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Résumé

On considére un Systéme Différentiel Stochastique bilinéaire, dont la solution
partant de z est notée (X(#,2)); on suppose que son (plus grand) exposant de
Lyapunov existe. ’

. , TOINT ~h
On montre que, pour plusienrs schémas de discrétisation (X p(z);p € IN), les
., =h . P . .
exposants de Lyapunov associés A" sont bhien définis, et on estime en fonction du

NPT . . —h
pas de discrétisation h I'erreur théorique |A — X7|.

Puis on présente une application des résultats précédents i un probléme d’ingéniérie :
I’étude de stabilité dn mouvement des pales d’hélicoptére avec prise en compte des
effets de la turbulence dne au vent.
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Abstract

We consider a hilinear Stochastic Differential System, whose so-
lution starting from z is denoted by (X (t,x)); we suppose that its
(upper) Lyapunov exponent X exists. ’

We show that, for Markov chains defined by several approximation
schemes (Y: (z),p € IN), the Lyapunov exponents " are well defined,
and we give estimates in terms of the discretization step h of the the-
oritical error |A ——Xhl.

Then we present an application of these results to an engineering

problem : the stability of the motion of helicopter rotor blades in a
turbulent wind.

*submitted for publication



1 INTRODUCTION

Let us consider a bilinear stochastic differential system in IR¢, written in the
Stratonovich sense :

dX(t) = AX(t)dt+ Y B;X(t) o dWi(t) (1)
1=1
where {W;(t);1 < ¢ < 7} are mutually independent standard Wiener pro-
cesses. ‘

The solution starting at z € IR will be denoted by (X(t,z)).

Below we will state some hypotheses ensuring the following property of
the process (X (1)) :

1 .
MeR., VzeR? , A= lim -log|X(t,z)| , a.s.
t—+o0 t - .

The constant A is called the (upper) Lyapunov exponent of the sys-
tem (1); the system is said to be stable if ) is strictly negative : in that
case, | X (t,)| decreases to 0 exponentially fast.

In the fifth Section, we will discuss extensively on an engineering prob-
lem, which has motivated this work : a study of stability for the motion of a
helicopter rotor blade in turbulent winds. The mechanical model is a bilin-
ear stochastic differential equation of dimension 4, whose coefficients depend
on different parameters such as the velocity of the helicopter or some geo-
metrical characteristics of the blade. The problem is to determine whether
the turbulent winds may destabilize the system, for each interesting value
of each parameter. In other terms, one is interested in the behaviour of the
Lyapunov exponent w.r.t. the physical parameters of the system and the
intensity of the noise.

But, except in some very particular cases (as the examples of Baxen-
dale [4]), there exists no explicit formula permitting to get the exact value
of A.

In the presence of a small noise, and when (X (t)) is a 2-dimensional
process, Auslender & Milshtein (3], Pardoux & Wihstutz [20] have given
asymptotic expansions of A in powers of the intensity of the noise.

To treat the general case, we propose to discretize in time the system (1),
in order to get an approximate process which can easily be simulated on a



computer, denoted by (X (z)) (b being the discretization step and z the
initial value), and to numerically compute for some large T :

1 —h
7 log | X7 ()|

Pardoux & Pignol [19] have proposed a discretization scheme, and shown
the convergence towards A of the almost sure limit :

. 1 <h
p—llvrgoo ﬁ log Ith(z)l

But the convergence rate was not .estimated (under our hypotheses, our
results below show that this method is of order O(k)).

Here we propose discretization methods such that_:

eR , VzeR! : W= lim —

~h
p—+o00 ph lOg IXph(zN ,a.8. (2)

and, moreover :

A =X* =0(h) or O(R?)

The organization of the paper is as follows : in Section 2, we recall
a fundamental Theorem on the existence of A ; in Section 3, we present
two discretization methods ; in Section 4, we state our main result, which
concerns the convergence rate of these two schemes ; in Section 5, we present
the engineering problem of the helicopter rotor blades, the application of the
previous results to solve that problem, and we discuss the obtained numerical
results ; in Section 6, we introduce a class of second-order schemes.

2 LYAPUNOYV EXPONENTS

The purpose of this Section is to introduce the material necessary for the
sequel, essentially 2 Theorems concerning the Lyapunov exponents of prod-
ucts of random matrices and of stochastic dynamical systems (we do not
present them in their most general versions).

The theory of products of random matrices is presented in Bougerol &
Lacroix [6] or Ledrappier [13], e.g.



The main aspects of the theory of Lyapunow exponents of stochastic dy-
namical systems are developed in the contributions to the Workshop held in
Bremen (1984)°: in particular, those of Arnold, Kliemann and Oeljeklaus 1],
and Arnold, Oeljeklaus and Pardoux [2], which will be often refered to. A
review of the theory and of recent results can also be found in Pardoux &
Talay [22].

Let S4! = {z € R?; |z| = 1} be the unit sphere of R? and Pd-!
be the projective space of R%, i.e. the quotient of S9! with respect to the
relation : u ~ v iff u = —wv.

Let GI(IR?) be the set of invertible real dxd matrices. A given subset S of
GI(IR?) is called zrreduczble if there does not exist a proper linear subspaces
of R?, V, such that :

VMeS , MV)=V

Theorem 2.1 (Furstenberg) Let (M,,) be sequence of independent ran-
dom matrices in GI(R?) with common distribution v, such that :

(i) Elog* |My| < +0o and Elog* [M{!| < 400

(ii) the smallest sub-group of GI(RY) containing the support of v is irre-
ducible.

Then there exists a real number v such that, for any z in RY — {0} :
v = n_l_l‘r:]’w log M, . M1w| , @.S.

and for any v-invariant distribution u on P41

1= [ [l

(where T is the class of z in P91),

du(M)du(:c)

For the continuous time case, we will use a result concerning a less general
situation.

Let s(t) be the process on P4~! defined as the equivalence class of &%l



The process s(t) is the solution of the following Stratonovich stochastic
differential equation, describing a diffusion process in P41 ;

ds(t) = h(A, s(t)dt + 3 (Bj, s(1)) o dW; (1) 3)
=t

where :

h(C,s) :=Cs — (Cs,s)s

Let us introduce A = L.A.{h(A4,"),h(By,"),...,h(B, )}, i.e. the small-
est vector space of differential operators containing the operators

DoRNAN8 KB (G=1,...7)

and closed under the brackett operation [P;, P)=PoP,~P,oP.

For s in P4~} the space A(s) will be the space obtained by considering
all the elements of A with all the coefficients of the operators frozen at their
value in s.

In Arnold, Oeljeklaus and Pardoux [2] is proved the followmg Theorem
(see also Bougerol& Lacroix [6]) :

Theorem 2.2 Let us suppose :
(H) dimA(s)=d—-1 , Vse Pé-!

Then the process (s(t)) on P4~ has a unique invariant probability mea-
sure u, and :

(1) there exists a real number A such that, for any z in R® - {0} :
. 1
A= t_hg:oo 7 log|X (t,z)| ,
(ii) moreover, A satisfies :

A= [, Qe)du(s)

where

Q) = (A5,9) + 2 3 [(B2e,0) + |Buof — 2Bus,s?]  (4)
=1



3 DISCRETIZATION SCHEMES

The rates of convergence of several discretization schemes have aleardy been
established, according to various criteria of convergence, including quadratic
mean approximation (Clark and Cameron [7], Milshtein [14], Platen [24],
Rumelin [25]), pathwise approximation (Talay [26]), approximation of expec-
tations of the solution (Milshtein [15], Milshtein [16], Talay [27], Talay [28]),
asymptotical efficiency for the minimization of the normalized quadratic
mean error (Clark (8], Newton [17]), and approximation of the invariant
probability measure in the ergodic case (Talay [29]).

A review of the main results concerning the first three points can be
found in Pardoux & Talay [21].

In this Section, we will consider 2 particular schemes, applied to the
bilinear system (1). In the Appendix Section (6), we will explain why these
schemes have been choosen, and we will study a larger family of schemes.

3.1 Notations and definitions

e I will be the d x d identity matrix.
e A will be the matrix A + 1y, B?

e for any matrix o, o; will denote the j** column of o yifo(zy,...,zq) is
a matrix-valued application, do; denotes the matrix-valued application
whose element of the it* line and k** row is 8ko;~ .

The discretization schemes below will depend on 3 families of random
variables : (U], ,), (Z:il), and (S:_]'_l). The hypotheses concerning the

family (Ug +1) Will be stated later on. Moreover, in all the sequel :

the sequence

, ki .
(U;_‘_I,Zpil,],k:1,...,7‘,])6IN)

will be a family of independent random variables ; the (Z:'il) arei.i.d.,
their common law being defined by :

Pzl =3) = P2 = -1y = 5)

N =



the family (S7) is defined by :

1 kj .

Sp+1 = 2 Up+l UJ+1 +‘Zp-JH ) k< J

kj ‘ ik .

SHy = QUM Uini =2+ k>
Sp+1 = [( +1) - 1]

3.2 "'I‘wo discretization schemes

Let us consider the two schemes defined by : \

<h
Xp+1 My +1X

with

(-

M, = I+ZB +1\/_+Ah+ 232( +1)2h+ Z B, BiS,% \h (6)
g (e
or ‘

Jk=1

_ I#k
+ = Z(AB + B A)U +1h2+ 1 jop2 (7

These 2 schemes will be tested numerically in Section (5.3). The first
one will be called the Milshtein scheme.

- Except in the Appendix Section, (X (x)) will denote the Markov chain
defined by one of these schemes, with mltlal value z.

3.3 Example : the one-dimensional case

Let us consider the elementary case d = r = 1.

The system is written again under the form (with a and b scalar con-
stants) :

dX(t) = aX(t)dt + bX (t) o AW (t)

7



The solution is X (t) = X (0) exp(at + bW (t)), thus A = a.

With the particular choice \/I_ng b1 = A:,'_HW, the Milshtein scheme
becomes :

h 1 <h
Xpr1 = (L+ 5000 W +ah + 5885, W)X,
The strong law of large numbers implies the existence of X (defined

as in (2)). Moreover, one can easily check that for any non zero initial
condition :

1 ~h 2
so that the sequence (1—,1,; log IY:: (x)|) is uniformly integrable, and therefore
X" satisfies :

- -

1
Qi s

Elog |7,’,}(§)| , Ve e ﬁz— {0}
But, for h small enough :
Elog |7:(z)| —log|z| = pFElog|l +bAl +ah+-;-b2(A'1')2| |
= \/_;—r__h /mlog |14+ by +ah + %bzyzlexp(--g—;)dy
= 7’;__7? /0 e log(1 — byv'h + ah + %bzyzh) exp(-%z)dy
+ % fo e log(1 + byvh + ah + -;—b.zyzh) exp(-%)t’u

p_[* 1.2 2v2;2 ¥
= — log(1 + 2ah + (a + 25%y*)*h?) exp(—=)dy
V2r Jo 2 2
= pah +pO(h?)

Therefore : -
A"=a+0(h)=X+0O(h)

An analoguous computation for the scheme (7) would lead to

Y =0+ O(h%) = A + O(R?)



4 THEORITICAL RESULTS

In this Section, our aim is to prove that the Milshtein scheme (6) is of
first order for the approximation of the Lyapunov exponents, whereas the
scheme (7) is of second-order.

4.1 Hypbtheses

Hypothesis (HO0)

The system (3) can be viewed as describing a diffusion on S4-1. We will
suppose : ’

(HO) the infinitesimal generator L of the process (s(t)) on S4-1 is uniformly
elliptic, i.e there ezists a strictly positive constant o such that, for any
z in S9! and any vector & in the tangent space Ta-1(z) :

3 (h(Bi 2), €2 > alé]?
=1

This condition is more restrictive than (H). Nevertheless, let us show a
very simple example of situation where (HO0) is fulfilled : » =1 and

0 -1
=1 7]
Hypothesis (HU)

For our proofs, we need a technical hypothesis on the random variables
Uj41's involved by the discretization schemes, which is not limitative from
a practical point of view ; (iz) was unnecessary for the theoritical results
concerning the approximation of the law or of the invariant law of diffusion
processes (cf the Appendix Section (6)).

(HU) (1) the (Ug +1)’s are i.i.d., and the following conditions on the mo-
ments are fulfilled :

ElUl,,) = BU,* = BUJ,,)* = o©

9



E[UZ+1]2 =1

EU; ] = 3

BlUI, " < 400 , ¥n>5 (8)
(ii) the common law of the (Ug +1)’s has a continuous density w.r.t.

the Lebesgue measure ; the support of this density contains an
open interval including 0 and is compact.

4.2 Existence of the Lyapunov exponent

‘Let us begin by showing the existence of the upper Lyapunov exponent for
the Markov chains defined by the discretization schemes.
‘Proposition 4.1 Let us suppose that the system (3) satisfies (HO).

Let (7:: »P € IN) be defined by the Milshtein scheme (6) or the scheme (7),
Then, under (HU) :

i) for any h small enough, there exists a real number » satis ing :
y ying

VzeRé-{0} : = lm —

h :
L Ny log |[X,(z)| ,a.s.

(ii) moreover :
d_ oxh l -—h
VzeR*—{0} : A —P_l_xﬂw phElog [X, ()]

Proof of Proposition (4.1)

Let us prove (i).
Our aim is to apply the Furstenberg Theorem (2.1).

Let us suppose the existence of a step-size h such that the smallest semi-
group of GI(IR?) containing the support of the law of M} is not irreducible.

Then, there would exist a proper linear subspace of IR%, V* such that ;

MMy =VP | as.

10



Let = any vector of V*.
Then, for all j, E[U M}Pz) and E[M}z] would belong to V*, therefore
we would have B;(V*) ¢ V* and A(V*) c VA

In that case, the system (3) with an initial condition z belonging to V?
can be viewew as a system on V%, and for any time ¢, X (t, z) would belong
to V2.

This assertion cannot be true even under the Hypothesis (H), weaker
than (HO) (see the Section 1 of Arnold, Oeljeklaus & Pardoux [2] : under
(H), the semi-group of (s(t)) leaves no sub—mamfold of dimension less than
d—1in P4 !invariant). -

Finally, all the hypotheses of the Theorem (2.1) are fulfilled, and (i) is
proved for the Milshtein scheme.

Now, let us consider the scheme (7).

Let us suppose that, for all step-size hqg, there ex1sts h < hg such that
the smallest semi-group of GI(IR?) containing the support of the law of M}
is not irreducible, and let us prove that, in that case, there would exist a
proper linear sub-space V such that :

AV)CcV and Bj(V)CV , (G=1,...,r) (9)
(as mentioned, this property contradicts our hypotheses).

Thus, for any integer n, let us-choose h, < 1 and V" a proper linear
sub-space satisfying :
MH(V*)=V" | as.

Let  any vector of V™.

Then, for all j, E[(U? )2 M~ z], E[(U’)Mh":c] and E[M;"z] would belong
to V™", therefore we would have :

Bi(Va) C Va
1-
(A+§A2hn)(V,,) c Va

(B,-+—;—(AB,-+BjA)h,,)(Vn) A (10)

Let us define :
l= lim"inf dim(Vy)

11




and (my,) the sub-sequence of indices such that V,,, is [-dimensional.

For each Vi,, we choose a basis of unit-normed and orthogonal vectors
(efnn,k =1,...,10).

We can choose a new subsequence (again denoted (m,,)) such that (e, k=
1,...,01),n € IN) converges for the strong topology on RR'; let (uf k =
1,...,1) be the limit.

Let us fix k in {1,...,l} ;‘we may write (as a consequence of (10)) :
. . ' l )
(A+ %fizhmn ek =3 ol (K)eh,,

. =1

Now, for each j = 1,...,l, the previous equality implies :
14, . L
((A + §A h’mn )em,.1 e’m,,) = aj'm., (k)

50 that the sequence (o, (k),n € IN) converges to (Au¥,w/ ), and there-
fore : '

l
Aut = Z(Au",uj)uj
i=1

V being the sub-space generated by (u*,k = 1,...,1), we have just
proved (9) for A ; but similar arguments and (10) permit to obtain the
whole result.

To prove (ii), it just remains to check that the sequence
(;1,; log ’7: (z)|,p € IN) is uniformly integrable.

Actually, using the inequality las + ...+ ap> < p(a +...+a?):
L Blog X @) < —L= B(log TT M + logle])?
2z L log X (@) < Ty (Ong| 5 |+ loglz|)

. i=

2 hi\2 2 2
S 2 Bllog [MP)? + = (log Ja)

That ends the proof. O

12



4.3 Convergence Rates
Let us give estimates for |A — Xh|.

Theorem 4.2 Let us suppose that the system (38) satisfies the hypothesis
(HO).

Let (7::1’ € IN) be deﬁned by the Milshtein scheme (6) or the scheme (7),
and let us suppose (HU).

Then, if X is the upper Lyapunov exponent of (1) :
(i) for (7:) defined by the Milshtein scheme, |\ ~ X"| = O(h) ;
(ii)- for (X}) defined by the scheme (7), |A - X'| = O(h?).
4.3.1 Remark .

Under (HU), the process (sh) defined on 541 by :

is ergodic ; let Z* be its unique invariant probability measure ; if the function
-Q-h is defined by : . '
Q"(s) =  Elog X1 (o)
we may write (cf the Furstenberg Theorem (2.1)) :

Y= [ @
so that :

=T Q) - ) + [, @) - T e)are)

We will see below that, for any smooth function on S4-1, the scheme (7)
satisfies :

[y 1) @u(s) — dB*(s)) = O(1?)

13




But : .
Q) - Q*(s) = O(h)

Therefore, more accurate estimations are needed. In fact, the result
going to be proved below shows :

/sd_,(Q(s) - Q"(s))du(s) = O(h?)

4.3.2 Two Lemmas

Let n € IN* and = € S%~! be fixed. The antipodal point of z is denoted by

x*. '

Let U, the set of points of S%~! whose geodesic distance from z is less
than %L, where L is the maximal geodesic distance on §¢-1,

Let y € U, — ¢2(y) the stereographic projection of pole z*.

Lemma 4.3 Let us suppose that the hypothesis (HO) is satisfied.

Let f be a real C™® function on S%1, and let us define the function
u(t,y) on Ry x S9! by :

u(t,y) = Ef(s(t,y))

Let p be the unique invariant probability measure of the process (s(2)).

Then there exists strictly positive constants T' and y such that :

vee s e~ [ fEd@I<Teap(-1) (1)
and, for any multi-indez I, there ezists strictly positive constants I'; end
v such that, for any x in S, any 6 in ¢,(U,), the spatial derivgtive
dru(t, ¢71(8)) satisfies :

|8ru(t, 6z (8))| < T1 exp(—11t) (12)

14



Proof of Lemma (4.3)

In Talay [29], a result similar to (12) was established for a diffusion process
in the whole space, under some suitable conditions on the coefficients of the
system ; here, instead of these conditions, we will use the fact that S9! is
a compact manifold.

We begin by proving (11). The condition (HO) implies the existence of a
continuous and strictly positive density for the transition probability of the
process (s(t)) ; therefore, since S4~! is compact, (s(t)) satisfies the so-called
Doeblin condition : there exists § > 0, ¢ > 0, t > 0, such that, for all
open set E of §%~! with Lebesgue measure less than 6 : P(t,y,E) <1~¢,
uniformly in y. Consequently, the inequality (11) is satisfied (see Doob [9],
p-193, e.g.).

Now, let us prove the second part of the Lemma.

Let us introduce the dlfferentlal operators on Sd -1 deﬁned by :

d
L= Z hi(B

and let £ be the infinitesimal generator of the process (s(t)) solution of (3)
on §4-1,

It is well known that

;t u(t,y) = Lu(t,y)
z(0,y) = f(y) (13)

so that we deduce :

L1t ) = Ll )P = - 3 (Lau(t, 1))?
dt k=1

We multiply the previous equality by e®*!, we integrate with respect to

#, and then we integrate from 0 to T (T being an arbitrarily large time).
Using £*p = 0, we deduce that, for any 0 < 6y < 7 :

o
S [T et [ Iku(t,)Pdudt < +oo
k=170 Sa-1

15




(a similar computation is performed in Talay [29] (Section 6.1.2)).

One may also check that there exists strictly positive constants C, and
C3 such that :

d < T T
= 1Leu(t, 9)P) - LY 1Lku(t,9)P) < —C1 Y 1CeLru(t,y))?
dt k=1 k=1 ki=1

+C2 ) [Lxu(t,y)?

k=1

Proceeding as just above, we obtain for any strictly positive §; < &g :

> [, ceut )Pdu < Ce~e
k=1

Let d7 be the Riemannian measure on S4-! indﬁced by the tensor field
(aij)™1, where a is the matrix go*, with o(s) = > =1 k(B;,s).

The hypothesis (HO) implies that x, the invariant probability measure
of the process (s(t)), has a smooth density p(-) with respect to dr, which
solves L*p = 0, and is strictly positive (cf Ikeda & Watanabe [10]), therefore
we can bound it from below on S%~! by a strictly positive constant.

From this remark, we deduce from the previous inequality the existence
of strictly positive constants C, «, independent on z, such that :

[ Va6 @)Pds < ce
¢z (Uz)

By the same procedure, one may show that, for any sequence J =
(k1,...,kg) of integers in 1,...,r, there exists strictly positive constants
C; and oy such that :

/S 1k - Lxyu(t,y)Pdp < Cr exp(-ayt) (14)

Let us remark the existence of a constant Cj, independent on z, such
that (b and & being the coefficients of £ in the local coordinates 8) :

Ca

vee g, POl <G

16:;(0)|

16



and for all multi-index I of length less than n :

1816(6)] Cn

<
VO€d:Ua) 191500 < Cn

We deduce that for any multi-index J (refering to derivatives w.r.t. the
coordinates 61, ...,84-1), there exists strictly positive constants Cy and ay,
independent on z, such-that :

L, oy, 1070(t, 62 @)246 < Gy exp(~eest)
¢z(Uz)
We conclude by a.pplyiﬁg the Sobolev imbedding Theorem. O

‘Lemma 4.4 Let us suppose that the hypothesis (HO) is satisfied, and let B
be the unigue invariant probabzlzty measure of (s(t)).

Let us define the Markov chain (3}) on S%* by :

~h

3= ——Xﬁ
P ——

1 X

where (X ) is defined by the Milshtein scheme (6) (tesp. the scheme (7)),
under the Condition (HU).

Then, for any ¢ in R? — {0}, for any smooth function f:S* 1R

| [, 7®)u(e) — Zf(-"(| DI=0(k) , as. (resp. O(h)

Proof of Lemma (4.4)

We will follow Talay [29] (Sectlon 7.2), and only consider the scheme (7),
the other case being simpler.

First, we define the symbol £ : we will write X £ Y instead of E(X)=
E(Y).

We will also write z for li'l

17




Under (HU), for any h small enough, almost surely 7 _H(z) takes its
value in U-g(z)

With computations analoguous to those of Talay [28), and performing a
Taylor expansion up to order 6 of the function § — u(t, d; (& )(0)), one may

check :
u(sh, T41(8)) £ u(ib, B(E) +Lulih, Th(@)ht5 L20(ih, (@) 4y

with the remainder term r,"p +1 expressed as a sum of terms, each one being
of the form :

Constant x E ['(/JI('Y)aIu(Jh) ¢;—,I:l(5)(6))]

where :

e 3y is a continuous function of the coordinates y,...,0;_,, then is
bounded in %:(i)(Us;.(i)),

e 4 and v are in ¢§,’;(5)(U3,';(5))'

Thus, using (12), one can check that the above remainder term satisfies
for some strictly positive constants Cp, C and 7 :

D‘IQ

37 > 0 Z 'T] p+1]
7=0

Now we use the equation (13) in order to write :
w((+1)R, () £ ulih, (@) +Lulh, 3H(E) A3 Lou(h, FHENA 4784 b

with a remainder term i;"p +1 Which can be expressed in the same manner
h
as )4y

Therefore, if we define R S p+1 DY

h h #h
R; jo+1 = Tip41 ~ Tip41

Rj’fﬂl satisfies for some positive constant C; :
Z |Bjpal <2 (15)
18



and moreover :

u’(.’h’ 8p+1(z)) - u((] + l)h' —h(z)) + J.p+lh3 (16)
Remarking :
N
L5 @) =1 S uo e
p=1 p=1

with successive uses of (16) one obtains :

N p—-1

¥ Z f(:f"(z) El N2 u(ph )+ = Z > RE A

p=1 p—lJ-O
But :

e under the hypothesis (H0), the prbcess (s(t)) is ergodic and u(t, #)
satisfies

. u(t, ) = Ef(s(t, 2))
“thus :

11m — Zu(ph zZ)= /4_1 f(s)du(s)

p—l
e the estimation (15) implies

N p—-1

= }: YRR < R

p—0 =0

e as the process (s") is ergodic :
1 N

Jim E——Z 1(@4(3)) = / F(a)dE*(s) = s Jim = 3" F3ME)
p;-vl

That ends the proof. O
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4.3.3 Proof of Theorem (4.2)

Again, we only treat the scheme (7).

We have previously shown :

)y 11m -]-V—EElog]XM

and therefore ;

1 N
= N—}: log |M?, 3

Elementary (but long !) computations show that the scheme (:i’ ) sat-
isfies, for any smooth function f :

—h . —h : . k. 1 . h
Ef(X,41) = Ef(X;)+ELf(X,)h+ EELZ F(X,)h?
— ~h ~h
+ Ey(Xp +6(Xpyy — X))
where 9 is a function which can be expressed as a sum whose each term is

a product of polynomial functions (w.r.t the euclidian coordinates) and of
derivatives of the function f, and 4 is in ]0, 1[.

Under (HU), for any integer n, there exists a strictly positive constant
Cp such that :
|z +8(M} — I)z|™ < C,

uniformly in A small enough, in 8 in [0,1] and in z in §9-1,

Therefore, applying the previous remark to f(z) = log|z|, if Q is the
function defined in (4), we obtain :

Elog|M pr15pl = EQ(Sp)h + 5 EﬁQ("‘)hz + Rpy h®

with R’ +1 uniformly bounded in p € IN and in A small enough.
We deduce :

1 N
ngloglM:+1§:|- ZEQ( N):Eco(-")m NZRM

p=1
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Using the result of the previous Lemma, we deduce :
~h
X = [ Q@) + [ £Qs)du(sin+0()
gd-1 Sd-1
But, by definition of x :
[\, £Qs)du(s) = 0
Si-1

That ends the proof. O.

5 APPLICATION TO AN ENGINEERING STA-
BILITY PROBLEM

Our objective is to study the stability of the motion of a helicopter blade in
terms of various physical parameters, such as the velocity of the helicopter,
some geometric characteristics of the blade, the intensity or the coloration of
the process modelizing the turbulency around the blade (this problem was
given to us by the French Company Acérospatiale).

5.1 Introduction

In first approximation, the stability of the movement of a rotor blade with 2
freedom degrees is equivalent to the stability of the solution of a linearized
ordinary differential equation in IR*

dX (2)
dt

where the matrix-valued function A(£) and the vector-valued function F(t)
are periodic of same period (the period of rotation of the blade). '

= A@®)X(t) + F(2)

When one takes into account the turbulent flow around the blade, one
may consider the following linearized model

dX(t)
dt

where B(t) (resp. G(t)) has the same property as A(t) (resp. F(t)), and
(£%(t)) is a one-dimensional noise. The intensity of the noise, o() is also a

= AMX(@) + F(t) + [B)X(t) + G®)]o () (2) (17)
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periodic function of the azimuth angle Q¢, where Q2 is the angular velocity
of the blade.

All the coefficients A(t), B(t), F(t), G(t) are explicitly known in terms
of different physical parameters of the blade.

Here the “stability” we are interested in, is the following : the system is
stable when it admits a unique periodic in law solution {Y'(t)} and when,
for each initial deterministic condition, the corresponding process {X()}
satisfies :

t_l*l_x‘_noo Y(t)— X(t)|=0 a.s. (18)

First we will consider the white-noise case.

* The system (17) becomes : _
dX(t) = [A()X(t) + F(t)|dt + [B(t)X(t) + G(t)]a(t) o dW (2) (19)
where (W(t)) is a standard one-dimensional Wiener process.

‘Let us introduce the system
dX (1) = A()X(8)dt + B()X(2)o(t) o dW(2) (20)
One can show (cf Pardoux[18]) : V

 Theorem 5.1 Let us suppose there exists A < O such that the solution
of (20) with any deterministic initial condition z satisfies

limsup 1 log|X(t)| < A a.s (21)
t—+00 t )
Then the system (19) is stable in the sense (18).

Of course, it remains to give conditions ensuring the existence of the
Lyapunov exponent (21) and to check that the blade system satisfies these
conditions. For these points (and the wide-band noise case) we refer to
Maryse Pignol’s thesis ([23]).

Now let us discuss the numerical computation of the Lyapunov exponent.

We have worked on a set of systems corresponding to different values
of some parameters, namely the distance between the gravity center and
the torsion center, the velocity of the helicopter and the rotation angular
velocity.

The numerical values given below correspond to one particular case, but
the conclusions are valid for all the situations we have considered.
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5.2 The deterministic case:

Ip the deterministic case (corresponding to o(t) = 0), only the Runge-Kutta
methods of order larger than 4 give good results (because of the numerical
instability of the system, due to the large coefficients of the matrix A(t) and
their very short period). .

Let us illustrate that remark.

: We have used 3 algorithms :

1. Runke-Kutta method of order 2
2. Runke-Kutta method of order 4

3. Gear’s method (implemented in the NAG Library of Fortran subrou-
tines) '
The discretization step choosen by NAG is always smaller than : 0.0016

; the Lyapunov exponent (in that case, the Floquet exponent) computed is

12.767.

1) with a discretization step h = 0.00015 :

[ method | Floquet exponent |
Runge-Kutta of order 2 -12.717
Runge-Kutta of order 4 -12.767

2) with a discretization step h = 0.003 :

| method | Floquet exponent |
Runge-Kutta of order 2 -05.051
Runge-Kutta of order 4 -12.767

4) with a discretization step A = 0.006 :

| method [ Floquet exponent
Runge-Kutta of order 2 +20.154
Runge-Kutta of order 4 - -12.767
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These results show that, in the stochastic case, the discretization step
will necessarily be choosen smaller than 104

We are going to see another consequence.

5.3 Numerical algorithm for the stochastic case

First, it is important to note that the formula X* ~ w7 log IY: | is of poor

interest in practice, because it leads to numerical instabilities, the process
(|7:,l |) decreasing to 0 or increasing to infinity exponentially fast. Alterna-
tively, one may use the following, also used in the proof of the Theorem (6.2):

N
sh 1 =
A~ z:l log| My, 15,
p:
(with N large ; the choice of N will be discussed later on).
Now, let us discuss the choice of a convenient discretization algorithm.

We have tested the Milshtein method and the second-order method (7
on an example of Baxendale [4] for which there exists an explicit formula
giving the Lyapunov exponent.

More precisely, let us consider a one-dimensional Wiener process (W (t)
and the system :

dX(t) = AX(t)dt + oBX(t) o dW(2) (22)
with
a 0
4= 6]
0 -1
o 19
Then :
2n -b
20 g 26))do
A= 3(a+8) + 3 (a - by RO xp (e con(26))d
2 2 o exp($=7 cos(20))dd
By example, let us choose a = 1, b = ~2, 0 = 10. Then an accurate
numerical computation gives A = —0.489.
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For a final integration time Nh = 100 and h = 1073, the second-order
scheme (7) gives A = —0.35, but for h = 107, it gives A = —0.50.

The Milshtein scheme leads to worse results : for the same integration
time, and h = 1073, it gives A = 3.16, for h =‘10"4, it gives A = -0.1 ;
one needs to choose A = 10™° to obtain A = —0.51 (in that last case, the
computation time is much longer than the time due to the second-order
scheme with h = 1074, for the same result).

Therefore, for our helicopter problem, we have used a'second-order.scheme.
But the above study of the deterministic case shows the necessity to improve
the scheme (7), in order that it reduces to the Runge-Kutta scheme of order
4 when the intensity of the noise is nought.

Finally, our algorithm has been the following :

1. one chooses an initial condition on the unit sphere S°
2. at step (p + 1), one proceeds in two stages :

e one applies to a single step the Runge-Kutta method of order 4
in order to integrate the system

y0) = X,

yt) = Alph+1t)y(2)
(the presence of A is due to the discretization of the system writ-
ten in the Ito sense)

o then one calculates :

—h 1
Xps1 = y(h)+ {a(ph)BAg+1W + 50(ph)* B (8541 W)” ~ h)

+ %(a’(ph)(fiB +BA+B)
+ o'(ph)B)hAL, W} X, (23)

where we have used the following notations :
'(Az +1W) = sequence of mutually independent gaussian
random variables A/(0, V)
B' : derivative of the matrix B(t)
all the matrices are calculated at time t = ph
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3. one computes the new value of A from the previous one by

~h
1 )+ log(|X 541()
p+1 (p+1)h

A1 - (24)

4. one projects 72 +1 on the unit sphere.

Just applying the methods of the previous Section, it is easy to check
that this algorithm is of order 2. ‘

Our system of automatic generation of FORTRAN programs of simula-
tion of solutions of Stochastic Differential Systems (see Leblond & Talay [12]
for a presentation) can generate the FORTRAN program corresponding to
this algorithm, for each bilinear system given in entry.

5.4 Numerical results

For the given models of blades, the deterministic system was extremely sta-
ble for admissible velocities, as shown in the following figure corresponding
to one particular model but typical anyway :

0.409E+01
<0.275E+01
0.959E+01

-0.164E+02

-0.233B+02

8§ § & E & §® &8 &

- Variations of the Floguet ezponent in terms of the velocity -
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Let us suppose that o(t) is a constant function : o(t) = 0y (i.e the effects
of the turbulency are independent of the azimuth angle).

For a velocity equal to 100m/s, we obtain the corresponding diagram :

0.102E+01 -

.............................................................................................................. XYY YTY YY)

-0.409E+01

“0.920E+01

“0.143E+02

-0.194E+02

g E & E E- B § §

- Variations of the Lyapunov ezponent in terms of gy -

103060 1

The destabilization of the system could occur only for intensities of the
noise larger than 0.3 ; such intensities are not realistic for the turbulent
winds around the blade.

" Moreover, let us consider a more precise modelization of the noise. We
suppose that its intensity is a periodic function of the azimuth angle ¥ = Qt,
reaching its maximum for ¥ = 37", and defined by the function :

oo exp(6(cos{0.75m — 0.5Qt)? — 1))

The figure below represents this function for 09 = 1 and § = 0.25,
6 = 1.00, 6 = 2.00.

27




0.100E+01

0.750E+00

0.500E+00

0.250E+00

0.000E+00

e E E§E E§ E § §E § §
- Variations of the intensity of ;he noise in terms of the azimuth angle (in

degrees) -

" In that case, we observe a strong dependency of the Lyapunov exponent
upon 4, and the instability could not appear for realistic intensities :

l o0 [ ) lLyagunov exPonent]

0.2| 0.0 -8.83
0.2 0.25 -11.83
02| 1.0 -16.63
02] 2.0 -18.06

| 6 | oo [ Lyapunov exponent |

1.0 0.2 -16.63
1.0] 0.5 -6.1
10/ 0.6 -2.11
1.0 0.7 3.1

5.5 Algorithm for the wideband noise case

Let us consider the system

ﬁdfﬂ = A1) X () + Bt)X ()0 ()€ (t) (25)
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with a wide-band noise of the form
1 t
e P —— —
é (t) - \/&—.Z ( €)

where (Z(t)) is a stationaryA (0,1) Ornstein-Uhlenbeck process.

The above system is an ordinary differential system, so that the pathwise
simulation of the solution can be achieved using, by example, the Euler
scheme :

Xpi1 = Xy + (A(Ph) X + o(ph)B(ph)&* (ph)) X ok

It is well known that, when & goes to 0, the solution of (25) converges
in law to the solution of (20). Pardoux [18] has shown that, moreover, the
Lyapunov exponent of (25) converges to the Lyapunov exponent of (20).
Kushner [11] has shown that this convergence is a very particular case of a
“pathwise uniform” convergence of a sample average cost per unit time.

But it appears that, even for small h, the Lyapunov exponent of that
dicrete-time process defined by the Euler scheme does not converge, when ¢
goes to 0, towards the Lyapunov exponent of the system (20).

One reason is that the process {{°(ph)} does not converge in law, so that
the scheme must rather involve the sequence

N (+1h
By = /h £°(s)ds

P

which converges in law to the sequence (AI'; W)

But one has to be careful : the new scheme
h —h -=h
Xp11 =Xy + (A@h)h + o(ph) B(ph)AL, 1€)X

does not converge to a discretization scheme of (20) (A # A).
Finally, we introduce a convenient second-order scheme, similar to (23).

First, one applies to a single step the Runge-Kutta method of order 4 in
order to integrate the system

y0) = X,

y() = Alph+1t)y(t)
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and then
Xor = v+ {omBALLE + 2ok B (AL, 6
+ 5(0(h)(AB + BA+ B') + o' (ph) B)hAL, ¢ } X} (26)

It is interesting to note that the limit of the above scheme when ¢ goes
to 0 is not the scheme (23), the difference including only terms of order
hA;,‘ +1W and h?. We have not succeeded to build a second-order scheme
of the wideband system converging to a second-order scheme of the white

noise system.
Let us describe our simulation of the integrals A;,‘_HE .

Let (V(t)) is a Wiener process independent of (W (t)) such that :
dZ(t) = —Z(t)dt + V24V (t)

[

Then we have the formula :

(p+1)h . 1 28 1 _2(p+1)n  f(p+1)h s
Ly s = VEG U ) (ohy A, (v) e 2282 [, e an)

Therefore, it is possible to simulate the markovian vector
(€°(2h), Apyr8)
by the simulation of the gaussian vector :

1 (p+1)h
(A;+1(V)’/.

(P+1)h
e’dv,, / e2’dV,)
ph ph

For our models, we observed that the coloration of the noise tended to
stabilize the system (the limit case being the case of very large ¢, equivalent
to the deterministic case).

5.6 Remarks

The models for the blade and the noise were simplified ; in particular, only
physical experiments during a flight could permit to improve the modeliza-
tion of the noise, and overall a more realistic model should be non linear.

In this simplified context, the conclusion was that the turbulency around
the blade has small effects on the stability of the blade.

30



5.7 Choice of the integration time

For the sake of simplicity, we again consider the case of matrices A and B;
independent of ¢.

As already mentioned, we approximate b by :
R "
A~ T Y log | My, 5

p=1

The following Central-limit Theorem gives an estimate of the distance
between A and (cf Theorem (2.2)) :

2 [ atsenas

(this Theorem is due to Bhattacharya [5]).

Theorem 5.2 Let us suppose (H).

Let L define the infinitesimal generator of the Markov process (s(t)), p
its unique invariant probability measure, and let the function Q be defined

by (4).
For t tending to +oo :

% /0 t(Q(s(G)) —A)dé — N'(0,v%) in distribution

where the constant v? depends only on the coefficients of the system and is
given by (< -,- > denoting the inner product in L2(P4~1, ) :

¥=-2<Q-)\LYQ-)>
But it seems extremely difficult to numerically estimate the variance
of the limit law, since, first, one needs to solve a Poisson P.D.E on §9-1,

namely :
Lu=Q - A

and, second, since this P.D.E. depends on the unknown .

This question must be considered in the future.
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6 APPENDIX:SECOND-ORDER SCHEMES

6.1 Preliminaries

Let us consider the general stochastic differential equation in the Ito sense :

dX(t) = b(X(t))dt + o(X (£))dW (t)

The Milshtein scheme is defined by :

~h —h = hy ~h ~ hy by kg
Xpr1=Xp + Y 0;(X U2, VR +b(X,)h + %: 80;(X,)ou(X,)S,% b
=1 k=1 ’
(27)
We define the matrix e and the vectors A;j by :

a = 00

1 &,
Aj = Ekglalak,a,-

Besides, we will denote by L the infinitesimal generator of the process

(X(@®) : ) )
L= Zb,'a,' +%ZZG,'J'3,']'

i=1 i=13=1
Now, we define a new scheme by :
r r
==h h ~=h j <7h ~7h ~h ]
Xpr1 = Xp+ 2 o;(X)U VR +6X) h+ Y 00;(Xy)on(Xn)SH 1
=1 k=1

1 L —] —h ——h —h —— . 3
+3 21 {ab(X;‘)a,- (Xp) +80;(X;)b(X ) + AJ-(X;:)} vl 1k
]‘_‘
L Lb(X)h2 9
+ 5 (X5) (28)

The scheme (7) is a particular application of this scheme.
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6.2 Second order discretization schemes

In this Section, F, will be the o-algebra generated by (Yf,', ,..,7:).

A discretization scheme will be called of second order if it satisfies (all

the right-side terms of the equalities being understood evaluated at 7(-:, and
we make the usual convention for the summation indices) :

— 1 '
E(ak,X|7) = bh+—(Lb)h2+§p+1 ) Elpii| < CH?

E (X (BpnX))K) = offofh+ (5767 + akl ol d, 0 ot of?

+ -2-6kb'=o;1 (7]- + -2-'0kb" a.jzo.

+ —;-0;16 cr".zb'c + %a';zaka':l bk
—l; i—cr;lak a"a a + i-a;zakga"a"a' )h’
rE ., B < oW
E((AhX) (AR DP)R) = (hofof +b70) 0 + bR} o}

+ %afzakaf 1oF + 0',36 a, a"a"

1 1
+—a38ka‘10'20' + = a‘ako ’30"
2! 2!

1 .
+§a,"6ka a”a + la c')ko"‘a"‘ak)h2

+6111213 , I 111213| < Ch3

(a“a'za,’“cr;"+a'10 o] tr,")h2

E (8 X)" ... (AL X)")|5) ;

+§u A4 , lu “l <Ch3
E((AL X (A T9)F) = gy . Blgy®I < O
E((Aa X" . (AL )O)F) = &, Elgiitl < oR

We have the following Theorem (see Talay [27] or [28], Milshtein [16]) :

Theorem 6.1 Let us suppose that b and o are smooth functions with all
their derivatives bounded, and only (i) of (HU).
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Then, for all function f of class C™ such that f and all its derivatives
have an at most polynomial growth at infinity, the Milshtein scheme with

73 = X(0) satisfies : for any h small enough, for any T > 0, and any
h=% (NeN*):
Vp=1,..N : |Ef(Xu)-Ef(X2)|<Ch

whereas the scheme (28) satisfies, as well as any other second order scheme

 such that Yz has all its moments finite for all p (under the condition Y{; =
X(0)) : .
|Bf(Xpn) — EF(XD) < OR?

The same respective orders of convergence are conserved (under another

set of hypotheses) when the process (X (t)) has a unique invariant measure
p and the criterium of convergence is

. 1 &,
| [ £6)du) - . i %I @)
(see Talay [29]).

6.3 Extension of the main Theorem

Following the same procedure as previously, we may extend the results of
Theorem (4.2) to second-order schemes, under some conditions concerning
the law of the involved random variables.

Theorem 6.2 Let us suppose that the system (3) satisfies the hypothesis
(HO). ‘

Let (Y:,p € IN) be a discretization scheme of the form

wh h 7h
X p+1 = Mp+lXp
We suppose that there erists hg > 0 such that :

(H1) for any h < hy, (Mz’:) is a sequence of i.i.d. random matrices in
Gl(]Rd) » with common distribution v ; :
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. (H2) forany h < ho :
Elog* M} < +00 , Elog*|{(M})™| < 400

(H3) for any h < ho, the smallest sub-group of GI(IRY) contammg the

support of v* is irreducible, and, moreover the process (—ﬁ-) is ergodic
on Sd 1 .

(H4) there exists C(h) such that, almost surely, the distance between z and
MPpz can be bounded by C(h) uniformly in z in S92, and C(h) tends
to 0 with h.

Let us suppose : (7(': ,P € IN) is a second-order scheme in the sense of
Section (6.2).
Then :

(i) there exists a real number 3 such that :

d_ S
Vee R*- {0} : A -pi& phlogIX ()| ,a.s.

(ii) moreover, if X is the upper Lyapunov exponent of (1) :
A =" = O(h?)

7 CONCLUSION

We have built schemes which are of second-order for the approximation of
the upper Lyapunov exponents of bilinear systems.

These schemes have been tested numerically and have served to solve an
industrial problem of stability.

Some aspects are still to improve, by example the choice of the compu-
tation time.

1
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