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ERROR ANALYSIS OF SOME FINITE ELEMENT METHODS
FOR THE STOKES PROBLEM

Rolf Stenberg

INRIA Rocquencourt and
Institute of Mathematics
Helsinki University of Technology
02150 Espoo, Finland

Abstract. We prove the optimal order of convergence for some two-dimensional finite el-
ement methods for the Stokes equations. First we consider methods of the Taylor-Hood
type: the triangular P; — P, element and the Qk ~ Qr-1, k > 2, family of quadrilateral
elements. Then we introduce two new low-order methods with piecewise constant approz- ~
mmations for the pressure. The analysis is performed using our macroelement technique,

which is reviewed in a slightly altered form.

ANALYSE D’ERREUR DE QUELQUES METHODES D’ELEMENTS FINIS
POUR LE PROBLEME DE STOKES

Résumé. Nous montrons la convergence optimale pour quelques méthodes d’éléments fi-
nis miztes pour les équations de Stokes en dimension deuz. Nous considérons d’abord
des méthodes de type Taylor-Hood: ’élément Py — P, et la famille Qr — Qi—1, k > 2,
quadrilatére. Ensuite nous introduisons deuz nouvelles méthodes d’ordre inférieur avec
une approzimation de type constante par morceaur pour la pression. Pour Uanalyse nous

utilisons notre technique de macroélément et la présentons sous une forme modifiée.

ND PAPIER RECUPERE ET RECYCLE
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1. Introduction

In this paper we will consider some finite element methods for the Stokes equations: Find

the velocity u and the pressure p such that

—vAu+Vp=f in Q,
divu=0 in Q, (1.1)
u=0 on 019,

where @ C RY, d = 2,3, is a bounded polygonal or polyhedral domain, f is the given

body force and v > 0 is the dynamic viscosity.

The usual variational formulation of (1.1) is the following. Find u € H(92)? and p € L3(9)
such that

Y(Vu,Vv) = (div v,p) = (£,v), ve H(Q),
(1.2)
(div u,q) =0, g¢e L),

where (-, -) denotes the inner product in L?(£2), L%(Q)? or L2(2)%*?, and L2(f) the space

I3Q) = { pe IXQ) | /dex=o }.

For f € H™1(2)* this problem has a unique solution; cf. [10].

The mixed method based on (1.2) reads as follows. Find u, € Vi C HE(Q)? and p;, €
Py C L3(9) such that

v(Vug, Vv) — (div v,pp) = (f,v), Vv € Vy, L3
1.3
(div up,q¢) =0, ¢ € P.

It is well known that in order to get a working method the spaces Vj, and P, cannot
be chosen arbitrarly. The method can be expected to behave well only if the following

"inf-sup condition” is satisfied



inf  sup (S VP)y g, (1.4)
0#pEPL 0tveV, ||V||1||P”0

The following fundamental result is classical.

PROPOSITION 1.1. (Babuska [1,2], Brezzi [6].) Suppose that the finite element spaces
Vi and Py satisfy (1.4). Then the system (1.3) has a unique solution (uy,pp) satisfying

- - < i - i -
Ju = wall + = pallo < C{_inf ffu = vl + inf o~ allo},
where (u,p) is the solution to (1.2). m

By now this field of problems is rather well understood; there exist rather general tech-
niques for verifying the inf-sup condition [5,13] and for the construction of methods sat-
isfying it. As a consequence, the collection of methods which are known to be stable (i.e.

satisfying (1.4)) is relatively large; cf. e.g. the recent book by Girault and Raviart [10].

‘The purpose of this paper is to extend the list of stable methods. In section 3 we consider
two families of the "Taylor-Hood” type and in the last section we introduce and analyze two
new low-order methods. In the analysis we use the macroelement technique, introduced

by us in [13], which we in section 2 recall in a slightly more practical form.

The results of this paper are trivially also valid when the same finite element spaces are

used for the equations of (nearly) incompressible elasticity.

Our notation is standard; cf. [7,10].
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2. The macroelement technique

For further reference we will here present the technique in a quite geheral form for both
two- and th.ree—dimeﬂsiona.l problems, even if all the methods to be analyzed in this paper
are two-dimensional. The presentation do not cover all possible cases (such as e.g. a mixing
of triangles and quadrilaterals, prismatic elements,...), but the modifications needed for a

method not covered are trivial.

Let C, be a finite element partitioning of § into subdomains which are all assumed to
be either triangles or convex quadrilaterals when Q ¢ R?2, and tetrahedrons or convex
hexahedrons when Q C R®. The partitioning is assumed to satisfy the standard regularity
and compatibility condition [7], but we will not assume Cj to be quasiuniform. Let K
denote the reference triangle, tetrahedron, square or cube, respectively, and for K € Cp
denote by Fi the affine, bilinear or trilinear mapping from K onto K. Further, let V and

P be two polynomial spaces defined on K. We now assume that V; and P, are defined as
Vi={ ve Hi(@)?! | v(x)=¥(Fg'(x)), VeV, KeC }, (2.1)
and
Po={ peli(®) | p(x)=p(Fg'(x)), PEP, KeC }  (22a)

Po={ peC)NLY(Q) | p(x)=p(Fg'(x)), peP, KeC }. (2.2b)

Further, we make the assumption that V} contains the piecewise linear, isoparametric
bilinear or isoparametric trilinear functions for the triangular and tetrahedral, quadrilat-
eral or hexahedral case, respectively. With the choice (2.2a) Ph is assumed to contain
the piecewise constants, whereas for (2.2b) it contains the piecewise linear, isoparametric

bilinear or isoparametric trilinear functions.

A method where the pressure space is defined according to (2.2b) is usually referred to as

a ”"Taylor-Hood” method.



By a macrolement M we define a connected set of elements of which the intersection of any
two is either empty, a vertex or one edge or face in R? and R3, respectively. Further two
macroelements M and M are said to be equivalent if they can be mapped contiﬁuously

onto each other, or more precisely if one can define a mapping G : M — M such that:
(3) G(M) = M.

(i2) If M= U;-"=1f(j, where I;'J-, j =1,2,..,m, are the elements of M,
then K; = G(f(j), 7 =1,2,...,m, are the elements of M.

(223) GI K= Fg; o FI;:, 7=12, .‘.., m, where Fi; and Ff(’, are the mappings from

the reference element K onto K ; and K j, respectively.

For a macroelement M we define the spaces
Vou ={ ve Hy(M)* | v(x)=v(Fg'(x)), veV, xeK, KCM } (23)

and

Py={ peL*(M) | p(x)=p(Fg'(x)), peP, xeK, KCM } (2.4a)
or

Py={ peC(M) | p(x)=p(Fg'(x)), p€P, xeK, KCM } (2.4b)
depending on which of the possibilities (2.2ab) is chosen. Further, we denote

Ny={ p€ Py | (div v,p)p =0, veVoum }

The collection of edges or faces, of the elements of Cy, in the interior of Q is denoted by

L.



The macroelement technique is given by the following

THEOREM 2.1. Suppose that there is a fized set of equivalence classes &; , 1=1,2,..., k, of

macroelements, a positive integer L and a macroelement partitionihj My, such that:

(M1) For each M € &;, i=1,2,..., k, the space Nas is one-dimensional consisting of

functions that are constant on M.
(M2) Each M € My, belongs to one of the classes &;, i=1,2, ..., k.

(M3) Each K € Cy, is contained in at least one and not more than I macroelements

oth.

(M4) Each T € T} is contained in ot least one and not more than I macroelements

of My,.
Then the stability inequality (1.4) is valid.
PROOF: The proof will consist of a modification of some arguments given in [11,13,15].

We will need the following norm defined in Pj:
el = 3 Bl Vol + 3 hr [P ds
K€C Ter, T

where ([p])|r denotes the jump in p along the inter element boundary T and hr stands for

the length or area of T'. In a macroelement M we similarly define
phe= 3 HklVplRx+ Y b [ IR ds
KCM Tery 7T

where I'js denotes the inter element boundaries in the interior of M.

Now, since we assume that
- there is only a fixed number of different types of macroelements,

- all the elements in C; are regular



and

- the condition (M1) is satisfied,

one can prove (see [13, Lemma 3.1]) that there is a constant C independent of M}, such
that

sup (div v,p)u =>C>0, (2.5)

inf
0#£PEPM 0stveV, » |V, M[PIM

or alternatively stated: For a given p € P, and M € M, thereisa vy € V3, with vy = 0
in Q \ M, such that
(div var,p)m 2 Clpliy (2.6)
and
Ivali,m < lplm. (2.7)

We now define v € V, through

V= Z V.

MeM,
This gives
(divv,p)= Y (divva,p)u 2C Y Ipl3 2 Cllpll2
MeM, - MeM,
and '
Ivii<Clvh<C Y Ivuhm<C > Iplu < CL|lp|a, (2.10)
MeM, MeM,

1.e. there is a constant C; > 0 such that

div v,
sup EYVP) S o olln. (2.11)

0#VEV), ”v”1

Next, let us use an argument due to Verfiirth [15, Proposition 3.3] for showing that (2.11)
implies the corresponding condition with the L?-norm for the pressure, i.e. the inf-sup
condition (1.4). We will show that the argument can be used also when P, consists of

discontinuous functions and that the quasiuniformity assumption of [15] can be avoided.
Now, for every p € P, there is a w € H}(Q)? such that

(div w,p) > C||p|| - (2.12)

6



and

iwllx < lIpllo- (2.13)

Further, one can show (cf. [8], [3, Lemma 3] and [10, pp. 109-111]) that there is an

interpolant W € V; to w such that

(Y h2w -+ 3 by /|w W[ ds)1/? < Cylwly (2.14)

Kec, Ter,
and

¥l < Caliwll. (2.15)
Using (2.12), (2.14) and (2.13) we now get
(div w,p) = (div (W — w), p) + (div w, p)
> (div (W ~ w),p) + Ca|p|l3
= Y =%+ X [ (5= w) n)lp) ds + Clpl?

KecC, Ter, T

v

(Y kil ¥+ 3zt [ fw— i 45 ol + Callpl?

KECh Tels
—Cs|w|1|lplla + C2|lpli3

v

v

—Csllpllollpll» + C2llpll}

= Ipli2 - (C2 - Cs Hp}:" )

which combined with (2.13) and (2.15) gives

sup (div v, p)

2 |lpllo - (Cs — C: ”p”") - (2.16)
oxvev, [Vl

*Tielo

On the other hand, (2.11) can be written as

(div ,p)

llplla

., sup 2 Cillpllr = lipllo - C1 7= (2.17)
otvevy VIl [lello
Hence, combining (2.16) and (2.17) we get
(div v,p) C1Cs
inf  su —————>max Cit, Cs —Cgt } 2 =———. nm
omrens omvevy VTl = 6 L 1t G =Gt )2 g rrey



Let us close this section by giving some remarks on the difference between the formulation of
the macroelement technique given in [13] and that of this paper. In [13] the macroelement
partitioning Mj was chosen so that each K € C; was a subset of exactly one M € M.
Then the condition (M1) ensures that We can stabilize all pressure components except those
which consists of cor;sta,nts on each macroelement. To stabilize the piecewise constant
pressure components we clearly need velocity degrees of freedom in the interior of the
boundaries between the macroelements. More precisely, we included the condition that for
any two neighboring macroelements M;, M, of M}, with [ MiOM, ds #0thereisav eV,
such that
supp vC My UM; and / v-nds #0.
MinM,

The disadvantage of this choice is that in order to find a macroelement partitioning of
nonoverlapping macroelements with this property it is often necessary to use many different
kinds of macroelements or macroelements that are big. In these cases one could claim that
the asymptotical stability inequality so obtained is not valid for most values of the mesh
parameter used in practice. In many cases it is not even evident how such a macroelement
partitioning should be obtained. A good example showing these problems is the tetrahedral
Taylor-Hood method. In [14] we analyzed this method with the technique of this paper.
The present technique also shows more clearly that the condition that the space Ny

consists of constants is really the only one that has to be verified.

Let us now use the above theorem for the analysis of some mixed methods not earlier

analyzed in the literature.

3. Two families of methods

Let © C R? and let C;, be a partitioning the elements of which all are assumed to be either

triangles or quadrilaterals. For the index k > 2 we define the families

Vi={ ve Hy(Q) | vix € Ri(K)?, K€C }, 51)
) 1
Po={ peL()nC®) | px € Ri-1(K), K€C },

8



where Ry (K) = Ppn(K) when K is a triangle and Rpn(K) = @m(K) when K is a quadri-
lateral. P,(K) and Qum(K) are the usual polynomial spaces on K; cf. [7].

For these families we have the following optimal error estimates.

THEOREM 3.1. For the solution (as,ps) of (1.3) with the method (3.1) we have

lu —ugnlls + [|p = pallo < CRE(Julrsa + Iplk).

For a conver domain Q we additionally have

la — unlle < CR**'(Juliss + Iplk). =

For the triangular case the verification of t(he above estimates consists merely of filling in
some gaps; for k > 4 the result is covered by the analysis in [12] and for k = 2 the result
is well-known [4,15], but under the restrictions that any K € C; do not have two edges
on the boundary 9Q and that C, is quasiuniform. We will prove the stability for the case
k = 3. Exactly the same line of reasoning applies to the case k = 2 and hence the above

mentioned restrictions on the mesh are unnecessary.

REMARK. In [14] we analyzed the corresponding three-dimensional tetrahedral method
for k = 2. There the restriction on the mesh was that each tetrahedron in Ch has 'at least
one vertex in the interior of . An inspection shows, however, that this restriction cannot

be dropped. =

LEMMA 3.1. Let M be a macroelement consisting of three triangles and define
Vou={ veHAM) | vixe (K, KCM },
Py={ peC(M) | px e P,(K), KCM }.

Then the corresponding nullspace Njs 1s one-dimensional consisting of functions that are

constant on M.



PROOF: Let M = K; U K2 U K33 as in the figure below and let t;2,t23 and njz,ng3 be

the tangents and normals, respectively, to the common edges.

Let us first consider K; U K, with the "local numbering” of the vertices as in the figure.
Forp € Py we have Vp|k; € Py(K;)?, j = 1,2, and the component Vp -ty is continuous

in the whole of K; U K3. Hence we can write

3
(Vp ' tl2)|K,‘ = Zaiinj, .7 = 1’2,
=1
where A;j, ¢ = 1,2,3, are the barycentric coordinates of K;, j = 1,2. Since Vp - t;5 is

continuous in K; U K, we have aj; = ajz for 1 = 1,2. Now, choose u € Vy k,uk, (ie.

u =0 in K3 ) such that u-n;; = 0in K; U K, and
(I.l . tlZ)lK,- = )\1]'/\2]'(3/\1]' - 1), ] = 1,2.
Then we have

(@ w,p)ar = (0, Vol = =3 [ (u-t2)(Vp- ) dx

2 3
=7 ZZ%/ A1jA2j(3A1j — 1)Ay5 dx

j=1i=1 K;

K area( K.
=, =,
_ ,area(K;) = area(K3)
=% tTTe0 )

10



and the condition (div u,p)p = 0 implies-that
an = a3 =0.
By symmetric reasoning we get
az; = az; =0.
Next we choose u € Vo k;, j =1,2, such that u-n;; =0 and
(u-ti2)|k; = A1jAziA35, §=1,2

If p € Nps then we have .
0= (div u,p)py = —(u, Vp)um
= a3j / AIJAgJAgJ dx
K;

_ area(Kj)

180 agzj, ]= 172,

l.e.

Qaz; = 0, ] = 1,2

We have thus shown that
Vp'tlz =0 in K]UKQ.

The same reasoning gives that
Vp +t23 =0 in K2 U I(g,

and hence we have

Vp=0 in K,

i.e. pis a constant in K.

Write next

3
(Vp - my9)k, = Z{?w\u

=1

and take u € Vg g, uk, such that u-t;, =0 and

(u . nlg)lxj = /\1]'/\2]‘(3/\1]‘ - 1), ] = 1,2

11



Now since Vpx, = 0 the condition for Ny yields
0= (div u,p)pr = —(u, Vp)g,

3
= —Eﬂi/ A1A22(3A11 — DAy dx
K,

i=1

_ area(K))

= ——60—_'31’

i.e. fy =0, and anlogously we get f; = 0. Upon choosing u € V g, such that u-t;, =0

and (u . 1112)|}(1 = /\11)\21 /\31 we get

. 3 K
0 = (div u,p)u = (div u,p)k, = —areféo : Ps,

i.e. B3 =0 in K;. We thus have Vp- n;; = 0 in K; and hence p is a constant in Kj.
Analogously p € Ny has to be a constant in Kj.
Since p is a constant in K;, ¢ = 1,2,3, and continuous, it is constant in the whole of M. =

When applying Theorem 2.1 we now use only one class of macroelements and the parti-
tioning M}, can be obtained by e.g. taking one macroelement for each ele;nent edge in the
interior of Q. Then the assumptions of Theorem 2.1 are valid and standard approximation
theory gives the first estimate of Theorem 3.1. The L%-estimate for the velocity follows by
the standard Aubin-Nitsche trick.

Let us turn to the quadrilateral family. To our knowledge only the lowest order method
in this family has earlier been analyzed [4,13].
LEMMA 3.2. Let M be a macroelement consisting of two quadrilaterals and define
Vou={ ve Hi(M)® | vix € Qe(K)?, KCM },
Py={ pelC(M) | pk € Qx-1(K), KCM }.

Then the corresponding nullspace Nps s one-dimensional consisting of functions that are

constant on M.

12



PROOF: Let M = K, UK, and M = KU f(g be the macroelement and the reference
macroelement, respectively, and denote by F = (F1, F,) the continuous piecewise bilinear

mapping from M onto M , see the figure below.

%2 F M
A /
By
Ky K,
- X1

For u € Vg, ) and p € Ny we now have

0= —-(div u,p)M = (u,Vp)M
2
=Y [ W@ RVARIER) 6

where Jp is the Jacobian matrix of F, J5 T is the transpose of Jz! and |Jp| is the deter-

minant of Jr. Above i(x) and Vp(%) are considered as column vectors. We now have

7T = (S ). (5.2

Since F} and F; are bilinear this shows that
Vr(R)TpT (R)VA(R) z, € Qe—1(K:)?, i=1,2,
and hence
a(X)TIFTR)VAR)|IF(R)| € Que-1(Ky), i=1,2.

This means that the integrals

[ 8RNI @A) %, i =12,
K; .

13



are exactly evaluated by the composite (k + 1)-point Gauss-Lobatto formula.

On the other hand we can for the nodal degrees of freedom of u choose the values at the
(k + 1)? Gauss-Lobatto points in K;, i=12.

Denote by 0 = ap, ai,...,ar = 1 the Gauss-Lobatto points in the unit interval, so that the

Gauss-Lobatto points in the two squares are given by

% = (ai,a5), 1,5 =0,1,..,k,

%% = (¢ +1,05), §,j=0,1,...,k.

If we now choose 01 such that its only non-vanishing degrees of freedom is sucessively one

of the components at the Gauss-Lobatto points in the interior of K 1 and 1%2 we get
TeTEVAEIDIIFED) =0, 4,5 =1,2,..,k—1, m=1,2.
Since Jp(X) # 0 for all X, this shows that
Vﬁ(i:’;) =0, ¢,7=12,..,k—1, m=1,2. (3.3)

Next, by choosing 11 so that the only non-vanishing degree of freedom is one of the com-
ponents at X}; = X3, j =1,2,..,k — 1, we get the condition
—T/a PPN N —T /A ~fa ~
Tr" (X)) VBRI (]k;)| + T (%6;)VB(R5 ;)1 Tr (35;)] =0,

j=1,2 .. k—1.

(3.4)

Here the values at the points ﬁ}cj, 3 =1,2,..,k — 1, are the limits
lim JFTRVAR)ITr()]
ief{kl)
and analogously for )”(31-, J=1,2,..,k—1. At the common edge K\nK, 02p is continuous,

and an inspection shows that this is also the case with 8;F}, i = 1,2. Hence, using (3.2)

the condition (3.4) reduces to

( OrFa(X};)  —BiFa(%};) —ale(fc%,-)> (6113(ﬁii)+6115(ﬁ§,~)> _0 (3.5)
=0 Fi(%;;) O Fi(X};) + 0 Fi(XE;) 025(%3 ) ' '

14



Further, at a point % € KU K, the vectors
(8FR(%), —8Fi(%X))" and (~8,F(%), &R R%))T
are the normals to (9, Fi(X), 8, Fy(%))T and (8, F (%), & F2 (%)), respectively. Hence,
the determinant of the coefficient matrix inA (3.5) is nonvanishing and we get
Ap(Xy;) + 01p(X3;) =0, j=1,2,...,k—1,

and

&p(X;;)=0, j=1,2,..,k—1. (3.6)

Now (3.3) and (3.6) shows that 8,p vanishes at the points

Xij, 1=1,2,.,k j=1,2,..,k—1,

and
i?jv 1= 0,1,"'71‘7_ 1, ] = 1,2,...,k - 1.
Since 3215”“(.. € Qk—-l,k—z(f(i), : = 1,2, (ie. 6213|1~(l. is of the form E::ol Ef;g aijiifcz;)
and the above set of points are unisolvent in Qk_l,k_g(R ), =12, we conclude that
6213 =0 in Rl U Rz. (37)

As a consequence, ﬁl K V1 =1,2, is a polynomial of degree k — 1 in the %;-variable alone.
This means that (3.3) also implies

815 =0 in K, UK,. (3.8)
Due to the continuity of p, (3.7) and (3.8) implies that p is a constant in M.
The assertion is thus proved. m |

In the macroelement partitioning we now again choose one macroelement for each element
edge in the interior of 2. Hence Proposition 1.1 and the Aubin-Nitsche trick gives the

estimates of Theorem 3.1.

15



4. Two low-order methods

Let again @ C R? and let Cp be a regular finite element partitioning of ) into triangles
or quadrilaterals. (It will become clear that one also could use a mesh with both triangles

and quadrilaterals). The finite element method is now defined through
Po={ peLi(Q) | px € P(K), K€C }
and
Vi={ v=(v1,v2) € H}(Q)? | vk € Ri(K), vk € S(K); K€y },

where R;(K) = Pi(K) if K is a triangle and Ry(K) = @Q1(K) for a quadrilateral. For
triangles we let S(K) = P,(K) and for quadrilaterals we define

S(K)={ g | 9(x) =§(F'(x)), §€QyK) }

where Fy is the bilinear mapping from the reference square K onto K. and Q4(K) is
the space of "reduced biquadratic polynomials” (i.e. the quadratic serendipity element) as

defined in e.g. [7,p. 63]. For a macroelement we analogously define

VO,M={ V=(vl,'l)2)€H(}(M)2 I ’UI|KER1(K), UleGS(K), KCM }

3

and

Py={ peL* M) | px € P(K), KcM }.

Let us now verify the following

16



LEMMA 4.1. Let M be a macroelement consisting of elements which all have one common

vertez in the interior of M. Then Ny consists of functions that are constant on M.

PROOF: Let K;, t =1,2,..., &, be the elements of M and denote p; = Pl t=1,2,.,K.
Further, let x; and n;, : = 1,2,...,x, be the the midpoints and normals, respectively,
to the edges in M. The common vertex we denote by xXg, see the figure below for the

triangular case.

The natural degrees of freedom for u € Vj p are the values of both components of u
at xo and the values of uy at x;, 7 = 1,2,..,k. By taking u € Vg u such that the
only nonvanishing degree of freedom is u3(x;), the condition (div u,p)p = 0 implies that
Pi = piy1 (with pey1 = po) if n; - e2 # 0 where e; = (0,1). Hence, the space Njs can be
at most two-dimensional, and this happens only if two of the edges are parallel to e;. But
in this case one chooses u such that the only non-zero degree of freedom is u;(xg). The

condition for Njs then forces p to be constant on the whole of M. =

If we now impose the restriction on C; that every K € C, has at least one vertex in
the interior of {2, then we can easily constuct a macroelement partitioning M}, satisfying
(M1)-(M4): For each interior vertex of the mesh one takes one macroelement consisting of

all the elements which have this vertex in common.
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Hence we get the following

THEOREM 4.1. Suppose that every K € Cy has at least one vertez in the interior of .

Then we have

lu —unfls + ||[p — prllo < Ch(lulz + |ph).

For a convez domain 2 we additionally have

lu—usllo < CR*(lulz + Ip1). m

REMARK. The elements we have presented here are rather similar to two elements by
Fortin [9]. In Fortin’s methods piecewise constants are used for the pressure whereas the
basic velocity spaces of linear/bilinear functions are augmented with quadratic functions
which have as degrees of freedom the normal components of the velocity at the midpoints
of the element edges. Hence, our methods are simpler to implement. The calculation of
the element matrices is faster and the resulting linear system is more sparse. This property

could be an advantage when iterative solution methods are used. =
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