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JUNCTIONS BETWEEN THREE - DIMENSIONAL
AND TWO - DIMENSIONAL NON LINEARLY ELASTIC STRUCTURES.

Martial AUFRANC

Abstract :

A mathematical modeling of the junction between three-dimensional and
two-dimensional linearly elastic structures has been recently proposed by
P.G. CIARLET, H. LE DRET and R.NZENGWA. Their approach is generalized here to non

linearly elastic structures.

RAGCORDS DE STRUCTURES BIDIMENSIONNELLES
ET TRIDIMENSIONNELLES NON LINEATREMENT ELASTIQUES

Résumé :

P.G. CIARLET, H. LE DRET et R. NZENGWA ont récemment proposé une modélisation
de la jonction entre une structure tridimensionnelle et une plaque linéairement
élastiques. Nous généralisons ici cette étude au cas de matériaux non linéairement

élastiques.



Introduction :

Junctions between three-dimensional and two-dimensional linearly elastic
structures have recently been studied by CIARLET, LE DRET & NZENGWA {l1]. They
established the H!-convergence, as the thickness of the plate approaches zero,
of the components of the displacement vector field towards the solution of a
limit problem posed simultaneously over the middle surface of the plate and
over the three-dimensional open set with a slit. For a numerical study of this
limit problem, see AUFRANC [2]. CIARLET & LE DRET [3] [4] justify similarly the

boundary conditions of a clamped plate.

In this paper we examine the case of general non-linearly elastic
structures : the materials are supposed to be homogeneous and isotropic. For
this, the asymptotic expansion method is used and only formal calculations are
possible since no results of convergence for this non-linear case exist at
present. A similar study has been carried out by CIARLET & DESTUYNDER [5],
CIARLET (6], DAVET (7] and RAOULT [8] for a single plate - and most of their
results will be used here -, CIMETIERE, GEYMONAT, LE DRET, RAOULT & TUTEK [9]
for rods, CIARLET & PAUMIER [10] for shallow shells; for another point of view
about junctions between three-dimensional structures and shallow shells, see

CIARLET & MIARA [11].

The three-dimensional problem :

Let :

w = {(xl,xz) e]R2 , 0 < Xy < b1 , |x2|<a2} , the middle plane of the plate ;

0= w x ]J-€,e[, the plate ;

2‘. .
7°= ((blvxz) e R ) Iles 8.2} H
e .
FO— 70 X ]'616[ ’

wﬁ= {(xl,xz) e]R? ; 0< Xy < B, |x2|< a2} , the middle plane of the inserted
part of the plate ;

0; = wﬂx]-e,e[, the inserted part of the plate ;

Q 3. .

2 = ((xl,xz,x3) R ; -a; < X < B, |x2|< a,, -84 < Xy < b3} ;

@2;==@2‘\ -; , the three-dimensional part without the inserted part of the

plate ;

= @2 U Qé, the complete shape ;

Q

ay bl’ a,, ag, b3, B are positive constants ; we assume that g8 < bl'
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Hence, @; is a rectangular parallelepiped with a slit 0; in which i:s
inserted a plate 0° of middle surface w, with thickness 2¢, as shown by figures
1l to 5.

Since ¢ is to be understood as a dimensionless parameter, the thickness of
the plate should be written as 2¢h, for some fixed lenght h>0. For simplicity,

we assume here that h = 1.

We denote by : xt = (x;) a generic point in the setge, 6; the partial

. €
derivative with respect to Xy and by :

u= (u;) : 5643R3
the displacement vector field ; we assume that : u®= 0 on I‘:.
The usual convention for summation is used.
For a displacement vector field v : C(v) = (I+Vv)T(I+Vv) is the right

(VVT+ Vv + VvTVv) is the Green-Saint

N =

Cauchy-Green strain tensor, E(v) =

Venant strain tensor, and : e(v) = % (VVT + Vv) is the linearized strain

tensox, where : Vv = (aivj).

We denote by 5° the second Piola-Kirchhoff stress tensor. According to the
Rivlin-Ericksen theorem - see for example CIARLET [12] -, the constitutive laws
for each material take the form :

€

~ ~ € -~ € € € o
(1) zij =7 (LCE) 81_]' + 2 (LCG) Cij + 4 (LCS) Cik ij in @ﬂ’ F

€

€ € € € € € € .
=7 (Lce) Sij + 2 (Lce) Cij + 12 (LCE) Cik ij in O,

(2) zij

where ;‘i and 'y; are real smooth functions defined on ]0,+co[3, where

Lo€ = (ICe, IICe, IIICe), with :
I.e = tr «cy,
H,e = tr (Cof c®)

Mle = det ct,

and where the components of the right Cauchy-Green tensor c¢ read : %

€ € € € € € € ,€ € . € z
(3) Cij = aij + 3i uj + 6j u; + ai Uy aj Uy 1n.g .
We assume that the reference configuration is a natural state, i.e. *
3 3
(4 = 97 (3,3,1) =% 7y, (3,3,1) = 0.
. i X i
i=1 i=1 ®

Let us recall that the Lamé moduli X, ; for the three-dimensional part and Ae,z:

pe for the plate are :
3
A =151 (2.8, v; (3,3,1) + 4 8,7, (3,3,1) + 2385 v,03,3,1), ¢
| #=7, (3,3,1) + 2 75 (3,3,1),

€
374

€
274

€

- (3,3,1)),

(5) } 2= (2 3
i=1

(3,3,1) +4 98 (3,3,1) + 2 9

pE= 7y (3,3,1) + 2 75 (3,3,1).



Finélly, (ff) € Lz(ge) denotes the given applied body force density. For
the sake of simplicity, applied surface force densities are assumed to be zero.

The equilibrium equations for the structure 9 under our assumptions are

6) - aJ‘ (z;j + z;J dg ug ) = £ in @; ,

7y - a; (zij + z;j af{ u; ) = f; in 0° ,

(8) (z;j + zf(j 3y us ) EJ? <0 on a@‘ \ 8¢ ,

(9) (z;j + zf(j a5 ug) nj =~ 0 on dn°\ a@‘ ,

(10) (z;j + zf(j a; u; ) x"{j‘ + (z;j + z;j af( u; ) nj = 0 on 30°n 8 /ﬂ ,

where n° and n° denote respectively the unit outer normal vectors along
boundaries of the sets @; and Q°. Moreover, the boundary and transmission

conditions to be satisfied by the displacement are :

(11) u® =0 on I‘; )
€ €
(12) (tr u I@e)l 6@; A aa€ = (tr u 'ne)l 6@; n aqf - . i

These equations have to be complemented by the constitutive relation (1) and
(2). It should be noted that no existence result seems to be known for the

above system.

L

We now introduce a weak form of these problems 96 defined by (1) to (12).
Let us define : .
VE = (v = (v)ewl'mgfﬂ : v=OonI’Z ), for p = 4 ;

€. 9
(L)=[r=(r)eL( ) ’TijaTji}"
The weak form of Q@e is described by the variational equations :

13) v e ade

Al

1 € X € € 1
_[ € = (3B, - —//—_ §..) 1., ‘
g op "4 " 33, 2u i) Tig ,
€ =
A € € 1 ~ €
+‘re}_(2f - b §..) T.. - o f € v, (et €) 7.
0 > ij TUIT TR R & AR A 2 @ﬂ 1'"¢c ii
+ fé;e (Gy C1e®) Gy + 7y Ggo) GFL €5y 7f,
2u(3x+2;;) 3

€ €

€ €
; ; f@; (’12(LC€) Cij ri. + 73 (L €) Clk CkJ Tij }

€

A € e €
- fev(LE)r B —— f€(7<te) +7(Le)C ) r
3'\€+2ﬂ 1 i1" 24 (30 5424) Q 204¢e? O+ 73 kj jk ii
1 € €

(=

€ €
2 ¢ foe (1 (ege) Gyy gy * 7y (g€) GfC kjTiy) "



(14) v v¢ e vE . {éfe z;j e;j v + ££f€ zij a; u; !éye £ v = 0.

Hereafter, we will make use of the constitutive relations in strong form
(1)-(2) and of the equilibrium equation in week form (14). Indeed, all
calculations being formal, we are free to choose the most convenient
formulation, since they are formally equivalent - see CIMETIERE, GEYMONAT,
LE DRET, RAOULT & TUTEK [9] from where this viewpoint is taken for rods.

Equivalent formulation of the problem (5?6 over two sets independent of ¢

As proposed in CIARLET, LE DRET & NZENGWA [1l], we associate which the sets
@2 and Q° two disjoints sets, respectively 0 and 0 as follows : with each point

€ € —€ . € €1 € =
X = (xi) € (' we associate the point x = (x ,x2,x3) = (xi’XZ’e x3) € 1 where

1 =wx ]-1,1{ ; with eauch point x¢ = (x ) € GZ we associate the point
X = (x ) = (x + t) € 0 where 1 = @? + t, the vector t being such that :
6 n O = ¢. Let wﬁ be wﬁ + t. Note that two points : X € Qﬁ = Oﬂ + t, and

X € ﬂﬂ = wﬁ X ]1-1,1[, corresponds to the same point x¢ e 0;. This
correspondence between x and x is denoted : x € 5; +— X € ﬂ Other
correspondences will be denoted similarly : for example, x¢ € 6@ ~— X € 5

The following scalings are defined :

u: x%) = 62 u, (e)(x),
ug (&) = uy(ax)
(13) ;ﬂ (x¢) =L 2, (), for all x*ea* = xen,
223 (x%) = T4 ()(x),
Z§3 (xe) = € 233 (G) (X) ’
€ € ~ ~ € éé ~ =
ug (x7) = ¢ ui(e) (x), for all x € C+— x e N .
(16) € € - - € 7e - > Fe - -G
Bg, (x) ¢ £, (0@, for all x° ¢ GQﬁ xe OF = &\ o)

Thus. ule), G(e), Zij(e) and x(ézg)iij(e) are respectively elements of the

following sets

v-(ve WPy ;v=0onT_ = rt)

7 - whP(dy)3
2 9
L= Crgyeal@’ ;i r =,

nNon e

2, ~..9
1] e (L7 ()", Tij = rji .

= { T

L



-~ —_

~ €
Moreover, because of the correspondence : x € Oﬂ «~— X € Oﬂ’ we have the

compatibility relations : ..

U ()(X) = e u (e)(x), .= _
(17) * @ for all x € Q% «— x € Qﬂ .

i (O =y, (), g

Finally, and most importantly, we assume, as in CIARLET, LE DRET & NZENGWA
[l}, that there exist functions fi € Lz(ﬂ) and Ei € Lz(a) independent of ¢, and

functions 15 defined on ]0,+w[3, independent of ¢, such that :

[ c€ € 1
ft x)=—-£f (x ,
(18) j . € @ for all x€ € ﬂe — x € 1,
f3 (x7) = f3(X),
f; (x) = ¢ %i(Q), for all x* € « x € 0,
€ -3

(19) vy =€ Vs

Functions ;i are assumed to be independent of €. The reader is referred to
CIARLET, LE DRET & NZENGWA [1] for a discussion and mechanical interpretation
of these hypotheses.

Using the scalings and assumptions, we obtain new equations in which the
sets and the spaces do not depend on «. '

To formally solve this new problem, we assume now that (u(e),;(e)) can be

expanded as

(20)  (ue),u(e)) = (u,u) + € @l ol + ez(uz,ﬁz) + ...,

and so we apply the asymptotic expansion method, sucessfully used by CIARLET &
DESTUYNDER [5], CIARLET [6], DAVET [7] and RAOULT [8] for the case of a single
plate. In practice, we will use some of the calculations and results of DAVET
[7] and RAOULT [8].

Using (1), (2), (3), (4) and (16) we see that assumption (20) implies the

following expansions :

~ ~ ~1
2 .. = Z, \ R
(21) 213 (¢) le + € ZiJ + ,
-2,-2 -1 -1 1
Eaﬁ(€)=e zaﬁ+€ zaﬂ+zaﬂ+£zaﬂ+“"
-3.-3 -2 -2 -1 -1 1
(22) Z,3(€) = ¢ Tate T3t e St Bt Tt
b -4 -3 -3 -2 -2 -1 -1
233(e) = ¢ 233 + € 233 + € 233 + € 233 + 233 + ...,

- *
In fact, we shall prove that : 5,2 = 0, for a eN .

ij



For the sake of simplicity, we let :

t =4d,u, , =

373
v o= aguy (145 d5u,)
w o= a3u§ ,
w*= 63u§

Identification of iijl 52

1]

forae]N*,)}Muandu:
ap

4.1. Plate part :

Lemma 1 : We have the following expansions :

I ¢ = 34+ 2v + 2¢w (1+63u3) + 0(52) ,

~~
)
w
N
H
(o]
m
)

3 + 4v + bew (1+83u3) + 0(62) )

10T e = 1 + 2v + 2¢w (1+83u3) + 0(62), on 11,

[ - ~ 2
ICe 3 + 2e¢ aiu1 + 0(e™),

~ 2

(24) ]Ice = 3 + 4¢ 8iui + 0(e™),

Mee = 1+ 2 aiﬁi +0¢e2y, on B.
Moreover :

3 ~

% 9, (3,3,1) =0,

. i

i=1
(25)

3

Z v, (3,3,1) =0,

. 1

i=1

~ -~ 2 . -~
(26) Cij = 51j + 2 ¢ eij (u) + 0(e™) in O ,

(27) o= B+ 0(e?) in @, )

(28) CH? = (2ea3(u) + aau u3) € + 0(62) in Q,

393

(29) CS. =1+ 2v+ 2w (L + dyuy) € + 0(e?) in @,

33
(30) €55 =5 _ +0(e?) in @

ak kB af € !

€ _€ 2
(31)  C5Cpy =2 (L+ V) (2e 4(u) + 8 u; 83u,) € + 0(%) in @,

(32) €3y Cry = (1 + 2v)2 4 4w (1 + 2v) (1 + dyuy) € + 0¢e?) in a.



Remark : The notation 0(52) means here that the leading term of the remaining

asymptotic expansion is at least of the order ¢

Proof : All these formulas follow from straightfoward computations.

Now we present the particular form of u.
Hereafter, we shall assume that :

(33) u e ¢t @.

Lemma 2 : We have : 63u3 = 0 in 5, and 2;2 =0 in 0.

Proof : First of all, we obtain from equation (2)

4 € € €
€ Z33(€) =1y (ge) + 1y (bpe) Cyq + 75 (1ge) C5 Cp

*3
and, using vy = f-l ¢ where ¢ € i@g(ﬂ), (20), (21) and (22) in (14)
-4
= 33 (1 + a3u3) = 0,
Let : 3 =

F (z) =X 14 (34+2z, 3+4z, 1+2z) + 2z [72(3+22, 3+4z, 142z)
i=1

+ 2y5(3422, 344z, 142z)] + bzly, (3422, 3+hz, 142z).
3 3

Then the function : G(t) = (1+t) F[t(1+ g)], satisfies : G(t) = 0, for all

t o= 63u3 (x) where x € Q. Now, because of equation (26)
G(0) = F(0) = 0,

and :

dG dF
ac 0) = iz (0) + F(o) = X + 2u = 0.

Thus 0 is an isolated zero of G; and there exists § > 0 such that :

t(x) =0 or |t(x)|= 5§ for x € 0.

Since Uy € Cl(a) and ug = 0 on Po’ t is a continuous function and :
83u3 = 0 in 0.

Then we have : 2-33 =0 in Q.

-2 -2 . 1 .
33 = = i 0 in Q, and a3u3 =0 in Q.
Proof : The term factoring 5-3 in equation (14) yields :
-3 -3 -3
2 7l ey ) 4 5 avy + [22, 934393V, = 0.
X

r
Using firstly vy = 0 and Vo = J_13

Lemma 3 : We have : X

3 =3 _o.

X
vy = f_i ¢ where ¢ € j@g(ﬂ), we obtain ; I 33

a3
Then, equations (2), (26), (30) and (33) imply :

Zé% =wAx=0, and A # 0, thus : w = 0.

¢ where ¢ e {/(0), then v = 0 and
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-2 -2 -2 . - .
Lemma 4 : We have : I op = 3 o3 z 33 = 0 in Q, and : aau3 + a3ua 0 in Q.

Proof : First of all, equations (2) and (25) imply that : Z—iﬂ =0 in . Now,

X
using v, = f—13 ¢ where ¢ E;QD(Q) and v, = 0 in (14), we calculate the term

3
factoring 6-2, and we obtain : 2-23 = 0 in Q. Then, if we set : Vo = 0, and :
[ %3 -2
Vy = 1 ¢ where ¢ G‘QD(O), we have : I 33 = 0 in Q. Finally, it follows
from (2) that : '
-2
= o3 = 2u .3 (uy = 0, n|

Due to Lemma 1 and Lemma 3, u is a Kirchhoff-love displacement, as has

been proved, for example, by CIARLET & RABIER [13] for a single plate ; the
2

Uy = 0 and ea3(u) = %- imply that 63 u, = 0, and thus there
exist functions {a and g; in the set W ’p(w) such that :

equations 4

u = + x, 0!
[ ga 3§a !

. _ , 2,p " .
as a3ua = - aau3 §a, we see that uy € W' (w) and finally :
U3 = Ly
(34) -~
o~ fa T %398

where (a € Wl’p(w) and §3 € Wz'p(w).

P -1 -1 -1
Our aim is now to compute the functions zaﬁ’ zaﬂ , Za3 and % 33°

Lemma 3 : The following expansions are valid :

* 2 3
(35) Ice =3 + 2(aaua + aau33au3 +w ) e + 0(e™) ,

* 2 3
(36) ]ICe= 3 + h(aaua + 8au33au3 +w) e +0(e) ,

* 2 3
(37) 'HICe= 1+ 2(aaua + aau33au +w ) e + 0@e7) ,

3
€ 2 3
ap = S“ﬁ + (2 eaﬂ(u) + 8au36ﬂu3) e+ 0(e™) ,
€ € . 2 3
(39) Cakckﬁ = Gaﬂ + (4 eaﬂ(u) + ZBQuBaﬂu3) €+ 0(¢7) ,

€ * 2 3 '
(40) C33 =14+ (aBunaBuﬂ + 2w ) €7 + 0(e7) ,

€ € 3
(41) C3aC3a = 0(e™).
Proof : Using the preceding results, these formulas follow from straightfoward

computation, -
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-1 -1 -1

Lemma 6 : We have the following results : I af "~ b o3 = = 33 = 0, and :
42) T, = 2 [ u + 1 d u,d u,] 6 + 2u [e (W) + 3 u,d,u
( af M2p Vaa 2 a3 a3 Tap af a 3 g3

Proof : Equation (2) and Lemma 5 imply :
*
Eaﬂ(e) = \aaua + aau38au3 +w) X Saﬂ + 2(eaﬂ(u) + aau33ﬁu3)u + o(l),
and we have : % -1 _ 0.
af
3 X,
Moreover, using v, = Jll ¢ where ¢ eéZkﬂ) and vy = 0, then vy = I-l é

and v, = 0 in the term factoring e'l in equation (1l4), we obtain :

s bagl

a3 33 = 0.

Since equation (2) implies :

) * *
233 = {0 = (3aua + aau3 aau3 +w) X+ (33ua asua + 2w ) ,
RS S 3 u,0 3 u.d
A 2u [A( oz Y at3 au3) T a3 au3]'
Consequently, we obtain the result (42). a

We have proved that, under the assumption (20), (i(e), Z(e), ;(e), u(e))
admits the following expansion :

Gle), 2(e), 0(e), u(e)) = (3, =, 0, w + ¢ &, b Wby 4+ .

4.2, Three-dimensional part :

Lemma 7 : We have :

(43) Eij = 2 u e . (uw) + 6§

j ijA epp(u) in@\ (v, +t) =qQ_.

B B

Proof : From equation (2), formulas (16) and (25) imply :

3
€ Eij(e) = epp(u)aij [ifl 2 611i(3,3,1) + Aazyi(3,3,1) + 26371(3,3,1)]
~ e~ .~ ~ 2
+ 2 eij(u) (7,(3,3,1) + 2 73(3,3,1)] + o (7).
Therefore, we obtain (43). o

4.3. Junction conditions satisfied by (u,il :

The preceding informationlabout Eij and zaﬁ have been obtained from (1) and
(2), which are the constitutive laws of the materials. We now proceed to
explore the consequences of the equilibrium equation (14). As proposed by
* APTET, LE DRET & NZENGWA [1], we define :

V() = ((v(e), v(e)) € BV 5 T () () = ev () (D), T5(e) () = vy(e) (x),

for all ; €0t — x €en.).

2 B



_]]._.

We see that V(e) 1is a subspace of V x V whose elements satisfy the

transmission conditions (17).

Equilibrium equation (14) becomes :
(44) ¥ (V(e), v(e)) €V (e) )
s x @ 5,0 5, G + ¢ J5 0@ 5,500 53,00 57,00
-z x <é;> B 90+ oz e e + [z 0 apuye) 8pvye)
+ EZIQ ORANOERNOR fnfi.vi(e) = 0.
The following lemma gives the junction condition satisfied by (u,u).

Lemma 8 : The pair (G,u) satisfies :

(45)  tr Uyn =0

(46) tr u o= tr u wﬂ = §3lwﬁ.

Proof : By definition of the space V(e¢), we have :

ua(e)I;ﬂ = ¢ ua(e)lw , and u3(e)';ﬂ = u3(e)lwﬂ.

B

The asymptotic expansion (20) yields the result. _ 0

4.4, Identification of the limit problem :

~

Our aim now is to identify a limit problem whose unknowns should be 5, Z,u

and u. According to (34), let :

VKL(Q) = (v € Wl’p(ﬂ), v =20 on Po, such that there exist Mo € Wl’p(w)
and ny € W2’p(w) such that :
Va © " ~ %3 3aﬂ3 !
V3 = 73

ng = 9d,m3 =0o0n~.}),

Vﬁ X VKL(Q) = {(v,v) €V x VKL(O) ; tr va|;p= 0, tr v3l; =1, where

njare associated to v by definition of : v € VKL(O).).

Heréafter, © denotes the intersection of the set Q1 by the plane that
contains ,.
2

o
Lemma 9 : Let (;,v) € Gﬁ X VKL(Q) be such that, either supp v is contained in

the set : { X = (;i) €0 ; §1 < 0) and v = 0, or ﬁ > € Wl’p(;). Then there

exists a sequence (;(e), v(e)) such that :



_.12...

(v(e), v(e)) € V(e) for all ¢ > 0,
v (¢) € VKL(Q) for all € > 0,
I vie) - vllwl,p(n)ezoo ,

lv(e) - v||w1,p(5)e:oo.

Proof : It is the same as in CIARLET, LE DRET, NZENGWA [1] since the results
used from NECAS [14] p.80 extend to the present situation - P 2 4. @]

Lemma 10 : Let (;,v) € Vﬂ X VKL(O) be such that, either supp v is contained in
the set {§ = (;i) € : §1 < 0) and v = 0, or ;I; € Wl’p(;). Then the couple

(;,u) satisfies :

aan +3 ",

(47) fﬁ zijeij(v) - fﬁ fi'vi + fw naﬂaa§3aﬂn3 + fw naﬂ ( 3 )
o 1
i fw maﬂaaﬂnS ) fwfini + waa aan3 -0
where : Vo = Mgy " x33an3 » V3 = N4, o
u is given by (34) , i
zij is given by (43) ,
and where :
1 - .
(48) mg f—l *3%p = 7 T3 L0 335 A 63 Gap)
3 6 +3,6
1 af Ba A
49 = = i
(49) naﬂ f—l Eaﬂ 4u i 2 ) + A2pu apgpaaﬂ} -
N T I IY J JNF . S :
B ag3 ﬂ§3 A+2p p§3 p§3 aB’’
(50)  £2 (x,,x.) = 1 f.(x,, X,, s) ds
S R -1 Fit*e X ’
(51) fl (x,,x,) = 1 f (x,,%,,8) s ds
i 1’72 -1 it T2 ’
Proof : We use the sequence (;(e), v(e)) constructed in Lemma 9 for

approximating the couple (;,v) as test functions in the variational equation

(44) . This equation reduces to :
ax @5, 5,6 - [zx @ F 50
+ Ih Zaﬂeaﬂ(v(e)) + IQ zaﬂaau3aﬂv3(e) - fﬂ fi.vi(e) + o(e) = 0,

Then, when ¢ tends to zero, we obtain (47). w]
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= 2: = 1’ - 2» .
Let : [Wl’p(ﬂ) X W p(w)]ﬂ = {(v,ﬂ3) e wP@) x v Pl ; n3| 7o= 8, nq= 0,

tr V3l;ﬁ = ﬂBIwﬂ, tr Val;ﬂ = 0).

Lemma 11 : For any (;,na) that belongs to the space [wl’P(ﬁ)xwz'p(w)]ﬂ,

we have :

(52) 5 13 13 fé £ V + f 0,5%a53%5"3 f L fwfg nq

f;f a o3 =

Proof : The same idea as in CIARLET, LE DRET & NZENGWA [1] is used.
Let ﬂ3 Wz’p(w) denote an extension of q3| and let :

3 (xl, X2’ x3) n3(x1, x2) in Q.

Then (w ,n3) = ((0,0,;3),n3) satisfies the conditions of Lemma 10, and thus
satisfies the equation (52). Though the first equations used were non linear, we
observe that equation (52) is linear with respect to (;,03), which is why the
proof of the authors mentioned above can be extended here.

Let us recall that in order to prove that equatlon (52) 1s satisfied for all

pair (v 0) e [W ’p(ﬂ) X W2 p(w)]ﬂ two sequences r and s are used :
~ 1,p,~ ~ 1,p,~
r e W ), rnlw ew (w),
Lnd l,‘p L ~ L d -~ ~ . ~
s €W (Q), supp S, C {x = (xi) €q ; Xy < 0},
T +s5 - 5 inwlP@.
n T o 4w '

The equation (52) is separately satisfied by ((;i)n,O)) and ((Ei)n;O), and

. s s . . ~ 1 ~ .
since it is linear and continuous with respect to v € H (), the conclusion

follows.
The constructions of En and En are given in CIARLET, LE DRET & NZENGWA [1],

as is the proof of the convergence r, t s, nq v in wl:P (), since

the continuity of the translation operator used in Lz(a) for that proof is also
verified in LP(Q1) - see J. NECAS [14] p.57. _ o

l,p 2
A /\”*‘ ? M L]
Lemma 12 : For all (ﬁl,,z) <= Wiw) 1\ﬂl,:2) € (W (w))"; ", 0 on 70] ,
we have :

(53) 2. ; RGN [, - 0
) 2 waf Vo'p Ble’ Ywial e -

Proof : This is a simple consequence of (47). 8]

Formally, we have identified §ij' zaﬂ’ u and u, given by the following

equations. From equation (52) is deduced :



- 14 -

- ajzij = fi in Q , ..
S...n, =0 on aNdw,,
[ Zij.nj on \ wﬁ

(54)

and Eij is given by (43) ;

C B gag - 950, 00) = £ + 3 £ - x(0g) {§;3E3Iw+ + 5, E3|w_}
in w,
( maﬁ uauﬂ =0, naﬁuafﬂ =0 on Ty
(53) - (6amaﬂ + ndﬂaa§3)vﬂ = fiua on 7 ,
E $3 =803 =0 onq_,

where w; and wé denote respectively the "upper" and "lower" faces of the set

; the outer normal vertors of aﬁ\aSﬁ along w; and wé are denoted by ;3|w+ and

“8
;ﬂwb respectively. The expressions of maﬂ and ndﬂ are given by (48) and (49).
Then, from (53), we obtain :
[ _ £©
- aanaﬂ fﬂ in w ,

(56) naﬁuﬂ =0 on 1= 6w\7o ,

6a =0 on Yo
Remark : As opposed to the linear case, the limit problem does not split into
two separate problems, one in the unknowns (G,{B) and the other in the unknowns

(§1,§2), but it remains coupled through nonlinear terms.

We can now wonder whether these equations admit a solution.

Lemma 13 : The equations (52), (53) admit at least one solution in the vector
space [wl’P(ﬁ) X Wz’p(w)]ﬁ X W(w).

Proof : The arguments are taken from CIARLET & RABIER [13], Theorem 2.1.1, in
which the reader will find all the details of the following proof. Let us denote

(ny,m,) by M-
Using (41), (48) and (49) in (52) and (53), the problem to solve take the

form :

3I((u,£),¢) _ - -
" G =0, ¥V Gy € WP x WP@I,
(57) .

8 ((u,64),¢.)

T (no) =0,V n, € W(w),

a §0
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with : -
(58 3(@ndany) = f5 Go e B + 25 5B &GN

A 2 2
+ % B, Sy (Ang)™+ 2 (3 14n97)

n 3 14841
+2nf(z<v¢n)+—~13ﬂ+l—(a +£%i3ﬂ)

n
a,p AM2p Cptp
f 2
tul, 2 (Yop(n,) %) + ;;§ﬁ @)%
£ o 1
) fs fi"V I; aa I;f3ﬂ3 + waa aan3'

J is a.weakly lower semi-continuous functional, since some terms define convex
continuous, therefore weakly 1l.s.c. functionals in [Wl’p(ﬁ) X Wz’p(w)]ﬂ X Ww),
and the other terms are weakly continuous because Wz’p(w) is compactly imbedded

in W ’p(w) Thus, we shall prove that :

(59) 3 ((umg)ing) <0 => || @l 4 =k,

where K is a positive constant and where the mapping :
L~ I RS I 2 (172

" llﬂ : (V»”3) (leij(V)lo,n + f ﬂlaaﬁn3lo,w) !

is a norm over [Wl’p(ﬁ) X Wz’p(w)]ﬂ equivalent to the norm :

. -~ 2 172
Gong) > 5N 2L e g, + Ingll 2 022

By contradiction, let us assume that there exits a sequence ((;n,ng),nz) such

that :

“n o n n
I (@, A s 0

lim Ilnnll 2,p =+ o,
nte 0 W (@)

Adapting the computations of CIARLET & RABIER [13], we can obtain :
~n n n
& npll g =< M ptny)
. s - 1/4
where M is a positive constant, and : p (n3) = [ (6 n36ﬂn38 n33ﬂn )] .

The set : T, = ((V,n,) € [W'P(@) x wz’p(w)] I &l 4 = (1)) 1s a weakly
closed cone in which each sequence that converges weakly to a couple (v 0)
converges strongly towards (0,0). Using this cone, it can be established that,
for any € > U and M > 0, there exists a positive constant C = C (e,M) such
that :

1 2 2 ~ 2
: , Ieaﬂ(no) + 5 3an36ﬂn3|°,w = C danlW(w) +||(V,n3ﬂlﬂ )

for all ((5,n3),n°) e (WP@E) x W2 P(w)], x W(w) such that ($,n3) € T, and

B
llnollé(w) +|I(;,n3ﬁ|§ > ¢ - see CIARLET & RABIER [13], lemma 2.1.2.
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The contradiction follows, and so the conclusion that :
= {(V,ﬂ3),no) ; J((V,n3),ﬂo) < 0} is bounded.

Therefore, it exists ((@,(,).f,) € WP @) x wz’P(w)}ﬂ X W(w) such that :
I((u,03),8) < IV,ng)um ),

for all ((¥,ny),n_) in the set W P@) x WZ'P(w)]ﬂ X W(w), and this gives the

conclusion of the proposition. a

Identification of Zus and 233 :

We are now interested by the computation of the functions 203 and 233.

Firstly, let us examine the equation (11) to establish some transmission

conditions along @, Using the scalings (15) and (16), we obtain :

B
for i = 1,2 : ¢ §a3(e) + e2§k3(e) 5k§a(e) = (e) + 522ﬂ3(e) 3 gu,(€)

2
+ € 233(6) 8ﬂ 3(e),

. . = 2= .. ~ ~
for i = 3 : € 233(6) + € Zk3(e) aku3(e) = ¢ 233(6) + 62a3(e) aau3 (¢)

+ 5233(6) a (e).

Using the results of part 4, we have :
+ +

(60) 2a3 =0 on Pé where Fé = g x {11y,

+

(61) 233 = 233 on Pﬁ'

and also : % = 3 on I

a3 a3 B’
In the equations (44), let us choose a sequence (;(e) v(e)) € V(e) of
test-functions, for all ¢ > 0, constructed from (v v) = (0, (v 2,O)) where
v, € Wl p(0) as following :

53(e) =0 in Q,

~ ~ ~ ~ -~ ~€
va(e)(xl,xz,XB) = eva(xl,xz,xa) for all x € ﬂﬁ — X € Oﬂ’

v (&) = 0 in @\@°,
v(e) = v in Q.

We can easilv see that (;(e),v(e)) € V¢ for all ¢ > 0, and that :

Il Q(eﬂ]wl,p(ﬁ) e;: . 0.
Thus, (44) is reduced to -

Zaﬂeaﬂ(v) + f6'2a383va - Jg fa.va = 0.

‘Then again, equations (48) and (49) give :

1 3
62 = =
( ) Zﬁ 21’1 +2X
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Using (62) in the preceding equation, and denoting, for the sake of
simplicity : I_}f = I_i f(xl,xz,s)ds for any function f defined on @1, we obtain :

1 1 3 1
2 fwnaﬂ (J-l aavﬁ) + 2 fwmaﬂ (f-l s aavﬂ) + fﬂ za383va " Ja fava = 0.

Because of (56), we can write :

I, ng die RAK I (f vg), for all v_ e WPy,

Finally, we have :

1l 0 3 1,p
8,5 v+ [ G £g - £) - 5 Joxg ogm gy =0, for all v e WP,

Then, using (60) and (10)

3
(63) = 1 a

1 Lo
3 4 (1- x3) aﬂ - + 3 fa(x3 + 1) -

Now, we do the same thing with V=20 and v = 0,0,v ), with v, € Wz'p(ﬂ)

3
The sequence (v(e), v(e)) is constructed as follows :

va(e) =0 in 0 ,

X for all x e 1 «— x € O ,
3) fo 5 s

V3(6)(x1,x 1 Xg ) =v (xl,xz,

33(6) =0 in n\nﬂ ,
v(e) = v in 0.

The pair (v(e),(v(e)) € V¢ for all ¢ > 0. Thus, (45) is reduced to :
Jo 205 0,73 + a T3303vy + [ Zaj 2af3%3V3 - Jofavy = O,
for all Vg € Wz’p(ﬂ) with vy = 0 on Po.

Therefore : 84,3 =-432z - aj(z

3233 aZa3 3,84 - £

aj 3

2 3 1
(1-%3) 8, 4M05 = 7 *3Maglapls = 95(3 3,830,p)

Sl

=

o 1 o fx3
aafa (x3+1) ) aagsfa + aag3fa + 1 6afa - f3,

N | =

by using (60), (62) and (63).

This equation can be integrated, and we obtain :

3 1 3 3 2 1
Zy3 =T g (x4 - 3 X3) aaﬂmaﬂ ; X3 M aﬂ ﬂg Xy aﬂ (2 aa§3naﬂ)
1 £© 1 2 1 o Xq Xq
) a a (2 X3 *+ X3) T2 X3 aa§3fa + aa§3 f_l fa - f—l f3
3, *3
+ x3 f 1 - f—l t aafa + K (xl,x2 .

K(Xl’XZ) is calculated, due to (9), (55) and (61)



_]8_..

3 Lo 1,50 1 o
for Xy = 1, we have : K(Xl,xz) 7 ﬂ 55 2 3 4 aafa T2 aa§3fa
1,.1.1 s+ = IS
+5 38 f +5x (wﬂ)(' I, M3 i + 233“3'-..
: wﬂ‘ wﬂ

for Xq =1, the same expression is found.

Finally, the function 233 can be written as presented in the conclusion.

6. CONCLUSION :
We shall gather all the results in the following theorem.

Theorem : Let (E,Z,G,u) be the first term of the asymptotic expansion of a
solution (E(e), Z(e), ;(e),u(e)) of the problem é@l, in correspondence with the
unknowns (Ee,zf,ﬁ‘,u‘) by the scalings (15) and (16). Let us recall the
assumptions (18), (19), (20) and (33). Then, we have :

~ o ~ ~

(43) ., = 2p eij(u) + gijx epp(u) in Q,

1]
and : =
(54) - ajzij = f in Q
§ij. Bj = 0 on dNdw, ,
(42) b) =2 u {[e (u) + 1 a uy du,] + —5— [ u + 1 d u,éd u,] &§ .}
ap af 2 ﬂ 3 A+2p pp 2 p3u3! Tapg’

Moreover, the displacement u is a Kirchhoff-Love field, i.e. there exist ga
e wP(w) and ¢,y € w2 P(v) such that :

36y \ Y T Sq T %3983,
u3 = §3, in Q ,

and these functions are solutions of the following problems :

" O T g (M, g8.85) = f +a f - x(wp) (5’53 ;{3| - + 553;3| =) ino,
B B
maﬂ uavﬂ = 0, maﬁ uarﬂ =0 on vy,
(55) - (6 m - + naﬂaa§3) uﬂ = fi Ve OO0 T,
§3 = 6V§3 =0 on Yy,
- aanaﬂ = f; in w ,
(56) naﬂuﬂ =0 . on v, »
P on vy,

are given by (48) and (49), £2 and f; by (50) and (51).

h
where maﬂ and n i

ap
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Moreover, we have :

3 2 1l o 3 :
(63) 2a3 =4 (1-x3) aﬁmaﬂ + 2 fa (x3+1) -Jq fa in Q ,
3 1.3 32 ) 1
(64)  Zyy = - (x3m 3 %) Spmp -y (X3 - 1) myg8 g0s - X33,(5 8,04m )
X
20,2 G - Lo fo(x+1)+a§'(f3f)
4 a 3
X
3 1 .0 f‘3 3,
N A 8. f +3 f
+x ) (-3 ny  +35.0, ) ina
2 X (wg 33 M3~ T 33 T3 oo na

Let us recall that X, ;, A and p are given by (5) and (19).
Proof : This theorem is a direct consequence of what was proved previously. O

Let us compare equations (43), (54), (42), (34) and (56) with the limit
problem presented by CIARLET, LE DRET & ﬁEENGWA [1], established by a
convergence method in the framework of linearized elasticity ; the linear part
of our formulation is - fortunately - the same. The extra term : - ﬂ (n aﬂ a( )
that appears in (55) is not surprising as it was present in the Von-Kidrman
equations - see CIARLET & RABIER [13] - and the equations described by DAVET [7]

for a slngle plate. Let us remark that the Lagrangian multiplier :
~+ ~ ~ ~ ‘
X (wﬂ) { 233 n3| ;+ + 233 n3l ;-
/2 B
appearing in (55) is the same as in CIARLET, LE DRET & NZENGWA [1] , and we

refer to this article for any comment about this term.

Let us note that % and u are linked by a linear constitutive law, (43), and
that (54) has the structure of the three-dimensional 1linearized elasticity
system; the reasons for these facts are the asymptotic orders chosen in (18) and
(19), forces and densities being more important in the plate part than in the

three-dimensional part.

Finally, let us remark that our method applied to the special case of
Salnt-Venant -Jivebhaff  watoricls vields the same vesults as for general
materials. Nevertheless, more general materials are amenable to John Ball’'s
theory of existence of minimizers for the elastic energy whereas

Saint-Venant-Kirchhoff materials do not.






