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Abstract:

A deterministic system theory is developed for two—point boundary—value descriptor
systems (TPBVDS's). In particular, detailed characterizations of the properties of reachability,
observability and minimaltiy are obtained. In addition, extendibility, i.e. the concept of considering
a TPBVDS as being defined on a sequence of intervals of increasing length, is defined and studied.
These system—theoretic properties are derived for general TPBVDS's and then specialized to the

case of stationary systems for which the input—output map (weighting pattern) is shift-invariant.

UNE THEORIE DE LA COMMANDABILITE, L'OB SERVABILITE,
LA MINIMALITE ET L'EXTENSIBILITE POUR LES SYSTEMES
| DYNAMIQUES AUX DEUX BOUTS -

Résumé:

Une théorie déterministe est développée pour les systémes linéaires dynamique aux deux
bouts. En particulier, les notions de commandabilité, d'observabilité et de minimalité sont étudiées
en détail. La notion d'extensibilité, consistant a étudier le systtme sur des intervalles de tailles
croissantes, est introduite. Les résultats sont obtenus dans le cas général et ils sont ensuite
spécialisés au cas stationnaire — cas ou la relation entrée—sortie est invariante en temps.
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1-Introduction

In this report we study the Systgm—thcor_etic properties of two—point boundary—value descriptor
systems (TPBVDS's) and two related ciasseé of shift—invariant two—point boundary—value descriptor
systems namely displacement systems for which the Green's function is shift—invariant, and m
systems for which the input—output map is stationary. We present detailed characterizations of the
properties of strong and weak reachability and observability introduced in [1] and of rr'iinimalit? as
well. Another property that is studied in this report is that of extendibility, i.e. the concept of
considering a TPBVDS as being defined on a sequence of intervals of increasing length.

Some of the results in this report, such as results concerning the concepts of well—posedness,
sfandard—form, generalized Cayley—Hamilton theorem, inward and outward processes, and stréng |
reachability and observability have already been discussed in [1,2] and so we shall simply review them
'Here. Other results, such as those concerning extendibility, weak reachability and observability; and
minimality have only been considered in a much more restricted setting (essentially in the displacement
case). The attempt to generalize these concepts have generally failed because no closed—form
: expressmns for the inward process could be found. Here we shall obtain the necessary closed—form
expressions and completely resolve the problems of extendibility, weak reachability and observablllty,
and minimality in the most general case. |

In the next section we introduce TPBVDS's, and define and characterize two notions of
shift—invariant systems, namely displacement systems and stationary systems.

In Section 3 we review the notions of inward and outward processes introduced for TPBVDS's
in [1,2] and characterize these processes. We also introduce the concept of extendibility and
characterize this property. Section 4 discusses the properties of reachability and observability for |
TPBVDS's, while in Section 5 we present minimality results. Some extensions are presented in Section

6, and we conclude with a brief discussion in Section 7.



2-Two-Point Boundary—Value Descriptor Systems
A TPBVDS is described by the following dynamic equation

Ex(k+1) = Ax(k) + Bu(k), 0sk<N-1 @.1)
with boundary condition |
Vix(O) +. fo(N) =V : o : (2.2) ]
and output P
y(K) = Cx(K), k=0,1,...N. 23)

Here x'éhd:v are n—diniensional, u is m—dimensional, y is p—dimensional, and E, A, B, Vi, Ve and C
are cohétaht matrices. In [1] it is shown that if (2.1)—(2.2) is well—posed (i.e. it yields a well—defined
map from {u,v} to x), we can assume, without loss of generality that (2.1)~«2.2) is in normalized form,
i.e. that there exist scalars a and P such that
oE+BA =1 24)

(this is referrcd to as the standard form for the pencil {E,A}) and in addition '

| vEN + vl 1. o @s)
Note that (2.4) implies that E and A commute, that E, A and the system have a common set of ..
elgenvcctorsl and also that {E A } is a regular pencil for all k>0 (see[1]). But most 1mportantly 24
implies that the space of matrices AKEL, K,L>0, is spanned by the n matrices
{AkEn'_l_—k |'k=(j,..,n—1}; this property has been introduced in [1] as the generalized Cayley—Hamilton
theorem. We assume throughout this paper that (2.4) and (2.5) hold. We also assume that the interval of
definition of our system is sufficiently large to excite and observe all system modes. Specifically, we
assume that N>2n, unless explicitly sfated other&ise. T

As derived in [1], the map from {u,v} to x has the following form:

¥
i
g

ly is an eigenvector of the system if v#0 and for some G, (6E—A)v=0. ¢ is called an eigenmode of
the system; for descriptor systems G can be « as well.



N-1
x® = AEN®y + ¥ Gk)Bug), @.6)
_ =0
where the Green's function G(k,j) is given by

: A¥ (A—EN—k(ViA+mV E)E kygi—kaAN--1p—1 5o
o= EN_k(O)E—Ak(ViA+mV fE) AN—k)Ej Ak—j_lr_l i<k 2.7

and where ® is any number such that
A N+ _ AN+ o

is invertible.
In marked contrast to the case for causal systems (E=I,Vf=0), G(k,j) does not, in general,
" depend on the difference of its arguments. Borrowing some terminology from [11-13], we have the

following definition of our first notion of shift—invariance:

Definition 2.1
The TPBVDS (2.1)—(2.2) is a displacement system if (with the usual abuse of notation) for
0<k<N, 0<j<N-1
G(k,j) = Gk—j). 2.9)

A second notion of shift—invariance is the one associated with the input—output map.

Specifically, with v=0 in (2.2), we have that (2.1)—~(2.3) defines a linear map of the form
_ N-1
yl) = Y WkiuG), (2.10)
j=0
where, obviously

Wi(k,j) = CG(k,j)B. (2.11)



Definition 2.2
The‘ TPBVDS (2.1)—(2.3) is stationary if (again with the usual abuse of notation)
W(k,j) = W(k=j) 2.12)
for 0<k<N, 0<j<N—1.

“The following results characterize the conditions under which a TPBVDS is displacement and

‘stationary. -
b2
Theorem 2.1 o
. The TPBVDS (2.1)—(2.3) is stationary if and only if
OS[Vi,E]Rs = Os[vi’A]Rs =0 (2.13a)
(0 s[VPE]R - Os[VPA]Rs =0, (2.13b)
where [X,Y] denotes the commutator product of X and Y ‘
» X, Y]1=XY -YX (2.14)
and
R, = (A" 'BEA"2BI.. [E"1B] (2.15)
A C An—l
n-2
o, = CEA™ ™1 2.16)"
Cén—l

Before proving this result, let us also state a corollary (which will also require proof) and make

several comments:



Corollary
The TPBVDS (2.1)—(2.2) isa displacement system if and only if
[Vi’E] = [V, Al = 0 (2.17a)
[VpE] = [VpA] = 0. (2.17b)_‘

The matrices R s and O s in (2.15), (2.16) are, respectively, the strong reachability and strong

observability matrices of the TPBVDS as discussed in [1] (see also Section 4). Thus (2.13) states that
Vi and Vf must commute with E and A except for parts that are either in the' left nullspace of Rs or the
right nullspace of Os‘ For example, if R s and O s are of full rank — i.e. if the TPBVDS is strongly
reachable and strongly observable — \A and Vf must commute with E and A. Turning to the corollary,‘
we see that this is precisely the condition for a TPBVDS to be displacement. Thus as expected from |
(2.11), a displacement system is always stationary. Furthermore, the only way in which a TPBVDS cénl
be stationary without belng a displacement system is if the system is not strongly reachable or strongly
observable

The results of causal system theory might then suggest that this distinction between
displacement and stationary is a trivial artifact caused by the use of possible non—minimal realizations.
However, as in the case of continuous—time boundary—value systems [7], we will see that the story is
different for TPBVDS. Specifically, as will be shown in Section 5, a TPBVDS can be minimal without

being strongly reachable or strongly observable.

Proof of the Corollary

Assume that Theorem 2.1 holds. Then, from (2.11) we see that the concepts of stationarity and
displacement are the same if C=B=I. Thus from Theorem 2.1, a TPBVDS is displacement if and onlyv if
(2.13) holds with R and O defined with C=B=I. However, thanks to the generalized Cayley—Hamllton
theorem for pencils in standard form [1], the matrices {A En—k_ | k=0,...n—1} span the same set as -

(E AJ| k,j20}. Thus RS and Os are of full rank, so that (2.13) is equivalent to (2.17).



Proof of Theorem 2.1
What we must show is that (2.13) is equivalent to
Wk+1,j+1) = W(k,j) - (2.18)
for 0<k<N—1, 0<j<N—2. Then, using (2.7), the commutativity of E and A, and performing some algebra
we find that (2.18) is equivalent to S
CAKIEN 1y Avov EIANT 2B B

cAXENH v A+ov EIAN T B, 2.19)
Now thanks to the generalized Cayley—Hamilton theorem and to (2.4), we have that the set of matrices
(AXEMX| 10,1, M)

spans the same space as
(AKEP %) k=0,1,...,n1)
as long as M>n—1. Thus, since N22n, (2.19) yields

1, _ —~1
OSA[ViA+(onE]EI‘ R = OSE[ViA+(onE]AI‘ R, (2.20)
The range of the matrix I‘_IR s is independent of ®. To see this, define the strong reachability subspace
R = Im(RS). (2.21)
Then the generalized Cayley—Hamilton theorem implies that for all M0
M M -
A .%s c ‘%s , E ‘%s c .9&8 (2.22)
which implies
@eN AVl g -T2 c 2. 2.23)
Thus & is [—invariant which implies that & is I Linvariant. In fact, for all @ such that I” ~1 exists
—1 _ _ 55
r ‘%s = I‘.%S = R : . (2.24)

Since the range of r!

Rs does not depend on ® and (2.20) must hold for almost all values of ®
(i.e. all values for which I is invertible), we can deduce that (2.20) is equivalent to the following pair
of equalities |

O [AV.E-EVAJAI 'R =0 (2.25)

—1
OS[AVfE—EVfA]EI" RS =0. (2.26) |



Now, note that (2.25) is equivalent to the pair of equalities
N

OS[AViE—EViA]AI'_lA R =0 2.27)
0 S[AViE—EViA]Al""lENRs =0. (2.28)
To see this observe that since {EN,AN] is regular
R = Im(ANR, 1EVR ). 2.29)
In a similar fashion we have that (2.26) is equivalent to the pair of equalities
O[AVE-EVAJET " ANR =0 2.30)
OS[AVtE—EVfA]EF"lENRS =0. @31)
Using the commutativity of E and A together with (2.5), we see that (2.30) is equivalent to
0 S[—AViE+EViA]EN+1F"lR =0, 2.32)

Using the definition of I, we see that (2.27) and (2.32) imply that

OS[AViE-—EViA]R § = 0. (2.33)
In a similar fashion (2.28) and (2.31) can be shown to imply
o) s[A,VfE—-EVfA]Rs =0. (2.34)
Note also that
—1 —1
Er 528 c .%S , Al .%s c .%s (2.35)

so that (2.33), (2.34) imply and thus are equivalent to (2.25), (2.26).
Finally, note that thanks to the commutativity of E and A, (2.13a) implies (2.33) and (2.13b)
implies (2.34). To see that the reverse of these implications holds, suppose that a0 in (2.4) (if 0=0,

reverse the role of E and A in what follows). Then

E=4+0A , 0. (2.36)
Substituting this into (2.33) yields
0] s[Vi’A]Rs = (), (2.37)
and (2.36) implies
Os[vi’E]Rs =0. (2.38)

Similarly (2.34) implies (2.13b), and the theorem is proved.



As we shall see, the characterization of the displacement property in (2.13) simplifies many of
the computations associated with TPBVDS's. In particular, it is not difficult to check that the Green's
function of a displacement system is given by

v, Ak-1gN&k k>0

GK) = [_V;E—k AN+ 2.39)
Similarly, the weighting pattern of a stationary TPBVDS is given by

| cvaAKIEN* B 0 '
W(K) = [ ovE*aNly ke (2.40)

Before closing this section we consider another problem, namely that of the degree of freedom

in the choice of boundary matrices Vi and Vf.

Theorem 2.2

Consider two TPBVDS's with the same matrices C, E, A, and B and identical weighting
patterns. Then, if one has boundary matrices V; and Vg and the other <‘/i and OP we must have
A
O,V;R, = O.VR, (2.41a)
A
O VR = OszRs. (2.41b)
Conversly if (2.41) holds for two TPBVDS's with identical C, E, A, and B system matrices, then their

weighting patterns must be identical.

Proof
By setting
A
Wk,j) = W(k,j) (2.42)

we get that
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OV,AI'R =0 s{"iAr’IRs (2.43a)
OVE R = o,V Er IR, | (2.43b)
which in turn implies that
N+l~—1, _ A & AN+1-1 o
o VAN IR =0 VAN TRy (2.442)
0. v.ANErR_ =0V ANEr IR (2.44b)
s fA s s fA s :

Now using the fact that both systems are in normalized form, we can rewrite (2,44b) as follows:
N+lpe—lp _ A & pN+1-1
OsViE r Rs = OsViE r Rs (2.45)
which in conjunction with (2.44a) implies (2.41a). Equation (2.41b) can be verified similarly.
The converse is easy to see to be true by noting that in the expression for W, Vi and V. appear

only premultiplied by 0S and postmultiplied by R s
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3— Inward Processes, Outward Processes, and Extendibility

As discussed in [1] (with motivation from [7]) the process x in a TPBVDS can be recovered
from two processes that each have interpretations as state processes. The outward process, which
expands outward toward the boundaries, summarizes all that one needs to know about the input inside
any interval in order to determine x outside the interval. The inward process uses input values near the
boundary to propagate the boundary condition inward.

The outward process has a simple definition and characterization [1]. In Krener's context the
outward process represents the "jump" corresponding to the difference between x at one end of any
interval and the value predicted for x at that point given x at the other end of the interval and assumirllg
zero input inside the interval. In our context, we can't predict in either direction (due to the possible
singularity of E and A) and thus we use a somewhat different definition

z(kj) =B ¥x() - A% ke, 3.1)
This agrees with Krener's definition if E=I but in general in our case z 0(k,j) can only be propagated in

an outward direction. Also, it is possible to write a closed—form expression in terms of the intervening

inputs:
j-1 _
z (k) = ) EF KA T 1py(r) 3.2) .
=k
and to write outward recursions -
2 (k-1j) = Ez (k) + A ¥Bu(k-1) (3.3a)
2 (kj+1) = Az (k) + B ¥Bu(j) . | (3.3b)

Note that zo(k,j) does not involve the boundary matrices Vi and Vf —i.e. it only involves (2.1) — and
Lo

thus none of the expressions (3.1)—(3.3b) are affected if the TPBVDS has the displacement property.

The situation is considerably different, however, for the inward process. As developed in [1], for
any K<L the inward process z,(K,L) is a function of the boundary value v and the inputs

{u(0),...,u(K-1)} and {u(L),...,u(N—1)} so that the TPBVDS
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Ex(k+1) = Ax(k) + Bu(k) (3.4a)
ViKLx(K) + VK LX(L) = (K.L) (3.4b)
yields the same solution as (2.1), (2.2) for K<k<I.. Here Vi(K,L) and Vf(K,L) are assumed to be such

that (3.4) is in normalized form, i.e.

VEKLEY® + VAKLA K =1, 3.5)

Theorem 3.1
The inwardly—propagated boundary matrices and the inward process can be expressed as

follows:

Vi(KL) = EN—L(mE—AK(meE+viA)AN‘K)r‘1BK (3.6a)

VAKL) = —AK(A—EN“L(meE+ViA)EL)I‘—1AN_L (3.6b)
and
z(KL) = eN-LAK | EN‘L(mE—AK(meE+ViA)AN‘K)r‘1z LX)

+ AK(A—EN_L(meEwiA)EL)r'“lzo(L,N). 3.7

Note in particular the starting values
zi(O,N)=v, Vi(O,N)=Vi, Vf(O,N)=Vf (3.8)
and the "final values"

zi(k,k) =x(k) forallk. (3.9)

Proof

Let Sh be the following hx(h+1) block matrix,

AE 0 . O
0-AE .. O
Sh= : : (3.10)

00 A E
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then (2.1)—~(2.2) can be expressed as :
Bu(0)

S x(0)
N MEI 3.11)
V.0... 0 Vg [xa) )
Also it is easy to see that
_AKgKo ... o 1r0) z,(0.K)
O :o cocéoo.o‘o co: : :ﬁ%il) Bu(K)
- LK = i ol (.12)
0 ...0-aANLgNL igjg 2o (L.N)
V.o Ll 0 Vv v
Now to find Vi(K,L) and Vf(K,L), we need to first construct a full—rank matrix
| [T,(K.L) TCK.L) PK.L)]
so that
L
.| o ENT
[Ti(K,L) Tf(K,L) P(K,L)] ‘ =0. (3.13)
V. V
i f
If we now premultiply both sides of (3.12) by
0 I 0 0
QKL) = |T,(KL) 0 T{KL)PKL) (3.14)
we obtain
S x ] e
P = Bu(L—
Ti(K,L)EK —Tf(K,L)AN—L x(L) T,(K.L)z (OK)+T; (K, Lyz LN)+PK Lv
| (3.15)
then clearly,
Vi(KL) = Ti(K,L)EK (3.162)
VAKL) = —Tf(K,L)AN_L (3.16b)
and
z(K.L) = T,K.Lyz, OK)»TK L)z LN+PKL)V. (3.17)
It is straightforward to check that
T,KL) = EN‘L(mE—AK(mvmeiA)AN‘ 1 (3.18a)
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TKL) = AK(A—EN-‘L(mva+ViA)EL)r“1
and
PK.L) = EN TAK

satisfy our requirements. Clearly then (3.6) and (3.7) can be obtained from (3.18),

Theorem 3.1 can be slightly generalized to give us a relationship between all
inwardly—propagated boundary matrices:
Vi(KL) = B L@E-aK v anesv,anma o g5

VAKL) = AKX g L@v anesv,anae-rila
when [K,L] is contained in [I,J] and where
| _ M+l M+l
I‘M = @E —A .

Corollary
Suppose that (2.1)—(2.2) is a displacement system. Then,
V(KL) = vEN K
and
7KL =ENTaKy + v.iEN Tz (0K) - vz LN,
Proof

(3.18b)

(3.18¢c)

(3.19a)
(3.19b)

(3.20a)
(3.20b)

(3.21)

oy

Equations (3.20) and (3.21) are easily derived from (3.6) and (3.7) using the fact that E and'.A

must commute with Vi and Vf
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An important interpretation of the inward process, or more specifically the inwardly—propagated
boundary matrices (3.6) is that the Green's function for the system (3.4) on the smaller interval [K,L] is
the restriction of the Green's function of the original system (2.1)—(2.2) defined on [O,N]. A logical
question then is whethér we can also move the boundary conditions outward so that the Green's
function for the resulting system, when restricted to [0,N] yields the original Green's function. This is
roughly the property of extendibility. In particular, it makes a good deal of sense to consider
extendibility when one considers shift—invariance, as the intuitive notion of shift—invariance includes

the idea that there is no real time origin, while the TPBVDS (2.1)—2.2) is defined on an interval [O,N]

of fixed length.

We now make the following precise definitions:

Definition 3.1

The TPBVDS (2.1)—(2.3) is left (right) input—output extendible if given any interval [K,N]
([O,L]) containing [O,N], there exists a TPBVDS over this larger interval with the same dynamics as 1n
(2.1) but with new boundary matrices Vi(K,N), Vf(K,N) (Vi(O,L), Vf(O,L)) such that the weighting
pattern W(k,j) of the original system is the restriction of the weighting pattern We(k,j) of the new
extended system, i.e.

W(k,j) =W c(k,j), 0<k<N, 0<jsN-1. | (3.22)
The TPBVDS (2.1)—(2.3) is input—output extendible if it is both left and right input—output

extendible.

Definition 3.2
The TPBVDS (2.1)—(2.2) is left (right) extendible if given any interval [K,N] ([0,L]) containing
{O,N], there exists a TPBVDS over this larger interval with the same dynamics as in (2.1) but with new

boundary matrices Vi(K,N), Vf(K,N) (Vi(O,L), Vf(O,L)) such that the Green's function G(k,j) of the
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original system is the restriction of the Green's function G e(k’j) of the new extended system, i.e.
Gk,j) = Ge(k,j). 0<k<N, 0<j<N-1. (3.23)
The TPBVDS (2.1)—(2.2) is gxtendible if it is both left and right extendible.

In order to characterize the conditions under which each of these types of extendibility hold, let
us first define two matrices that will appear on several occasions. Specifically, with any matrix F we

associate the Drazin Inverse FD and its invertible modification F. To define these, let T be an invertible

matrix such that

MO0 1
F=T T (3.24a)
0 N
where M is invertible and N is nilpotent (e.g. the real Jordan form has this structure). Then
Mol
=T Tl (3.24b)
0 0
M 0 1
F=T T °. (3.24¢)
0 N+I

These matrices have a number of important properties:
@) FP and & commute with each other and with F.
(ii) If F is invertible, FO=F " and F=F.
(i) FPF = FOF (3.25)
and if p is the degree of nilpotency of N, i.e. Nu_latO, NH=0, then for k>
FHED gk gk - pRH (3.26)
(iv) Let G be any'matrix, then the conditon '
Ker(F*) c Ker(G) (3.27)
is equivalent to
GFPF=G. (3.28)

(v) If #is an F—invariant subspace, then FOF HC Hand is also F—invariant.



17

(vi) Let {E,A} be a regular pencil in standard—form, then
EEP+AAP_AAPEEP =1. (3.29)

Properties (i)—(v) can be easily checked. To see why property (vi) is true we need to first pre and post

multiply (3.29) by T and T~} chosen such that

E, N,
T =| B2 | TAT!= Ay (3.30) .
' Ne Aj
where El’ E2, A2' and A3 are invertible (see Section 6), in which case
B 0 4
ePT1=| B | 1APrl-| A2 L (3.31)
0 AS
Then clearly
0 I
taAlPT1=| 1 | TEEPTl=| 1 (3.32)
I 0
and
0
TAAPEEPT 1= | 1 (3.33)
0 .e

which imply the desired result.

Note that without loss of generality, it can always be assumed that the E and A matrices of a
TPBVDS in normalized form are in the block form (3.30). This can always be achieved by a coordinate
transformation. The corresponding boundary matrices, in this coordinate system, must have the

following form

-N f

i oi £
El” Vo V13 Vin Vip 0
_ i i of of
i ooi f f .-N
0 Vi3 Vi3 V31 Vap Az
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This is because the TPBVDS is supposed to be in normalized form which means that Vi and Vf must

satisfy (2.5) and EN and AN have the following block structures respectively,

N 0
1 gN AN
2 ’ 2 N .
0 Aj
Theorem 3.2
A TPBVDS is left extendible if and only if
V.~ VEPE=0 (3.352)
v, — APAV,=0. (3.35b)
It is right extendible if and only if
v, —EPEV, =0 (3.362)
D, ,
Ve— VA"A = 0. (3.36b)
It is extendible if and only if
v, ~EPEVEPE =0 (3.37a)
D D, _
Ve - ATAVATA = 0. (3.37b)

Corollary
For a displacement TPBVDS the following statements are ;quivalent

(i) The TPBVDS is right extendible.

(ii) It is left extendible.

(iii) It is extendible.

(iv) The following equations hold
V,~VE'E=0 (3.38a)
V- VAPA = 0. (3.38b)
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D

The corollary follows from the theorem because in the displacement case E, E~, A and AD commute

with V. and V.
Proof of Theorem 3.2
| First we show necessity. Let the TPBVDS be left extendible then it must be obtained by moving
in the left boundary of another TPBVDS. Then from (3.6) it can be seen that
Ker(V;) ¢ Ker(E) (3.39)
Ker(V}) ¢ Ker[(A%)"] : (3.39b)
where k is the number of steps that the boundary has moved. If k is larger than the maximum of the
nilpotency degrees of E and A, then equations (3.39) and (3.35) are of course equivalent. If the system
is right extendible then (3.36) can be shown to be true similarly. And of course (3.35) and (3.36) imply
(3.3D).
To show the sufficiency of (3.35) we need to construct matrices Vi(K,N) and Vf(K,N), for each

K<0 so that when we move in these boundary matrices to [0,N] we recover Vi and Vf Assume then

that (3.35) holds and let
VKN = [IHAP FvaNFEB) N x (3.400)
VAKN) = (AP Fv, (3.40b)
First we need to make sure that the extended system is in normalized form, i.e.
'“ v.&NEN Koy g nah K -1 | (3.41)
From (3.40) and using the fact that V, and Vg are in normalized form, we get that
V.KNEN K4y g NaN K = a-AAPYEEP+AAD (3.42)

which is equal to the identity matrix (see property (vi)).
Now we have to make sure that by moving in Vi(K,N) and Vf(K,N) to Vi(O,N) and Vf(O,N) we
recover Vi and Vf This can be verified by substituting the matrices in (3.40) into (3.19) with K=0,

L=J=N and I=K.
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The necessity (3.36) for right extendibility can be proven similarly. Specifically we construct

right extended matrices as follows
D,L- N

V.0L) = E™) (3.43a)
VLOL) = 1-ED) “NviE’-](AD)L. (3.43b)
To see the necessity of (3.37) for extendibility simply note that (3.37) clearly implies (3.35) and
(3.36).
Theorem 3.3

Let a TPBVDS be left (right) input—output extendible. Then we can find an equivalent TPBVDS
using the freedom in its boundary matrices such that this new TPBVDS is left (right) extendible.
Conversely, every left (right) extendible TPBVDS is left (right) input—output extendible.

Proof

Let a TPBVDS defined over [0,N] be left input—output extendible then there exist a TPBVDS
defined over [-n,N] such that when we move in its boundaries to [O,N] we get a TPBVDS with '
weighting pattern identical to the weighting pattern of our original TPBVDS, possibly with dlfferent
boundary matrices. This new representation of our TPBVDS is clearly left extendible because it has |
been obtained by moving in the left boundary of another system n steps. A similar argument can be
used for the case of right extendibility.

The converse of the theorem is trivial.
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Theorem 3.4
A TPBVDS is left input—output extendible if and only if
D ) _
0] S(Vi —V.E E)Rs =0 (3.44a)
D -
OS(V £ ATAVOR = 0. (3.44b)
It is right input—output extendible if and only if _
D =
0) s(Vi —-E Evi)Rs =0 (3.452)
D =
O (Ve — VAZAR = 0. (3.45b)
It is input—output extendible if and only if
o,v; ~EPEVEPER =0 (3.46a)
D D _
OS(Vf —ATAVA AR = 0. (3.46b) .

Corollary
For a stationary TPBVDS the following statements are equivalent

(i) The TPBVDS is right input—output extendible.

(ii) It is left input—output extendible.

(iii) It is input—output extendible.

(iv) The following equations hold
O (V; - VEE)R =0 (3.47a)
0,(V¢ — VAPAR =0 (3.47b)

Proof of Theorem 3.4

Suppose that the TPBVDS is left input—output extendible, then from Theorem 3.3 there exists a
TPBVDS with the same weighting pattern which is left extendible, i.e. there exist matrices V’; and V’;
such that

.

OSV ;R = O, VR (3.48a)
sk

OSV R¢= O VR, : (3.48b)
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and such that they satisfy (3.35).
Notice that (3.48) implies that

* D _

0,V;EPER = OSViEDERS (3.492)
D, *, _ D

0,APAV{R =0 APAVR (3.49b)

because of the invariance properties of the strong reachability and observability matrices (see Section

N .
4). Premultiplying and postmultiplying (3.35) (with V replaced by V ) by O s and RS respectively and
using (3.48) and (3.49) we obtain (3.44).

Now suppose that (3.44) holds. Let
Dy, <D

v’; = —AAP)ED)N+AA V.EPE (3.50a)
v"f‘ = AADVf (3.50b)

then we have to show that the new system obtained by replacing Vi and Vf with these boundary
matrices is just another representation of the original system. First we need to make sure that this new
system is in normalized form:

D D

V:EN+V’;AN = [1-AAD)EPYN+AA ViEDE]EN+AA N

VA (3.51a)
= 1-AADYEEP)N+AAD = 1. ~ (3.51b)
Equation (3.51b) can be checked easily by using the block form (3.30). What remains to be shown is
that (3.48) holds for these matrices. Clearly (3.48b) holds from (3.50) and (3.44b). Showing (3.48a) is
more complicated and again we suppose that the system is in the block form (3.30), (3.34). The matrix

V} in (3.502), is given by

N ui i
LI EIN 0 B V2 Vi3
_ N i i _
0 0 I i i 0
0 Vi Vi3
EIN 0 0
0 V:?z 0 (3.52)
1
0 Vi, 0

where Viz and V;Z are (2,2) and (3,2) blocks of Vi'

The strong reachability and observability matrices have a block structure as well , i.e.
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1
o) R
so | SR

3-Rg = (3.53)
0; R

OS=W.

for some invertible matrices Z and W (this is due to the fact that the three blocks of the system have

distinct eigenvalues, see Section 6). Also observe that

N Nip _ N. Dy, AN _
Os(ViE +VfA )R s = OsViE .Rs+ OSAA VfA R § = OsRs' (3.54)
By pre and post multiplying (3.54) by W_l and Z_l, respectively, and inspecting the (1,2) block we
get that
1 Ng2 '
o) V12E2 =0 (3.55a?
which, since R‘: is E2-—invariant (again see Section 6), and E2 is invertible, implies that ‘
11 p2 _ .
OsVIZRs =0. (3.55b)
Also note that (3.44a) implies that
k 3 _
0] Vk3 0, k=1,2, 3. - (3.56)

Now by noting the expression for V’; in (3.52) and equations (3.55b) and (3.56) it becomes clear that

we must have that

Osles 0O sles (3.57))
which is the desired result. The other cases can be argued similarly. ‘
The corollary is immediate by noting that E and A and their Drazin inverses commute with Vi

and Vf when premultiplied by O s and postmultiplied by Rs’

We shall emphasize the fact that the notions of left and right extendibility are indeed distinct
notions and we could very well have a system that is right extendible but not left extendible and vice

versa. The following example demonstrates this fact:
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Example 3.1
Consider the following TPBVDS
00
x(k+1) = x(k) + uk) (3.58a)
01
00
x(0) + x(N) = v. (3.58b)
10

~ This TPBVDS is well—posed and in normalized form. It is easy to check that for this system (3.36b) is
violated but (3.35a) and (3.35b) hold. Thus this sytem is left extendible but not right extendible.

The input—output extendibility feature is a property of the weighting pattern of the system and
not of any specific representation so that it is possible to refer to this property as extendibility of the

wcighﬁng pattern. The following theorem justifies this:

Theorem 3.5
Let 2 TPBVDS's (of possibly different dimension) defined over [0,N] have identical weighting

patterns. Then if one is input—output extendible so is the other.
We shall prove this result in Section 5.
The extendibility property is a very important property because it allows us to associate to each

* system a sequence of systems defined over any desired interval. We present a way of constructing this

sequence. But first we give the following characterization of extendible systems:



Theorem 3.6
Let a TPBVDS be extendible and in block form (3.30), (3.34). Then the boundary matrices must

have the following structure

EN O 0 00 0 |
1 i _ f ‘
Vi=| 0 V3, 0f,Vp=|0 V5 0 (3.59)
0 00 0 0 AgN

which means that the TPBVDS is separated into a purely causal part and a purely anticausal part, each

having nilpotent dynamics, and a non—descriptor acausal part.

Note that if a system is input—output extendible then it has a representation of the form (3.59).

Proof
The structure in equation (3.59) can be easily derived from the extendibility condition and the

fact that the system is in normalized form. .

Theorem 3.6 allows us to simplify the expression for the Green's function solution of an
extendible system. By replacing the Vi and Vf in the general Green's function solution by Vi and Vf in
(3.59), we obtain the following expression for the Green's function of an extendible system:
_~kEN—kvaEDEj—N§N—j -1 ( I-EED)Ej'k ( AD)j —k+1 2k
RkgN—ky. AAPZTI1gT & (1-AAD)(EDykIak—I- j<k ¢
_akg - (eNv D) JEEPZ 18 — (1EEDE ¥ (AP) I gk

Gk,j) =

Ak ENy ) AAPETITIE 4 aaD) (ED)KIAN j<k

(3.60)
And of course the weighting pattern of an input—output extendible system can be expressed as:
—c(REX1—(ENV.) 1EEPA 18— (1-BEPYE X (AP) B gk

Wki)= | . o o .
C(ARXE*ENv, ) AAPKI 1) & 1-AAD)(ED)KIak—i-lip

(3.61a)
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Note that (3.60) expresses the Green's function of an extendible TPBVDS and all of its extension.
Similarly, (3.61a) expresses the weighting pattern of an input—output extendible TPBVDS and all of its
extensions. This observation deserves further comment. Specifically, what we have done is the
following. We begin with a specific extendible TPBVDS defined on [0,N], with boundary matrices Vi,
Vf so that the system is in standard form over thislspeciﬁc interval. Equations (3.60) and (3.61a) then
provide us with the Green's function and weighting pattern for all extensions of the TPBVDS. Thus we
use the parameters associated with any one of the family of extensions to obtain G and W for the whole
family. These expressions must of course, not depend on the particular member of the family used in
the computation. In particular (3.60) and (3.61a) do not depend on N. Rather ENVi is, in a sense, an
invariant of the entire family (remember that Vi also depends on N, as it is chosen so that the system is

in standard form over [O,N]). In the simpler stationary case this point can be made much more explicit.

B
1
Note also that if we are in the basis (3.30), then by letting C and B equal [C1 C2 C3], B,
. B,
respectively, W(k,j) can be expressed as
_c. akpN-kyf pi-NoN-i-1g _ ¢ ak-3-INJB, j2k
o 277272 2272 2 2 373 e 3
W)= | "k Nkyi nja—i—1 j—kyk—j—1 G
CyAzEy V3 E3A) 7By + CEy N By i<k

We can construct the sequence of (inward and outward) extensions (in standard form) of our
extendible or input—ouput extendible TPBVDS as follows
V(L) = £l ENv ) AAPEIAT + a-AAD)E,

VLD = E_JKI[I——(ENVi)]EEDEJK—J + 1-geP)xH (3.622)
In the basis (3.30), (3.62a) becomes
gD o 0 0 0 0
_ N Ioi oI ,-I _ I.N-Jf oJ-N,N-J
van=| 0 EYTAlVEEAT 0| van = |0 AETVyHE; AT O
0 0 0 0 0 Ag(’ D

(3.62b)
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In the stationary case the situation is even simpler. The weighting pattern of an input—output

extendible statmnary TPBVDS can be expressed as follows

cENy. JE (AED)k 1

Wik) = [—C(ANVf)A (EADy*B

-{

cEN V;)E (AED)k g

Cl1— (E \ )]A E®AP)*

B k>0
k<0

B k<O

- (3.63)
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4-Reachability and Observability
As discussed in [1], there are two notions for both reachability and observability for TPBVDS's.

In this section we provide brief reviews of these definitions and present additional results.

Definition 4.1
The system (2.1)—2.2) is strongly reachable on [K,L] if the map
{u(k): ke[K,L]} —>z o(K,L) 4.n -

is onto. The system is strongly reachable if it is strongly reachable on some interval.

From (3.2) we can write

u(K)
z (KL) =R (LK) : 4.2)
u(L-1)
where
R () = (AT IBIEAT?BIIEV ' B). @3) |

Note that R s=Rs(n)' Furthermore a TPBVDS is strongly reachable if and only if R s has full rank (this is
a consequence of the generalized Cayley—Hamilton Theorem). Furthermore, the strongly reachable
spaces have the usual nesting property, i.e.

ﬂs(k) =Im[R (k)] ¢ Im[RS(k+1)] = .%S(k+1). 4.4)
We refer the reader to [1] for proofs of these and other results related to strong reachability. For future
reference we define the strongly reachable subspace

# = Im[R s]. 4.5)
Also in [1] it is shown that the system. (2.1)—(2.2) is strongly reachable if and only if
[sE—tAIB]

has full row—rank for all (s,t)20. Or equivalently, if no left eigenvector of the system is orthogonal to

the columns of B. Note that this test of strong reachability can be applied even if the system is not in
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normalized—form. To see this, let us suppose that.(2.1)—(2.2) is well—posed, but not in
normalized—form. Now remember that any well—posed system can be put into normalized—form by ‘
premultiplying (2.1) and (2.2) by some invertible matrices T and S, respectively. Premultiplying (2.1)
by an invertible matrix T means replacing E, A, and B with TE, TA and TB, respectively. Since the
new system is in normalized form, we can test whether or not it is strongly reachable by testing the full

rankedness of [STE—TAITB]=T[sE—tAIB]. By noting that T is invertible, we obtain the desired result.

Defintion 4.2
The system (2.1)—(2.3) is strongly observable on [K,L] if the map
z(K,L)~ {y(k): ke[K,L]} (4.6)
defined by (3.5), (3.6), and (2.3) with u=0 on [K,L] is one to one. The system is strongly obscrvg. ble if

it is strongly observable on some [K,L].

With u=0, we have

et

y(K) :
. | = 0 (LK)z,(K.L) 4.7
yw] ;
where
CEjj__l
oG =|“AE 1. @.8)
CAJ

Note that Os= Os(n—l). Furthermore, a TPBVDS is strongly observable if and only if Os has full rank.
In addition, the strong unobservability subspaces have the usual nesting property

% k+1) = Ker(Os(k+1)) cq (k) = Ker(O(k)). 4.9)
Again for future reference we define the strongly unobservable subspace

g = Ker(OS). (4.10)
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Again form [1] we have that the TPBVDS (2.1)—(2.2) is strongly observable if and only if
sE—A

C
has full column—rank for all (s,t)#(0,0), or equivalently, if no right eigenvector of the system is

orthogonal to the rows of C. Again, as for the case of strong reachability, this test of strong

observability is valid even if the system is not in normalized—form.

Note that the properties of strong reachability and observability involve only the matrices C, E,
A, and B. As we shall see, the other weaker set of notions of reachability and observability involve the

boundary matrices as well.

Definition 4.3
The system (2.1)—(2.2) is weakly reachable off [K,L] if the map
{u(k): ke[0,K-1]JU[L,N-1]} —> zi(K,L) 4.11)
with v=0 is onto. The weakly reachable subspace .%W(K,L) is the range of this map. The system is
called weakly reachable if

4y a KL =R" (4.12)
K.L

’

'%W

The space ‘%w is called the weak reachability space.

While it is shown in [1] that for K and L far from the boundaries the dimension of ﬂw(K,L) is
constant, it is not generally true that this space is fixed or that any nesting of weak reachability spaces
occurs as K and L move inward from the boundaries. That is why we may very well have a system
which is weakly reachable, but where %w(K,L) is not the whole space for any K and L. In [1] we

defined weak reachability differently, specifically we called a system weakly reachable if .%W(K,L)
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equaled R™ for K and L far from the boundaries. We shall see later that Definition 4.3 is more

appropriate.
Theorem 4,1
The weak reachability space .%w can be expressed as
ken—1-] .
. = U AE Im{V.R_ VR _]. (4.13)
W 0<k<n i's fRs
Corollary
| For an extendible system, the weak reachability spaée .%w can be expressed as
kn—1-]
A = U A'E V.& + R_. 4.14)
W 0<k<n s S

Proof

First we prove the following Lemma which justifies the use of the terms “strong" and "weak".

Lemma 4.1
For any TPBVDS
.%S c ﬂw. (4.15)
Proof
We will show a stronger result that
ﬂsc R W(K,L) for K,Le[n,N-n]. (4.16)

From expression (3.7) for zi(K,L) with v=0, and the fact that the space reached by z 0(O,K) and zo(L,N)

is exactly 528, we can easily deduce that
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2, 0KCL) = EN‘L(mE—AK(o)va+viA)AN‘K)F“1 &,
+ AK(A—EN_L(meE+ViA)EL)l"—1 R @4.17)
By noting that AN X R.c & andE-RC R, (4.17) implies that
2,KL) > EN—L((oE—AK(meE+ViA)AN_K)EL1"_1 2,
+ AK(A—EN—L((thE+ViA)EL)AN_KI'_1 2,
= &+ EN—LAK(conE+ViA)AN_KELI‘_1 R (4.18)

which in turn implies (4.16). Clearly then (4.16) implies (4.15).

To prove the Theorem, observe that

R0 A+ v 2, (KXK). (4.19)
Using (2.7) and the fact that I‘_l .938= 525, this implies that
CNEYY (AKEN KoV B+V. Al &) + 4, for all . (4.20)

K
But thanks to (2.2.5) and the E— and A—invariance of .%s,

.9&5 + [conE+ViA] .%S =V, ,%’S + Vfﬂs 4.21)
which along with (4.19) and Cayley—Hamilton proves that
k.n—1-%k
R > v AE Im[V.R_ V.R ]. 4.22)
W ~0<k<n i's s

The other inclusion is trivial since in expression (3.7) for zi(K,L), the range of the map u-z; is
essentially the range of matrices ArESViAtEu and ArESVfAtEu.
To prove the corollary simply note that we can dccompose the system into 3 subsystems as in
(3.30), in which case V; and V are expressed as in (3.59). Now using the fact that for an extendible
system V=(-V;EMAP)N, we can show that
Im[V.R IR ] = Im{V.R sIVfRs] (4.23)

which yields the desired result.



In the case of displacement systems, expression (4.13) simplifies and %w can be expressed s
tollows
R, = mVR VR ]. (4.24)
If in addition the system is extendible then 2W= .%w(K,L) for K and L far from the boundaries (see

(p.

In analogy with the strong reachability result, we state without proof the following

characterization of weak reachability, which is proved in [2}:

Theorem 4.2
A displacement system is weakly reachable if and only if the matrix
| | [SE—AIV,BIV,B]
has full rank for all (s,)%(0,0). If in addition it is extendible, then it is weakly reachable if and only if
[SE—AIV,BIB] i
has full rank for all (s,t)#(0,0).

As one would expect, there is a dual set of concepts and results for weak observability:

Definition 4.4
The system (2.1)—(2.3) is weakly observable off [K,L] if the map
z,(K.L)—> {y(k): ke[0.K]JV[L,N]} 4.25)
with v=0 and u(j)=0, je[0,K~1]Ju[L,N—1] is one to one. The weakly unobservable subspace ow(K,L) ils
the null space of this map. The system is called weakly observable if

awé n g, KL= {0). (4.26)

K,L
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The space ow is the weak unobservability space.

By analogy with the weak reachability case we simply present the dual set of results concerning

weak observability.

Theorem 4.3

The weakly unobservable space can be expressed as follows

OsVi

n-1-k,k
Osz E AT, 4.27)

dw = n Ker
0<k<n

Corollary
For an extendible system the weakly unobservable space can be expressed as follows
4,=9n{ 0 Kex©OVE"T*A9). 4.28)
O<k<n
Lemma 4.2
For any TPBVDS
Gy © g 4.29)

This Lemma shows that weak observability is a weaker condition that strong observability.

If the TPBVDS is displacement, (4.27) simplifies as follows

o.V.
(4.30)

and if in addition it is extendible 0W= 0W(K,L) for all K and L far from the boundaries.
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- Theorem 4.4

A displacement system is weakly observable if and only if the matrix
sE—A
CVi
CVf
has full rank for all (s,t)#(0,0). If in addition, it is extendible, then it is extendible if and only if
sE—tA
CVi
C

has full rank for all (s,t)#(0,0).

In this section we have introduced two distinct notions of reachability and observability. In
some cases the two notions coincide, for example for causal systems where Vi=E=I and Vf=0. In this
case $S= .%w and ds= 0w. In general, however, that is not the case. We shall see in the next section

that both of these notions are indeed needed to study minimality.

The following example illustrates the difference between the concept of strong and that of weak

reachability:
Example 4.1
Consider the following displacement TPBVDS
1
x(k+1) = x(k) + [ ]u(k) (4.31)
0
10 0 O]
x(0) + x(N)=0 (4.32)
11 -1 0]

where

x(k) = xl(t)“ . (4.33)
X2( )_
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This system is well-posed and in normalized form. The strong reachability space for this system is just

1
O 1

so that the system is not strongly reachable. In fact, we can easily see that only X4 is strongly reachable

Im

and Xy is not. However, using (4.24), we can check that the system is weakly reachable. In fact, we can
check that this system is weakly reachable off any interval [K,L], 0<K,L<N. To intuitively illustrate
this fact, note that boundary condition (4.32) can be rewritten as follows
xl(O) =0 (4.34)

x2(0) =x,(N). (4.35)
It is clear that xl(k) can be made arbitrary by proper choice of inputs u(j), j<k. On the other hand,
xl(N), and thus x2(0), can also be independently made arbitrary by proper choice of u(j), k<j<N. But
(4.31) implies that x2(k) is constant for all k, so that it must equal x2(0) and x l(N). The result is that
xl(k) and x2(k), which form x(k), can be made arbitrafy by proper choice of the input u. This explains

why this system is weakly reachable.
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5-Minimality
In this section we present minimality results for TPBVDS's. We also specifically consider the
stationary and extendible stationary cases. These results are analogous to those in [7] and [12], with

differences due to possible singularity of E and A.

Definition 5.1

A TPBVDS is minimal if x has the lowest dimension among all TPBVDS's having the same

weighting pattern.

Theorem 5.1

A TPBVDS with N24n is minimal if and only if

@) 2,=R" (5.1)
) 4= {0) (52)
©) g c R (5.3)

(i.e. if it is weakly reachable and observable, and any strongly unobserved mode is strongly reached).

As in the causal case, the proof of this result involves the introduction of Hankel matrices and
the description of a method for reducing the dimension of systems violating any of the conditions
(a)—(c). As we will see, in the present context we actually have 3 different Hankel matrices and also, as
in [7] we may have a certain level of nonuniquness in minimal realizations that is not present in the
causal case.

The length of the interval here is assumed to be larger than 4 times the dimension of the system

so that all the modes on both sides of a state in the middle of the interval can be reached and observed
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(see the proof for details on where this assumption is needed). If N is not large enough, the conditions

of Theorem 5.1 become necessary but not sufficient.

Proof
We begin with the description of reduction procedures if any of the conditions (5.1)—(5.3) are
not satisfied. Consider first the case in which .%wat R". Let 5&2 be any subspace such that
_mpn
Ry © Ry = R™. (5.4)
Then, by performing a similarity transformation on x to represent it in a basis compatible with (5.4) we

arrive at a system of the form (1)—(3) with

X
X = [xﬂ X, € R0 % € By, (5.52)
i i
A Ay o Ba B i V12
A=l 0 &, CE=| AV L =1 (5.5b)
2 22 vi, Vi,
V.= V{I Vi2 C=[C,1C,], B= 51 (5.5¢)
= yf £ CTC G B o ) :
21 Y22

The O—blocks in A and E follow from the A— and E—invariance of & - The 0-block in B is due to the

fact that Im[B] c ﬂs (Cayley—Hamilton) and .%Sc .%w. In addition, since

R, 2V, + Ve (5.6)
we must have
i Kin o uf in
V,1A11E11B; = V21A11E11B =0 G-D

From the form (2.7) for the weighting pattern of a TPBVDS we can then conclude that the

weighting pattern of our system is given by

k Nk i £ K \jk Noj—lr—ly
CiAL A BT (VA roV BB DB Ay Ty By 02K
N-k kK o £ Nekyoj s koj=l—lp
C E| ] (WE  —A} (V] A +0V By DATDE Ay T By <k

(5.8

W(k,j) =
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where l"1 = (oEIII'{l AIII'IH, so that we have apparently reduced our system to

1(k+1) A11 1 +B 19()
Vi@ + Vi M =v; (59)
y(©) = Cyx ®).
Note since E and A are in standard form, so are E11 and A1 1 However, the boundary matrices Vil
and V{l need not be normalized and indeed there is no guarantee that (5.9) is well-posed: However,

note that V1 | and V1 in (5.8) are pre— and post-multiplied by c, A% EN K and ] 1Al ENTB, so

that there may be a degree of freedom in the choices for V11 and V{I that verify (5.8). In fact, if Ol

and R1 denote the strong observability and reachability matrices of (5.9), since the null space of

C A1 lEIflk includes that of O and the range of I‘llAJ1 1El;IIJB1 is included in R1 we can modify

V 11 and Vfl as'long as 01Vl lRl and O Vf R1 remain unchanged and preserve the weighting pattern
(5.8). Thanks to the following result, we can modify the boundary matrices in order to make (5.9)

well—posed while leaving the weighting pattern unchanged.

Lemma 5.1
Consider a (possibly not well-posed) TPBVDS (2.1)—2.2), with E and A in standard form and

for which the following holds:

N N
OS(ViE + VfA )RS = OSRS (5.10)
Then we can find Vi’ Vf so that
ViEN + VfAN =1 (5.11)
and
OSViRS = OSViRS . OSVfRS = OSVfRS' (5.12)
Proof

Let
X=1- [ViEN + vaN] (5.13)
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so that
OSXRS =0. (5.14)
Let a and b be any scalars such that (aEN+bAN) is invertible, and then take
V.=V, + aX(@EN + bAly 1 . (5.15a)
V= Vg + BXGE + ANy~ (5.15b)

From (5.14) and the A— and E—invariance of .925 and 0s we have that
O AFEIXATE'R =0 kjr.s20 (5.16)
from which we can easily check that (5.12) holds. Finally (5.11) can also be checked by direct

calculation.

To apply this lemma to (5.9) we must show that (5.10) holds for this system. Expressions (5.5)

and (5.7) imply that:

Kejn _ ke ]
CA"E'B = ClAllEllBl (5.17a)
T=Sy; A Kpin _ I s i ke ]
CAE ViA E'B = ClAllEllvllAllEllBl (5.17b)
ISy akpin o r o8 of o kg

Therefore, since our original system was assumed to be in normalized form

rsi o Noof x Nox ke jn _ (afeScy wNav aNjaKE]
C,AES V] E 1 *V]1A1 1A 1E 1B = CAE’IVE +VATIA'E'B

11
_ aakArgjtsn k+rg j+s :
from which we conclude that
1,1 N, f Nypl _ Alpl
Os[vllEl 1+V11Al 1]RS = OsRs (5.19)

1

1
where O s and RS

are the strong observability and reachability matrices for (5.9).

To continue with the proof of the theorem, note that the problem of reducing the dimension of
the realization if (5.2) is violated is merely the dual of the problem that we have just considered.
Consequently, we omit the details. We turn then to the case in which condition (5.3) is not satisfied. In
this case, there is a subspace Z#{0} such that

2, © Z= 2 + g (5.20)
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Let # be any subspace such that # & Z = R" and perform a similarity transformation of the TPBVDS
to represent it in a basis compatible with (5.4). This yields a model as in (5.5b), (5.5¢) with the
additional fact that C2=O. To put the reduced system in normalized form we once again apply Lemma
5.1, '

What remains to show is that two TPBVDS's with the same weighting pattern and both
satisfying (5.1)—(5.3) must have the same dimension and consequently are minimal. To proceed with

the proof we need the following Lemma:

Lemma 5.2
Let {Ei’Ai}’ i=1,2, be two regular pencils so that aEi+[3Ai=I, i=1,2, where dim(Ei)=dim(Ai)=ni.

Suppose that N_>_2max(nl,n2). Also suppose that for some matrices { Mi’Ni}’ i=1,2,
kN-1-k k-N-1-k

M,AE] N; = M,AE, N, , Osks<N-1. (5.21)
“Then for all K, L,
K KpLy $
MIAIEIi’Nl = M,ASESN,. (5.22)
Proof
Note first that for K+L§N—1 we can write
EXAY = EXAL (@ +pa )N 1K (5.23)

and in this case (5.22) follows directly from (5.21). For K+L2N, let us suppose for simplicity that c=0.

From what we have first shown for K+L<N-1, we know that

ko k
M;AN,; = M2A2N2 , 0<k<N-I. (5.24?
From results on the causal partial realization problem [15] and the fact that N22ni, we can conclude
that .
M, AXN, =M AKN, |, k20 (5.25)
1AIN =MAN, - '

Equation (5.22) then follows since we can write Ei as (I—BAi)/a.
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We note that as discussed in [15] the condition on the size of N is important here, although
slightly smaller bounds on the interval size can be obtained —(essentially the sum of observability and
reachability indices).

Proceeding Vvith the proof, consider two systems (C. ,EJ WA, i V i V i BJ) , j=1,2, satisfying
minimality conditions (5.1)—(5.3), and without loss of generality assume that both are in normalized .

form with the same o and B. What we know is that

C Ak(A —E k(ViA +coV 1)EI)EJ“‘Alf‘l‘lrlllat1

_ j—k \N—j-1-1 .
=CA 2(A Xyl A2+(nV2E2)E2)E A }“2 B, . jk (5.262)
N‘k(m}s1 _AK Kviarov EI)AN_k)EJ A‘l“‘l‘lrle1
N—k Nekoni  keielil .
= C,E) (mE2—A2(v2A2+cov2EZ)A2 JELAL ER vt SRS (5.26b)

Let ke[2n,N—2n] (remember that N>4n), then we can apply Lemma 3.2 to get
N k
C AI(A1 (V A +(1)V1E1)E1)E1A11“1 B

K -
= C2A2(A —E2 (v2 2+(oV2 2)132)132;\’“1“2 >'B, . forall KL (5.27a)
N-—kygK \L~1
XwE —AI(V A+oV EI)A EXATTT'B,
= C,E 2 ((nEZ—AZ(VZ LV E2)AN k)E2 Lr21 5, forall K.L. (5.27b)

By taking K=r, L=N—k+s in (5.27a) and K=k+r and L=s in (5.27b) and subtracting the two sides of
(5.27a) from (5.27b) we obtain

C,E TASB EFASB

JAIB| = C,E;A-B, (5:28)

and this for all r,s>0.
Using (5.26) and (5 28) we can show that

k-N—k N———l—-l ka j —5-1~1
(5.29)
and taking into account Lemma 5.2, this implies that
C,A] 1(v A +meE1)E Al IlBl = C,AS 2(v2 +mV2132)EzAgr2 B,

(5.30)

for all r,s,t,u>0. Then using the fact that both systems are in normalized form we obtain
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feSyipt \Un _ FSyipt U .
CIAIEIVIElAlBl = C2A2E2V2E2A282 (5.31a)
resSyfptaun Ie=Syfptat
ClAlEllelAlBl = C2A2E2V:,‘I*32A2B2 (5.31b)

for all r,s,t,u>0.
As in the case of causal systems, Hankel matrices are extremely useful in proving our

minimality result. In the present context, however, there are three different Hankel matrices.

_Alpl _ 2
H_=OR! = 0%R2 (5.32)
_Alpl _A252
Hout = Osz = Osz (5.33)
_Alol - A2p2
' ' Hs = OsRs = OsRs (5.34)
where RJs and 0; are the strong reachability and observability matrices of system j, respectively, and
where
i oAy piv I -2 riv RI n—1; pijv RJ
RW =[A (viRslvas) EA . (ViRSIVfR S) .. E (ViR SlVfRS)],
olv.
[ O:]s 1] An-1
. \%
ol=| Sf. | =,
v Oévi n—1
v E
_ ) svf
R vJv and O ‘JN are the weak reachability and weak observability matrices of system j, respectively. Clearly
i = i
'%.w = Im(Rw) (5.35a)
- J
7 =Ker(O;) | (5.35b)
for j=1, Equations (5.32)—(5.34) are direct consequences of (5.28) and (5.31). From (5.33), we get that
2 _ ol
Rs = URs’ (5.36)
where
_in2:a2,-1~2,41
U= {OW OW} OW Ow, .37
and where Oi has full rank because of the weak observability assumption. Similarly we can obtain an

analogous expression for Ri in terms of R?. These allow us to conclude that
rank(R)) = rank®?) = p, (5.38)
and in an analogous way we can show that

rank(Ol) = rank(Oz) = o. (5.39)
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Finally, condition (5.3) together with (5.34) imply that
p-—(n1 — ) = rank Hs=p—(n2—co) (5.40)
from which we see that
n, =n,, (5.41)

completing the proof of the Theorem.

Corollary 5.1a

Let (Cj,V;,VJf,Ej,Aj,Bj,N), j=1,2, be two minimal realizations of 'thc same weighting pattern,

where {Ej,Aj}, j=1,2, are in standard form for the same o and P. Then there exists an invertible matrix

T so that
B, =TB, (5.42a)
P
.Cz = Cle‘ (5.42b)
ol(vi-TViTR] =0 (5.433)
1of v—1lyfmnl _
O (VT V,DR, =0 (5.43b)
and
(A-T'A,DR; =0 (5.442)
(E~T'E,TR. =0 (5.44b)
ola,-TA,T) =0 (5.44¢)
1 -1 _
O E,-T E,T)=0 (5.44d)
where Ri and O; are the strong reachability and observability matrices for system 1.
Proof
From (5.36) we have that
2 _ml
R_ =UR (5.45)

with U defined as in (5.37). While this choice for U is not necessarily invertible, we can always find an
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invertible T so that

R? = TR! (5.46)
since 3?; and 51% have the same dimension. In a similar way we can always find an invertible matrix
W so that

olw=o. (5.47)
From (5.34) we can then conclude that
O [W-TIR =0. (5.48)

The question, then is whether we can choose W=T. To see that this can be done, assume that we have
chosen a basis for each of the two systems compatible with the following direct sum decomposition:
geldnaleldnR)

The requirement (5.46) implies that T must have the form

T, T, * ,
T=|T, T, * (5.49)
0 0 *
where T, T, T3 and T, are fixed and * are arbitrary. Similarly, (5.47) implies that W must have the
form
* %k *
W=|0 W, W, | (3.50)
| 0 W3 W,
Finally, by direct computation we can check that (5.48) implies
| W1=T4, T3=W3=0 (5.51)
so that with the indicated degrees of freedom we can take.
W=T=10 T, W2 : (5.52)
0 0 W 4 ;

Proceeding with the proof, note that (5.42a), (5.42b) follow from (5.47), (5.48) plus the fact that
{ Ej,Aj}, j=1,2, are in standard form for the same o and B. Also, the equality of the weighting patterns

of the two systems is equivalent to
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lyinl _ A2vuip2

O VR, = OV, RY (5.53a)
lofel _ ~20fp2

O VR, = OLV,RY (5.53b)

from which (5.43a) and (5.43b) follow. Finally, recall that RS is A— and E—invariant. Thus, thanks to
Cayley—Hamilton we can conclude that |
2

2 _ 1 _ 2 '
A2Rs = TAle ) E2RS = 'I'132Rs (5.54)

from which (5.44a) and (5.44b) follow. Equation (5.44c) and (5.44d) are verified in a similar fashion.

Corollary 5.1b
(a) Every left (right) input—output extendible TPBVDS has a minimal realization that is also left

(right) input—output extendible.
(b) Every left (right) extension of a minimal left (right) input—output extendible TPBVDS is

minimal.

Proof
Part (a) follows Theorem 3.5 which we prove here.

Proof of Theorem 3.5

Suppose that we have two realizations (Cj,Ej,Aj,VJ!,VJf,Bj), j=1,2, of the same weighting pattern.
Then we would like to show that if one of these is left (right) input—output extendible, so is the other.
This result can be seen to be true as follows. First, it is not difficult to see that the following

genralization of Lemma 5.2 holds. Specifically, if (5.21) holds, then for all P,Q,K,L.20,

DP..D.Q,K _ DP..D\Q,K.L
Ml(Al) ED AIEII‘N1 = MZ(A2) E,) A2E2N2. (5.55) ‘
Then not only do we have that '
l1yipl _ A2yip2
o) sVIR s = OsVZRs (5.5v6a)
1, fpl _ A2vyfp2
OsVIRs = OsVZRs (5.56b)
(since both systems have the same weighting pattern) but also
1yigDe ol _ A2vipPy 2
OsVIElEle = OsVZEZEZRs (5.572)
1,D,vfpl _ A2AD f2
OsAIAVIRs = OsAZAZVZRs' (5.57b)
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Suppose that system 1 is left input—output extendible and thus satisfies (3.44). Then (5.56) and (5.57)
imply that system 2 also satisfies (3.44) which means that it is left input—output extendible. Right

extendibility can be proven similarly.

To show part (b), suppose that an extension of a minimal system defined on the interval [O,N] is
not minimal and thus can be reduced. Reduce the extension and move in its boundaries to the interval
[O,N]. The system obtained has clearly the same weighting pattern as the original system defined on

[0,N] but has lower dimension, which is a contradiction.

Theorem 5.2

A stationary TPBVDS, with N>2n, is minimal if and only if

() Im[V,R IVR ] = R™ (5.58)
oV,

(b) Ker = {0} (5.59)
Osvf

© gc (5.60)

Proof

First, note that the minimality conditions of Theorem 5.1 are necessary and sufficient for this
case as well, even though we have a weaker condition on the length of the interval. This is because the
only place that the assumption N>4n was used in the proof of Theorem 5.1, was in the derivation of
(5.28) and (5.31). But in the stationary case, as long as N>2n, (5.31) immediately follows from Lemma
5.2 and the assumption that the weighting patterns of the two systems must be identical. In addtion,
(5.28) follows from (5.31) and the assumption that the two systems are in normalized form. So all we

need to show is that conditions (5.1)—(5.3) and (5.58)—(5.60) are equivalent in the stationary case.
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Note that since

Im[ViRstRs] cX - (5.61)
Osvi

Ker D 08 (5.62)
(0] sz

condition (5.58)—(5.60) are sufficient for minimality. To show necessity let us assume that (5.1)—5.3)

hold. Suppose also that (5.58) fails in which case there exists a vector q#0 such that

q'[VR|VR]I=0, (5.63)
which implies that
qQ’R $= 0. (5.64)
By noting that condition (5.60) is equivalent to
LefiKer(R) = & ¢ ¢ = Row—Im(O (5.65)
(5.64) implies that
q’ ¢ Row—Im(0,) | (5.66)
which thanks to the stationarity conditions (2.13a) and (2.13b) implies that
q’ [ViErAs—ErAsVi]R =0 (5.67a)
qQ'[VEAEAVIR =0 (5.67b)
for all r and s. Thanks to E and A—invariance of R ¢ there exists a matrix D such that
E"1AYR =R D. (5.68)
Then (5.67) implies
gE" I *AKVR IVR ] = ¢’ [V;R DIVR D] = 0. (5.69)
Since (5.69) holds for all ke[0,n—1] we obtain
q’Rw =0, (5.70)

which violates (5.1). Similarly we can show that if (5.59) fails, then (5.2) is violated.

We have shown above that conditions (5.1)—5.3) are equivalent to conditions (5.58)—(5.60) for
stationary systems. However, note that this does not imply that (5.1) is equivalent to (5.58), and (5.2) to

(5.59). As can be seen from the proof of Theorem 5.2, condition (5.60) must be true to have (5.1) be



49

equivalent to (5.58) and for (5.2) to be equivalent to (5.59). The following example illustrates this

point:
Example 5.1
Consider the following stationary TPBVDS in normalized form defined over an interval of
length N
100 00 0
C=[{001],V,= 010 V= 00 504,
101 —1 N -N%/2
110 1 :
E=LA={011|,B=|0]. 5.71)
001 0

For this system, the strong reachability space R s is
1
0
0

10
00
1-1

and thus does not have full rank. This implies that condition (5.58) is not satisfied. On the other hand,

and so [ViR s'VfRs] is equal to

we have that
n—k-1,k

= oV n_lum(E AKVR VR D)
r-l oﬂl 0 ; '
= u (mqo11| [0 o))} =R (5.72)
k=0.12 |001| |1—1

which means that condition (5.1) is satisfied. This example illustrates that, if (5.3) does not hold, (5.1)
and (5.58) are not equivalent. In this example, (5.3) does not hold since the strong observability matrix
0 s is equal to [0 0 1] which implies that 05 equals

84
Im({0 1))
00
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6-Block Standard and Normalized Forms

A well—known result for causal systems is the following. Suppose that the A—matrix is block
diagonalized with no common eigenvalues among the blocks. Then reachability and observability of the
entire system is equivalent to the reachability and observability of all of the individual subsystems
defined by the block structure of A. The same type of result is easily shown to hold as well for

stationary TPBVDS's once we define generalized notions of standard and normalized form.

Definition 6.1
The regular pencil {E,A} is in block standard form if
@) for some invertible matrix T, we have
-1 _ .
TET "= d1ag(E1,E2,...,EM) 6.1)
TAT ! = diag(A . Ay.-..Ayp) 6.2)
where
(i) each {Ei’Ai} pair is in standard form, i.e. there exist o, Bi such that
(JziEi + BiAi =I , i=1,..M 6.3)
and furthermore {Ei,Ai} and {Ej,Aj}, i#j, have no eigenmode in common. That is, for any pair

(s,£)2(0,0), |sEi—tAi | = 0 for at most one value of i.

If a system is in block standard form, we can always, by a change of the coordinate system,
transform it such that E and A are block diagonal as in (6.1) and (6.2). Thus for simplicity we can
assume that if the system is in block standard form, E and A are block diagonal.

Note that E and A in (6.1), (6.2) commute, and from the proof of the well—posedness result in
[1], we can readily check that well—posedness of (2.1)—(2.3) when E and A commute is equivalent to
the invertibility of ViEN+VfAN. Consequently, if this is true we can premultiply (2.2) by the inverse of

this matrix to obtain a generalization of normalized form:
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Definition 6.2
The TPBVDS (2.1)—(2.2) is in block normalized form (BNF) if {E,A} is in block standard form
and (2.5) holds.

In general, there is no reason for Vi and Veto be block—diagonal for a system in BNF.

However, in the stationary case we have the following result:

Theorem 6.1
A TPBVDS in BNF is stationary if and only if it has a representation where Vi and Vf are in the

same block diagonal form as E and A, i.e.

i i
TV,T " = diag(V} .. Vyp (6.4)
TV = diag(VY,...vy5p 6.5)

and moreover, each of the subsystems (Ck,Vli(,Vlt;,Ek,Ak,Bk,N) is stationary.

As before, we have an immediate corollary:

Corollary

A TPBVDS in BNF is displacement if and only if Vi and Vf are in the same block—diagonal
form (6.4), (6.5) as E and A, and moreover, each of the subsystems (Ck,Vli(,Vli,Ek,Ak,Bk,N) is

displacement.

Proof of Theorem 6.1
Consider a TPBVDS in BNF and assume without loss of generality that E and A are in

block—form (6.1), (6.2), respectively. We first prove the following:
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Lemma 6.1

The strong reachability and observability matrices of the overall system have the following form

R, = diagR],..R5IW (6.6)
o, = Z.diag(0}...0"0) 6.7)
K,k

where W and Z are invertible matrices and R and Os are strong reachability and strong observability

s
matrices of the k' block of the system.

Proof

We begin by putting the pencil in standard form by premultiplying E and A by (()LE+BA)_1 for
some o and P. Note that (ocE+BA)_1 is block—diagonal, as are the new E and A matrices. Indeed all we
have donevis to modify the system so that (6.3) is satisfied with all o, equal to & and all Bi equal to B.
Suppose a0 (otherwise reverse the roles of E and A). It is not difficult to check in this case that the
condition that no two blocks of E and A have the same eigenmode now implies that no two blocks of A
have the same eigenvalue. Also in this case

R, = Im[BIAB..IA"B] 6.8)

(replace E by (I-A)/acin R s and use the usual Cayley—Hamilton theorem). Equation (6.6) then follows

from the usual causal system result. Equation (6.7) can be verified similarly.

Note that Lemma 6.1 demonstrates the equivalence of strong reachability/observability of the
overall system and of all of the subsystems. Also, since every block is in standard form we can see that
the strong reachability and observability spaces are E— and A—invariant, as when E and A are in

standard form.

An examination of the proof of Theorem 2.1 shows that if we simply assume that E and A

commute and that .SBS and ﬁs are E— and A—invariant, the necessary and sufficient conditions for



stationarity are
O S[EViA—AViE]R .- 0 (6.9)
OS[EVfA—AVfE]RS =0. (6.10)
Consider next the following modification of our TPBVDS. Specifically, we keep C, E, A, B the
same and simply null out the off—diagonal blocks of V and Vf. That is, let
vi Y11+ -V /1m
V. = 6.11)

i
VMl sese VMM
with the blocks of Vf defined similarly. Then let

V. = diag(V; 1,v52...,v§4M) (6.12)
¥, = diag(v VD Vi 6.13)

What we wish to show is that (C,Vi,VPE,A,B,N) is in BNF and has the same weighting pattern as the
original system.

The fact that it is in BNF follows immediatly since we have not changed E and A and

vEN+9 AN = VEN+v AN =1 (6.14)
Thus what we need to show is that
O V R OsV1Rs (6.15) .
OSVfRS =0 VR (6.16)
or thanks to (6.6) and (6.7) that
. i -
OSVk_]RS 0 j#k (6.17)
ke, f ol _ .
OskaRs 0 j#k. (6.18)
We focus on (6.17), as (6.18) follows similarly.
From (6.9) we immediately find that for j#k
J
O [EkaJA ]R O [Ak k_)E ]R (6.19)

i k} are in standard form, and indeed by a block—diagonal transformation

we can assume that an+BAj=ozEk+BAk=I for a single, given pair a and . Without any loss of

Recall that {EJ-,AJ.) and {E

generality we can assume that this is true. Furthermore, assume that a#0 (otherwise reverse the roles of



E and A), so that

Ej = yI+8Aj , Ek = yI+8Ak. (6.20)
Using (6.20) in (6.19) implies that '
i_ok j |
| O [V A ]R Os[Ak kJ]R 6.21)
Since .5%; is Aj—invariant and f is Ak——mvanant we have that (6.21) implies that
OXIVy;pA)IR] = O [p(Akwa]R; (622)

for any polynomial p. Take any generalized eigenvector v of Aj in .%; corresponding to the eigenvalue
lj of Aj' then there is an integer m so that
(7& I-A. ) V= (6.23)
Let p(x)= (A —x) . Also, let w be any generalized left—elgenvector of A in (}) corresponding to the
eigenvalue My of Ak‘ Then, from (6 22) we have that _
O=w V p(A W=w p(Ak)Vka = (A, —uk) W Vk Jv (6.24).
" Thanks to (6.20) and the fact that {Ej’Aj} and {Ek,Ak} have no exgenques in common, (Xj—uk)maﬁO,

so we can conclude that

ol .
| w ijv =0. . (6.25)
But, since 5}; is Aj—invariant and é is Ak—invariant, the columns of RJS and rows of Ols( are spanned

by such v's and w's, respectively, yielding (6.17).

Note that if the overall system (and therefore at least one of the subsystems) is not both stror'l"g‘ly
reachable and observable, there is some freedom in the choices of Vi and Vf What the theorem says is
that we can always choose these to be block—diagonal. If, however, all of the subsystems are strongly
reachable and observable then the only possibility is for Vi and Vf to be block—diagonal. This is what
happens in the Corollary (which, as before, corresponds to the case B=C=I). Note also, that since we
can always take the boundary matrices to be block—diagonal, we have, as in the causal case, the fact
that minimality of the overall system is equivalent to minimality of all of the subsystems.

There are several other important consequences of this theorem. First, note that for a stationary
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TPBVDS in BNF with Vi and Vf as in (6.4), (6.5), Theorem 6.1 and Theorem 1, applied to each
subsystem, allow us to deduce that in fact not only does (6.9) hold, but so does (2.13). This in turn
allows us to obtain the simple form for the weighting pattern given in (2.40).
Lemma 6.1 allows us to study strong reachability and observability of individual eigenmodes.

To see this, consider a TPBVDS transformed into the following normalized or block normalized form!
where

E = diag(El,...,EM) (6.26a)

A= diag(Al,...,AM) (6.26b)
where {Ei’Ai} has a unique eigenmode o; with Giatoj for i#j. Then we say that the eigenmode O'j is
strongly reachable if (Ej’Aj’Bj) is strongly reachable (i.e. RJS has full rank). It can easily be verified that
O'j is strongly reachable if and only if

[O’.E—AlB]

has full row rank (c == is strongly reachable if and only if [EIB] has full row rank). Similarly, we say
that an eigenmode cj is strongly observable if (C,,E.,A.) is strongly observable G.e. ()l has full rank).

7))
Eigenmode oj is strongly observable if and only if

E—A
%

has full column rank (G;== is strongly observable if and only if [g] has full column rank). In the
displacement case, the boundary matrices are also in block diagonal form:
V, = diag(v}, VP (6.27a)
f
| Vf = dxag(Vl, " M)' (6.27b)
The BNF (6.26)—(6.27) allows us to consider weak reachability and observability of individual

eigenmodes. An eigenmode oj is called weakly reachable (observable) if subsystem j is weakly

1We can always transform any regular {E,A} into the block form (6.26). Assume {E,A} is in

standard—form, then we find T such that TAT ~1 and TET —1 are in real Jordan form (thanks to the
standard—form, E and A can be put into Jordan form simultaneously). Then (6.26) can be obtained by

seorGering the Jordan blocks of TAT™ = and TET 1.
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reachable ’(obscrvablc). Also 6j is weakly reachable if and only if
[ojE—AIViBIVfB]

has full row rank; it is weakly observable if and only if

' c.E-A
J

CV.
CVv¢

has fuli column rank.

We can also use Theorem 6.1 to obtain the following result:

Theorem 6.2
Consider a minimal, stationary TPBVDS, then any eigenmode of the strongly unreachable
(unobservable) part of the system is also an eigenmode of the strongly reachable (observable) part of

the systcm.

Proof

Suppose that O is an eigenmode of the strongly unreachable part of the system but not of the
strongly reachable part. Theorem 6.1 allows us to break—down the system into subsystems each one of
which has a distinct eigenmode. In particular, let Zk = (Ck,Vli(,Vli,Ek,Ak,Bk,N) denote the subsystem
associated to eigenmode O- Then, since Ek is minimal, it has a strongly reachable part (otherwise, Bk
must be zero, the subsystem has weighting pattern 0 and the minimal realization has dimension 0).

Thus, o) is an eigenmode of the strongly reachable part of Zk and of the original system. This, of

course, is a contradiction.
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Before closing this section, we should mention that the motivation behind introducing the
concepts of block standard form and BNF has been the usefulness of the following block standard form
E= diag(I,I,Ab) (6.28a)
A= diag(APU,I) (6.28b)
where the eigenvalues of A and Ab are all inside the unit circle and the eigenvalues of U on the unit
circle. This particular block standard form has been used in [2,3,16] and shall be used in the next
chapter for studying the stability and the stochastic realization problem for TPBVDS's. When (E,A}
has no eigenmode on the unit circle, the block standard form (6.28) is called the forward—backward

stable form.
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7-Conclusions

In this report we have developed some of the system—theoretic properties of two—point
boundary—value descriptor systems. We have derived detailed characterizations of reachability,
observability, and minimality with particular attention paid to the shift—invariant case. As had already
been noted for continuous—time, non—descriptor boundary—value systems, minimality for TPBVDS's is
a bit more complicated than for causal systems. Indeed there is a certain degree of nonuniqueness in
minimal realizations. One open problem that we have noted concerns whether one can use this freedom

to guarantee that a displacement system always has a minimal realization that is also displacement.

Another concept that we have introduced and studied in this paper is extendibility, i.e. the idea
of thinking of a TPBVDS as being defined on a sequence of intervals of increasing length. Once one
introduces such a notion, it becomes possible to talk about the realization problem [28] and asymptotic

properties such as stability [16].
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