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SUMMARY

The junctions of bars, plates and shells are the basic ingredients of any
industrial structural construction. The numerical simulation of such junctions is a

classical part of the commercial finite element codes.

On the other hand it seems that there are very few mathematical studies of
such junctions. In this paper, we propose a variational formulation of plate
junctions when these junctions can be considered as elastic or rigid hinges. Then,
we study the mathematical properties of these equations as their approximation by

finite element methods. We conclude by reporting some numerical experiments..

ANALYSE NUMERIQUE DE JONCTIONS DE PLAQUES

RESUME

Les jonctions de barres, plaques et coques constituent des éléments
essentiels de toute construction industrielle de structures. La simulation
numérique de telles jonctions est une composante classique de tout code commercial

d’'éléments finis.

Par contre, il semble que 1'on dispose de trés peu d’'études mathématiques de
telles jonctions. Dans ce travail, nous proposons une formulation variationnelle de
jonctions de plaques lorsque ces jonctions peuvent étre considérées comme des
charniéres élastiques ou rigides. On étudie ensuite les propriétés mathématiques de
ces équations ainsi que leur approximation par des méthodes d'éléments finis puis

on conclue en donnant quelques résultats numériques.
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1 - INTRODUCTION

Many industrial constructions use, as basic components, elastic solids, bars,
plates and shells. The numerical simulation of such assemblages needs a good
approximation of each constitutive element as well as a good representation of
their junctions. In engineering literature, there are many contributions on the
best way to modelize and, particularly, to compute such constructions. Thus, for
the modelization of the mechanical engineering aspects, we refer the reader to the
chapter 6 of [l] which is devoted to multishell structures, while for finite

element methods we can recommand [2] [3] and the references of these works.

By constrast there are very few mathematical studies in these directions. Let us
mention some recent works [4] [5] [6] which are mainly concerned with the problem
of the junction between three-dimensional and two-dimensional linearly elastic
structures while [7] [8] éonsider asymptotic developments for junction of two

plates.

In this paper we restrict our attention to the numerical analysis of the junction

between two plates. Our study lies on the following assumptions

- small deformations
- elastic, homogeneous, isotropic mate:rial
- deformation through the thickness obeyes the KIRCHHOFF-LOVE hypothesis

- the junction can be assimilated to a rigid or an elastic hinge.

The contents of this paper can be outline as follows. Section 2 discusses the
mechanical modelling of the junction of plates in terms of partial differential
equations. We start by recalling the general KIRCHHOFF-LOVE plate equations and
then we introduce the modelization of the junction as an elastic or a rigid hinge.
Section 3 gives the variational formulations of these different junctions and the
corresponding existence results. It is also proved that the elastic hinge becomes
rigid when its stiffness becomes infinite. Section & contains the approximation by
an approximate finite element method and Section 5 presents some numerical

examples.

ACKNOWLEDGEMENTS : The authors are indebted to Pr. G. DUVAUT for suggesting this

approach and for several useful discussions. They also acknowledge ASULAB S.A. for

partly supporting this study.



2 - MECHANTCAL MODELLING

In this paragraph, we introduce the main notations and the basic equations that we

will use subsequently.

2.1. Hypotheses and notations

This first section is devoted to the recalls concerning the equations of only one
thin plate. Let %{3 be the Euclidean spacé referred to the orthonormal system
(0, ;1, ;2, 33). Consider a plate whose middle surface lies in the plane
(0, gl’ 32) and coincides with the domain S C:K@, We assume that the boundary 35S of
S is sufficiently smooth.

Classically, the displacement field of the current point P(xl, X, x3) of the plate
can be described by

(2.1.1) U(xl, Xy, x3) = {ua(xl, x2) + x3£a(xl, x2)]ea + u3(xl, x2)e3

where

(2.1.2) 2 =0 x 23 ,

.
{1 denoting the infinitesimal rotation vector.

In relation (2.1.1) and subseyuently, we use the summation convention on repeated
indices. Latin indices i, j» ... take their values in the set (1, 2, 3) while greek
indices a, B, ... take their values in the set (1, 2}.

-+ -

N
Then, the strain tensor is given by its components upon the basis (el, ez, e3)

(2.1.3) Daﬂ'= eaﬁ + Xy Kaﬂ ; 2Da3 = Ia + u3’a ; D33 = 0
where ' ’
(2.1.4) ZeQﬂ(u) = ua,ﬂ + uﬂ,a : 2Kaﬁ = Ea,ﬁ + zﬂ,a .

By wusing the KIRCHHOFF-LOVE assumption (D‘23 = 0), we obtain that the non zero
components of the strain field are determined by (2.1.3) from the knowledge of both
symmetric tensor fields eaﬂ and Kaﬁ' They can be expressed as functions of the.

components of the middle surface displacement as follows

H

(2.1.5) 2€aﬂ(u) =-u 8 + uﬂ’a ; Kaﬂ(u) - - u3’aﬁ .

According to [9], the internal loads associated to the considered kinematic, are

described by :

i) a symmetrical tensor of stress resultants Naﬂ ;

ii) a symmetrical tensor of stress couples Maﬁ .



We assume that the external loads induce

-+ -
i) a distribution of forces whose resultant is p = P;&; on the middle

-
surface S and whose resultant moment is O on S ;
-
ii) a dlstrlbutlon of forces whose resultant is T = T. ;& on dS and whose

resultant moment is~ /é =C. /Z n + G- /( t where n denotes the unit external normal
-

to 38S in the plane of S and where t - e3 X n.

The equilibrium equations, obtained by the principle of wvirtual work, can be

written as follows

(2.1.6) =0 in §

Nag,p * Pa

(2.1.7) Maﬁ,aﬂ + Py = 0 in §

with the boundary conditions

(2.1.8) T, -¢ A{n,t =M oy ¥ (M5 ng T o

(2.1.9) Ta = Naﬁ nﬁ § on 48

(2.1.10) ~ /Zt =M g n, ng

where n and t are the components of vectors n and t , i.e., n o= n e , T - t e
a o a a a a

Finally, the deformations are assumed to be small and governed by the equations of

the linear elasticity, and the material is supposed to be homogeneous and

isotropic. Then, the bebhaviour law of rhe plate is described by the relations (see
(91
(2111 N = -E& (e sue s
il af 2 af 7Y af
Ee3
(2.1.12) M _ = ——— ((1-2)K _ + vk § )
af 12(1_V2) af Y af

where e, E and v denote respectively the thickness of the plate, the YOUNG modulus
and the POISSON coefficient of the material.

2.2 - Junction of two plates

Consider two plates with distinct middle surfaces S and § which joint along a
common rectilinear boundary I' (see figure 2.2.1). From now on, we note (.) the
quantities related to the plate S while (.) denotes the quantities related to the

plate S.

Upon the boundaries 84S and S, we define two local direct orthonormal reference .
g - g hod -+ o - s Y . '3 ’
systems (n, t, 3) and (n, t, e ) which include as intrinsic vectors the unit
-
external normals n and r1 to the boundarles dS and 38 in the planes respectlvely

determined by S and S. If we define



(2.2.1) T~ -Tandeg, =D xE,

then both lines 3S and 8S are positively oriented with respect to 33 and EB‘

: . - - -
Finally, with respect to the reference system (m, t, e3) attached to the common

side T', we define the angle # between both plates

(2.2.2) § = (n, 5);

In particular, when both plates are coplanar and placed side by side, this angie is
equal to # while this angle is equal te 0 when the plates are superposed. All these

geometrical considerations are illustrated on figure 2.2.1.

=R

: Junction of two plates

N
N
—

Figure

For any behaviour of the hinge T', the application of the action-reaction principle

at any point of ', implies the transmission of the efforts, i.e.,

(2.2.3)  TM) = TM) andz {0y =2 {lwy , wer .

In particular, note that_‘c /Z(M) -7 {_(' (M) on T implies -~ /én(M) - fzgn(M) - 0,
M €T, so thats () =7 (o ==/ o T, wier. -

Subsequently, we examine two types of behaviours
i) a rigid behaviour for which the continuity of the displacements and of

the rotations is insured at any point M of T, i.e.

M) = ()
(2.2.4) - w . -
aM .t - gM) .t
where 03 (resp. §) is defined by relation (2.1.2) ;
ii) an elastic behaviour for whichvonly‘the continuity of the displacements

is insured at any point M of I', i.e.,

T(M) = u(M)
(2.2.5) { ) . - - -
| <l o = xiBen - Boo) T
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Thus, the second equation of relation (2.2.4) is replaced by the requirement : the
moment(3¢% is proportional to the jump of the tangential components of rotations
along the hinge T'. The coefficient k of elastic stiffness of the hinge is a given

positive number attached to the problem into consideration.

Junction conditions in terms of displacement components

Let us consider the junction conditions (2.2.4) and (2.2.5) which are expressed in
vectorial forms. By using the components of displacements and rotations upon the
above reference systems, we are able to get the expression of the junction

conditions in terms of components. At any point M € I', let us set :

G(M) u ; + u E + u g
(2.2.6) { .o € 33

el
+
[

+

134

a Q)

u
~-n
~

u
~t
Definitions (2.2.1) and (2.2.2) imply

- - . - n - - - - . -
n=nmncos § - 33 sin 8 , t = -t , ey, = -nsin § - e

so that with (2.2.6)

(2.2.7) EE = Un cos § - u,y sin e , BE = -ut , 33 = -u_ sin § - u3 cos §
On the other hand, the assumption Da3 = 0 involves fa = -u, o or, equivalently,
Xt = -u3’t and In = -u3’n. By setting
8-0 n+a t+qa o
= n + N t + 3 €3

- - - — -
th ion £ = = - implies @ = -2 =
e equation ¥ 0 x e, Qn t + Qt n implies Qn Et u

that for any point M- e T

(2.2.8) QM) = u3‘t n - u3,n t + 03 e3

Similarly, for any point M e T

'9<M> T3 R ¥y B0y
so that the relation E = -7 implies
(2.2.9) aM) - aM) = - (u3,n + EB;g)t + 1.13't n - 33’2 n + 03 ey - Q3 e,

Thus, by assuming that we have a "real" junction (4 = kn, k € Z), the vectors
- - -
(n, t, n) are independent. Then we have the following cases to consider :

i) Rigid hinge : From (2.2.9), condition ﬁ(M).E = E(M).g implies on T :

(2.2.10) w4 ¥y 5= 0

ii) Elastic hinge : Relations (2.2.5) and (2.2.9) imply on T :

(2.2.11)  k(uy o+ vy, ) =l _on
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Remark 2.2.1 : The rigid behaviour can be interpretated as the limit case (k = w)
of the elastic behaviour of a hinge whose stiffness coefficient would be very

large. We will come back to this result in section 3.3.

O

2.3 - The equations of the junction problem

In section 2.1, we have recalled the equations of a plate while, in section 2.2, we
have obtained the junction conditions of two plates both for rigid or elastic

hinges, in vectorial forms and in terms of components.

For simplicity, we assume subsequently that the plate S is clamped -on a part 850 of

its boundary, with measure(BSo) > 0, so that

u=0 , u = 0 on 8§
3,n )

The complementary part of the boundary 8S is assumed to be such that

(2.3.1) 88 - 88 =T v 48§
o 1

-
where I' = 3§ 38 and where 8S, is loaded by (?,C %:). Likewise, we assume that

1
s = ¢ (not essential)
(2.3.2) °

3s = T U 3s,

-

is loaded by (i,f /Z)

where 8§1 e

Then, by assembling all the previous results, the equations of this junction

problem of plates are

(2.3.3) Naﬂ,ﬂ+pa=0 , Maﬂ,aﬂ+p3 =0 in S ,

(2.3.6)  Nog s+ By =0 Mg ot By =0 ing,

(2.3.5 ©=0,uy =0 on 35,

(2.3.6) 15 - Gﬂﬂa‘»t ~ Yop, g "o Map 7p ta) e P Ta " Nap Mg

chét - Maﬂ na nﬁ on 381
237 Tyccfly - Mg pn,t Upngr) T, =N
szt - b-11;',3 Lo ~p

and the conditions of junction upon T which are depending on the type of hinge

(2.3.8) u=u onT

-3

v (rigid hinge)
(2.3.9) uy o + 4y =0 onT i -

W



on I’

el

(2.3.10) u = :
(elastic hinge)

(2.3.11) k(u3.n+g3’g)“6%tm) on T

3 - VARIATIONAL FORMULATIONS AND EXISTENCE RESULTS

From the equations stated in section 2.3, we derive the corresponding variational
formulations in suitable spaces and then, we prove existence and uniqueness

results. We conclude by examining the behaviour of the elastic hinge when k - +w,

3.1 - The case of an elastic hinge

Let us consider the first plate S independently of a possible junction with another
plate S. By multiplying the equilibrium equations (2.1.6) and (2.1.7) by "test
functions” v, and Vq, by integrating by parts upon the middle surface S and then,
by taking into account the general boundary conditions (2.1.8) to (2.1.10), we
obtain with (2.1.5)

(N (¥)) ds

I e R
3.1.1) { 75 eP eh 1 Taf Taf L - ,
- fS p.v dS + Ias {T.v +¢. /(n V3,t 'G,‘/ét v3,n} ds

(v) + Ma

Exactly in the same way, we would get for the plate S
(I (N o (T) +M K (3)) 45
J§ ‘=ap “Qﬂ\" -~

~s

(3.1.2)

Now, we assume that both plates S and S are such that :
i) the plate S is clamped along aso, i.e., the conditions (2.3.5) are

satisfied ;

ii) the plates S and § are jointing along the common side I so that
conditions [(2.3.8), (2.3.9)] or [(2.3.10), (2.3.11)] are satisfied, depending of

the type of hinge we are considering.

With notations (2.3.1) and (2.3.2), we obtain by adding equations (3.1.1) and
(3.1.2)

fs (N g eug(¥) + Mg Kop(V)) dS + fs Mo eap@ + M.p Kap(¥)) a8
- fs p.v ds +fs p.v ds + fas (T.v+cll_ vy g mcll vy ) ds
(3.1.3) = 1

- - - :
+ T {T(V - !) ‘Gl'/ét(VB,n + 33'2)) d7 .
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To express the last integral we have used the properties (2.2.3) of transmission of
-

the efforts, i.e., T = f on I' and ¢ ZZ - szZ on ', that is equivalent to
C%t - -(;féE, - /én = 0 andc_i/@g = 0 along I.

Let us emphasize that the expression (3.1.3) is valid for rigid hinge as well as
for elastic hinge. Now let us specialize equation (3.1.3) to the case of an elastic

hinge. In order to set up the variational formulation of the problem we have to :

i) substitute the behaviour laws (2.1.11) (2.1.12) [and similar relations

for plate §] into the equation (3.1.3) ;
ii) define a suitable admissible displacement space. In this way, we set !

1
V1 = {ve H(S) , v=0 on BSO)

2
(3.1.4) V2 = {ve H°(S) , v = v’n = 0 on aso>

V = V1 X V1 X V2

and
(3.1.5) ¥ = B (s) x HES) x 8Y(S)

so that the kinematically admissible displacement field for an elastic junction

problem is

(3.1.6) Vg, = (W) €V x

iii) substitute condition (2.3.11) into relation (3.1.3).

1<l

- el
, W =W on T)

Then, the variational formulation of the problem can be stated as follows

Find (G;Q) e Vv such that

E?
(3.1.7) { al(&D), D] + kbGW, V] = 231
for any (vi¥) € W,
vhere
al D, Giv1 - [ ;555 ((Lwde y(@) e, (3) + ve  (©) eyp(¥)) ds
+ Ee’ (LK () K () + vk (D) K..(3)) ds
(3.1.8) i 1221'”2) i * - %
+ I§ 1-352 ;(1-z)e ﬁ(g) gaﬂ(x) + e (W) 'gﬂﬁ(z)) ds
Ee - - - -
+ s 1—;(-1-——-52—) ((l-y_)gaﬂ(g) 5aﬂ(z)'+ vK o (W Kﬁﬁ(x)}_ ds

3.1.9)  bI@H, &G-Sl oy ey Dy oy )y
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2(ViY) = fs p.v dS + ‘f_S, p.v ds + fas (T.v +c ¥ Vit € W vy o) ds

(3.1.10) 1 n t
+ o @3 +cﬂg Y3 ¢ -c;"éE ¥y ) ds

Thus, we obtain the following theorem :

Theorem 3.1.1 : Assume that

—

peakesn’ Teales)’ ol eties) ol eres))
- AU S 2 3y 2 2

(3.1.11) { pe (L) , T e (175N ,c:z'éE e L°(o8)) ,c:ZZE e %83
k>0 ,E>0,E>0,0<v<1/2,0<uy<1/2

Then, the problem (3.1.7) has one and only one solution.

Proof : We give the main lines of this proof and we refer to [10] for more details.

It takes three steps

Step 1 : The space WEB’ defined by relation (3.1.6), is a ‘closed subspace of the

space 3
(3.1.12) E = [HI(S)]2 X H2(S) X [Hl(g)]2 X H2(§)
equipped with the norm
< = 2
vl = div,l + bl + vl
(3.1 13>S - NE Prtes) B (s)
2 2 1/2
+ Jlyy + gl + sl )
e 1 24 1 3 H2(§)

Step 2 : In the space WEI’ the functional

Gl - s leggG) e g™ + K g() K, y()) as
o Jg @ 5 + K gD K41 s

+ BT, Gl

is an equivalent norm to the usual norm (3.1.13).

Step 3 : From Step 2, we deduce the W -ellipticity of the bilinear form

EZ
al(.;.), (.; )] +kb[C.;.0), (.;]

for any constant k > 0. To conclude, it remains to apply LAX-MILGRAM lemma.

Remargque 3.1.1 : The assumption k = constant > O is not essential. One can assume

that k is a smooth function of the arc length x along T with k(x) > 0.



3.2 - The case of a rigid hinge

By taking into account the junction conditions (2.3.8) (2.3.9) of the hinge, the

space of the kinematically admissible fields is now :

€l

—, wp -
W = {((w;w) € VXV ,K6 we=

Rig onI' , w + 33, =0 onT)

The variational formulation of the junction problem of two plates with a rigid
hinge can be obtained by similarity with the previous one (see section 3.1) ; it is

given by

Rig

Find (E;Q) € W_ . such that
(3 2 l) - - - - - — - -
af(u;u), (v;v)] = 2(v;¥) , Y(v;v) € W

Rig
where a[(.;.), (.;.)] and £(.;.) are the bilinear and linear forms defined by

_relations (3.1.8) and (3.1.10). We prove

Theorem 3.2.1 : Under the assumptions of Theorem 3.1.1, problem (3.2.1) has one and

only one solution.

Proof : This proof is similar to that of Theorem 3.1.1. Briefly, we consider the

following steps

2]
+
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Step 2 : Upon the space W , the semi-norm

Rig
IGDl, = U ey ey + % 1 k(0] as
(3.2.2) Rig Lo
+ fg 20D g5 + Ky K, D] a1V

is equivalent to the norm (3.1.13).

Step 3 : Then, the bilinear form al(.;.), (.; )] is continuous, symmetric and wRig
-elliptic, and the linear form l( .) 1is continuous on WRig’ We conclude by using

the LAX-MILGRAM theorem.

3.3 - study of the behaviour of an elastic hinge when k - =

The next theorem justifies the assertion of Remark 2.2.1.

Theorem 3.3.1 : Let (u u ) be the solutlon of problem (3.1.7) and let (u u) be the

solution of problem (3.2.1). Then (u u ) is strongly convergent to (u u) in WEB

when k goes to +w.
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Proof : It takes four steps.

-~k -k )
Step 1 : Weak convergence of (u su ) in WEE :

By using the continuity of the linear form £(.,.) on WEE and the WEI

of the bilinear form
alti), Gyl =alt;0, CG31 + kb)), (5]

we obtain

P~ W a
EZ 3 3
Fe Fe Ee Ee
as soon as k 2 a with a = min¢( 5 ; 5 )

1-v° 12(1~v2) l-y 12(1—52)

Since the sequence (Gk;gk) is bounded in W

EZ’

-k -k A . D% % .
noted (u ;u ) which is weakly convergent to (u yu ) in wE!‘
g 2 . —n\-‘«»* W

tep P (uju ) e Rig
. -+ = -k -k .
By choosing (v;v) = (u ;) in (3.1.7), we get
Il 1Bl )
g~ W Y
LR E, . @55 < £ Sll“
- k ka
The application
.~k =k, ..k ok, ~k -k
(uju ) = oi(uju ), (uisu )]
is convex ahd continuous upon HZ(S) X H2(§) : then, it is

. . . % -k <% %
seml-continuous, so that for k -+ +», we obtain b[(u u ), (uwiu)) =

* *

u = u on I' which is the expected result.
3,n =3,n

=% % - -
Step 3 : (u ;u ) = (u;u)
Since wRig C wEi’ the equation (3.1.7) implies
-k =k - = - - SN
af(uiu), (v;v)] = 2(v;v) , Y(v:v) € W,..
~ ~ ~ ~ Rig
so that we find for k - 4o :
* %
(u,u) e WRig
2% %

al(@;g), (Y] =LY L VEY) e Veig -

- £ - nd - 3
Since this problem has (u;u) as unique solution, we get the result.

Step 4 : Strong convergence of (Gk,;k) in wEI

We have from the step 3 of the proof of theorem 3.1.1

- ellipticity

lower

0,

i.

e.

we can extract a subsequence, still

weakly



o
A

dicn - @ ‘k>ﬂ'

IA

2 [E5E9, @53 )} C2a ((EGD, GGE9) + o (@D, GiD)

But, for (ﬁ;g) solution of the rigid problem (3.2.1), we have
a [d, E5E9) - al@D, @)

so that the previous inequélities become

diisn - @ElG

2@*:35 - 28[(U:g), <uk;§k>] + 2@

0

1A

IA

. -k - - -+

It remains to use the weak convergence of (u ;gk) to (u;u) to prove the convergence
to zero of the right hand member ; this result implies the strong convergence of
-k -k s . s o : . .
(u’;u) to (u;u). Since this limite is independent of the subsequence into

consideration, the result is valid for all the sequence (Gk;gk).

4 - APPROXIMATION BY CONFORMING FINITE ELEMENT METHODS

This paragraph is devoted to the approximation of problems (3.1.7) and (3.2.1) by.
conforming finite element methods. We consider two cases corresponding to an

elastic hinge and a rigid hinge

4.1 - Approximation in case of an elastic hinge

The approximation of the solution of problem (3.1.7) is realized by means of a

conforming finite element method. Thus, we define a finite dimensional subspace

(4.1.1) Wgz C wE£

as follows

h - .-+' 2.3 - -
(6.1.2)  Wg, = ((w5w) e (Vps¥) o) = w (M) VM eT)
with
Vo " V1 X Vh1 X Vh2 ¢ ¥n T Tnn X En X T
2
Vhlcvl’vhzcvz ,ghch(S) thH(g)

The spaces Vhl and Vhl are constructed from HERMITE triangles of type (3') (see
figure 4.1.1) while the spaces th and Yh2 are constructed from the 1? -class
reduced HSIEH-CLOUGH-TOCHER triangles (see figure 4.1.2).

The inclusion (4.1.1) implies that the following discrete problem associated to the

continuous problem (3.1.7) has one and only one solution :
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-k -k

Find (u_;u ) € wh such that
(4.1.3) g “h'*h EZ

- - -+ -~ . - -3 - - - - - - h
al (il GiE) + R blEEn . Gl = 263 | vGLE) € Ve,

Figure 4.1.1 : Hermite Triangle of type (3')
(see [11, page 68])

Figure 4.1.2 : Reduced H.C.T.-Triangle
(see [11, page 357))

But the exact computation of the integrals which appear in relation (4.1.3) is

generally impossible. This makes mandatory the use of numerical
techniques.

integration
This leads to the definition of a second discrete problem :

Find (4 ;1) € W', such that
(4.1.4) { hE S Ve

- - - = - = - - - = - - Jh
ah[(uh;gh), Vypiy)l + k b[(uh;gh)._(vh;zh)] = vy Vv, %) € W,
where the forms ah(.,.) and lh(.) are deduced from forms a(.,.) and £(.) through
the use of appropriate numerical integration schemes. Moreover we will see in

section 4.3.2 that the bilinear from b(.,.) can be computed exactly.
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It remains to prove the existence, uniqueness and convergence of the solution
-+ - - -

(uh;Bh) to the solution (u;u) of the continuous problem (3.1.5). Such a study
follows the lines of [12] and is detailed in [10].

For instance, when the boundaries 551 and agl are unloaded and when the data and
the solution (G;Q) of the continuous problem (3.1.7) are sufficiently smooth, then
such methods allow to prove that there exist a constant C, independent of h, such

that :
4.1.5)  Jla@® - @sg)llp = on

as soon as the numerical integration schemes used to compute the integrals upon §

and S are exact for polynomials

1) of degree 4 for the membrane terms (there exist such schemes involving 6

nodes per triangle)

ii) of degree 2 for the bending ‘terms upon each subtriangle of the HCT

triangles (there exist such schemes involving 3 nodes).
When the boundaries 881 and agl are loaded, we have to introduce some appropriate
numerical integration technique for approximating the integrals along these

boundaries. This study can be done as in [13] so that the estimate is still valid.

4.2 - Approximation in case of a rigid hinge

The formulations are similar to those of section 4.1, except for the definition of

the finite dimensional subspace ngg which has to satisfy :

(4.2.1) wgig C Wy
It is defined by
h e - = - -
Wo.o = ((w w) € (V;V) , wM)=w (M

~ ~ ~h
(4.2.2) Rig h’~h h’~h h

and wh3,n(M) + Eh3,B(M) =0, YMerI)

so that the second discrete problem associated to the use of numerical integration
scheme can be stated as follows (compare with (4.1.4)) -
6.2.3 Find (uh;gh) € ngg such that |
Gty Gl = 4,G0T) L VG ) e vp
As in section 4.1, the methods developped in [i0] [12). and [13] would allow us to
obtain an a priori estimate of type (4.1.5) as soon as the data, the solution and

the numerical integration schemes are sufficiently regular.
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Remark 4.2.1 : Of course, the solutions (ah;gh).af problems (4.1.4) and (4.2.3) are

different ; in particular, the solution of problem (4.1.4) is depending of k.

4.3 - Implementation in case of an elastic hinge

Upon each plate S and S the implementation follows the usual lines, i.e.,
computation of local matrices, element by element, and assemblage into.the global
matrices as the computations proceed. In fact the only new part of such an

implementation is related to the hinge. There are two new things to consider :

4.3.1 : Taking the condition ah(M) = §h<M) , YM € T' into account

This junction .condition is an essential part of the definition of the space
(4.1.2). By choosing the reference systems (3, g, ;3) and (5, g, §3) along T,
respectively attached to the plates S and S, the condition Gh(n) = gh(M), YM e T,

implies (see (2.2.7)). :

whn cos § - wh3 sin 4

- W

W =

(4.3.1) Bhe T Ve

HhB = - whn sin 6§ - wh3 cos 4

Horeover, the condition w, (M) = ¥ (M), VM € T, implies w,_ (M) = - ¥, (N, WMeT
n i, L = ' -
Thus, it follows from (4.3.1)

w = - W cos 6 + w sin 6

hn,t h3,t
(4.3.2) w =

W, = W sin 6 + w cos §

hn, t h3,t

The restrictions of these functions w. ¥ino ¥e and Y3 to the hinge T

W, W,
hn’ “ht’ "h3’
are polynomials of order 3 in one variable upon each side a,a, located on I'. Then,
to satisfy relations (4.3.1) and (4.3.2) at any point of I, it suffices to satisfy
them at any vertex located on I'. Thus the main unknowns of the problem can be

chosen as the values of
Yho Yhe - Yh3 uhn,n ; uhn,t ; uht,n ; uht,t ; uh3,n ; uh3,t
Ehg,g ' Eht,g ; Eh3,g . ’

-~

(4.3.3)

at any-vertex of the mesh located on I'. Of course the relations (4.3.1) and (4.3.2)
are symmetrical in w and W so that we could permute the roles of u and Y in the

relation (4.3;3).
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4.3.2 : Exract computation of bi(ih;gk)’ (¥h;§h)]

According to relation (3.1.9), we have

4.3, R R \ .

(4-3.8)  Blluyim) © (g jr “p3n B3y Cnaa t Yha g O
By definition of the reduced H.C.T.-triangle we obtain

(4.3.5) Uy n(M) = AuhB n(al) + (1-k)uh3 n(az)

for any point M belonging to a side aja, of a triangle, this side being located

upon the hinge T,

Of course, we have similar relations for EhB n’ v, and v . Thus, it is easy
R o

hi,)n h3,n

to check that

-

B4 i8) 5 (%3%)]

- [al’EZ]ET ‘ % (g n(31) = By ()] [y ) = s (2]
(4.3.6) T o [y plap) -y (D] Iy (ay) - Th3,nl82 )
+ 3 30320 = ng (3] g q(a)) - ¥ps (ap)]

+3 3, n(@2) = B3 p(a)] [¥g ((ap) = g (@]

These contributions are easy to assemble in the global rigidity matrix.

4.4 - Implementation in case of a rigid hinge

The main differences with the previous case are

i) the additional condition wh3,n(M) + ghB,g(M) = 0, YvM € T which
appears in the definition (4.2.2) of the space Rig ;

ii) the absence of term b[.;.] in the statement of problem (4.2.3).

The comparison with section 4.3.1 shows immediately that conditions (4.3.1) and
(4.3.2) are still valid and that they have to be complemented by the additional

relation wh3,n(M) = - Eh3,g{M)' VM € T'. Thus, we have the following relations to
satisfy at any point M e T :
sin § - w_, cos 4

w, = W cos 8 - w sin 4 ; w W = - W

“hn ~ “hn h3 “nt © 7 Yht * ¥h3 hn h3
ZhB,E = - whn,t cos €7+ th,t sin ¢ ; EhE»E - wht,t ;
(4.4.1) - ' .
Eh3,£ whn,t sin 6 + wh3,t cos 8
W = . W



T

Thus similar arguments to those used in section 4.3 prove that we can choose the
following set of main unknowns

“hn * Yhe ' Yh3 ;‘uhn,n :,uhn,t ; uht,n ; uht,t ' uh3,n ; uh3,t
*hn,p * *he.n

n—

(4.4.2)

at any vertex of the mesh located on I'. In particular, we have used that the

restrictions of wh3,n and Eh3,g to I' are locally polynomials of degree one.

5 . NUMERICAL EXAMPLES

Ve have considered the three following examples which have been 1mp1emented in

MODULEF (see [14])

5.1 - Example of a folded cantilever plate with rigid hinge, subjected to a line

load at its tip

This example is extracted from [2] and [15, test n° A-24].

According to figure 5.1.1, we consider a rigid junction of two plates : the first
one is clamped along the side aa’ while the second one is loaded along the side cc’

by a line density of forces

P, = - 1 fb/in,

/

e = 0.124 in E =3 x 10 psi
6 - 30° v =0

" Figure 5.1.1 : The folded cantilever plate

For this study we have used the mesh shown on the figure 5.1.2. Upon this figure,
- we represent the deformed configuration of the cantllever plate which is in good

agreement with the results reported in [15]

In particular, we find ZA = - 0.000837274 in. and ZB = - 0.000837166 in.



Figpure 5.1.2 : The cantilever before loading (—)

and after loading (- - -) for a rigid hinge

5.2 - Example of a multifolded plate with rigid hinges

This example was previously considered by {167 [17}. With notations of figure
5.2.1, the structure is clamped along the side a’f’ and loaded along the hinges by

two types of line densities

p; = 1.22 £fb/in. along the hinges bb’' and ee’ ,

p; = 1.00 #b/in. along the hinges cc’ and dd’

1.8in 3.0in 2.44n 3.0in 1.81

i
? o] 3 - =k £

E=10.6 x 106 psi (Aluminium)
v = 0.33

Figure 5.2.1 : Multifolded plate
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For this study we have used the mesh shown on the figure 5.2.2.

Figure 5.2.2. : Mesh in use

The experimental results and the analytical solution are extracted from [16) ; they

are included with our numerical results in the tableau 5.2.1.

d e f

(2]

Points a b

Experimental - 0.0058 0.0013 0.0012 0.0063 -

Analytical 0.0136 0.0080. 0.0008 0.0008 0.0080 0.0136

Numerical 0.0134 0.0070 0.0008 0.0008 0.0060 0.0122

Tableau 5.2.1 : Vertical displacement of points a to f

5.3 - Example of a folded cantilever plate with elastic hinge subjected to a line

load at its tip

The data are identical to those of the first example except that now the hinge is

supposed to be elastic. The figure 5.3.1 presents the deformed configuration when

4
k = 10" £b. and k = 10° gb.



k = 10° . k = 10° 2b.

Figure 5.3.1 : The folded cantilever before loading (—)

and after loading (-~ - =) for an elastic hinge

Finally, figure 5.3.2 shows the jump-of the rotation (5 - é).E - - (u3 n + EB“n) at

point A e T (see‘figure 5.3.1). We can check that the hinge behaves
i) as a knee-joint when the coefficient k is small ;

ii) as a rigid hinge when the coefficient k is very large.

Jump of hinge rotation at point A

o.x —
cas _
E g
01 _
0B _]
1 k
0.C0
T i N M N a Y —r v + — -
0.0 7.3 ==& 2.8

Figure 5.3.2 : Jump of the hinge rotation at point A

as a function of coefficient k
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CONCLUSION

This study gives a precise variational formulation of the junction problem of two

plates by using appropriate functional spaces. From this formulation, we have

- approximated the solution by conforming finite element methods which are easy to

implement.

By using the same ideas we are extending these results to the junction of two

shells having general shapes.
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