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Abstract

Markov processes are widely used to modelled computer systems. De Souza
e Silva and Gail ([1}) calculated numerically by induction the distribution of
cumulative operational time of repairable computer systems, which is the distri-
bution of the total time during which the system was in operation over a finite
observation period. An extension of their approach is presented here. We obtain
a closed form solution for the distribution of the total time spent in a subset
of states of a homogeneous Markov process during a finite observation period
,which is theoretically and numerically interesting. We give also an application
of this result to a fault tolerant system.

Index terms - Markov processes, uniformization technique, reliability, cu-

mulative operational time, repairable computer systems.
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Solution explicite pour la distribution du temps
total passé dans un sous-ensemble d’états d’un
processus markovien homogene durant une
période d’observation finie

Résumé

Les processus markoviens sont couramment utilisés pour modéliser les systémes in-
formatiques. De Souza e Silva et Gail ([1]) ont calculé numériquement par récurrence
la distribution du temps opérationnel cumulé de systémes informatiques réparables
qui est la distribution du temps total pendant lequel le systéme est opérationnel
sur une période d’observation finie. Une extension de ce résultat est présentée ici.
On obtient une expression explicite pour la distribution du temps total passé dans
un sous-ensemble d’états d’un processus markovien homogéne durant une période
d’observation finie, expression intéressante du point de vue théorique et aussi du
point de vue numérique. Une application de ce résultat & un systéme tolérant les

pannes est proposée.

Mots-clés - Processus markoviens, technique d’uniformisation, fiabilité, temps
opérationnel cumulé, systémes informatiques réparables.
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1 Introduction

Consider a continuous-time homogeneous Markov process , say X = (Xi)i>0, over
a finite state space denoted by E. The states of E are divided into two disjoint
subsets. In practice, one subset may represent the states for which the system is up
(the operational states) and the other the states for which the system is down (the
failed states). This division is supposed to be made by some criteria specified by the
user. Let L,1 < L < M, be the number of operational states, we define:

B {1,...,L} (set of operational states)
B¢ {L+1,...,M} (set of failed states)
E = {1,...,,M}=BUB"

We suppose that the system, modelled by such a process, is used during a finite
interval of time denoted by (0,t). The random variable of interest is the total time
spent by the Markov process X into the subset of states B during (0,t). Denoting

by W; this random variable, we have:

t
W, = /; 1(x,eB)ds

where 1 denote the indicator variable. If B is a subset of transient states of E, the
distribution of W,, can be found in [2] for semi-Markov reward processes. Assume
that the process X is given by its infinitesimal generator A and by its initial prob-
ability distribution a. Let A(f,j) denote the (¢, ) entry of the matrix A and let us
define:

Ai) = —A(5,9) = =Y A5, 4)

i
A(?) represents the output rate from state 1.

To obtain the distribution of the random variable W;, we first recall in the follow-
ing section the result obtained in [1]; then, in the section 3, we give the distribution
of the total number of visiis {0 ihe states of a transicnt subset for a Markov chain. In
section 4, using the results of the previous sections, we obtain a closed form solution
for the distribution of W;. Finally, the section 5 gives an application of this result to

a fault tolerant system and the section 6 is the conclusion of this paper.



2 Distribution of W;

We first recall that the uniformization technique [3] consists of constructing an aux-
iliary homogeneous Markov chain Z = {Z,,n € IN} on the state space E, with
transition probability matrix P, and a Poisson process {N(t),t > 0} independent
of Z with rate A, such that the two processes X; and Zn() are equivalent. The

construction is made as follows:

e we choose A € IR such that: A > maz()(§),1 € E)

()

1——= tfi=3
o we define P(Zn41 = j/2, =14) = P(t,5) =
A(3, ])
A

Between the matrices A and P the following relation holds:

otherwise

P=1I+A/X

where I is the M x M identity matrix. For every ¢,5 € E, we obtain:

+o00 N ( )n
P(X,=j/Xo=1) =) e ¥>=—P"(i,j)
n=0
Using some known results about the Poisson process, de Souza e Silva and Gail
([1]) show that, for s < t, (so that k < n):

n tr.a.nsitions in (0,t), ] _ X":C; (;)s (1 _ ;)ﬂ-—i
1=k

k visits to B

PW¢<S

Let Q(n,k), 0 < k < n+1, be the probability that the uniformized Markov chain
visits k states of B during n transitions. Unconditioning on the number of visits to

the states of B, we have:
P(W; < s/n transitions on (0,t)) = Zn(n, EC' ( ) (1 - %) -
k=0

Finally, unconditioning on the number of transitions in (0,t), they obtain the
following relation (for s < t):



P(W; <s) = Z —At(’\t. Eﬂ k)ZC‘ ( >'<1_§)n-e

n=0
For s > t, it is easy to verify that: P(W, < s) = 1. In the following, the interest
is to give a closed form solution for {}(n,k) and so a closed form solution for the
distribution of Wj.

3 Total number of visits to the states of a transient

subset for a Markov chain

This section is independent of the others and will be used in the following section
to give a closed form solution for Q2(n,k). We consider here a Markov chain with
finite state space containing transient states and we give the distribution of the total
number of visits to the states of a transient subset which will be denoted by B. The
recurrent states (eventually absorbing states) can be lumped in only one absorbing
state since only the transient states are concerned in this section. So, we will assume
that the state space of the Markov chain is composed only with transient states and
with one absorbing state. _

Let Z = {Z,,n € IN} a Markov chain on the finite state space E = {1,...,m,m+
1} where 1,...,m are the transient states and where m + 1 is the absorbing state.
Let B={1,...,l},with1 <l <mand D= {l+1,...,m,} when! < m. With these
notations, we have: E = BU DU {m + 1}. For the conditional probabilities on the
initial state, we will use the following notation: P;(.) = P(./X, = 7). We will denote
a=(ay...,00,0041,... , Om, Gm41) the initial probability distribution of Z and we
decompose the first m components in ag = (@1,...,0) and ap = (Q1,...,0m)
when ! < m. We will denote also P = (P(t,7)), 1,5 € E the transition probability
matrix of Z and we decompose it with respect to the partition {B, D, {m + 1}} as

follows:

Pp Pgp  Pp{m+1}
P= Ppp Pp PD{m+1} (1)
Otm+13B Ofms1}p 1

where O{mi13p and Ofmi1}p are row vectors with all entries equal to 0 and with



respective dimensions | and m ~I. Let Np be the random variable: “total number
of visits of Z to the states of the subset B”. That is,
400
N, B = E l(X.-eB)
=0
Let us introduce the following notations.

e 1 and 1Ip are column vectors with all entries equal to 1 and with respective

dimensions |l and m — L.

e Ig et Ip are identity matrices with respective dimensions [ and m — .
The following theorem gives the distribution of the random variablg Np.
Theorem 3.1

P(Ng=0) = 1-p1p
P(Ng=k) = BH*" ' (Iz—H)llz k2>1
where B, | dimension row vector, and H, | x | matriz, are given by:
B = ap+ap(Ip— Pp) ' Pps
H = Pg+ Psp(Ip— Pp) 'Pps
Proof. Let us first introduce the two following column vectors:

o Vo(k) = (P(Ns = k), 1<i< 1, k>0
L] VD(Ic)=(P,(N3=k)),l+ISsz,k20

For every ¢t € D, we have:

+00
R(NB—_—O) = ER(ZI GD,"-,Zn€D9Zn+l=m+ 1)

n=0

+o0 m
= Z Z -Pt'(ZleDv-"Zn—lEDaZn:h,Zn+1=m+1)
7wn=0 k=!+1
400 m
= Z E H(Zn-i-l=m+1/Z1)-°-’Zn—l€D,Zn:h)
n=0 h=[+1
Pi(Z1,...,Zn-1 € D, 2y = h)
+00 m .
= Y N P(Zap1=m+1/Z,=h)P(Zy,..., 21 € D, Z, = h)
n=0 h=l+1

+00 m
= Z Z R(Zl,...,Zn_IED,Zn=h)P(h,m+1)

n=0 h=Il+1



To continue, we first prove the following lemma.
Lemma 3.2 Lett and h two states of D, then for every n > 0,
P(2,€D,...,Zo1 € D, Z, = h) = Pp(s,h)

Proof. The proof is made by ihduction.

forn=0, P(Zo=h) = Ip(i,h)

= P3(,h)

forn=1, P(Z =h) = P(ih)
| | = Pp(i,h)

forn=2, .P(Zi€D,Zy=h) = S P(sh=r,Z=h)
r=I+1

m
= Y P(i,r)P(r,h)
r=l+1
= P}(i,h)
Suppose the lemma true until the order n — 1, that is:

R(Zl eD,...,Z, 2 € D, Z, = h) = PD_l(i, h)

We then have:

m
Ps’(Zly"-)Zn—le D,Z, = h) = E R(Zla---’zn—2 €D, 2, =1,2, = h)
=l+1
rm |
= Z .P,‘(Zn = h/Zl,. .. ,Z,;_z € D, Zn—l = 7')
r=1+1

R(Zl,"',zn—ze-D’Z -1 =1’)
= S P(Zp=h/Zny=r)

r=i+1 :
.P.'(ZI,...,Z,,_.z € D,Z -1 = T)

= S PElG,r)P(r,h)

r=l+1

= Pp(¢,h)

7



which ended the proof of the lemma

Thanks to this lemma, we have: for every ¢ € D,

P(Na=0)=3 3 P3i:h)P(hm+1)

n=0 h=i+1

which gives in matrix notation:

Vo(0) = 3 PpPpim+1)

n=0

This series converges since D is a transient subset, we then obtain:
Vp(0) = (Ip — Pp) ™' Ppim+1}
The matrix P being stochastic, using (1), we have:

Pgllg + Pgpllp + Pp(m+1y = Us
Pppllp+ Ppllp + Pp{m+1y = 1Up

This gives easily:

Pgim+1y = (Ip— Pg)lip — Pppllp
Ppim+1y = (Ip — Pp)llp — Pppllp

Replacing now into the expression (2), we obtain:
VD(O) = 1Ip — (ID — PD)_IPDB]IB

Finally, since
P(NB = 0) = (XBVB(O) + aDVD(O) + Ot

and since Vp(0) is equal to 0, we obtain, thanks to (4):
P(NB = 0) =apllp — aD(ID - PD)_IPDB]IB + Qm+1
- The initial probability vector verifying

apllp + apllp + apmy1 =1

(2)



we have:

P(NB = 0) = 1- (aB + aD(ID - PD)—IPDB) 1Ip
= 1-plp

which is the first assertion of the Theorem 3.1.

To prove the second assertion, we write, for k > 1 and ¢ ;é m+ 1,
. m+1
P(Ng=k)=Y_ P(:,j)Pi(Np = k/Z, = j)

i=1
Taking into account the properties of the Markov chains, we have:
Vi € B, P.(NB = k/Z1 =]) = Pj(NB =k - 1)
Vie D, P(Np=k/Z,=j) = Pj(Np=k)

So,

m+1

Vie B, P(Ng=k) = > P(@,j)Pi(Ng=k—-1) k>1
i=1
m+1

VieD, B(Ng=k) = Y Pi,i)P(Na=k) k21
i=1

This gives in matrix notation:
Va(1) = PpVs(0) + PppVp(0) + Ppim+1}

VB(k) = PEVB(k - 1) + PBDVD(k - 1) k>1
VD(k) = PDBVB(IC) + PDVD(k) k>1

Remark that Vk > i, Pryi(Np = k) = 0 and Pn4q(Np = 0) = 1. The relation

(8) may be use to write Vp(k) in fonction of Vp(k):
Vp(k) = (Ip — Pp) ' PppVe(k) k>1

Replacing this value into (7), we obtain:

Va(k) = (Ps+Pap(Ip— Po)'Pps)Vs(k—1) k>1

9

(9)



which gives easily:
Ve(k) = H*'V5(1) k>1 (10)

To obtain Vg (1), we replace Pp(n4+1) 2nd Vp(0) by their respective values (3) and (4)
into (6). So,

Vs(l) = Ppp (]ID - (Ip — PD)_IPDB]IB) + (Ip — Pg)1lg — Ppplip
= (IB — Pg — Pgp(Ip — PD)_IPDB) 1p
= (I - H)1p

The relation (10) is now the following:
Va(k) = H*'(Ig - H)lIz k>1 (11)
Given that Vk > 1, Ppn41(Ns = k) = 0, we have:
P(Ns = k) = agVa(k) + apVp(k) k>1

Replacing Vp(k) and Vp(k) by their respective values (9) and (11), we conclude the

proof:
P(Ng =k)
= agH*'(Ig — H)llg + ap(Ip — Pp) 'PppH* Y(Ig — H)llp k2>1
= BH*Y(Iz-H)lp k>1
which is the second assertion of Theorem 3.1. O

4 Closed form solutions for ((n, k) and for the dis-
tribution of W,

Recall the notations of the first two sections. (n,k),0 < k < n+1, is the probability
that the uniformized Markov chain Z, defined in section 2, visits k states of B in n
transitions. That is,

Q(n, k) = P(k visits to B / n transitions)

10



Let us decompose the transition probability matrix P and the initial probability
vector a of the Markov chain Z with respect to the partition { B, B} of E as follows:

Pg  Pgpe
P= B BB 1 4= (ap,ap)
PB‘B PBc

For fixed n, (n > 0), we construct the following Markov chain which will be
denoted by Z(n) and which coresponds to n transitions made on the Markov chain
Z. We construct the state space E(n) of Z(n) by taking n + 1 copies of each state of
Z plus one absorbing state which will be denoted by a. We decompose E(n), which
cardinality is M(n + 1) + 1, as follows:

E(n) = B(n) U B°(n) U {a}
with:

B(n)= ) B and B‘(n) = Qo B

=0

where:
B,"-:-{l,',...,L,'} et Bf= (L+1).‘,...,M}

To clarify the construction of the transition probability matrix and of the initial

probability vector of the markov chain Z(n), we reorder the states of E(n) as follows:

E(n) = {10,...,Lo,ll,...,Ll,"',ln,...,Ln,(L-‘l'l)o,...,Mo,
(L+1)1,...,Ml,"',(L+ 1),,,...,M,,,a}

The n + 1 copies of each state are represented by the integer in subscript which
goes from O to n. '

We denote by a(n) the initial probability vector of Z(n) which dimension is
M(n +1) + 1. We take: A

a(n) = (aB(n)’aB° (n), )

where o, = 0 (i.e. the probability that the chain Z(n) starts in the absorbing
state a is equal to 0) and:

11



ap(rn) = (as,0,...,0) which dimension is L(n + 1)

ape(n) = (ap-,0,...,0) which dimension is (M — L)(n + 1)

We denote by P(n) the (M (n+1)+1,M(n+1)+1) transition probability matrix
of Z(n) and we take:

for every 1,7 € E and for every z,y € {0,1,...,n},
{ P(i,7) ify=z+1,z#n

P(n)(inds) = 0 ifytz+1

P(n)(a,5z) = O ; P(n)(a,a) =1

P(n)(tz,a)

il

{1 ifz=n

0 else

The matrix P(n) so obtained is shown in Figure 1. If we denote now by 1l and by
1. the column vectors with all entries equal to 1 and with respective dimensions
L and M — L. A block representation for the initial probability vector and for the
transition probability matrixP(n) of Z(n) are the following:

Bo Bl Bz e Bn-—l Bn
ary=( e¢g 0 0 .-~ O 0

B B: B --- B:, B%l|a
age 0 0 --- 0 0]0)

If we denote by Np() the random variable: “total number of visits of Z (n) to the

states of the subset B(n)”, we deduce easily by construction that:

Ni(n,k) = P(Np(n) = k) forevery 0 < k <n+1

Let us now decompose the transition probability matrix P(n) of Z(n) with respect
to the partition {B(n), B°(n), {a}}, we obtain:

Pg(n) Ppp:(n) Ppa(n)
P(n)=| Ppep(n) Pae(n) Ppea(n)
0ga (1) Ofappe(n) 1

12



BO Bl B2 RS Bn—l Bn BS B: B; ot B:;—l Brcs
By 0 Pp 0 “e 0 0 0 Pppe 0 ces 0 0
B,|o o P .- 0 0|0 O Pgg -+ 0O O
B, 0 0 0 cee 0 0 0 0 0 <o 0 o
B.i.J]O o o0 .. 0 Pg|O O O - O Pgp
B, 0 0 0 0 0 0 0 0 0 o
B;|0 Pgg O ... 0 O[O Pz O - 0 O
B3 o 0} Pgeg -+ 0 0 0 0 Pg. .- o 0
B3 0 0} 0 0 0 0 0 0 0 0
BE,lo o o ... 0 Pgp|O O O -+ 0 Pg
B 0 o 0 0 o 0 0 0 0 0
a 0 0 0 0 0 0 0 o 0 0

Figure 1: P(n), transition probability matrix of Z(n)

13




where the new submatrices introduced here are shown in order Figure 1).
We applying the result of the previous section (Theorem 3.1) to the Markov chain

Z(n) and we obtain:

P(NB(,,) = 0) = 1- ﬂ(n)]IB(n)
P(Npm =k) = B(n)H(n)*'(Is(n) — H(r))Up(r) (k1)

with:

B(n) = ap(n)+ ag:(n)(Ip:(n) - Pg(n))~'Pgep(n)
H(n) = Pg(n)+ Pppe(n)(Ig:(n) — Pae(n)) "' Ppep(n)

where:
o Ig(n) is the identity matrix which dimension is L(n + 1)
o Ig:(n) is the identity matrix which dimension is (N — L)(rn + 1)

e 1lp(n) is the column vector with all entries equal to 1 and which dimension is
L(n+1)

The dimension of the vector #(n) and of the matrix H(n) is L(n + 1). Defining
for ¢ > 0, U; = Ppp-P}. Pp-p and after some algebraic manipulations, we obtain:

ﬁ(n) = (aB,chPBcB,chPBcPBcB, ey chPg:IPBcB)

(0 Pg Up Uy Up -+ Ung Ups )
0 0 Pg Uy Uy -+ Upy Uns
O 0 0o PB UO Un—5 Un—4
0 0 0 O Pg --- Uy Un
H(n) — ' B . 6 . 5
0 0 0 0 Pg Uy
0 0 0 0 0 Pp
\ 0 0 0 0 0 0 0 J

14



Remark that the matrix H(n) verify: H(n)"*! = 0 and S(n)H(n)"llp(n) =

aBPB].IB.
Using 4, we obtain directly the following closed form expression for 2(n, k):
1 — B(n)1lg(n) if k=0 }
Qn,k) = { B H(W*(Ts(n) — H(m)la(n) if 1<k<n+1
0 tf k>n+2

We are now able to give a closed form expression for the distribution of the random
variable W,.

We have seen in section 2 that:
P(W; < s/n transitions on (0,t)) = >_ Q(n,k) Y_C;, (1:-) (1 - -:—)
k=0 i=k
This relation can be written as follows:

P(W, < s/n transitions on (0,t)) = 'z:%C:" (%)‘ (1 - ;)nni i Q(n, k)

and:

S 0(n,k) = 1 - A(n)llp(n) +§ﬂ(n)ﬂ(n)’°—‘as(n) — H(n))Ta(n)

k=0

=1- f(n)H(n)'p(n)
So,

P(W; < s/n transitions on (0,t))
=0

=501 (3) () - s B

S

=1-(n) Z:% ci (;y(n))‘ (1 - ;)""Pug (n)

=1-B(n) EH(n) + (1 -9 IB(n)]"uB(n)

15



~ 1-8(n) [Ia(x) = 5 (Ia(») — B(w)]|  1o(n)

Finally, for s < t, we obtain the following result:

+00

P, <9)=1- 3 e gn) [150) — 2 (Ip() - H ()] Ta(m)

n=0

which can be written also:

+00

P <o =1- 5 S0 (3) (1-4) T Beaeymae) (2

n=0

The reliabilty R(t) being defined by R(t) = P(W; = t) = 1 - P(W; < t), we

obtain it letting s tend to t in the previous expressions of P(W; < s). So,

R(t) = PW,=t)
= 1-P(W:<1t)

= S e g 1p(n)

n=0

_ +2.° oM (’\t)

n=0

= OLBCA"‘]IB

agP"IIB

where Ap is the (L, L) matrix deduced from A (see section 1) by deleting the rows
and columns corresponding to the states of B®. That is, Vi,j € B, Ap(,J) = Az, 7).

5 Application to a fault tolerant system

Consider a system with 3 identical and independent components. Only one of these
components is performihg tasks. Each component fails with a constant failure rate
¢. When the performing component fails, a recovery process try to reconfigure the
system replacing the failed component by the following. The expected time to execute
the recovery process is equal to 1/p. The success probability of the recovery process

is constant d (the unsuccess means the crash of the system). Note that the recovery

16



”n

Figure 2: A fault tolerant 3-components system

rate p is more larger than the failure rate ¢. The Markov process associated to this
system is shown in Figure 2. The states D;, D; are the recovery states and the state
0 is the down state (in these states the system is not operationnal). The states 1, 2,
3 are the operationnal states. The initial state is the state 2 with probability 1.

So, we obtain: B = {3,2,1} and B° = {D,,D,,0}. The initial probability dis-
tribution is: ap = {1,0,0} and ap. = {0,0,0}. The transition rate matrix A of the
obtained Markov process can be easily built thanks to the Figure 2. The quantity of
interest is the distribution of the total time spent in the subset B during the interval
of time (0,t) which is also distribution of cumulative operationnal time during the
utilization period (0,t) of the system.

Due to the above assumptions, we choose: A = maz(A(1),f € E) = p. The
transition probability matrix P of the uniformized Markov chain has the following
properties:

Vi >1, U; = Pgp.Ph.Ppp=0

17



Recall that Uy = Ppp-Pg-p. Using these properties, we obtain for every n € IN:

aB(PB-}-Uo)'.]IB . 1=0,1,...,n—2
ﬂ(n)H(n)‘HB(n) = aB(PB—l + (n - 1)P3—2U0)1IB t=n—1
apPglig i=n

This gives, using the relation (12) of the previous section and after some algebraic

manipulation:

P(Wg S 8) = 1- ap (e—ﬂﬂ _ p(t _ s)e—pt _ e—pt) epa(PB-l-Uo)]IB
—op (P(t —8)Ip + p*s(t — s)Up + IB) e te P PB1ly

If we decompose now the transition rate matrix A, with respect to the partition
{B, B°}, as follows:
A App-
A= B BB
Ap-p Ap-

we obtain the following relation:

P(Wt < 8) = 1- (1 - e—ﬂ(‘-‘) _ p(t - s)e—ﬂ(t—a)) aBe(AB+ABB°AB°B/P)’lIB
—ap (p(t —s)Ip + s(t — s)App-Ap-p + Ip) e~?(t-3)eAne ]y

and this gives finally the following relation:

¢2d282
=

PW:<s) = 1-e % [1 + (1 - e"’("‘)) ¢ds + (1 — Pt p(t — s)e""(“‘))

6 Conclusion

The main contributions of this paper are the closed form solutions given for three
probability distributions concerning homogeneous Markov processes. The first is the
distribution of the total number of visits to the states of a transient subset for a
Markov chain. The second is the distribution of the total number of visits to the
states of a subset during the n** first transition for a Markov chain. The third is the
distribution of the total time spent in a subset of states of a Markov process. The
principal idea of this paper is to obtain quantities over a finite interval of time thanks

to corresponding quantities over an infinite interval of time.
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