N

N

Accumulated reward over the n first operational periods
in fault-tolerant computing systems

Gerardo Rubino, Bruno Sericola

» To cite this version:

Gerardo Rubino, Bruno Sericola. Accumulated reward over the n first operational periods in fault-
tolerant computing systems. [Research Report] RR-1028, INRIA. 1989. inria-00075530

HAL Id: inria-00075530
https://inria.hal.science/inria-00075530
Submitted on 24 May 2006

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/inria-00075530
https://hal.archives-ouvertes.fr

Rapports de Recherche :

N° 1028

:2 Programme 3

ACCUMULATED REWARD OVER |
THE N FIRST OPERATIONAL
PERIODS IN FAULT-TOLERANT
COMPUTING SYSTEMS

8
El

IV

Gerardo RUBINO
Bruno SERICOLA

57T e Y

%

Mai 1989

*

Il
g28

VI
xR R .1




Accumulated reward
over the n first operational periods
in fault-tolerant computing systems

Gerardo RUBINO
Bruno SERICOLA

Publication Interne n° 462

Mars 1989

TNIN



l R l S a INSTITUT DE RECHERCHE EN INFORMATIQUE
ET SYSTEMES ALEATOIRES

Campus Universitaire de Beaulieu
35042 - RENNES CEDEX
FRANCE

Téléphone: 99 36 20 00

Telex: UNIRISA 950 473 F
Télécopie: 99 3838 32

Accumulated reward over the n first operational
periods in fault-tolerant computing systems

Gerardo Rubino

Bruno Sericola

Publication Interne n° 462 - Mars 1989 - 14 pages

Abstract :

We consider fault-tolerant computing systems with operational periods in which the system per-
forms either correctly or in a degradated mode reached after a reconfiguration. In a degradated mode,
possible repairs can put the system in a higher performance level. The system is modeled by a homo-
geneous Markov reward process with absorbing states. A subset of the state space is distinguished to
represent the operational mode of the system. Moreover, a reward rate is associated to each one of
its states to quantify the different performance levels. Some recent work has been done to evaluate
the distribution of the total time spent in the n** operational period. In this paper, we focus on the
accumulated reward over the = first operational periods. The basic result is the distribution of this
random variable and an algorithm to compute it. An example of a fault-tolerant system is given to

- illustrate the paper.

Récompense cumulée sur les n premiéres périodes
opérationnelles dans les systéemes informatiques
tolérant les pannes

Résumé :

On considére des systémes informatiques tolérant les pannes avec des périodes opérationnelles
durant lesquelles le systéme fonctionne soit correctement, soit dans un mode dégradé obtenu aprés
une reconfiguration. Dans un mode dégradé, des réparations éventuelles peuvent placer le systéme
A un niveau de performance plus élevé. Le svstéme est modélisé par un processus markovien & taux
de récompenses et avec des états absorbants. On différencie un sous-ensemble de I’espace d’état pour
représenter le mode opéra.tiohnel du systéme. De plus, un taux de récompense est associé & chacun de
ses états pour quantiiier les difiérents niveaux de periormance. Lors de travaux récents, on a calculé la
distribution du temps total passé dans la n*™° période opérationnelle. Dans ce rapport, nous étudions
la récompense cumulée sur les n premiéres périodes opérationnelles. Le résultat central est une forme
close de la distribution de cette variable aléatoire et un algorithme pour la calculer. Ces résultats sont
illustrés par un exemple de systéme tolérant les pannes. ‘

" CENTRE NATIONAL DE LA RECHERCHE SCIENTIFIQUE INSTITUT NATIONAL DE RECHERCHE
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1 Introduction

The increasing need to evaluate fault-tolerance in computer systems leads naturally to study the transient
behaviour of models representing such systems. In particular, when fatal failures are taken into account, a
steady state analysis is of no interest. Numerous works have been done concerning the transient analysis
of fault-tolerant computing systems. In [1], Meyer introduces a useful measure called performability as
a composite mea.sﬁre for performance and reliability. Informally, performability can be viewed as the
probability that the system does up a certain amount of useful work over a finite mission time. An
algorithm for the computation of accumulated reward in a finite utilization period can be found in [2] for
degra.da,ble'computer systems and in [3] in the more general case of repairable computer systems. Some
recent work has been done to evaluate the distribution of the n** operational period [4] (without rewamds)
and the dxstnbutlon of accumulated reward untll absorption [5]. In this paper, we focus on an intermediate
measure which is the accumulated reward over the n first operational periods. The distribution of this
random variable may be regarded as the probability that the system does up to a certain amount of useful
work over the n first operational periods. The system is modeled by a homogeneous Markov reward process
with absorbing states.

The remainder of the paper is organized as follows. In Section 2, we give explicitely the distribution of
the accumulated reward over the n first operational periods and an algorithm to compute it. We give also
a bound of the error made by replacing this distribution by the distribution of the accumulated reward
until absorption, that is, by its limit when n grows to infinity. In Section 3, an example of a fault-tolerant

computing system is given to illustrate these results. Section 4 is devoted to some conclusions.

2 Model description and solution

The evolution in time of the system is represented by a finite state homogeneous Markov process. Since we
are interested in the transient behaviour of the process, all the recurrent states can be collapsed into only
one absorbing state. So, let X = {X;,t > 0} be a homogeneous Markov process with finite state space
denoted by E = {1,...,,N,a}. States 1,...,N are transient and a is absorbing. The process X is given by
its transition rate matrix A = (A(3,j), ¢,j € E) (infinitesimal generator) where
A(i,2) = - Z A(t, 7).
J#i

The initial probability distributicn of X is denoted by the row vector a.



In the sequel, we will denote by 1T the column vector with all its coordinates equal to 1 (we will always
use row vectors and (.)7 denotes the transpose operator) and by I the identity matrix, their dimensions
being defined by the context.

Let r; be the reward rate (or the performance level) associated with the state i € E. We denote by B
the subset of E containing the operational states and by B’ the subset of E containing the other transient
states, so we have: £ = B U B’ U {a}. With the operational states we associate strictly positive. reward
rates and we define the (| B | x | B|) diagonal matrix Rp whose *# entry is equal to r;. We will see later
that the reward rates associated to the others states have no influence on the results.

The distribution of the n** sojourn time in a subset of states for an irreducible and homogeneous
Markov process (without rewards rates) can be found in [4]. For n > 1, let Si,Bn denote the total time
that X spends in state i € B during its n® visit to B. By definition, over a path in which X visits B only
n' < n times, S; B is equal to 0. For every n > 1, the random variable Sp ,, representing the accumulated

reward over the nt* operational period is

def
SBn = Y 1iSiBn-
i€B

In this work, we focus on the random variable TSp ,, representing the accumulated reward over the n first

operational periods. That is, for every n > 1

n
def
TSy = E SB k-
k=1

The distribution of TSp . which represents the accumulated reward over all the operational periods (that
is, the accumulated reward in the subset B until absorption), can be found in [5].
Let P be the transition probability matrix of the uniformized chain of X. The matrices A and P are

related by
P=TI+A/)

where A > maz(~A(4,%),1 € E) is the rate of a Poisson process independent of the uniformized chain. The

main relation between X and its uniformized chain is [6]

. R -GV 0.0) L
IP(X;=j/Xo=1)= Z e _k'—P (%, 7).
k=0 :

We decompose the matrices A, P and the vector & into submatrices and subvectors with respect to the

partition {B, B’, {a}} of the state space E as follows.
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Ap App ABs Pp  Pppr Ppa
A=| App Ap Apa |» P=| Pgp Pp Ppa |, @= (aB, ap , @)
0 0 0 0 0 1
To obtain the distribution of Sp,, the reader can find in [4, Theorem 3.1] the analogous result in the

particular case of Markov processes without rewards. In our case, we have
P(Spn <1) = 1 - v,G*1eRB 4B T a 1)
where v, = ap + ap/(I — Pg/) 'Pgg = ag — aB;AE,lAB:B
and G = (I — Pg)~'Pgp/(I — Pg:) "' Pgip = A5' App A5l Ap'p.

The proof is basically the same as in [4, Theorem 3.1).

Let us analyze the random variable T.Sg ,. Define the vectors

up(n,t) & (IP(Spn <t/Xo=1i),i € B),
up(n,t) & (IP(Spa < t/Xo=1i),i€ B
and the | B' | x| B| matrix H % (I — Pg/)~! Pg/g. Observe that

IP(TSpa < t) = apul(n,t) + apuli(n,t) + aq.

To derive the distribution of T'Sp ,,, we will use the following lemma which gives an expression of the vector

uL,(n,t) as a function of the vector u}(n,1).
Lemma 2.1 Vn > 1, uf,(n,t) =17 - H (lT - ug(n,t))
Proof. For every i € B/,

P(TSpn <t/Xo=3) = 3 P(i,j)P(ISpn < t/Xo = j)

j€B
+ Z P(Z,])IP(TSB,n < t/XO = .7) + P(z,a)
jeB’
This gives in matrix notation
ugl(n,t) = PBrBug(n,t) + Pgaug,(n,t) + Ppgr,

= 17 - H (lT — uL(n, t))
since PBIB].T + PBllT + Pgi, = 1T, O

The main result of this paper is given by the next theorem.



Theorem 2.2 Vn > 1, P(TSp, <t)=1- wyeMnt1T

where wy, = (v1 0 --+ 0) is the vector with length nx | B | (each 0 represents here the vector of length

| B| with all its elements equal to 0) and M, is the (nx|B|) x (nx|B|) following matriz.

(Ql Q, 0 O 0 0 \
0 @1 Q2 O 0 0 0
0 0 @1 @ 0 O e 0 0
M, =
0 0 0 1 Q
\ 0 0 0 Q1/

with Ql RBIAB -/\RBI(I — Pg) and Q1 def —REIABBIAB} Apip = ARE‘PBB:H. Each 0 represents

here the | B|x | B| matriz with all its elements equal to the real number 0.

Proof. For n = 1, the result is immediat since TSg; = Sp, (see equation (1)).

Let n > 2 and ¢ € B. Writing the renewal equations for X we have

P(ISpn <t/Xo=i) = Y P(if) / P(TSp,q < t — ris/Xo = ))Ae~*ds
JEB

+ Z P(z,])/ IP(TSpn-1 <t -ris/Xo = J)/\e"\’ds
JjepB’

t/ri
+P(i,q) / Ae=20ds
0
This gives, after a variable change,

t
P(TSpn <t/Xo=1i) = Y. %e')‘t/" / /7 P(i, ))IP(TSp n < 8/Xo = j)ds
jeB 't 0

£ 30 e / e¥/7 P(i, j)IP(TSpp1 < 5/Xo = j)ds
jep
+(1 = M) P(4, a)
I» meirix notation we then obtain

— t —
ub(n,t) = AREle‘ARB}t/ e'\RBl"PBug(n,s)ds
0

6



t
-1 -1
+/\-Rl';le"\RB ‘/0 e*Fs *Pgpul,(n - 1,8)ds

+(I - e=*F5't)Pg,

t

and using Lemma 2.1
. _ t _
uh(n,t) = /\Rgle"\RBIt/ eARBl’PBug(n,s)ds
0
+ARgle R [

0
+(I - ¢™*5'*) P,

te'\REl’PBB: [ITH (1T - ug(n - I,s))] ds

After s;mé a.lgébra.ic manipulations and using the relation Pg, = 1T — Pg1T — Pgp1T we have
uh(n,t) = AREle”\REIt [/ot e’\REI’PBug(n,s)ds + /Ot e*REl’PBBrHug(n - l,s)ds]
+(I - e 5"t 1T - Pp1T — Py H1T)
Taking now the derivative with respect to the variable ¢, we obtain

Lul(m1) = ARG(I - Ps)(1” - uf(n,1) - M5 Pap BT - uh(n ~ 1,1)

that is

dubnt) = -1 - uh(n,1)) - Q2017 — v(n — 1,1))

Let us denote by lp(n,t) the vector
def
5(n,t) & (17 — uf(n,2); 17 —uf(n - 1,8 -5 17 - uf(1,1))
whose length is nx|B|. For every n > 1, equation (2) leads to
d
a1,-’§(n,t) = M,l%(n,1)
that is, since I5(n,0) = 1T,
Z(n,t) = M 11T
Finally,
P{TSpn <) = aBung(n,t) + aB/ugl(n,t) + a,
= 1—ap(1T - uk(n,t)) - ap (1T — v§i(n,t))
= 1-v(1¥ —uE(n,1)) using Lemma 2.1

= 1—wyi§(n,t)
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which is the proposed form of the distribution. ) o
Remark that when n grows to infinity, we obtain the distribution of TSp , using equation (2), that is
IP(TSp oo <t) = 1 — vye(@ ¥R T,

In order to compute the distribution of TSp, for a fixed n, one can proceed as follows. Let § be a

positive real number such that 8 > maz(Q1(i,1),% € B) and denote by P, the (nx|B|) X (nx | B|) matrix
P14 M,

The matrix P, is a function of the | B| x | B| matrices P; ey @1/B and P, dof @Q2/B. With this notation,

we obtain for every n > 1

& (B kyT
]P(:[SB,“ S t) = Z e_ﬂt—k'—(l o wnPnl )
k=0 '

Denoting now by z5(n, k) the vector composed by the | B| first elements of P¥17, it follows that

K
IP(TSg, <t)= Z e'ﬂ‘(ﬁ%)k(l - n1z5(n, k) + e(K)
k=0 ’ «

where e(K') is the error obtained by truncating the previous series to K steps. It is easy to verify that

K k
e(K)<1-% e-f"% )
k=0 )

and so K can be evaluated beforehand for a given error tolerance. Since P, (as M,) is a block upper

triangular matrix, we can decompose the matrix P,’f into four submatrices in the following way.

P]lc Wn—l,k
0 Pk,

Pk =

n

For instance, W;,_1,1 is the | B| x((n— 1)x | B[) matrix (P, 0 --- 0). These considerations lead to recursive
relations.

Wik = PiWp_ 141 + Wo_121 P51

and

zh(n,k) = PF1IT+w, k1T
= P17 + W, k1T + W, —1,1P,lf:111T
= PR1T 4+ W, 14917 + Piel(n - 1,k - 1)
= P(PF T 4 W1 p-11T) 4 PozB(n— 1,k - 1)

= PizL(nk—1)+ Pizh(n -1,k - 1) )



2}

This last relation induces a simple algorithm to evaluate z%(n, k) with initial values z%(0, ) = 0 for every
3> 0and z5(1,0) = 1T.
Another quantity of interest is the error committed by replacing the distribution of T'Sp, by the
distribution of TSp -
Remarking that
xg(n,k) =(P + Pz)le forevery0<k<n-1

we obtain .
5 e (B
P(TSpn <t)= . e‘ﬂ‘T(l — (P + P)F1T) 4 e(n - 1)
k=0 .
On the other hand, we have
= -pe (B kT :
IP(TSB'OO S t) = Z e-ﬂtT(l - ’Dl(Pl + P2) 1 )+ e'(n - 1)
k=0 :
This leads to
ol (B
P(TSpyn < t) - P(TSppo <t)=e(n-1)—€(n-1)<e(n-1)=1- e'ﬁtT
k=0 -

Finally, let us consider the moments of the accumulated reward T'Sg,. The first moment can be

obtained directly from the distribution of the random variable Sp .

IE(TSBn) = z": IE(SBx) = ~-vi({ - G") (- G)_lQl_llT
k=1

which can also be written

E(TSg,) = —oi (I - G™) (@1 + Q2)17.

To get higher order moments we need the distribution of T'Sp , since the variables Sp ,, are not independent.

As a direct corollary of Theorem 2.2, we have
E(TS§ ) = (—-1)Fklw. M F1T.
It is immediat to verify that the [z, 7] block of M7! is given by

i . 0 ifi>j

Mn [2,]] = i—1 -1 j—i fet =1 . . . )
(-177°Q7" (Q207") " = GiiQr! ifi<;
When n = +00, the moments of the total reward TSB o ate

IE(TSB o) = (-1)*kl1(Q1 + Q2)~*17T.

9



To finish this section, we will develop the computation for the important particular case of second order

moments.

E(T5},) = 2waM;"17

n .
= 201y M1,
J=1
n J )
J=1h=1
n n
= 2u Z Z Gh—lQI—IGJ—th—llT
h=1j=h
n n—h .
= 2y z Gh—lQI—l Z GtQI—llT
h=1 1=0
= 20 ), GO (I-G™ M) (1 - 6) Q1T
h=1
n
= 20(I - G™") Q1+ @2)" 21T - 29y (Z Gh_leIG"_hH) (@1 + Q)17
h=1

3 Application

In this section we will illustrate the proposed techniques with an example of a fault-tolerant system com-
posed by two elements. Let us consider a system with two identical processors working independently
and simultaneously. Each processor has an exponentially distributed life-time with rate ¢. When there
is a fault, we assume that, with a constant probability c, it is not fatal and the system starts a recovery
procedure that tries to put it back in an operational state. After an exponentially distributed delay with
rate p (in which there is no useful work), this reconfigurating procedure succeeds with constant probability
d and puts the system again in an operational state but with only one unit performing user tasks. The time
needed to repair the faulted unit is exponentially distributed with rate u. The corresponding continuous
time homogeneous Markov process is represented in Figure 1 where states U;, i = 1,2 correspond to the
system with ¢ processors operational, that is, performing useful user tasks. State F) represents the system
trying to reconfigure after the fault of a processor; from the user point of view, the system is not operational
in that state. The absorbing state 0 corresponds to the system completly down.

The subset of the state space composed by the operational states is B = {U2,U,}. To distinguish
between the states in B, we consider rewards associated to each one. Fbr instance, the reader may think

of r; as a quantity proportional to the thrup'ut of the system when there are ¢ processors performing user

10
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Figure 1: 2 components with failure and repair

tasks, ¢ = 1,2. The random variable T'Sp o, represents then “the total amount of useful work done by
the system until its crash” and this paper focus on the analysis of T'S B, “the total amount of useful work
done by the system during the n first operational periods”.

The basic data for the analysis of the distribution of TSBn are

= o
- 2
@ b d+tup
T1 T
0 2¢cd
Q: = T2
' 0 0

Let us consider a numerical example with the following parameter values.

¢ = 0.005
p =1

¢c = 099
d = 09

Assume a perfect parallelism in the system and take r; = 1 and ro = 2. We computed the distribution
function of some of the random variables TSg,. The resulting curves are plotted in Figure 2 together with

the distribution of TSp .

Ia)
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Figure 2: From top to bottom, IP(T'S, < t), n = 1,2,5, 10, co.

In Table 3, we give the values of the corresponding first and second order moments (V denotes the 0
variance and CV the coefficient of variation, that is, the square root of variance divided by the absolute

value of the mean).

n 1 2 5 10 00

IE(TSB,») 200 378.20 800.43 1239.39 1770.97

V(TSpys) |4 x 10 7.9525 x 10* 2.4553 x 10° 7.1782 x 10° | 3.1362 x 10°

CV(TSBy) 1.0 0.74564 0.61905 0.68360 0.99998

Table 1: Mean and variance in the example.

Note the coefficient of variaton is strictly less than one for » > 1. It is minimal for n = 5.

Last, observe that in this particular example, all the analyzed distributions do not depend on the
rarameter p since B is redured to only oue state. Such a depenency appears if we consider “efficiency”

measures as, for instance, the ratio between IE(7Sp ,) and the mean time elapsed until the nt* operational

period. 5

12



4 Conclusions

The main contribution of this work is the closed form of the accumulated reward distribution over the n
first operational periods in fault-tolerant computing systems. A simple algorithm to compute it is given
and for large values of n, an error bound can be used to approach this distribution by the accumulated
reward until absortion. Moments are also considered and special attention is devoted to the two first
ones. Formally, given a homogeneous Markov process, the distribution of linear combinations of the n first

sojourn times in proper subsets of the state space has been explicitely calculated.

References

[1] J. F. Meyer. On evaluating the performability of degradable computing systems. IEEE Transactions
on Computers, C.29(8):720-731, August 1980.

[2] A. Goyal and A. N. Tantawi. Evaluation of performability for degradable computer systems. IEEE
Transactions on Computers, C-36(6):738-744, June 1987. ’

[3] R. M. Smith, K. S. Trivedi, and A. V. Ramesh. Performability analysis: measures, an algorithm, and
a case study. IEEFE Transactions on Computers, 37(4):406-417, April 1988.

[4] G. Rubino and B. Sericola. Sojourn Time in Finite Markov Processes. Technical Report 818, LN.R.L.A.,
Campus de Beaulieu, 35042 Rennes Cedex, France, March 1988. (to appear in J. of Appl. Prob.,
December 1989).

[5] G. Ciardo, R. Marie, B. Sericola, and K. Trivedi. Performability analysis using semi-Markov process.

Technical Report CS-1988-9, Duke University, Comp. Sc. Dept., 1988.

(6] S. M. Ross. Stochastic Processes. John Wiley and Sons, 1983.

13



PI

PI

PI

PI

PI

PI

PI

PI

455

456

457

458

459

460

461

462

LISTE DES DERNIERES PUBLICATIONS INTERNES

ARCHITECTURE SYSTOLIQUE POUR LA CORRECTION
AUTOMATIQUE DE LIBELLE D'ADRESSE

Dominique LAVENIER, Jean-Luc SCHARBARG, Patrice FRISON
22 Pages, Février 1989,

DISTRIBUTION OF OPERATIONAL TIMES IN FAULT-TOLERANT
SYSTEMS MODELED BY SEMI-MARKOV REWARD PROCESSES
Gerardo RUBINO, Bruno SERICOLA

10 Pages, Février 1989,

MULTICLASS TANDEM QUEUES WITH FEEDFORWARD FLOWS
Kamel SISMAIL
16 Pages, Février 1989.

PRIME NUMBERS AS A TOOL TO DESIGN DISTRIBUTED
ALGORITHMS

Michel RAYNAL

14 Pages, Février 1989.

SYNCHRONOUS PROGRAMMING WITH EVENTS AND RELATIONS :
THE SIGNAL LANGUAGE AND ITS SEMANTICS

Albert BENVENISTE, Paul LE GUERNIC

66 Pages, Février 1989.

FLOW ANALYSIS IN TANDEM QUEUES WITH FEEDFORWARD
FLOWS

Kamel SISMAIL

14 Pages, Février 1989.

NUMERICAL CONCERNS IN CONVOLUTION-TYPE ALGORITHMS
Gerardo RUBINO, William STEWART
18 Pages, Février 1989.

ACCUMULATED REWARD OVER THE N FIRST OPERATIONAL
PERIODS IN FAULT-TOLERANT COMPUTING SYSTEMS
Gerardo RUBINO, Bruno SERICOLA

14 Pages, Mars 1989.

Imprimé en France
ar
P Institut National de Recherche en Informatique et en Automatique

L )






