(e, C1, ...,Cj, B) }

It is easy to verify that for all « € A and B € B, the family A(e, B) is not empty
(consequence of the irreducibility of ¥'). With this notation, a first characterization
of the fact that Y is an homogeneous Markov chain is given by the following theorem:

Theorem 2.2 (Kemeny-Snell [1]) The chain Y = agg(e, P,B) ts an homoge-
neous Markov chain iff VB,D € B, the probability Ps(X1 € B) is the same for
every 3 € A(a, D). This common value is the transition probability corresponding to

the aggregated chain'Y of moving from set D to set B.

Kemeny and Snell proove in [1] the unicity of the transition probability matrix of
the aggregated homogeneous Markov chain when the chain X is regular (B is fixed):

Corollary 2.3 ([1]) If P is the transition probability matriz of the aggregated ho-
mogeneous Markov chainY = agg(a, P, B) then P is the same for every a leading to

an aggregated homogeneous Markov chain.

We will see that if X is only irreducible, then Corollary 2.3 is still valid (Theorem
3.5 in the next section).

The set of initial distributions « leading to an homogeneous Markov chain for
Y = agg(a, P, B) will be denoted Ay, that is:

Am def {a€ A/Y = agg(a, P,B) is an homogeneousA Markov chain}

The case Ay # 0 and Ax # A exists as shown in [1]. It is also shown that when
the chain X is regular, if Ay # 0 then 7 € Ay. This is a consequence of the fact that
if « € Ay then aP € Ay.



Let us consider now the following definition and notation:

o We shall say that (., P) is weakly lumpable with respect to the partition B iff
Ay # 0. For any a € Ay, the aggregated chain Y = agg(a, P, B) is then an
homogeneous Markov chain and we shall denote by P its transition probability
matrix which is the same for every a € Ay (Corollary 2.3).

e For i € F, we shall denote by P; the (n(:), M) matrix with:

P(j,k) = P(n(1)+---+n(i—-1)+35,B(k)),1<j<n(i),keF

From Corollary 2.3, we deduce easily the relation: P; = (T;.78()P;, where P;
denotes the j** row of P. In the sequel, we shall always define P according to the
previous expression even if the aggregated chain is not an homogeneous Markov chain.
That is, if Y is Markov homogeneous, P is its transition probability matrix; in the
other cases, P; & (T;.xB)P;, Vj € F

e For j € F, we shall denote by o; the following linear system in the vector
T;: xjf’,- = j’,-. It can be seen as a system in M equations and n(j) scalar
unknowns. It is easy to verify that if z; is a solution to o; then z;1T = 1. By

construction, this system has, at least, the solution z; = T;.wB0) .
o A+ {a € A/ T.aPY is solution of o, for every ! € F such that e #0} .
Remark that A* # 0 because by construction, 7 € A*.

e We shall say that a subset U of A is stable by right product by P iff Vz € U the
vector zP € U.

Now, in [2] the authors give the following characterization of weak lumpability:
“Am # 0 <> A* is stable by right product by P. In this case, Ay = A*”.

In fact, the condition proposed to characterize weak lumpability has, in their
paper, the less compact following form [2, Theorem 3.1]:

Vi€ F, | y is a solution to 0, => Vm € F such that ((T,’l.y;)P)B(m) # 0,
Tom-((T;2.1) P) 2™ s a solution to oy, |.



In the Appendix we show that this is equivalent to the stability of A* by right
product by P.

This theorem is not true as it is shown in the following counterexample:

1/6 1/6 1/6 1/2
1/8 3/8 1/4 1/4
3/8 1/8 1/4 1/4
1/4 1/4 1/4 1/4

and B = {B(1), B(2)}, where B(1) = {1,2,3} and B(2) = {4}.
We have:
= (3/13,3/13,3/13,4/13)

Now, check first that
7B = (1/3,1/3,1/3,0) and that 72 P = (2/9,2/9,2/9,1/3)

Next, remark that (7B() P)Bl) = 7B for every 1,5 € {1,2}. So, it is evident
from Theorem 2.2, as it is shown in [1], that this is sufficient for 7 € Ay, since we
will have A(w, B(3)) = {#B®)} for { = 1,2. Then:

1/2 1/2
Pi=|3/4 1/4 P=(3/4 1/4)
3/4 1/4

b ( 2/3 1/3 )
3/4 1/4
The vector u = (1/3,0,2/3,0) € A* since T;.uP® is a solution to oy (u?® is not
defined). ‘ |
Consider now v = uP = (11/36,5/36,2/9,1/3). v®(M) = (11/24,5/24,1/3,0)
and T;.vBW P, = (61/96,35/96) # P,. So, T;.vPM is not a solution to oy and thus
uP ¢ A*. v

which gives:



This is an example of an homogeneous Markov chain and a partition of the state
space with Ay # @ and at the same time A* not stable by right product by P.

Moreover, in [2] the authors derive some properties of Ay such as the convexity
of this set, but they use the preceeding inexact characterization and in fact they only
give properties of 4* (see Section 3 for an analysis of A M)-

3 Main results

All the results given in this section are under the only hypothesis that the chain X
is irreducible. We first give the correct form of the previous equivalence and then we
exhibit a characterization of the set A M-

Theorem 3.1 A* s stable by right product by P <= Ay = A*.

Proof. Ay being obviously stable by right product by P, the right to left impli-
cation becomes trivial. To proove the converse, let us remark first that Theorem 2.2
can be written as:

agg(a, P, B) is Markov homogeneous <=> VI € F, T}.8 is a solution to o, for every
B € A(a, B(1)).

It follows clearly that Ay C A*. Let then a € A* and consider a possible sequence
(B(), B(j),...) for . We have:

aBl) € 4* trivially since (aBW)B6) = B()

aB9P & 4* by hypothesis

(aB(")P) B() € 4* for every ¢,j € F by definition of A*
(QB(")P) BUIP € A* for every 1,7 € F by hypothesis

By continuing in this way, a recurrence argument gives:
A(a, B(l)) C A* for every | € F, which is equivalent to say that agg(a, P, B) is

Markov homogeneous {Theorem 2.2). So, a € Ay. O



We see then that the stability of A* by right product by P is not a characterization
of weak lumpability but only a sufficient condition.

Let us now introduce the following lemmas which will be useful for the sequel.

Lemma 3.2 The function v — P,,(Xj € B/Xj_l c Cj_l, . ,Xj_k € C,'_k) for fized

J» k, Ci_y, ..., Cji_t and B, is continuous.
Proof. Let us denote g(v) = P,(X; € B/Xj—1 € Cj_1, ..., Xk € Cj_i). Then:

g(v) = Z v(i)P.,(X,- c B/Xj_l € Ci-1; -y Xj— € Cj_y, Xo = 2)
icE

But P,(X; € B/X;_; € Cj_y, ..., Xj—i € Cj_, Xo =) does not depend on v.
We can then write:

90) ~9()| = |2 ('6) ~ (i) P(X; € B/X;o1 € Gy -0 Xk € Gy Xo =)

i€E
< 2_I'(E) = v()|P(X; € B/X;-1 € Cjo1y «o, Xk € Cjoky Xo =1)
i€E
< X)) —v(9)]
i€E
= o'~
and the continuity of g follows. O

Lemma 3.3 The restriction of 8 = f(a,Co,Ch,...,C;) to the subset C; s given by

the following expression:
— -1
ﬂCj =K aCoPCocl-P0102 CER) PC,'-;C,'
T
where K = a¢, Pe,c, Pe,c, ---Pe;_ic;1

Proof. The property is obvious for § = 0. Let us suppose that the relation holds
for any sequence having n subsets and denote v = f(e, Co, C,...,Cn-1). We have:

—7r-1
YCn-y = L™ gy Peye, Poyc, + - - Pop-2Cn-s

9



where L = aC'OPcocv1 P(,'lc2 e PC,,-,C,._llT
Then, if 8 = f(a,Co, Ci,...,Cn) = (YP)%", we have:

Bc, = H'(4P)¢, with H = (vP)c,17
But (vP)c, = Yo,._, Pc,_,c. since 4(t) =0 if ¢ ¢ Cpn_;. So,

Be, = H'v,_,Pc,_.c.

-17r-1
= H'L aCoPCoC’,PCng ce- PCn—zcn-xpcn-xcn

and the result follows since K~! is simply a normalizing constant. O

Lemma 3.4 If a € Ay then:

o oB®) ¢ 4y for every k € F such that the sequence (B(k)) is possible.
o Lyt aPte Ay

Proof. Let a € Ay and k € F with ap) # 0. Verify first that:
P (Xn+1 € B(m)/X,, € B(l), Xpn-1€Cpqy ..., X0 € B(k)) = Pg(Xl € B(m))

where 6§ = f(aP®), B(k),...,Cn_1, B()) = f(a, B(k), ...,Ca1, B(l)).
So:

Ps(Xy € B(m)) = Py(Xpt1 € B(m)/Xn € B(l), Xn_1 € Cn_1, -.., Xo € B(K))

which prooves that aB(*) € 4.

Let us denote; L
N=— Z aP*
n k=1
We have: .
P,,(X,H.l € B(m)/X,, € B(l), X -1 € C —1y o .,Xo € Co) = P',I(Xl € B(m))

where: ' = f(4, Cq, ..., Cn-1, B(l)).

10



Let o} = f(aP*, Cy, ..., Cn_1, B(l)). From Lemma 3.3 we have:
&K
'7 - nkzl K k

where
K. = (aP*)¢,Poyc, --- Pou_is@1”

So, we can write:

15,.()(1 € B(m)) = ;1;2 %Pa; (X1 € B(m))

k=1
But:
Py (X1 € B(m)) = P,pr(Xn1 € B(m)/X, € B(l), ..., Xo € Co)
= Pa(Xn+k+l € B(m)/X,,.H, € B(l), ey Xk (S Co)
= P,(X;, € B(m)/Xo€ B(l)) sincea€ Ay
So:
Py(X; € B(m)) = Pa(X1 € B(m)/Xo € B(l))
- which prooves that v € Ax. O

We are now ready to proove the following theorem:

Theorem 3.5 If X is only irreducible then Corollary 2.8 holds and if Ay # 0 then
TE AN-

Proof. Remark first that Ay is trivially stable by right product by P without
any particular assumption about X such as regularity.

Let a € A such that Y = agg(w, P,B) is an homogeneous Markov chain (i.e.
a € Ax) with transition probability matrix P. We can write:

A

P(l,m) = P,(Xi+1 € B(m)/X; € B(l)) for any k>0
= P,pt(X; € B(m)/X, € B(l)) forany k>0

11



Now,
1 n
o€ Ay = —ZaP" € Ay for every n > 1, by Lemma 3.4.
n k=1
To clarify the text, let 4, denote the quantity;

(aP")B(,) ].T

= for k=1,2,...,n
T T (@PF) 1T

P(l,m) can be written as follows:

P(l,m) = mP(,m) foranyn >1
k=1

So:

P(l,m) = Tp_ 1Papr(X: € B(m)/Xo € B(l)) for any n > 1
= Yio1MPaprypa (X1 € B(m)) foranyn>1
= Pyn o (aPh)B0 (X, € B(m)) foranyn>1

The sum in subscript can be written as follows:

i,yk(apk)B(l) — (Zn: aPk)B(l) = (

n
> aP¥)B0) foranyn>1
k=1 k=1 = °

1
M k=1
So, we have:

P(l,m) = Fasn  opryso (X1 € B(m)) foranyn>1

= Py p(Xh€ B(m)/ X, € B(l)) forany n>1
Letting now n — +o00 and thanks to the continuity Lemma 3.2, we get:

P(l,m) = P,(X, € B(m)/X, € B(l))

which does not depend on «a.

We can now establish the following theorem:

Theorem 3.6 Ay ts a convez closed set.

12



Proof. From the continuity Lemma 3.2, it is immediat that Ay is closed. To
prove the convexity, assume that o, f € Ay and let v = Aa+ pf, where A + pu = 1.

Py(Xps1 € B(m)/ X € B(l), Xn1 € Cr_ty -, Xo € Co) = Py(X; € B(m))

where v’ = f(~, Co, ...,Cn-1, B(l)).

Let o' = f(e, Co, ...,Cp-1, B()) and B' = f(B, Co, ...,Cn-1, B(l)). From
Lemma 3.3 we have:

K K
f— ey -
g/ o+ p—-p

K
where
Ka = a(;(,Pco(:1 cee Pc’._lcle, Kp = ﬂcoPaoc1 e ch_!cle
and

K = AK, + uKj,.

Therefore,

Py(X, € B(m)) = Pok,a+ukys)/k(X1 € B(m))
K, K
= AZ=2Pu(X; € B(m)) + u=LPa(X; € B(m))

K K
K, - Kp -
= z\-k—P(l,m) + /J,—K—P(I,m) by Theorem 3.5
= P(l,m)
which means that v € Ax. So Ay is a convex set. a

To give a characterization of the set Ay, we define for all 7 > 1:

AT fae 4* | VB = f(e, B(41), ..., B(ix), withk < j, B € 4"}
With this notation, we have:

Al = {a € A* /Vm € F such that aB(m) # O, a‘B(m) € ﬂ*} - A*

13



(A7) ;>1 is obvously a decreasing sequence:
Vi>1, AL C A

The following theorem gives then a characterization of the set Ay:

Theorem 3.7

A= 4

321
Proof. As in the proof of Theorem 3.1, we start from the equivalence:
agg(e, P, B) is Markov homogeneous <= VI € F, V8 € A(a,B(l)), Ti.0 is a

solution to o;.
In other words:

Au={ac A /YIeF, Ala, B(l)) C 4"}

So, we have: V5 > 1, Ay C A7
Conversely, if a € 47 Vj > 1, then VI € F A(a,B(l)) C A*; which means that
a € An O

An evident necessary condition for having weak lumpability (i.e. Ay # @) is that
Vi>1, A7#0
A sufficient condition is given by the following corollary:

Corollary 3.8 If 35 > 1 such that A7+ = 47 then Ay = A7k, Vk > 0.

Proof. If 47 = 0, the result is trivial.
Let us remark now that:

Vi>1, (ac A= aBW® € 47, Vi € F such that apq) # 0)

Then, let Y = A7 = A7 and a € Y. By definition, for any ¢y, ...,t;41 € F,
f(a, Biy), ..., B(ij)) € 4"

14



But f(a, B(31), ..., B(ij+1)) = f(eB6IP, B(is), ..., B(i;41)); so, «PCIP € U
(since U = A%). '

Therefore, we have:
acll = aBWP e U, VI € F such that apy) # 0

This means that if o € U then VI € F, A(e, B(l)) C U which implies that & € An.
Therefore, U C Ayn. Now, thanks to Theorem 3.7, the result follows. o

" Observe that the sufficient condition for weak lumpability of Theorem 3.1 reduces

to the preceeding one with 3 = 1.

4 Conclusions

In this paper we analyse the set of initial distributions of an homogeneous Markov
chain which lead to an homogenous aggregated Markov chain, given the probability
transition matrix and a partition of the state space. We give a characterization and
some properties of this set. This characterization is rather theoretical since it involves
an infinite product of sets. Further work seems necessary to find more efficient ways
to decide whether a given Markov chain is weakly lumpable or not. Also, another
direction to explore is the extension of this kind of results to the continuous time

case.
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Appendix

Lemma. The two following assertions are equivalent:

(i) A* is stable by right product by P
(ii) VI € F, [ w1 is a solution to oy => Vm € F such that ((T;'.y;) P) p(m) # O,
T ((T72.0) P)B™) 5 solution to oy, |.

Proof. Let us show first that A4* is a convex set. Let « and 3 be two distributions
of A* and X € [0,1]. Consider the vector vy = Aa + (1 — A)B and let B(l) be any
element of the partition such that ypy # 0. If apgy = O then ~Bl) = BB and
7 € A*; in the same way, if Bp) = 0, 7 € A*. In the other case, it is easy to check
that:

B(l) _ ,, ~B(l B(l _ dappl”
7P = paP® + (1 — p) 50 where  p = oot aypmer

Then, as the set of the solutions to g, is convex, T;.v® is a solution to this linear

system and the convexity of A* follows.

(i) = (i)
Let y; a solution to 6, and m € F such that ((T; .y;)P)p(m) # 0. As Tty is
obviously in A*, Tr.((T7*.u1) P)B(™ € A* since A* is stable by right product by P,

so we have (ii).

(i) = (i)
Let a € A*. For any Il € F such that apyy # 0, (ii) says that Ym € F with
(aB(’)P)B(m) # 0 we have: T,..(aBWP)B(™) is a solution to o,,; that is, PP € 4*.

We can write (in an unique way) a as a convex combination of vectors aP() which

are all in A*;

a = Z )\,aB(') where A; = aB(,)lT.
leF/agn#0

Then, the convexity of A* ends the proof. O
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