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Abstract

In this paper, we develop a generalisation of Roe’s Riemann solver to the
case of a mixture of perfect gases whose equation of state contains vibrational
terms. Moreover, we assume that all species are at thermal equilibrium and
that the temperatures of translation and vibration are the same.

Then, we develop a semi-implicit scheme for the resolution of 1D problems
for flows which are out of the chemical equilibrium. The Riemann solver to be
used is the extension of Roe’s solver which has been defined at the beginning
of this report.

In the last section, some shock tube problems are studied, they show the
capacity of this method to solve such problems.

Résumé

Dans ce rapport, nous développons une généralisation du solveur ap-
proché de Roe pour le cas de mélanges de gaz parfaits dans lequel I’équation
d’état peut contenir des termes de vibration. De plus, nous supposons que
les especes sont & 1'équilibre thermique et que les températures de vibration
et de translation sont identiques.

Nous développons ensuite un schéma semi-implicite pour le calcul d’écou-
lements unidimensionnels susceptibles d’étre en déséquilibre chimique.

Enfin, ce schéma est testé sur des cas de tubes & choc.
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Notations

R is the universal constant of perfect gases

m; molar weight of species ¢

Ri=%&
¢,; and c,, are the specific heats of species i.

Cp.
Y = Z%

Ki="—1

T is the temperature of the flow

2

4 is the “sonic gamma”, a* = 5 %, see Section 2.2, equation (2.8)

K =% — 1, see Section 2.2, equation (2.7)
pi is the density of species ¢
p is the total density, p = Y72, p;

2

Y, = % is the mass fraction of species ¢

h;° is the enthalpy of formation of species i

8, is a typical value of the vibrational temperature of the molecules of
species 1

e p is the pressure

u is the velocity, m = pu is the momentum
e is the total energy per unit volume
€ is the specific energy per unit volume

H= %B 1s the specific enthalpy

(2, is the rate of production of species i



Chapter 1

Introduction

The development of trans-atmospheric vehicule projects has considerably
revived research in hypersonic. In particular, many researchers are currently
working on the development of numerical schemes for solving the P.D.E.
systems which describe the flows around such vehicles.

An important part of these researches is concentrated on the Euler system
of equation. The success of TVD schemes (and particularly MUSCL type
schemes) to solve them in transonic and supersonic applications gives the
legitimate desire of extending these methods to hypersonic design (see [6] and
references therein). Here, different phenomena appear, especially chemical
ones, due to the high temperature levels which are encountered.

The fundamental tool in a MUSCL scheme is the Riemann solver. One
of the most popular is Roe’s. Various authors have attempted to general-
ize it to chemically equilibrium flow (see [5], [13], [11] for example) or to
nonequilibrium flow (see [10]).

Several difficulties coming from the integration of the Euler system of
equations have been described an analysed in Yee and LeVeque [6], [4].

In this report, we describe a generalisation of Roe’s Riemann solver for a
mixture of perfect gas with chemical reactions ; our solution is quite different
of that of Shuen et al. [10] and uses more deeply the physics of the problem.
In particular, Shuen et al. [10] use neither the precise form of the state
equation nor the expression of the total energy. This generalisation is the
subject of the second part of this report while we give, in the first section,
the equations of the system.

In a third part, we develop a semi implicit scheme for the resolution of



1D problem for flows which are out of chemical equilibrium. The Riemann
solver to be used is the extension of Roe’s solver which has been developed in
the second section. The use of the various conservation properties makes the
problem much simpler to solve than it might have appeared at first glance.

In a fourth and last part, several shock tube problems are studied, they
show the ability of that method to solve such problems.



Chapter 2

Equation of state, Jacobian matrix

2.1 Equation of state

We will consider a mixure of ns perfect gases at thermal equlhbnum which
interact with each other through a chemical mecanism.
The equation of state is :

ns
p= Z pico, ;T = peykT, (2.1)
i=1
Yic, K
where ¢, = ¥, Yic,, and & = -—Z————
z=1 Kcv,-

The relation between the temperature, the mass fractions Y; and the total
energy is given by :

ns ns Rla

e_P_+Zchq:T+Eph +ZP1 . (22)
0
=1 exp (74) -1
In this equation, the terms p; R99 are vibrational energy terms.
exp —7% -1

In the case of monoatomic species, they do not exist.
The state variable W

W =(p1, , pnsyme)’, (2.3)

satisfy the 1-D system of Euler equations for reactive flows which is :

4



oW OFW) _

2.4
ot Oz (2:4)
In 2.4, the flux term is
9 T
F(W) = (plu’ “r ety Posl, pUT + D, u(e + p)) ’ (25)
and the source term 1 is
Q= (Q, ", 0s,0,0)" . (2.6)

2.2 Computation of the Jacobian matrix

In this paragraph, we give the expression of the Jacobian matrix of the con-
vective part of the Euler equation. For that purpose, we will often denote
pressure derivative gf— by p., where z; is any of the independant variables of
W.

We have :
1-Y)u “Yiu - —Yau Y; 0 )
—You 1-Y)u - -You Y, 0
oF _ : : : : ; 0
5W B —Y;Lsu LU e (]- - Yns)u Yns 0
—ul+p, v 4p, - —wP4p,.  utp.  p
(=H +pp)u (~H+pp)u - (-H +pp.)u H+pmu (1 + pe)u )

We have to get the values of the derivatives of the pressure. We have the
following relation (from equation (2.1)) :

T
Ppi = Co, ki + pc,,na—,

Op;

Pm = pc'vn’aTn‘,
. oT
e = PCoR—7—.

P 4 e

From the expression of the energy (2.2), we obtain :



U2

0
- S —cT-Zi—h
PCy 90 = pCy s ’
P ¢y + Z KXz

=1

AR
v om Cy + 2:21 KXz ’

pCy—— = (1- iz Vii )
Oe Cy + Z,il Y:Xz

In each of these formulas, in order to simplify the writing, we have set :

'952
X= — 0
(exp(F) - 1)
7= b
eop(3) - 1

Hence, we get :

2
P = coiT + & [1‘7 — o T — b — Z,-]

Pm = —KU,

Pe = —K,

where

(2.7)

k:n[l— = Vi ]

Cy + :1-_:1 KXz
To get a complete analogy with what happens in non reactive flow without
any vibrational term [16], we shall set :
Xi = Cy; (K,‘ - R)T - fihio - RZi

So, the expression of the derivatives of the pressure p are ;



u?

Poi = Xi+ k=
Pm = —Ru
Pe =R

This formulation enables us to derive an expression of 85‘/ which is for-
mally identical to the one obtained in [16]. Thus, the sound velocity q is :

ns u2
a2=ZY,~X,-+F;[H——].

=1 2

In the case we study here, some algebra gives a much simpler expression
for a? :

where ¥ =k + 1.

(2.8)



Chapter 3

Computation of the Roe average

3.1 Introduction

Let us recall what the Roe average is for an hyperbolic system of conservation
laws with flux function F.

Two states Wy and Wy being given, we seek for a matrix A(WL,WR)
which satisfies the following properties :

1. F(W.) — F(Wg) = AW, Wr)(Wy - Wpg) ;
2. A(Wy,Wp) has real eigenvalues and a complete set of eigenvectors ;
3. A(W,W) = A(W).

A natural wish is to get an expression with is the same as the one given
by Roe in his original paper [14] for a calorically perfect gas. The simplest
way to perform this is to seek for an “average” state W such that A can
be written in the form A(Wj, Wg) = A(W). Unfortunately, for complex
equations of state, this is probably impossible (Larrouturou et al [2], Liou et
al. [11]). Nevertheless, the expression of A shows that its W dependency is
expressed through the total enthalpy H, x;, x and the velocity u. So, we will
assume the following form for A :



[ (1-Y)a -Yia ~Ya,t Y, 0 )
—Ya 1-Y)a - Y Y, 0
il N E o
- nsa —}/11.317' e ( Yns)ﬁ Yne 0
@ +p, W +p, - -@4p,, 20U-—p, Pe
\ (_E +p:,1)i2 (_H'l'p;z)ﬁ ( H +ppm)u H+pmu (1 +pe)u /

where the averaged values of the derivative of the pressure p are defined as :

Ppi = Xi + %Fm‘f fori=1ns
Pm = —KTU
Pe =K

Hence, it is sufficient to find “averaged” values of H, x;, %, Y; and u to
define an “averaged” Jacobian matrix. :

As we noticed it before, the expression of A is formally identical to the
one of a non-reactive flow. In [16], the determination of %, Y; and H makes
no use of the state equation provided the pressure jump between the two
states W and Wg obeys the following equation :

ns

Ap = xilpi+ kRAe Ap=p; —pr (3.1)

=1
If (3.1) is satisfied, we have :

7= VPRUR + 4/pLUL
VPR + \pL

N T '

q= VPrHR + 3§PLHL
PR+ +/PL

Now, we have to find expressions for §; and % which satisfy (3.1).
In these calculations, we will use the operator A which is defined by :

Given two states fg and f of a real function f of the variable W,

Af = fr—fr
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let us recall some rules of computation for the A operator.
If we use the following notations :

- VPRAR + \/PLOL (3.3)
VPR +/PL '

o v/PrAL + \/PLAR ‘ ' (3.4)

- VPR+ L '

we have :

A(ab) = aAb+ bAa

pa=pa

3.2 Determination of & and ¥;

Until they are fully specified, the values of ¥; and & will be denoted by ¥;
and K.
We will assume that y; can be written as :

~

Xi = Co;(Ki — /i)T — kb’ — KZ; (3.5)

We have then to find exj.ressions of %, T and Z; such that (3.1) holds :

SI AlpienwT) = i (e | e
+ 2752159[A(PicviT)+hi9APi+A(PiZi)] .

The right-hand side of (3.6) is :

ns

ZCWK,'TApi + i‘, [A(p,‘CﬂiT) — C,,iTAp,'] + I‘:{', [A(p,Zl) - Z~,'Api]

=1

(There is no more hl'o terms). )
It is natural to set Z; = Z; and T = T since :
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A(pT) ~ TAp; = piAT
A(p,'Z,j) - _Z—,'Api = &AZ,

Then, (3.6) becomes :

i (Cv,- K'i—TApi + l:‘icv,.&AT + ;}&AZ,') = Z A(pic‘u; K:,‘T)
i=1

=1

Since
A(picy; ki T) = picy ki AT + Te, kiApi,

this is equivalent to

o RAT = k| p6AT + Y piAZ;
=1

where we have ¢, = 372, Y,c,, and

Yy YicyK;

R = —— .
Xic1 Yiey,
If AT # 0, for this last equality to be satisfied, we set :
z T, RAT
T GAT + T2, YAZ
If AT =0, we will have :
i = St (3.7)

G+ X2 YiXi
Some comments :
e The X;’s depend only on T and are monotone increasing functions. The

denominators in (3.2) and (3.7) never vanish ; hence, the definition of
% is always valid.
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o The calculation which have been done in this section does not use
the precise form of the internal energy per unit volume. The only
assumptions which are really used are the following ones:

1. The mixture of gases is at thermal equilibrium

2. It obeys the following law :

— we assume the pressure is written as :
ns . .
p=> pigi(T)
i=1

where the g;’s are monotone increasing functions of the tem-
perature.

— The internal energy has the following form :
e=Y pifiT)
i=1

where the f;’s are monotone increasing functions of the tem-
perature.

It that case, the expression we have given for the Roe average of A
can be extended in a straightforward manner. Equations (3.2) are still
valid, the expressions of k and ¥; are the following ones:

i Y:Af;

> YiAg .

=1



Chapter 4

A semi-implicit numerical scheme for
the Euler equation with source terms

4.1 Introduction

To begin, let us recall the system of conservation laws we intend to solve
numerically. If we set

W= (P1,"',Pna,,0u, e) (41)
F(wW) = (plu, Cy Past, pu® 4 p, ufe +p)) (4.2)
Q=(Q, -, Qs,0,0) (4.3)

we have

ow N OF (W) _Q
ot Oz
From a mathematical point of view, the systems we are interested in are
those where the Jacobian matrix of Q with respect to W have eigenvalues
with a negative real part. We shall assume this is true for air though there
are no theoretical evidence of this, as far as we know.

(4.4)

4.2 First order scheme, analysis

The scheme is explicit for the convective terms and implicit for the source
terms.

13 .
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W™t = Wi = X (FW"500, W) = F(W," W™0)) + At QW)
(4.5)
where F is the numerical flux which will be the extension of Roe’s Riemann
solver defined in the previous section. In 4.5, A is the ratio of the time step
over the local mesh size. '
To make (4.5) easier to solve, we linearize the () term. Hence, we get :

a0 ,
(f - Atgv—v—(wj")) BW = \(F(W™ W) — FW;™, Wyy™))+AUW;™)
(4.6)

This is a (ns + 2) x (ns + 2) system. In fact, (4.6) is much simpler to
solve due to the form of Q and to some conservation relations as it will be
explained now in a very general context and in the next paragraph on the
example of a model for air.

The term €2 has no influence on the evolution of momentum and energy.
Hence, the evolution of energy and momentum can be computed as for the
explicit scheme without any source terms.

Moreover, the continuous system (4.6) has the property of conserving the
local proportion of atoms of any element. This is translated through relations
of the type :

ns

ns

oy, Zailﬁ- = G Za,-k—p—’ k =2 na (4.7)
=1 =1 4

where na is the number of type of atoms in the mixture and (ouk, Br) are

constants translating the local proportion of atoms of type 1 versus those of

type k.

An important assumption to make at this level is to assume that these
proportions are uniform in the domain of computation. (We assume here that
there is no diffusion at all.) This is true for reentry problems and related
phenomena (for example, hypersonic nozzles).

For example, let us consider the chemical reaction :

0 + Ny =2NO (4.8)
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If mo, (resp. my,, myo) is the molar weight of diatomic oxygen (resp.
diatomic nitrogen, and NO), if po, (resp. pn,, pno) is the density of diatomic
oxygen (resp. of nitrogen and NO), then the number of mole of oxygen per
unit volume is :

POz PNO

+
mo, myo

and that of nitrogen is :

PO» + PNO
mOz mnyo

The reaction (4.8) cannot change both numbers of mole, hence their ratio.
So, we have : '

PO, n PNO _a</102 + PNO),

mo, myo mo, mpyo

where a is constant in time.

One should expect that scheme (4.6) satisfies this property. In appendix
A, we indeed show that the Roe’s Riemann solver defined in the previous sec-
tion has the property of conserving the local proportion of atoms. Moreover,
the source terms (; satisfy the relations : ‘

Eaik& =0 k=1na (4.9)

=1 my

since there is no production of atoms (no nuclear reactions !). Statement
(4.9) implies :
ns aik 891 3

2

=1

o =0 (4.10)

for any ! > 1. Hence, the following relations are true for (4.5).

ng k ¥ k

Zaiiép,' = Z&—RHS, (4.11)
i=1 " i=1 '

Here, RH S; is the i** component of the right hand side of (4.6). Due to (4.9)
and (4.10), the right-hand side of (4.11) does not contain any €; terms ;
only flux terms are involved. Hence a lot of computing time is saved.



16

4.3 Numerical resolution, example

To enlighten what we said before, let us give an example. We will consider
a mixture of diatomic oxygen O,, diatomic nitrogen N, monoatomic oxygen
O and nitrogen N and NO. The chemical reaction model will be that of
Park (3] and has been extensively used in [8]. The local proportion of oxygen
versus that of nitrogen is everywhere 2L 1n the sequel, the subscript 1 (resp.
2, 3, 4, 5) will denote monoatomic oxygen (O) (resp. N, NO, O,, N,).Under
these conditions, (4.5) becomes :

A(8p1,8p2,...,6p5,6m,6¢)T = (RHS,, ..., RHS,)T (4.12)
) o 6 RH RH RHS
OPL L P8 L 9 OPa _ Sl+ S3+2 =8 (4.13)
my ms My ™my m3 my

6 ) 6 RHS, RHS RHS
2Pz 23 9 2P 2 4 242 2= (4.14)
Mo mg3 mMs ms m3 ms

The matrix A4 in (4.12) is :

D D Q
'§1§0 ) ~§"L:o
QD QD
3 §8
D (o) D
9B oS o3

A=1-At (4.15)

D D QD
33 33 S3

S

and

(RHS;) = MF(Wip ™, Wjr") — F(W,;", W1 ")+ At QW™ fori=1,7
(4.16)
Let us recall that (4.13) and (4.14) make no use of the source terms
despite the presence of 2 terms in (4.16).
From (4.15) and (4.16), since my = 2m; and ms = 2m,, we get

e
5p4 = m]_B - ——1'6p3 - 6p1
mg3

ma
So5 = miC — —6p3 — 6
Ps = My ; P3 P2
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So, (4.12) becomes

(1 - AtA') (6p1,6p2,6p3)" = RHS'

where
RO A
S T R ol R
e Tl T A R T
and
s = 51+ o0 (B B B )

Thus, the resolution of (4.6) has been reduced to the resolution of a 3 x 3
system of linear equations.



Chapter 5

Numerical results

To validate the Riemann solver we prupose several nurerical tests chosen
from Montagné [9]. They are defined as follows :

Density Pressure Temp. Energ Velocity Mach
| kg/m® N/m® K  (m/sec)’ m/sec
Case A left .066  9.84 10* 4390 7.22 10° 0

0

right [ 0.03  1.50 10* 1378  1.44 10° 0 0

Case B left | 1.00 6.50 10° 2242 2.00 10° 0 0
right | 0.01  1.00 108 346  2.50 10° 0 0

Case C  left .010 5.73 10* 199 1.44 10° 4100 14.4
right | .010 5.73 10° 199 1.44 105 -4100 —14.4

Case A is a shock tube with a moderate density and energy ratio. The
resulting shock wave is of moderate strength but significant real gas effects
are found in this temperature range. Case B is a shock tube with very large
density and energy ratios, it produces a large transonic expansion wave. Case
Cis a Riemann problem with equal and oppositely directed velocities, and the
same thermodynamical state on both sides. It produces two strong shocks
moving in opposite directions, the temperature increases rapidely so that
very important real gas effects occur. In each case, the initial distribution of
mass fraction was obtained assuming chemical equilibrium [3].

For each case, we present the density, the velocity, the Mach number, the
temperature and the mass fraction profiles of each of the five species.

To obtain a second-order approximation, we use a predictor-corrector
method. A linear distribution is introduced in each cell, as usually . To avoid

18
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artificial oscillations, a slope limiting procedure is applied on characteristic
fields. The minmod limiter was applied on fields v — @ and u + a while
superbee limiter was used on the fields corresponding to the u eigenvalue.
(for all these problems, see Van Leer [15] for example).

It can be seen by on Figures 5.1 and 5.2, that the method does improve-
the results especially in expansion and shock waves. The results are better
in the contact discontinuity though the solution spreads on several points.

We use Park’s model (3], the expression of Q are taken form his work.
Experimental results have shown that :

e The eigenvalues of 381% have negative real parts,

¢ The maximum time step which can be used in practice is of the order
of 0.2. Its value is still dictated by the stiffness of the source term. A
more detailled discussion of the choice of the time step can be found in
Désideri et al. [7]

The shock tube is taken to be 1 meter long, the mesh is regular. For case
A and B, we used 100 grid points. For case B, we used several meshes. The
results which are presented used 100 and 500 grid points.

On Figure 5.4 (case A), one can observe a large jump in temperature at
the contact discontinuity which varies from about 1200 K (where no chemical
reaction occurs) to about 4600 K. The discontinuity is handled without any
oscillation. In the contact discontinuity, pressure and the velocity remain
constant as they should.

Figures 5.5, 5.7 and 5.8 correspond to case B. In this case, important
non equilibrium effects are encountered as can be seen on Figure 5.5. Here,
the mass fractions of each of the species do not remain constant between the
expansion wave and the contact discontinuity (where a large jump in temper-
ature is encountered). This has a physical explanation : the fluid particles
which are close to the contact discontinuity have not the same history than
those which are close to the end of the expansion wave. They had to face a
more violent phenomenon and had more time to relax. Moreover, one can see
that N, O have not the same behaviour as NO, O, and N;, The latter species
have a frozen-like behaviour. This is confirmed by a 500 points simulation
(Figure 5.6). What is not clear here is the behaviour of O after the contact
discontinuity : is there no more monoatomic oxygen or is there a relaxation
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phenomenon ? We have the same question with N : is the origin of the small
bump in N at the contact discontinuity purely numerical or not ?

A similar phenomena occurs for a flow around a wedge [12]. The fluid
particles that are close of the edge remains in an approximately frozen state.
They had not time “to see what was happening”. Those which are in the
expansion wave and are far from the edge are in thermodynamical states that
depend on their location.

Figures 5.9, 5.10 and 5.11 correspond to case C. The variation of the mass
fraction just behind the shock wave seems to be physically relevant. We ran
this experiment with different resolutions (100, 200 and 400 grid points) and
different time steps. The results look always the same ; in particular, the
maxima just behind the shock wave always have the same magnitude. Similar
results were obtained behind a stationary shock wave by Désideri et al. [7]
or Brun et al. [17]. Similar behaviours are also described in Zel’dovich et al.
1

On the contrary, the oscillation in the location of the discontinuity at
initial time is of numerical origin.



Conclusion

In this report, we studied the Euler system of equation for the flow of a gas
which is a mixture of several perfect gas in which chemical reactions occur.
For that purpose, we developed a Roe average formula for the convective
part of the Euler equations and a semi-implicit scheme for solving the whole
system of equations. We believe that our solution for The Roe average is
more consistent with the physic involved by the Euler system of Equation
than that Shuen et al. [10].

The solution of the linear system of equation resulting from the semi-
implicit scheme is simplified by the use of conservation relations. Hence we
got a much simpler system to solve.

The numerical tests we performed show the capacity of this scheme to
handle very large discontinuities. Nevertheless, it is necessary to improve it
both for robustness and efficiency, since the CFL numbers that can be used
are of the order of 0.2.

Acknowledgements : I wish to acknowledge my colleagues more par-
ticularily J.L. Montagné for inspiring this work and ONERA where parts of
this work were done, L. Fezoui, A. Dervieux, J.A. Désidéri, B. Larrouturou
for helpful comments (and carefull reading of the manuscript) and N. Glin-
sky and E. Hettena for providing me with the first versions of my chemistry
Fortran subroutines.
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Figure 5.1: Partial and total densities for case A, first-order calculation
PAN

0.00 1.00

Max = 0.1012536E+00

density Min = 0.3000000E-01

Concentration of species

_ O min= 0.000E+00 max= 0.308E-02

- N min= 0.000E+00 max= 0.167E-03
NO min= 0.000E+00 max= 0.357E+00
O2 min= 0393E-01 max= 0.233E+00
N2 min= 0.600F+00 max= 0.767E+00




Figure 5.2: Partial and total densities for case A,

T
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24

second-order calculation
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Figure 5.3: Velocity and Mach number for case A, second-order calculation

Max = 0.1066264E+04

velocity Min =-0.1074857E-09

Max = 0.1435614E+01

Mach Min = 0.0000000E+00



26

Figure 5.4: Pressure and temperature for case A, second-order calculation
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mesh with 100 points
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Figure 5.5: Partial and total densities for case B, second-order calculation,

density
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Figure 5.6: Partial and total densities for case B, second-order calculation,
mesh with 500 points
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Figure 5.7: Velocity and Mach number for case B, second-order calculation

? —

Max = 0.17485536+04

velocity Min = 0.0000000E+00

Max = 0.2646024E+01

Mach Min = 0.0000000E+00



30

Figure 5.8: Pressure and temperature number for case B, second-order cal-
culation
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Figure 5.9: Partial

and total densities for case C, first-order calculation
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Figure 5.10: Velocity and Mach number for case C, first-order calculation
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Figure 5.11: Pressure and temperature number for case C, first-order calcu-

lation
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Appendix A

Conservation of the local proportion
of atoms

The question we will answer here is the following : does Scheme (4.6) conserve
the local proportion of atoms of different kinds. The study will be done on
the model of air we used in Chapter 4 without any loss of generality.

To begin with, let us recall (4.6)

N , ,
(I - AtW(VV]")) 5WJ = AAP]'.H/z + AtQ"']' (A])
'To simplify the notations, let us define two linear forms ; and Yo : for

any X = (331,502,(133,1‘4,3:5,1:6,2}'7),

T T T
P(X)=—+2 422

my msa my
U (X)= 242 4958

me M3 ms

At time t", we have

a[&_+&_+£41_}:5[£2_+83_+/’5] (A.2)
4

my mz m ms Mz Mg

(for air, @ = 21 and 8 = 79)
This relation may be rewritten as (W™ is the state of the system at time
t")
at (W™) = B (W) (A.3)
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We have to show the same relation at time t"*+1.
First of all, we have to notice once again that :

Hence we just have to show that
ot (A-7:i+1/2") = B2 (Afi+1/2n) . (A.4)

Since Fip1/2 = % [F(W"‘i) + F(W™41)— | Al AW"], since Y (F(W;)) =
Yi(W)u ,k = 1,2 (u is the velocity) and since, by definition, W; and W4,
verify (A.3), we just have to show : :

ai(| A | AW) = Bio(| A | AW) (A.5)

Now, by definition ((R;)i=1.; are the eigenvectors of A)
7
AW = ZG,-(AW)R,'
i=1

Then,

| A| AW = ¢(a) Z 0,(AW)R; + ¢(T — 8)8s(AW)Rs + ¢(@ + )07 (AW )Ry

=1

where ¢(z) =| z | or any function of z which enable to take into accounts
entropy corrections for Roe’s flux. The expressions of R; and 6;(W) are :

1 0 0 Y, Y:
0 1 0 Y, Y,
Ri,....Ri = : : : : E
[y g 0 0 1 Y, Y,
a a a i—-a a+a
-2 v -2 Y, -2 < — -
L4 L_oX L -% f-wa Ataa

and



(W) =Ap, - 114
(W) = L:Sps - YA
B6(W) = %(‘A - B)
6:(W) =% (A+B)

where 4 and B are functions of the averaged velocity,
sound, etc. We do not give the precise values of 4 and B
in the present context. They can be found in Yee

Now, if £ = (Apy, ..., Aps,0,0) and ¥ = (Yfl,.

(| A [AW) = g(a)y(E) ~ é(2) A (V)

A-B _ _ A+
(8=~ 8)—=—p(Y) + ¢(a + a) 5
Since (A.3) is true for W; and W, 4, since the Yr’s are

holds.

[4] for example.

..,Y},,0,0), we have :

Bm(?) k=1,2

36

pressure, speed of
since it is of no use

linear, then (A.5)
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