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JUNCTIONS BETWEEN THREE - DIMENSIONAL
AND TWO - DIMENSIONAL NON LINEARLY ELASTIC STRUCTURES.

Martial AUFRANC

Abstract :

A mathematical modeling of the junction between three-dimensional and
two-dimensional linearly elastic structures has been recently proposed by

P.G. CIARLET, H. LE DRET and R.NZENGWA. Their approach is generalized here to non

linearly elastic structures.

RACGORDS DE STRUCTURES BIDIMENSIONNELLES
ET TRIDIMENSIONNELLES NON LINEAIREMENT ELASTIQUES

Résumé :

P.G. CIARLET, H. LE DRET et R. NZENGWA ont récemment proposé une modélisation
de la jonction entre une structure tridimensionnelle et une plaque linéairement

élastiques. Nous généralisons ici cette étude au cas de matériaux non linéairement

élastiques.



Introduction :

Junctions between three-dimensional and two-dimensional 1linearly elastic
structures have recently been studied by CIARLET, LE DRET & NZENGWA {l1]. They
established the H'-convergence, as the thickness of the plate approaches zero,
of the components of the displacement vector field towards the solution of a
limit problem posed simultaneously over the middle surface of the plate and
over the three-dimensional open set with a slit. For a numerical study of this
limit problem, see AUFRANC [2]. CIARLET & LE DRET [3] [4] justify similarly the

boundary conditions of a clamped plate.

In this paper we examine the case of general non-linearly elastic
structures . the materials are supposed to be homogeneous and isotropic. For
this, the asymptotic expansion method is used and only formal calculations are
possible since mno results of convergence for this non-linear case exist at
present. A similar study has been carried out by CIARLET & DESTUYNDER (5],
CIARLET [6], DAVET [7] and RAOULT [8] for a single plate - and most of their
results will be used here -, CIMETIERE, GEYMONAT, LE DRET, RAOULT & TUTEK [9]
for rods, CIARLET & PAUMIER [10] for shallow shells; for another point of view

about junctions between three-dimensional structures and shallow shells, see

CIARLET & MIARA [11].

The three-dimensional problem :

Let :
W = {(xl’XZ) E]R2 , 0 < xl < b1 , |x2| <a2} , the middle plane of the plate ;
0= w x ]-e,e[, the plate ;
Y= [(bl’x2) e]Rzl; |x2|s 32,} ;
P;= T, X ]-€,€[ ;
wﬁ= {(xl,xz) E]R2 - 0 < Xy < B, |x2| < 3‘2} , the h:l:ﬂiddle plane of the inserted

part of the plate ;

Q, = wﬁx]-e,e[, the inserted part of the plate :

@={(x1 x3) e]R3;-a < X <ﬁ,|x2|<a

1 1 -a, < X <b3};

1 %9 9 ~83 3

= (@) \ _; , the three-dimensional part without the inserted part of the

plate ;

&92 @. U Qe, the complete shape ;

a, bl’ a,, ag, b3, p are positive constants ; we assume that g8 < bl'



r-__-—--

FIG.1l: Complete shape.

FIG.2: Plate,

£

FIG.3: Inserted part of the plate, Q .
B

FIG.4: Three-dimensional part without

£
the inserted part of the plate - @"ﬂ

r__-—-_—-
\

: £
- FIG.5: Geometrical support,&f) ;



Hence, @,; is a rectangular parallelepiped with a slit 0; in which is

inserted a plate 0° of middle surface w, with thickness 2e¢, as shown by figures

l to 5.
Since ¢ is to be understood as a dimensionless parameter, the thickness of

the plate should be written as 2¢h, for some fixed lenght h>0. For simplicity,

we assume here that h = 1.

We denote by : xt = (x;) a generic point in the set 56, 6; the partial

. . . 3
derivative with respect to x,, and by :

i
o (u;) : Cgfﬁ-* RB
€

: . £
the displacement vector field ; we assume that : u = 0 on Po.

The usual convention for summation is used.

For a displacement vector field v : C(v) = (I+VV)T(I+VV) is the right
1 T T

Cauchy-Green strain tensor, E(v) = > (Vv + Vv + Vv ' Vv) is the Green-Saint
Venant strain tensor, and : e(v) = -2]-'- (VVT + Vv) is the linearized strain
tensory, where : Vv = (aivj).

We denote by ¢ the second Piola-Kirchhoff stress tensor. According to the“

Rivlin-Ericksen theorem - see for example CIARLET [12] -, the constitutive laws

for each material take the form :

1 E e € ol € € € R
(1) Eij 7y (LCE) Sij + 1, (:,Ce) Cij t 7, (LCE) Cik ij in @ﬁ’ F
(2) o€ ¢ 5 € € € € € €

ij = 12 (LCS) i + 7, (LCE) Cij t Y, (zce) Cik ij in O,

) € '
where s and v; are real smooth functions defined on ]0,+m[3, where : :

L € = (ICe, II e, ]I[Ce), with :

C C
Ice = tr (Ce),
e = tr (Cof c*)
I ¢ = det C°,

G
and where the components of the right Cauchy-Green tensor C¢ read : t-

€ € € € € € € € € : €
(3)  Cyy o= by + 87 uL o+ dr w4 a7 w30 up inS/°.
We assume that the reference configuration is a natural state, i.e. &
3 3
(4) = 4 (3,3,1) =% 7, (3,3,1) = 0.
; i : i
i=]1 i=1 .

4™
b

Lo

Let us recall that the Lamé moduli A, ; for the three-dimensional part and Ae,;;:;

pe for the plate are
3

= 2. (2 3
i=1

‘ }-‘ = 72 (3:3:1) i 2 73 (3:3:]—):

> ¢

p 73 33,1 + 448,y (3,3,1) + 2 3, 7;(3,3,1), 3

(5) )} A%= = (2 8,v;(3,3,1) + 4 3,v; (3,3,1) + 2 d,v; (3,3,1)),
i=1

€ €

7, (3,3,1) + 2 'rg (33 ,;d) s

i

5



Finélly, (f;) € Lz(ﬂe) denotes the given applied body force density. For
the sake of simplicity, applied surface force densities are assumed to be zero.

¢ € :
The equilibrium equations for the structure 8_,’ under our assumptions are :

(6) - a; (ziJ +z;j 3, u; ) = £; in @2; ,

(7) -9, (z;j + zij 3, u; ) - £ in 0,

(8) (z;j + zij 3. u; ) E; < 0 on 362; \ aa‘ ,

(9) (z;j + chj ; :_) nj = 0 on 8a%\ a@"

(10)  (Bjy + By 0y up ) my o+ (B, + B ai ug ) ny = 0 on 30°n 8@

where n° and n® denote respectlvely the unit outer normal vectors along

boundaries of the sets @E and 0° Moreover, the boundary and transmission
conditions to be satisfied by the displacement are :

(11) u® = 0 on r; ,

p €
(12) (tr u I@E)l 3@; N agt = (tr u Inﬁ)l 3@2 n aq¢ 5

These equations have to be complemented by the constitutive relation (1) and
(2). It should be noted that no existence result seems to be known for the

above system.

We now introduce a weak form of these problems (ge defined by (1) to (12).

let us define :
€

\ ={v=(vi)ewl’p(&%)3;v=OonI‘;}, for p = 4

2, € 2 ,Cpe. 9
L)'= tr = (1) € L7 5 vy = v,

The weak form of @@E 1s described by the variational equations :

13) v 1f e ad)
1 € ;

f@e o~ (B - z“kk 1j

B 2u 1] 3N+ 2p

> ¢

€ "=
A e € 1 ~ €
+ e 1 (Ef - 6,,) r,, - ———— fl € v, (¢t e) 7.
(2 .- i} 3642, kk 137 1] 4% 25 @25 1 *°C ii
:{ J‘ ot €
+ 6{7 (¢e)c +—y (ce)C }fr.
o (3340 ) @9 2 et Tk T Y3 (p) By © ii

E E €

. ———-Jéie {72(4 €) Cij T + 73 (LCE) Clk k Tij }

€

1 f’ A € e
- € 7y (L e) r e S ———————— .f € {7~,(t ¢)C + -y (a e)C ) r
1 €

i € € € € . _
fﬁe 17, (fcf) b1 Tag3 t 73 (¢g€) Clk kiTij) = 9

2 pe



'E € € € €

(v)+_l§e?. jk-‘léf’efi 0.

€ €

(14) V v € A Jge Z;j eij’

Hereafter, we will make use of the constitutive relations in strong form
(1)-(2) and of the equilibrium equation in week form (14). Indeed, all
calculations being formal, we are free to choose the most convenient
formulation, since they are formally equivalent - see CIMETIERE, GEYMONAT,
LE DRET, RAOULT & TUTEK [9] from where this viewpoint is taken for rods.

Equivalent formulation of the problem Q@e over two sets independent of ¢ :

As proposed in CIARLET, LE DRET & NZENGWA [l], we associate which the sets

#

@ and Q° two disjoints sets, respectively (I and 1 as follows : with each point

€ e 1

X = (x ) € Q° we associate the point x = (xl, 2,x3) (x X ;) e 0 where
¢ _

0 = w x ]-1,1[ ; with eauch point x = (xi) € () we associate the point

X = (gi) == (x; + t) € 6, where 1 = @ + t, the vector t being such that :

0N = ¢. Let Sﬁ be wﬁ + t. Note that two points : X € 6; Q; + t, and
X € QB = wﬁ X ]-1,1[, corresponds to the same point x¢ e 02. This
correspondence between x and x is denoted : x € 62 ++ X € Qﬁ' Other
correspondences will be denoted similarly : for example, x° € @ — X € f.

The following scalings are defined :

u (X)) = ¢ u (e)(x) ,

a
ug (x') = ¢ us(e)(X) y
€

(L3 Eaﬁ (xe) = 5“1 Eaﬁ (e)(x) , for all x‘ e q° — X € 0 :
223 (x°) = 23 (),
i3 (X)) =€ 3, (6) (),
uf (x°) =eu(e) (), forall x*e @ —Xed ,_
(16) € € _ o ne € _6' — o~ ﬂe _ Rl
2g, (x6) e £, (), for all x° & @’5 x e OF « (O i)

Thus. u(e), E(e), Eij(e) and X(@;)Eij(e) are respectively elements of the

following sets

V= {vVve& (Wl’p(n))3 v = 0 on Fo = Pi ),
¥ - wh Py’

Ly = Urgy € @@’ 5ry =70,

fﬁ = (715, € (L2 (@))° Ti5 = Tii)-



Moreover, because of the correspondence : x € 1., «— x € N we have the

p B’
compatibility relations : .,
()() = € u (e)(x), - i
(17) Ha - * for all x € Q; —r X € Qﬁ .
Uy ()(X) = uy (&) (x),

Finally, and most importantly, we assume, as in CIARLET, LE DRET & NZENGWA
1], that there exist functions fi € Lz(ﬂ) and Ei € L?(a) independent of ¢, and

functions 4 defined on ]0,+m[3, independent of ¢, such that :
1
| ; (x°) = -t &, ) .
(18) E for all x € Q +« x € {1,
£y (x°) = £,(x),
f; (x ) = ¢ Ei(;)' for all x° = +—+ ; = 5,
€ -3
(19) Yy <€ ;-

Functions ;. are assumed to be independent of ¢. The reader is referred to
CIARLET, LE DRET & NZENGWA [1] for a discussion and mechanlcal interpretation
of these hypotheses.

Using the scalings and assumptions, we obtain new equations in which the
sets and the spaces do not depend on «.

To formally solve this new problem, we assume now that (u(e),;.(e)) can be

expanded as

(20) (u(e),G(e)) == (u,;) + ¢ (u u ) + ez(u2 32) o owsa,

and so we apply the asymptotic expansion method, sucessfully used by CIARLET &
DESTUYNDER [5], CIARLET [6], DAVET [7] and RAOULT [8] for the case of a single

plate. In practice, we will use some of the calculations and results of DAVET
[7] and RAOULT [8].

Using (1), (2), (3), (4) and (l6) we see that assumption (20) implies the

following expansions :

g g IH]-
21 %, . = 2, -
(21) i3 (€) Elj + € Eij + ,
-2..-2 -1 -1 1
3 -
qﬁ(e) € Edﬁ + € . zaﬁ + Eaﬁ + € Eaﬁ + ,
-3_-3 2 -2 -1 _-1 1
22 S s
(22) 3(€) = oyt 23t e 5o+ 2 3t e 4t ,
b b 23 23 .2 22 1 -1
233(5) = ¢ 233 + € 233 + € 233 + € 233 + 233 +



For the sake of simplicity, we let :

t = 33u3 : .
v o= 33u3 (1 +% 33u3 ,

W o= 33u§ ,

w*= 33u§ :

. : - -a | =
Identification of Zi P for a 651\1’.E 2% ,, W and u :

jt+— ij—————=t—0p
4.1. Plate part .

Lemma 1 : We have the following expansions :

Ice == 3 4+ 2v 4+ 2ew (1+83u3) + 0(62) s
(23) I[Ce = 3 + 4v + 4ew (l+63u3) + 0(52) ,
]Il'ce == 1 + 2v + 2¢w (1+33u3) + 0(52), on {1,
( _ ~ 2
Ice 3 + 2¢ aiui + 0(e ),
o~ 2
(24) I[Ce = 3 + 4¢ Biui + 0(e),
]I[Ce = 1 + 2¢ 3131 + 0(52), on f1.
Moreover
3 e
z v, (3,3,1) = 0,
. i
i=1
(25)
3
2 v, (3,3,1) = 0,
) i
i=1
6 Foup g 2 . il
(26) Cij = 51j + 2 ¢ eij (u) + 0(e) in O ,
(27) G5 =6 _ + 0(¢?) in Q
a3 af c ’ -

(28) €., = (2e_,(u) + 3 Uyd,uy) € + 0(¢®) in 0,

€ 2, .
(29) 033 =1+ 2v + 2w (1 + 33113) e + 0(e’) in 0O,

€ € 2
(30) Cakckﬁ = 60:5 + 0(e ) 1in 1,
€ _€ Y.
(31) CakaB = 2 (1 + v) (2933(1.1) -+ Bau3 331.13) e + O0(e ™) in Q,

€ € 2 s
(32) C3ka3 = (1 + 2v)™ + 4w (1 + 2v) (1 + 331.13) e + 0(e¢) in Q.



Remark : The notation 0( e2) means here that the leading term of the remaining

asymptotic expansion 1is at least of the order e

Proof : All these formulas follow from straightfoward computations. O]

Now we present the particular form of u.

Hereafter, we shall assume that -

(33) u. € C- (q).

3
Lemma 2 : We have : 63u3 = ( in 6, and Zgg = 0 in 0.
Proof : First of all, we obtain from equation (2)

4 € € €
€ 233(6) = V4 (LCG) + 72 (ece) C33 + 13 (tce) C3k C3k ;
3
and, using Vy = f—l ¢ where ¢ € @(Q), (20), (21) and (22) in (14)

-4
2 33 (1 + 83u3) = (),

Let : 3 i

F (z) = X T4 (3+2z, 3+4z, 1+2z) + 2z [72(3+2z, 3+4z, 1+2z2) 3
i=1

+ 213(3+22, 3+4z, 142z)] + 42273 (34+2z, 3+4z, 1+42z).

Then the function : G(t) = (1+t) F[t(1+ -;-:-)], satisfies : G(t) = 0, for all
t = 83u3 (x) where x € 1. Now, because of equation (26)
G(O) 5= F(O) = Or
and :
dG dF
dc (0) = 3u (0) + F(o) = X + 24 = 0.
Thus 0 is an isolated zero of G; and there exists § > 0 such that
t(x) =0 or It(x)la 6 for x € 1.

Since Ug S Gl(ﬁ) and u, = 0 on PO, t is a continuous function and

33u3 = () in 1.

Then we have - 2-33 = (0 in (]. O
Lemn2 3 : Ye have 2-2 = 2-2 = 0 in Q, and 8§ ul = 0 in
- ' ' 33 3o ’ 373 '
Proof : The term factoring 6"3 in equation (14) yvields :
-3 -3 -3
2 J =72, eqy ) + =755 vy &2, Tyl Ty = N,
. r g B |
Using firstly vy, ~ O and v_ -] .° ¢ where ¢ € @(0), then v = and
X
3 -3 -3
vV, = . = =
3 -1 ¢ where ¢ € j@?(ﬂ),*we obtain : 2&3 ) 33 0.

Then, equations (2), (26), (30) and (33) imply :

323% =W A=20, and A 0, thus : w = 0. 0



-G -

Lemma 4 : We have : E-iﬁ = 2-23 as: E-§3 = 0 in Q, and : 3au3 4 63ua = 0 in 1.

Proof : First of all, equations (2) and (25) il;ply that E-Zﬁ = 0 in Q. Now,
using v o= J'“‘:S ¢ where ¢ e@(n) and vV, = 0 in (14),_we calculate the term
factoring ¢"%, and we obtain : 2'23 = 0 in Q. Then, if we set : v =0, and :

X
Vy = I_]_B ¢ where ¢ € @(0), we have 2'33 = 0 in Q. Finally, it follows

from (2) that :

2_2 = 21 e

o3 (u) = 0, O

a3

Due to Lemma 1 and Lemma 3, u is a Kirchhoff-love displacement, as has

been proved, for example, by CIARLET & RABIER [13] for a single plate ; the

2
qUq = 0 and ea3(u) = 01 imply that 33 u = 0, and thus there

exlst functions ga and g; in the set W Ill:’(co) such that :

equations 4

ua - ca * x3§é ;

as : d,u = - g u, = g';, we see that u, € Wz’p(w) and finally :

3 o o

3

Uy = {3q;
(34)

Uy = Sa x33

ag3’

where Ca = Wl’p(w) and §3 € Wz’p(w).

c -1 -1 -1

Our aim is now to compute the functions Eaﬁ’ Eaﬁ : Ea3 and 33
Lemma 5> : The following expansions are wvalid :
(35) T.e=3+2(8u +3udu, +w) e + 0(e>)

¢t~ a o o 3%"3 TV ‘ ¢ ’
(36) II .e= 3 + 4(& + d u,d u +'w*) 62 + 0O 3)

C a o a 3 a3 .4
(37) HOI_.e= 1+ 2(3 + 4 u,d +*) 2+0(3)

ct” o a a 3% TV ¢ &7

Cﬁ=5n+(2ea(u)+3uau)€2+0(€3):

wj3 v B a 3 83
(39) CGCG'=6 + (4 e (u)+23u3u)62+0(e3)
ak kf af af x 3 83 ’
. |
(40) C§3 = 1 + (33“193311“ + 2w ) 62 + 0(63) ,
€ € 3
(41) 63{103‘:c = 0(e).

Proof @ Using the preceding results, these formulas follow from straightfoward

computation, -



....10....

-1 -1 -1
Lemma 6 : We have the following results : Z - 2133 = 2 33 = 0, and :
L2 D ==-—2&-[3u +}-6u3u]6 + 2u [e ,(u) + @ u,d, u,].
Lol aff A2 "o « 2 ald a3’ "af af a 3 83

Proof : Equation (2) and Lemma 5 imply :

Zaﬁ(e) = {Bau + d u,d u, + w*) X 6aﬁ + 2(eaﬂ(u) + aau33ﬁu3)p + o(l),

o a 3 «

and we have : Z = 0.

ap X, Xq
Moreover, using Vo= I-l ¢ where ¢ E@ﬂ) and Vq = 0, then Vq = .[_1 ¢
and v.= 0 in the term factoring e-l in equation (l4), we obtain :

o
1 -1

Ea3 Z33 -

0.

Since equation (2) implies :

-2 % %
233 = ( = (3aua + Bau3 aau3 +w ) A+ pu (33ua Bsua + 2w ) ,
* e A(3 + 3d u,d + u 0 0 ]
YR Y H 2u [A( a o a3 au3) B oat3%"3
Consequently, we obtain the result (42). O

We have proved that, under the assumption (20), (E(e), 2(e), G(e), ule))

admits the following expansion :

(Z(e), (), ule), u(e)) = (5, =, o, w) +¢ &, =21 2 Wby +

4.2. Three-dimensional part :

Lemma 7 : We have

43) E.,. -2 pe,, X e (u) in O -Q,.
(43) EiJ 2 u elJ (u) + Bijk epp(u) in O\ (wﬁ + t) Qﬁ

Proof : From equation (2), formulas (l6) and (25) imply :

3
€ ;. (e) = epp(u)&ij [151 2.817;(3,3,1) + 43,7,(3,3,1) + 23,7,(3,3,1)]
~ e~ e~ ~ 2
+ 2 eij(u) (7,(3,3,1) + 2 7,(3,3,1)] + o (7).
Therefore, we obtain (43). .

4.3, Junction conditions satisfied by gu,Eg :

e

The preceding information about Eij and z&ﬁ have been obtained from (1) and

(2), which are the constitutive laws of the materials. We now proceed to

(i

°zp.ore  the consequences of the equilibrium equation (14). As proposed by
. APT.ET, LE DRET & NZENGWA [1], we define :

V() = ((v(e), v(e)) € Vxv ; () (X) = ev_()(x), V4(e) (X) = v,(e) (x),

for all ; = 56 — X € 0.).

p p



....]],....

We see that V(e) is a subspace of V X V whose elements satisfy the

transmission conditions (l17).

Equilibrium equation (1l4) becomes
(44) ¥ (v(e), v(e)) €V (e)
Jgx (@p £ 00 &y Geen) + ¢ [ x(@) E, (o) B3¢0

g

et
0.V

J

,(6)

- IH X (@;) fi';;i(e) + J.Q.Eij(é) eij(v(e)) + Inzij(e) aius(e) ajv3(£)

2
+-ef6 Eij(e) Biu7(q) ?jv7(€) ‘fL]fi'vi(e) = (.

" The following lemma gives the junction condition satisfied by (E,u).

Lemma 8 : The pair (E,u) satisfies :

(45) .tr u

alZ =
. B
(46) tr 1_13| ;5 = LY 1.13l wﬁ = §'3| wﬁ. e

Proof : By definition of the space V(e¢), we have :

ol

u (e}~ = ¢ ua(e)l

Q Iwﬁ

W

, and a (e)y~ = u,(e) :
8 3 Iw 3 Iwﬁ

B

The asymptotic expansion (20) yields the result.

4.4, Identification of the limit problem :

Our aim now is to identify a limit problem whose unknowns should be

and u. According to (34), let :

1
VKL(Q) = (v & W”p(ﬂ), v =20 on.PG, such that there exist ", € W

and Ny € Uz’p(w) such that :

v& B na -Lx3 aa"B ’

Vg = M3 .

ﬂi == aV”B = (0 on 70.] '

gt

Vﬁ X VKL(Q) = {(v,v) €V x“VKL(Q) s tr v~ =0, tr v
p
i

W 3l;ﬁ - 03

n.are associated to v by definition of : v € VKL(Q).}.

1

Fgh

%, I,

:P(w)

where

u

Hereafter, w denotes the intersection of the set O by the plane that

contains w..

p

Lemma 9 : Let (:.-r,v) = G X VKL(Q) be such that, either supp v 1s contained in

i g

the set : { x = &i) €0 ; X, <0) and v =0, or vy ~ € wl*P(S). Then there

1 W

exists a sequence (;(e), v(e)) such that :

(L al 'J
L T
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(v(e), v(e)) € V(e) for all ¢ > 0,

v (€) E'VKL(Q) for all € > 0,

" V(E) - V" Wlip(n)e::oo ’

Ilv(e) - v1|w1,p(5)6:00.

Proof : It 1s the same as in CIARLET, LE DRET, NZENGWA [1] since the results
used from NECAS [14] p.80 extend to the present situation - p = 4. 0

Lemma 10 : Let (;,v) & V (Q) be such that, either supp v is contained in

L

the set {§ = (;i) € Q ; xl s 0} and v = 0, or v ; & Wl p(m) Then the couple

(a,u) satisfies :

d n_.+3,.n
" - = (—2 8 _Ba
(47) _[ Lj (v) V’ + f; aﬁ a§3 ﬁnS +-jl n ﬁ 5 )
f; aﬁ aﬁ 3 wa = waﬁ aa 3 9,
where : Va ﬂa - x33a’73 ; V3 o= '73 ’ )
u is given by (34) , 1
Eij is given by (43) ,
and where
. - C A
(48) T J.}]. *3 aﬁ 3 { aaﬁ§3 ¥ A+24 A §3 6aﬁ} ’
d 6 +3.6
49 - _ af Ba A
49) =] 13 -4 (L 5 0.5,505)
+'2 (d 6g'+——’-\-—---6 d ¢, 6 ) ”
# a§3 B3  A+2u p§3 p§3 af’ "’
(50) £ (x,,%x.) = . f.(x,, x,, s) ds
i 1772 -1 71717 T2 ’
(31) fl (x,,x,.) = 1 (x s) s ds
1 1’72 -1 1'% '
Proof : We wuse the sequence (;(e), v(e)) constructed in Lemma 9 for

approximating the couple (:r,v) as test functions in the variational equation

(44) . This equation reduces to :
Jax @ 3, 5, Geon - Jxx @ F 50
-+ n:2a5 ﬁ(v(e)) -+ f % ,d u,d,v,(e) - fb fi.vi(e) + o(¢e) = 0,

af’a3°8"3

Then, when ¢ tends to zero, we obtain (47). .
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2 2

== {(:;,nB) € Wl’p(ﬁ) X W

P ()] P T3y = 3= O
O

Let : [Wo'P(@) x W y

tr VS';ﬁ = "3|w , tr Vﬁlsﬁ = 0},

Lemma 11 : For any (;303) that belongs to the space [wl*P(ﬁ)xwz'P(w)]ﬁ,

we have

O
(52)  Jg = 1] 13(")" 5Vt w"ap’as3%"3 j "0pap"3 was”

+ffa = (,

w o an3

Proof : The same idea as in CIARLET, LE DRET & NZENGWA [1] is used.

lLet ﬂ3 EW2 p(w) denote an extension of n3l and let :

Pt B

Wa (xl, x2 x3) n3(x1, x2) in Q.
Then (w ,173) = ((0,0,;3),03) satisfies the conditions of Lemma 10, and thus
satisfies the equation (52). Though the first equations used were non linear, we

observe that equation (52) is linear with respect to (;,ns), which is why the

proof of the authors mentioned above can be extended here.

Let us recall that, in order to prove that equatlon (52) ls satisfied for all

1

pair C;,O) € [W ’p(ﬂ) X W2 p(w)] two sequences r and s are used ,

B’ n n
Engh 1’p gl iy - 1,p
r € W (), r - € W (w)
L 1’P R g Rl g . L
s c W (1), supp Sn C {x = (xi) € 0O ; Xy < 0},
Fn + En 5 Y in WP,
n - 4o |

The equation (52) is separately satisfied by ((;i)n,O)) and ((;i)n;O), and

since it is linear and continuous with respect to v € H (1), the conclusion

follows.
The constructions of r and s are given in CIARLET, LE DRET & NZENGWA [1],

n n
as is the proof of the convergence r_ + s_ o v in WP (§)  since
the continuity of the translation operator used in LZ(E) for that proof is also
verified in LP(H) - see J. NECAS [14] p.57. | O

l,p 2
: . e K,.‘ \ v I ! ok } . ey

we have :
1 N
. - ' e T e il 3’? \ B r fo.” e 0

(32) 2 Jw“aﬂ alf '’ “Ww o o
Proof : This is a simple consequence of (47). [
Formally, we have identified Eij’ zaﬁ’ u and u, given by the following

equations. From equation (52) is deduced :
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- anij = fi in 2 , .
(%) Eij.ﬁj - 0 on 35\355,
and Eij is given by (43) ;
- 4 .m - d,.(n 3;‘)=f°+af1-x(w){§+;1 + .. n
af aff B af a3 3 a a B 33 3lw+ 33 3|w-}
B p

in w,

= (J on Tq

flu on
x o 70’

( maﬁ Vauﬁ = () | nﬁﬁuafﬁ

(55) =
( - (aamaﬁ + n 0 (B)uﬁ

afl o

Cq = 3V§3 = (J on 7,

..l...

where wﬁ and wé denote respectively the "upper" and "lower" faces of the sét
w, ; the outer normal vertors of 36\3; along w: and w. are denoted by n + and
B B B p 3]
I‘LBIWé respectively. The expressions of maﬁ and naﬁ are given by (48) and (49).
Then, from (53), we obtain :
f o
- aanaﬁ e fﬁ in w |
(56) _
naﬁvﬁ 0O on 18 3w\7o ,
6a = (0 on 7,

Remark : As opposed to the linear case, the limit problem does not split into

two separate problems, one in the unknowns (G,fB) and the other in the unknowns

(§1,§2), but it remains coupled through nonlinear terms.

We can now wonder whether these equations admit a solution.

Lemma 13 : The equations (52), (53) admit at least one solution in the vector

space [Wl’p(ﬁ) X Wz’p(w)]ﬁ X Wlw).

Proof : The arguments are taken from CIARLET & RABIER [13], Theorem 2.1.1, in
which the reader will find all the details of the following proof. Let us denote

(nl,nz) by -

Using (41), (48) and (49) in (52) and (53), the problem to solve take the

form :

3J((u,§3),§0) ~ e, 1 o~ 2
T (Vi) =0, ¥ (ving) € WP@) x WP
d (u,{,)
(57) .
9J ((u,84),¢ )
i (ﬂo) =0,V UO € Ww),

d (0
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with : -
(58)  3(Fany)ony) =5 I G D5 & + 25 5 O Z]._j )
A
i % b Jw Gy (&n3) + 2 (87,1,) )
"3 2 a"3a 732
+2 5 [ (2 (—rﬁ<n>+——-—ﬁ + 5 @+ 25E7%
a,pB
f A
+ u (Z ('raﬁ(n))-r*;;i#(an)}
o,
~ 1
) J. vy waa Tq ~ ff3n3 ! j;f& aaﬂ3'

J 1s a weakly lower semi-continuous functional, since some terms define convex

8 X Wlw),

and the other terms are weakly continuous because W2 p(o.a) 1s compactly imbedded

continuous, therefore weakly 1l.s.c. functionals in [Wl’p(ﬁ) X W2 p(w)]

in Wl p(m) Thus, we shall prove that :

(39) 3 () <0 => || Gl 4 =k,

where K is a positive constant and where the mapping :

o Y e 2 1/2
" 'lﬁ . (qu3) (Ieij(vj|0’n + f Blaaﬁn3|0,w) ,
is a norm over [.wl*l’(ﬁ) X Wz’p(w)]ﬁ equivalent to the norm :

e ~n 2 2 1/2

By contradiction, let us assume that there exits a sequence ((vn,qg) *'72) such

that

J ((;n,n?), ", Ty <

lim Ilnn

N O " WPy =t

Adapting the computations of CIARLET & RABIER [13], we can obtain :

| ("n,ng)" ke P(ﬂg) ,

where M 1s a positive constant, and : p (173) = [f*(a r)335n33 71335173)]1/4.

The set : T, = ((v, ny) € WPy x wz*P(w)] | (v, n3)"ﬁ = M (n3)) is a weakly
closed cone in which each sequence that converges weakly to a couple (v 0)
converges strongly towards (0,0). Using this cone, it can be established that,

for any € > U and M > 0, there exists a positive constant C = C (e ,M) such

that :
1 2 2 - 2
z , leap(ny) + 5 9, madgmal o 2 C ] Toll wewy * 1 Vonll 5 )

for all ((¥,n,),n) € (W P(@) x WPy,
2 ~ 2 _ 2
Tl oy + 1 (V,n3)"ﬁ > ¢ - see CIARLET & RABIER [13], lemma 2.1.2.

X W(w) such that (;’"3) = TM and
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The contradiction follows, and so the conclusion that :
B = {(;,q3),q0) ; J((;,q3),q0) < 0} is bounded.

Therefore, it exists ((E,ga),go) = [wl*P('ﬁ) X wz*P(w)] X W(w) such that :

o - p
J((u,04),¢) = J((v,n3).m ),

2

for all ((w'},qB),%) in the set [W'P(§) x W *P(w)]ﬁ X W(w), and this gives the

conclusion of the proposition. 0

Identification of X% and X
——— ey 3 33

We are now interested by the computation of the functions I

a3 804 Zj,.

Firstly, let wus examine the equation (11) to establish some transmission

conditions along @ . Using the scalings (15) and (16), we obtain :

p
_ | - % s - -
for 1 = 1,2 : ¢ Ea3(€) + € EkS(e) akga(e) = 2

. _ - 2= .. ~ o~
for 1 = 3 : ¢ 233(6) +- e]Ek3(e) akuB(e) = ¢ 233(6) +-eEa3(e) Bau3 (¢)

+ 6233(6) 63u3(e).

Using the results of part 4, we have :

+ +
(60) EaB = 0 on I‘é where I‘é = wﬁ x {*1},
- *
(61) 233 = 233 on Pﬁ’
| o~ 1 ‘_f_' A
and also : Ea3 == Za3 on Fﬁ'

In the equations (44), let us choose a sequence (;(e),v(e)) € V(e) of

test-functions, for all € > 0, constructed from (;jv) = (0, (v 0)) where

!v ]
1o 1’ 2
v € Wﬁ’ (1), as following :

33(6) =0 in Q.

Va(e)(;l’;T;S) = eva(xl,xz,x3) for all x € Q5 «— x € 0 ,

B 8
v_ (e) = 0 in 0\Q°,

vie) = v in Q.

We can eaasilv see that (;(e),v(e)) e V° for all ¢ > O, and that :

Thus, (44) is reduced to :

5 | : -
Q aﬁeaﬁ(v) + fnlzasajva Q fa.v& 0.
‘Then again, equations (48) and (49) give :

11}

62 -1
(62) p) 5 0 o’

3
ap gt 7 %5
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Using (62) in the preceding equation, and denoting, for the sake of
simplicity : J._}f == I_:]I'_ f(xl,xz,s)ds for any function f defined on O, we obtain :

1 f n g (f 8 v-) + ~vf'maﬁ f Loy 4 vﬁ) + fb E 48qv - Jo £ v = 0.

Because of (56), we can write :

J,n

W

n o (I AR fw fO(I_i vp), for all v_ e w1 Py,

Finally, we have :

1 3 l,p
JgagE v+ [ £y 2 Jaxs gmapev, = 0, for all voe v P,
Then, using (60) and (10)
X
3 2 l Lo 3
(63) 2&3 - (1-x3) aﬁmaﬁ + 5 fa:(XS + 1) - 1 fa'

Now, we do the same thing with v =20 and v = (0,0,v ) with vy € W2 p(ﬂ)

The sequence (v(e) v(e)) 1is constructed as follows :

:.;(E)mOinE,

* 3)
or e

v3(e) = ) in Q\Qﬁ ,

il g He
V’(E)(X = V (xl,xz,XB) for all x € ), «— x € Qﬁ’

p

v(e) = v 1in 1.

The pair (;(e),(v(e)) € V° for all € > 0. Thus, (45) is reduced to :

9: Za3 0 V3 T g 3333V3 * Ih Eﬁj aa§33jv3 ) Qf3v3 = E
for all'v3 = Wz’p(ﬂ)'with vy = O on PO.
Therefore : 33233 = - 3a2d3 - 3'(zaj ag ) - f3

(1 - ) 5 .2

afaf ~ 2 ¥3Map%agfs - O

1
ﬁ(§ aa§3naﬁ)

1 o 1 o IXS
"5 aafa (x3+1) " 5 Bagsf + 4 §3f + 3 f - £5,

-

by using (60), (62) and (63).

This equation can be integrated, and we obtain :

3 1 .
243 = " (X3 - 3 X ) Sap"ap T G *3 Maplapfs ~ X3 95 (5 8,830 0)
1,0 1 2 1 o By %q
"3 Oata (3 Ry F Ry - 5%y 0 0 E +8 0y I-l L “~f-1 £,
3 %3
+ X, fll ‘- 1 ¢ aafa + K (xl,x2 :

K(Xl’x2) is calculated, due to (9), (55) and (61)
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. 3 lo 1,0 1, o
for X, = 1, we have : K(xl,xz) i maﬁaaﬁ§3 + 5 f3 4 aafa 5 aagafa
1 1 1 e ~- o~
4 > aafa + 7 X (wﬁ)(" 233 H3I e + 233 3' ~ ),
wﬁ* wﬁ

for X =.], the same expression is found.

Finally, the function 233 can be written as presented in the conclusion.

6. CONCLUSION :

We shall gather all the results in the following theorem.

Theorem : Let (E,E,G,u) be the first term of the asymptotic expansion of a

solution (E(e), %(€), ;(e) ,u(€)) of the problem Q@E, in correspondence with the

unknowns (Ef,z‘,ﬁ"‘,u‘) by the scalings (15) and (16). Let us recall the

assumptions (18), (19), (20) and (33). Then, we have :

43 .. =2ue,. (u) +¢C,.xe (u)inQ,

(43) i p 1J( ) fiJ pp( )

and : =

(54) - ajEij = fi in
E. . n, =0 n 0\3w :
ij° 7 on 9tM\dwp

(62) S . =2 p{[e J(u) + =3 udu] 2 [du +L8uduls )
af af 2 a 3°83 A+2u [Tl 2 3 pu3" "af’

Moreover, the displacement u is a Kirchhoff-Love field, i.e. there exist gz
= Wl ’-p(w) and §'3 = Wz’p(w) such that :

(34) Ya © fa ) x38a§3,
u; = §3, in Q |,

and these functions are solutions of the following problems :

0 1 s pew i
_aaﬁmaﬁ ) 35 (naﬁaagfi) - f.3 " aafa ) X(wﬁ) {233 n3| ~+ ¥ I:33 3| ~- )} in w,
p p
:maﬁ uavﬁ = (J, maﬁ uarﬁ = 0 Ptk T o
1
255 - 5
(55) (aamaﬁ + naﬁ6a§3) Vﬂ fa v, oonvy_
§3 N BV§3 =0 = Xg @
o
- aanaﬁ == fﬁ in w |
5 - ;
(56) naﬁvﬁ 0 on v, ,
¢, = 0 on vy,
where m and n_, are given by (48) and (49), £7 and f1 by (50) and (31).

e f af i i



.....]9....

Moreover, we have

3 2 l .o 3 ;
(63) 2:::3 ol (1-x3) aﬁmaﬁ + 5 fa (x3+1) - Jq fa in O ,
3 1l 3 3 , 2 ) 1
(64) 233 - -2 (x3- 3 x3) 3aﬁ maﬁ - % (x3 1) m ﬁaaﬁg X 6ﬁ( d §3 B)
1 o 2 1
"% afa (x3+1) a 53 fa(x +1) + & A1 (f_l a
X
3 1l Lo 3 3
J_l f3+2 f3 3 13afa+ 6 f I
2oy () (- S & + 3. n ) in Q
2 X \“p gy Py ~+ " “33 T3l - '
g p
Let us recall that :\', ;, A and y are given by (5) and (19).
Proof : This theorem is a direct consequence of what was proved previously. 0

Let us compare equations (43), (54), (42), (34) and (56) with the limit
problem presented by CIARLET, LE DRET & NZENGWA [1], established by a

convergence method in the framework of linearized elasticity ; the linear part

of our formulation is - fortunately - the same. The extra term : - aﬁ (n aﬁaag )
that appears in (55) is not surprising as it was present in the Von-Kirman
equations - see CIARLET & RABIER [13] - and the equations described by DAVET [7]
for a SJ_ngle plate. Let us remark that the Lagrangian multiplier :

H+ o Seg? Bt

X (wﬁ) ( 25, n3' ~+ t 244 n3l ~. )

p p

appearing in (55) is the same as in CIARLET, LE DRET & NZENGWA [1] , and we

refer to this article for any comment about this term.

il

Let us note that X and u are linked by a linear constitutive law, (43), and
that (54) has the structure of the three-dimensional 1linearized elasticity
system; the reasons for these facts are the asymptotic orders chosen in (18) and

(19), forces and densities being more important in the plate part than in the

three-dimensional part.

Finally, let us remark that our method applied to the special case of

Carnt-venant Slvebhaft watericls vields the same  vesults as  for general

materials. Nevertheless, more general materials are amenable to John Ball's

theory of existence of  minimizers for the elastic energy whereas

Saint-Venant-Kirchhoff materials do not.
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