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JUNCTIONS BETWEEN THREE - DIMENSIONAL 

AND TWO - DIMENSIONAL NON LINEARLY ELASTIC STRUCTURES. 

Martial AUFRANC 

Abstract : 

A mathematical modeling of the junction between three-dimensional and 

two-dimensional linearly elastic  structures has been recently proposed by 

P.G. CIARLET, H. LE DRET and R.NZENGWA. Their approach is generalized here to non 

linearly elastic structures. 

RACCORDS DE STRUCTURES BIDIMENSIONNELLES 

ET TRIDIMENSIONNELLES NON LINEAIREMENT ELASTIQUES 

Résumé : 

P.G. CIARLET, H. LE DRET et R. NZENGWA ont récemment proposé une modélisation 

de la jonction entre une structure tridimensionnelle et une plaque linéairement 

élastiques. Nous généralisons ici cette étude au cas de matériaux non linéairement 

élastiques.



Introduction : 

Junctions between three-dimensional and two-dimensional linearly elastic 

structures have recently been studied by CIARLET, LE DRET & NZENGWA {1]. They 

established the H!*-convergence, as the thickness of the plate approaches zero, 

of the components of the displacement vector field towards the solution of a 

limit problem posed simultaneously over the middle surface of the plate and 

over the three-dimensional open set with a slit. For a numerical study of this 

limit problem, see AUFRANC [2]. CIARLET & LE DRET [3] [4] justify similarly the 

boundary conditions of a clamped plate. 

In this paper we examine the case of general non-linearly elastic 

structures : the materials are supposed to be homogeneous and isotropic. For 

this, the asymptotic expansion method is used and only formal calculations are 

possible since no results of convergence for this non-linear case exist at 

present. A similar study has been carried out by CIARLET & DESTUYNDER [5], 

CIARLET [6], DAVET [7] and RAOULT [8] for a single plate - and most of their 

results will be used here -, CIMÈTIERE, GEYMONAT, LE DRET, RAOULT & TUTEK ({9] 

for rods, CIARLET & PAUMIER [10} for shallow shells; for another point of view 

about junctions between three-dimensional structures and shallow shells, see 

CIARLET & MIARA [11]. 

The _ three-dimensional problen : 

Let : 

2 
ue {(x1,x2) exR" , 0< x, < b1 , |x2|<a2} , the middle plane of the plate ; 

n'= & x ]-e,e[, the plate ; 

2 . [ 757 (b,,x,) EM ; |x)s a,) ; 
€ - 

PO— 70 x ]'£1€[ , 

u= {(xl,x2) e]R? ; 0< *1 < B, |x2|< a2} , the middle plane of the inserted 

part of the plate ; 

n - wflx]—e,e[, the inserted part of the plate ; 

3 
= ((x,>x9,X,) EXR ; -a, < x, < B, |x2|< a,, -à, < X, < ba} ; 1 2* “3 3 

= 57\ °; , the three-dimensional part without the inserted part of the 

plate ; 

êï6= ÉÊ U 0€, the complete shape ; 

a,, b1, A9; â3; b3, B are positive constants ; we assume that / < b1. 
1



FIG.l: Complete shape. 

€ 
FIG.2: Plate, Q 

€ 
FIG.3: Inserted part of the plate, SZB 

FIG.4: Three-dimensional part without 
& 

the inserted part of the plate r@25 

5 
FIG.5: Geometrical support,éï .



Hence, @; is a rectangular parallelepiped with a slit 0; in which 1s 

inserted a plate N of middle surface w, with thickness 2e, as shown by figures 

1 to 5. 

Since e is to be understood as a dimensionless parameter, the thickness of 

the plate should be written as 2eh, for some fixed lenght h>0. For simplicity, 

we assume here that h = 1. 

We denote by : x = (xî) a generic point in the setâf, ôî the partial 

; € 
derivative with respect to X, » and by : 

ué= (uî) : âe—+]R3 

the displacement vector field ; we assume that : u‘= 0 on I‘â. 

The usual convention for summation is used. 

For a displacement vector fieid v : C(v) = (I+VV)T(I+VV) is the right 

-Ê- (VVT+ Vvv + VVTVV) is the Green-Saint 

Venant strain tensor, and : e(v) = % (VvT + Vv) is the linearized strain 

Cauchy-Green strain tensor, E(v) = 

tensor, where : Vv = (âivj). 

We denote by E* the second Piola-Kirchhoff stress tensor. According to the 

Rivlin-Ericksen theorem - see for example CIARLET [12] -, the constitutive laws 

for each material take the form : 

1 e _ T - € - € € € . 
() u.. 7 (LC€) ôij + 19 (LC€) Cij + 13 (LC€) Cik ij in @fi’ F 

€ € € € € e , € 
(2) =.. 71 (LC€) ôij + 19 (LC€) Cij + 13 (LC€) Cik ij in f, 

where ;lî and 7î are real smooth functions defined on ]0,+œ[3, where 

Lgé 7 (Ice, I[CE, IIICe), with : 

I_e = tr (CÉ), 
C 

IM,e — tr (Cof cé) 
€ 

DICe = det C , 

and where the components of the right Cauchy-Green tensor CÉ read : t 

€ € € € € € € ,€ € ‘ € & (3) Cij = âij + âi uJ. + âj u; + âi U ôj Ln 1n.â . 

We assume that the reference configuration is a natural state, i.e. ? 
3 3 

(4) E y, (3,3,1) = E 7, (3,3,1) = 0. ; i - i 
i=l i=l # 

Let us recall that the Lamé moduli À, ;Î for the three-dimensional part and AE,q: 

p€ for the plate are 
3 

À =1Î1 {2 ôl Y (3,3,1) + 4 8271 (3,3,1) + 2 â3 7i(3,3,1), Ç 

| # = v (G3,3,1) + 2 7, G,3,1), 

_ 

(5) | X°-E ( 
i=1 

€ 

37j 
€ Q (3,3,)3, (3,3,1) + 4 627Ê (3,3,1) + 2 à 

uC= 45 (3,3,1) + 2 75 (3,3,1).



Finàlly, (fî) = L2(â") denotes the given applied body force density. For 

the sake of simplicity, applied surface force densities are assumed to be zero. 

The equilibrium equations for the structure <9’ under our assumptions are 

e € € € € , 
)nj +(Z}ij+2:kj âkuî)nj=Oonôûnô 

€ € € € € € . € (6) - 8, 4 * Ej 05 94 97 , 1n @2fl Ç 

€ € € € € € M - 94 SL 4 E 04 99 97F 1m0É , 

€ € € € ve € € 83 S 4 * Ej 4 % ? nj 0 on a@ \ an° , 

(9) (2îJ. + >:Î(J. ê, 45) nj = 0 on äN a@€ ; 
€ 

i 
(10) (æC. Ëp » 

vhere n‘ and n° denote respectively. the unit outer normal vectors along 

boundaries of the sets @; and 0. Moreover, the boundary and transmission 

conditions to be satisfied by the displacement are : 

(11) u“ =0 on I‘â , 

€ € 

(QU2) (tru |@;)| a@2 n agé 7 ( Y 1 06) a@2 n ané *. ; 

These equations have to be complemented by the constitutive relation (1) and 

(2). It should be noted that no existence result seems to be known for the 
above system. 

We now introduce a weak form of these problems â£ defined by (1) to (12). 
Let us define : . 

v€=(v=(v)ewl'P(ä)3;v=Oonrâ }, For p = 4 ; 
e 9 (L)={r=(r )€L( ) ;Tîj=rji}. 

The weak form of â£ is described by the variational equations : 
D
 

(13) vr°e (Lî)‘ : 
l € 3 f e = (2,. - ; O 3 54 uB1 [ 

J‘ € N T e € J‘ +J,e 1 (E,, - E 6,4) T,, y, (e e)r Q r ij gxfqué KK C13" C13 3,\ +2û @ 1 

À J‘ cé € * IL € {-y G e) cÉ, + -y (e e) C } 7, 2ù(3X427) @fl 2 kk ” %3 kj ° ii 

€ - € € 
; I@;3 ('12(LCE) Cij Ti' + 73 ( e) C1k k_] Tij } 

€ 
€ € À € € € 

3À€+2pEJ‘OE 71(LC€) G 2p6(3À€+2P6)J—06 (72("C€) kk+73(t E)Cj jk) Tai 

1 

2 , 

€ € € € ‘rû€ ('12 (l‘.Ce) Cij Tij + 73 Çe e) C1k kj 1J) 0 , €



(14) vvé e vé : !È7e zîj eîj (vÉ) + ££(6 zîj aî u£ aË v£ - !Èye fîvî = 0. 

Hereafter, we will make use of the constitutive relations in strong form 

(1)-(2) and of the equilibrium equation in vweek form (14). Indeed, all 

calculations being formal, we are free to choose the most convenient 

formulation, since they are formally equivalent - see CIMETIERE, GEYMONAT, 

LE DRET, RAOULT & TUTEK [9] from where this viewpoint is taken for rods, 

Equivalent formulation of the problem <£?e over two sets independent of € : 

As proposed in CIARLET, LE DRET & NZENGWA [1], we associate which the sets 

@Ê and Q two disjoints sets, respectively Ü and N as follows : with each point 
€ € e ; e el € = x = (xi) € À we associate the point x = (xl,x2,x3) = (xi,x2,€ x3) € À where 

Q = w X ]-1,1[ ; with eauch point x = (xâ) E @î we associate the point 

*= (;i) = (xî + t) € ñ, vhere Q = @2 + t, the vector t being such that : 

aûnn= 4. Let w, be wfl + t. Note that two poînts : x € 0 = 0 + t, and 
B B B 

x € fifl - wfl x  ]-1,1[, corresponds to the same point x* € nÉ. This 

correspondence between x and x is denoted : x € ñÊ + x E 0fl. Other 

correspondences will be denoted similarly : for example, x“ € ÉË — x e û 

? 
The following scalings are defined : 

uâ (x*) = 52 u, (e)(x) , 

uâ (xÉ) =6 u,(e)(x) , 
(15) € € -1 € —e = zafl (x ) = € zafi (e)(x) , for all x EN —+ x En , 

z;3 (xé) = E,g (e)(x) , 

33 (x°) = € B,3 (e) (x , 

€ € - - € éä -_= u; (x ) =c ui(e) (x), for all x € U+— x en ,_ 

(16) € € _,2 e € Ae _ 2 e - ( Zé,- 54 (xÉ)  E,, (O)(), for all x° € éîfl x e @ - à fs 

Thus. u(e), G(e), Eij(e) and x(éä;)äîj(e) are respectively elements of the 

following sets 

v ={tve (wP(n))® ; v=Oonr = rä } , 

Ÿ - wL Pä))*, 
2 9 

= ( Tîj € (L'(N))" ; Tij = îji 

2,—. 9 
= { Tij € (L'(A)) , Tij =T,,



L d L d € — 

Moreover, because of the correspondence : x € fifl — x E 0fl, we have the 

compatibility relations : … 

u, (e)(x) = € u, Ce)(x) , - z _ 
(17) “a - for all x € 0fl +xe 0fl . 

u, (e)(x) = u, Ce)(x), 

Finally, and most importantly, we assume, as in CIARLET, LE DRET & NZENGWA 

{1], that there exist functions fi € L2(D) and Ei € L2(ñ) independent of c, and 

functions 74 defined on ]0,+Œ[3, independent of €e, such that : 

( @j -1E œ. , 
for all x €Q — x € D, 

484 £ @ - £,œ, 
(xÉ) = € îi(;), for all x € +—xenñn, 

{19) 1 =6 Y. 

Functions ;i are assumed to be independent of €e. The reader is referred to 

CIARILET, LE DRET & NZENGWA [1] for a discussion and mechanical interpretation 

of these hypotheses. 

Using the scalings and assumptions, we obtain new equations in which the 
sets and the spaces do not depend on e. 

To formally solve this new problem, we assume now that (u(e),fi(e)) can be 

expanded as 

(20) (uÇe),U(e)) = (u,0) + € ut ü + 52(u2,32) +..., 

and so we apply the asymptotic expansion method, sucessfully used by CIARLET & 
DESTUYNDER [5], CIARLET [6], DAVET [7] and RAOULT [8] for the case of a single 
plate. In practice, we will use some of the calculations and results of DAVET 
[7] and RAOULT [8]. 

Using (1), (2), (3), (4) and (16) we see that assumption (20) implies the 
following expansions : 

— — —1 

2 .s = >. . …… (21) 21J (e) 21j + e ZiJ + , 

-2,-2 <1 ,-1 1 Ëafl(e)=e Zafl+e Zafl+Eafl+szafl+..., 

-34-3 -2 _-2 1 .-l 1 (22) 2a3(e) = € 23 +e Za3 + Ea3 + Za3 +e 2a3 + ; 

_ _-4 _-4 -3 _-3 -2 _-2 -1,-1 233(e) = € 233 + € 233 + € Z33 + e E33 + 233 + 

- * In fact, we shall prove that : Y 28 0, for aeNN.



For the sake of simplicity, we let : 

t=ôu, Ln 
3°3 

v - dqu, (1 + 5 qug) , 
w= ô3uä , 

w*= â3uâ , 

Identification of ñij-‘—ë-Îj for a eÎleŒl z p u and u : 

4.1. Plate part : 

Lemma l : Ve have the following expansions : 

2 
Ice = 3 + 2v + Qew (l+ô3u3) + O0(e ) , 

(23) | Ige = 3 + bv + 4eu (1+B,ug) + O(e*) , 

H1Ce = l + 2v + 2ew (l+ô3u3) + 0(52), on (, 

[ Û - 2 
ICe 3 + 2€ ôiu1 + O(e ), 

- 2 
(24) ]ICe = 3 + 4e âiuï + O(e”), 

Im,ge — 1+2e aifii + O(e*), on Ô. 

Moreover : 

3 —… 

> , (3,3,1) = O, . i 
î=l 

(25) 
3 

=> , (3,3,1) = 0, A i 
i=l 

- - 2 R -— 

(26) Cij — ôij + 2 € eij (u) + O(e ) in û , 

(27) CC5 - Eap * O(e*) in n, _ 

(28) CÉ, = (2e5(u) + à ujôQU,) € + O(e*) in n, 

2, , (29) c;3 = 1 + 2v + 2w (1 + dquz) € + O(e*) in û, 

€ € 2 
(30) Cakckfl = 6afl + O(e ) in 8, 

€ € 2 
(31) Caka3 = 2 (1 +v) (2ea3(u) + âau3 â3u3) e + O(e”) in Q, 

€ € 2 2 
(32) C3ka3 = (1 + 2v)" + 4w (1 + 2v) (1 + â3u3) € + O0(e") in Q.



Remark : The notation 0(€2) means here that the leading term of the remaining 
; 2 asymptotic expansion is at least of the order e“. 

Proof : Al1 these formulas follow from straightfoward computations. O 

Now we present the particular form of u. 

Hereafter, we shall assume that : 

(33) u, € c} (à). 

Lemma 2 : We have : 83u3 = 0 in ñ, and 23â = 0 in Q. 

Proof : First of all, we obtain from equation (2) 

4 € € € € B3306) 7 71 Ceqéd + 12 Coged C33 + 73 Ceçe) CR C3 » 

*3 
and, using v; = J-l $ where à € ÉËQ(D), (20), (21) and (22) in (14) 

-4 Z°33 (1 + é,u,) = 0. 

Let : 3 Dn 

F (z) = E L (3+2z, 3+4z, 1+27) + 2z [72(3+22, 3+4z, 1+2z) 
i=l 

+ 2y,(3+2z, 3+4z, 1422)] + 4z24, (3422, 3+4z, 142z). 3 3 

Then the function : G(t) = (1+t) F[t(1+ â)], satis£ies : G(t) = O, for all 
t = ô3u3 (x) wvhere x € N. Now, because of equation (26) 

G(0) = F(0) = 0, 

and : 

dG dF 
at (0)—dz (0) + F(0o) = \ + Qu = 0. 

Thus O is an isolated zero of G{ and there exists & > O such that : 
t(x) =0 or |t(x)lz & for x e . 

Since u3 = C1(ñ) and u, = 0 on Po’ t is a continuous function and : 

ô3u3 = 0 in Q. 

Then we have : Z—â3 = 0 in O. 
c 

Lemme 3 : Ve have : 2-2 = E—2 = 0 in Q, and 8 u1 = 0 in û —— " ° 33 3a , 3°3 ‘ 
ProoË : The term factoring e—3 in equation (14) yields : 

-3 -3 -3 
? an a3 °a3 I + JQE 33 93Y3 + fhz a3 834383v3 - 0. 

x ; ; f -3 va0e , ; Using firstly V3 = 0 and v 7 J_1 $ where #E @Q(O), then Vs G and x 
… f3 . +-3 -3 V3 f_1 $  where à € Ÿ)\(N), we obtain : E3 72 33 7 0- 

Then, equations (2), (26), (30) and (33) imply : 

Zàä = w À= O, and \ # O, thus : w = 0. 
D



-9- 

2 -2 -2 
Lemma 4 : We have : E aB =x a3 ” = 33 7 0 in Q, and : ôau3 + â3ua = 0 in Q. 

Proof : First of all, equations (2) and (25) imply that : Z—âfl = O in Q. Novw, 

x 
using v 7 f_13 $ wvhere à EQÊÈ(O) and v, - O in (14), we calculate the ternm 

factoring e-2, and we obtain : 2'â3 = 0 in Q. Then, if we set : va ” O, and : 

*3 -2 
v3 = I_1 $ wvhere à e(QD(O), we have : E 33 7 0 in À. Finally, it follows 

from (2) that : ' 

-2 
»> a3 - Qu e3 (u) = 0. u| 

Due to Lemma l and Lemma 3, u is a Kirchhoff-Love displacement, as has 

been proved, for example, by CIARLET & RABIER [13} for a single plate ; the 
2 

343 = 0  and ea3(u) = 0  imply that ô3 u, - 0, and thus there 

exist functions ça and ç& in the set W ’P(w) such that : 

equations à 

u = + x,t" ; 
œ ça 3ça , 

, _ _ 2,p [ , as : a3ua =- ôau3 ça’ we see that u, € W* (v) and finally : 

u3 = ç3, 

(34) _ 
0 7 Sa - *3%aS3° 

where ça € Wl’p(w) and ç3 E W2'p(w). 

Our aim is now to compute the functions Zafi’ Zafl ; Ea3 and E 33 

Lemma 5 : The following expansions are valijd : 

x. 2 3 
(35) ICe = 3+ 2(ôaua + ôau3âau3 +w ) € +O0(e) , 

* 2 3 
(36) ]ICe= 3+ 4(ôaua + ôau3ôau3 +w)e +0(e ) , 

* 2 3 
(37) 'HICe= 1+ 2(ôaua + âau3ôau + w ) e +0(e) , 

3 

€ 2 3 
f = 6ufi + (2 eafl(u) + ôau3ôflu3) e + O(e’) , 

€ € . 2 3 
(39) Cakafl = 6afl + (4 eafl(u) + 2âau38flu3) e + O(e) , 

u, + 2w*) €2 + O(e3) 
€ 

(40) C3, = L + (â,u ô, 

€ € 3 
(41) C3aC3a = O(e'). 

Proof : Using the preceding results, these formulas follow from straightfoward 

computation. 
o
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-1 -1 -1 
Lemma 6 : We have the following results : E aB 7 p> a3 - = 33 7 0, and : 

_ _2px 1 (42) Ex “îÏîfi ue * 2 0at30at3) Sap + 24 Leaple) + 84430 ps 

Proof : Equation (2) and Lemma 5 imply : 

* 
Eafl(e) = ‘ôaua + âau38°u3 +w )A 6afl + 2(e fl(u) + à u3 8 3)p + o(l), 

and we have : Ea = 0. 

Moreover, using v 7 J. $ where d €…ÂX“) and v3 > 0, then v" I 1 f 

and v 7 O in the term factoring € 4 in equation (l4), we obtain : 

10 _-1 
Ea3 7 T33 — 0- 

Since equation (2) implies : 

-2 * * 
233 = 0= (ôaua + ôau3 ôau3 +w ))\+un (â3ua 83ua + 2w ) , 

* 1 
w=sx Zu [À(âauâ + âau3ôau3) + u ôau3âau3]. 

Consequently, we obtain the result (42). [us 

We have proved that, under the assumption (20), (Ë(e), =(e), 3(€), u(e)) 

admits the following expansion : 

(Ë(e), ECe), UCe), u(e)) = (Ë, B, U, w) + e Œ, »} , uy 4 …. 

4.2, Three-dimensional part : 

Lemma 7.: We have : 

(43) Eij = 2ue, ij (u) + ôîjÀ epp(u) in Q \ (wfi +t)= 0fl. 

Proof : From equation (2), formulas (16) and (25) imply : 
3 

€ le(e) = epp(u)6ij [121 2 ô (3 3,1) + 48271(3,3,1) + 26371(3,3,1)] 
L d L- —— 

2 + 2 eij(u) (r,(3,3,1) + 2 73(3,3.1)] +o(e). 

Therefore, we obtain (43). 
Q 

4.3, Junction conditions satisfied by Qu,fig : 

The preceding information'about îij and 2afl have been obtaîned from (1) and 

(2), which are the constitutive laws of the materials. We now proceed to 

expiore the consequences of the equilibrium equation (1l4). As proposed by 

« APTET, LE DRET & NZENGWA [1], we define : 

VCe) = UE vhod) € TV ; 70e X = ev (e)OD), Ta(e) (A) = v,Ce) (, 
for ail ; en —x e n,). 

B A



_1]._. 

We see that V(e) is a subspace of Ÿ x V whose elements satisfy the 

transmission conditions (17). 

Equilibrium equation (14) becomes : 

(44) V (vCle), v(e)) € V (e) 

z x 05 E,,t0 F,4 Ftoy + « u x@ Ë, ROERRORERC 
e 

R FERCONE ON POMOR QE fnzij(e) d,uz(e) 8,vg00) 

2 + I, B j(6) B,u,(e) A,v,(e) - Infî.vi(e) - 0. 

The following lemma gives the junction condition satisfied by (G,u). 

Lemma 8 : The pair (5,u) satisfies : 

(45) tru,=- = 0, 
awfl 

(46) tr u3lëfl = tr u3lwfl = ç3lwfl. eN 

Proof : By definition of the space V(e), we have : 

ua(e)l;fl = € ua(€)lwfl’ and u3(e)|;fl = u3(e)lwfl. 

The asymptotic expansion (20) yields the result. ; O 

4.4, Identification of the limit problem : 

Our aim now is to identify a limit problem whose unknowns should be Ë, s, u 

and u. According to (34), let : 

VKL(Û) {v € W1 p(0), v = 0 on P , such that there exist n e W ’p(w) 

and n, € W2 p(w) such that : 

Va 7 "4 - *3 an3 ‘ 

Y3 7 %3 »> 
n, = 312 = O on 1} , 

Vfl x VKL(n) =  {v,v) E€EV x VKL(O) ; tr valsfi= 0, tr v3|; = n3 where 

n,are associated to v by definition of : v E VKL(O).). 

Herèafter, & denotes the intersection of the set Ô by the plane that 

contains wœ,. 
B 

Lemma 9 : Let (Ç,v) E Ÿfl x VKL(O) be such that, either supp v ds contained in 

the set : ( * = (;i) e û ; ;1 < 0} and v = O, or fi 3 € Wl’p(;). Then there 

exists a sequence (Ç(e), v(e)) such that :
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(VCe), vCe)) € VCe) for all e > O, 

v (e) E VKL(O) for ali e > 0, 

v(e) - vilL,P,à, - O " W (fl) c=0 

vc - vllWl'p(ñ)e:oo 

Proof : It is the same as in CIARLET, LE DRET, NZENGWA [1] since the results 

used from NECAS [14] p.80 extend to the present situation - p = 4. = 

Lemma 10 : Let (Ç,V) E Ÿfl x VKL(O) be such that, either supp V is contained in 

the set {; = (;i) e Q ; ;1 < 0) and v = O, or ;l; E W1’p(;). Then the couple 

(E,u) satisfies : 

âan +ô n 
(47) I 21j î_]( ) .rn fÏ. V + w a,B aç3 fl"3 +.r l'l 2 ) 

- Jw maflaafln I fin + I f o) a73 = O, 

where : Va 7 1Q 7 x38an3 » V3 7 13 » n 

u is given by (34) , ñ 

Eij is given by (43) , 

and where : 

1 — . 46 À. (48) ma J—1 *arap 7 1730 V Oapts * xron À 53 Cap) » 

3 .8,+0,6 1 a B _ Ba 49 = = A (49) nafl 1 Eafl 4 u t( 7 ) + 142n apçp6afl} i 

+2 # {aaç3ôflç3 À+2p pç3 pç3 afl 

O 1 (50) 2 (x,,x,) - J 1 F,(x,, X. 8) ds, 

(51) £ (,x,) = Î ! £ (x,,x,,5) s ds i 1’°2 -1 i' 1” 2’ ° 

Proof : We use the sequence (Ç(e), v(e)) constructed in Lemma 9 for 
approximating the couple (;,v) as test functions in the variational equation 

(44). This equation reduces to : 

Ja x @ 514 S4y SD - Je x (O E 5,(o) 

+ f afl fl(v(e)) +_f z flôau3aflv3(e) - fn E,.v,(e) + o(e) = 0. 

Then, when e tends to zero, we obtain (47). =
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- 2, - 1,p,= 2, Ç Let : [W1P(h) x WÉP(0)], = (COn3) € W P() x W°P(o) ; 1P40 dymaT 0» 

- =n , tr V- = 0). 
3 

s À% de, 
L 1,p L 2,p 

Lemma 11 : For any (V,n3) that belongs to the space [W (R)xW (w)]fl, 

we have : 

(52) ä zlJ 13 

f É413 7 
œ & à 

O 
v * J;naflôaç3afin3 ‘ J\wmoz,Bâmflrl3 ; J.wf3 n3 

Proof : The same idea as În CIARLET, LE DRET & NZENGWA [1] is used. 

Let n3 E W2 p(w) denote an extension of n3l and let : 

W3 (x1. x2, 3) = n3(x1, x 9) in û. 

Then (w ,n3) — ((0,0,w3),n3) satisfies the conditions of Lemma 10, and thus 

satisfies the equation (52). Though the first equations used were non linear, we 

observe that equation (52) is linear with respect to (Ç,n3), which is why the 

proof of the authors mentioned above can be extended here. 

Let us recall that in order to prove that equat10n (52) ls satisfied for all 

pair (v 0) € [V ’P(0) x W2 P(w)]fl two sequences r and s are used : 

- 1,P - - - 1,p - 
A e V (9), rnlw e W (w), 

— 1,p — L — —. d ; d 

5 c V (A), supp Sn C (x = (xi) € Q ; *; < 0}, 

T 45 4 5 in ut PH. 
A E n + + ' 

The equation (52) is separately satisfied by ((;i)n,0)) and ((;i)n;0), and 

since îit is linear and continuous with respect to ve Hl(ñ), the conclusion 

follows. 

The constructions of En and En are g1ven in CIARLET, LE DRET & NZENGWA [1], 
as is the proof of the convergence r +s > V in W1 P (fl) since 

L n++o , 

the continuity of the translation operator used in L2(ñ) for that proof is also 

verified in LP(Q) - see J. NEÇAS [14] p.57. ; c 

Lemma 12 : For ail (n W(o}) — !° 7,) € (W1’p(w))2; uPR 0 on 70] , 1’ I2) 

we have : 

sy 201 ; ». l+ 0 “ bN 12 e - + . - n & 
(55) 2 Jw"afl ‘“a'f fiqa’ “ 'a ‘a ; 

Proof : This is a simple consequence of (47). c 

Formally, we have identified Ëij' Ea,8’ ù and u, given by the folloving 

equations. From equation (52) is deduced :
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(54) Ë...ä. = 0 on ôñ\ôæ ; 
1j 3 B 

and Ëij is given by (43) ; 

Le) 1 e … - 
- ôaflmafl - ôfl(naflâaç3) - f3 + ôafa - x(wfi) (233näw+ + 233 näu;} 

in ë, 

0 , naflyarfl= 0 on 70’ ( mafi Vavp ” 

(55) - (ôamafl + nuflôaç3)vfl = fäua on e 

( 53 = 853 = 0 On 7 

where wZ and wÀ denote respectivî}y“the "uppîf“ and_"loùer" faces oî the sèt 

© ; the outer normal vertors of âû\ôwfl along wfi and wfl are denoted by n3lw+ and 

HflwÈ respectively. The expressions of mafl and nafl are given by (48) and (49). 

Then, from (53), we obtain : 

(56) 

œ o' 

Remark : As opposed to the linear case, the limit problem does not split into 

two separate problems, one in the unknowns (E,ç3) and the other in the unknowns 

(,,7,), but it remains coupled through nonlinear terms. 1’°2 & 
We can now wonder whether these equations admit a solution. 

Lemma 13 : The equations (52), (53) admit at least one solution in the vector 

space [Wl’p(ñ) x W2’p(w)]fi x W(w). 

Proof : The arguments are taken from CIARLET & RABIER [13], Theorem 2.1.1, in 

which the reader will find all the details of the following proof. Let us denote 

(, N5) by n 

Using (41), (48) and (49) in (52) and (53), the problem to solve take the 

form : 

8J((u,t),8 à _ _ _ 
7727 Cn =0 5 9 Cms € W P@) x ° PI, , 

(57) 
8J((U,E3),6) 

3 ç0 (no) =0,v n, € W(o),
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with : _ 

583 TCn 05) 5 dn Dép Dega 0 + 25 544 D 344 D 
À 2 2 2439 (rrqu (An3) + 2 (8,973) } +3 

ô_n,0,n ô_n,0,n, . 
a'3 3,2 À aœ'3 3,2 +2"hfiäuë%>+_îi 4 rn O,n,t E É 9N 

2 p 2 + z + — ( e J, 5 Vap07) 4 Éa 8990 
_ O e Î 

ï IÛ fi'vi ; J‘.(.afo:'"a ; J;f3n3 * waa aa”3' 

J is a'weakly lower semi-continuous functional, since some terms define convex 

continuous, therefore weakly l.s.c. functionals in [W1’P(ñ) x W2’p(w)]fl x W(w), 

and the other terms are weakly continuous because W2’p(w) is compactly imbedded 

in W1’p(w). Thus, we shall prove that : 

599 S CKN N) 50>N CGn , < K. 
where K is a positive constant and where the mapping : 

22 = 2 . 2 ,1/2 
" " B (V,'13) > (l eij (V)l o,f + Î ,Ûl aafln3l O,w) ‘ 

is a norm over [Wl’p(ñ) x W2’P(w)]fl equivalent to the nornm : 

- -n2 2 1/2 Gong) = MN LR @ * Mn3 72 
By contradiction, let us assume that there exits a sequence ((;n,ng),n2) such 

that : 

J (O n3), n°) < O, 

lim ||nn|| 2,p = +e, 
n—+o 30N (w) 

Adapting the computations of CIARLET & RABIER [13], we can obtain : 

“n _n n DE nl 5 < M Pla3) » 
‘ PR ü 1/4 where M is a positive constant, and : p (n3) = [ w(ôan3ôfln3âan3ôfln3)] . 

The set : T, = {(G,n3) e [w Pä x w2’P(w)]fl, I (\7,r[3)"fl < M (n3)) is a weÎkly 
closed cone in which each sequence that converges weakly to a couple (v,0) 

èonverges strongly towards (0,0). Using this cone, it can be established that, 

Eor any € > ü and M > O, there exists a positive constant C = C (e,M) such 

that : . 

E lepte) 4 7 2738913150 7 © Mn gça) *N Fl 2 0. O, 
œ,B ’ 

for all ((V.na),n,) € [w}P(ñ) x W°'P(w)], x W(w) such that (v,n,) € T and B 

ln l â(w) +ll (3,n3)llâ = e* - see CIARLET & RABIER [13], lemma 2.1.2. 
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The contradiction follows, and so the conclusion that : 

B= ((V,n3),n,) ; J((V,n3),n,) € 0} is bounded. 

Therefore, Ît exists ((@,(3),8,) € [W'P(A) x w2'P(w)]fl x W(w) such that : 
IG E3)185) $ IOG N M 

for all ((V,n3),n,) in the set [W'P(@ñ) x w2'P(w)]fl x W(w), and this gives the 
conclusion of the proposition. 0 

Identification of E and Z ; 
—— SS3s 33 

We are now interested by the computation of the functions Ea3 and 233. 

Firstly, let us examine the equation (11) to establish some transmission 

conditions along ° Using the scalings (15) and (16), we obtain : 5 

for i = 1,2 : € Îa3(e) + e2äk3(e) äkäa(e) = 23 (e) + 522fl3(e) agu,(e) 

+ e2233(6) ôflu3(e), 

for 1= 3 : € E3 (e) + €2ä£ä(e) Byug(e) - € Egg(e) + eX_4(6) 8u, (6) 

+ eE33(e) â3u3(e). 

Using the results of part 4, we have : 
+ + 

(60) Za3 = 0 on PÀ where FÀ = wfi x (*1), 

- + 
(61) 233 = E33 on Pfl, 

and also : E —>> on T. 
œ3 œ3 

In the equations (44), Jlet us choose a sequence (Ç(e),v(e)) € V(e) of 

test-functions, for all e > O, constructed from (3,v) = (0,(V1,V2,0)) where 

v = Wâ’P(Q), as following : 

va(e) = 0 in À, 
- - - - - p S va(e)(xl,x2,x3) = eva(xl,x2,x3) for all x E nfl — xe Ofl’ 

v, (e) = 0 in ANAS, 

v(e) = v in Q. 

We can rasilv see that (v(e),v(e)) € V° for all e > O, and that : 
v 1,p,x, + 0. " (€)"W P(Q) 5'—+ 0 

Thus, (44) is reduced to : 

9 zafleafl(v) * f0'2a383va “ *0 fa'vfi - 0. 
‘Then agaîn, equations (48) and (49) give : 

Î 3 62 = - z (62) Zafl 2 Vap +5*
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Using (62) in the preceding equation, and denoting, for the sake of 

simplicity : I_îf = I_Î f(x1,x2,s)ds for any function f defined on N, we obtain : 

f nafl (J ô aï ) + I m, I s ôavfl) + Jfl Ea383va - Ja fava = 0. 

Because of (56), we can write : 

J, n Jj à, v5) -J€ (f vg), for all v, € W* P(n). 

Finally, we have : 

1 ° 3 1,p - 832a3 Y + f0(2 fa - fa) - 5 Jo*3 ôflm fl = 0, for ail V&G Wo (Q). 

Then, using (60) and (10) 

3 O 
fa(x3 + 1) - 1 a 

1 
(63) 2a3 4 (q- x3) âfl aB +3 

Now, we do the same thing with V = 0 and v = (0,0,v ), with YV3 E W2 P(n) 

The sequence (v(e), v(e)) is constructed as follows : 

$a(e) = 0 inQ , 
— — — —. —… Ne 

v3(e)(xl,x X3 )=v (xl,x2,x3) for all x € Ofl —xe flfl, 

v3(e) = 0 in O\Ofl ; 

v(e) = v in Q. 

The pair (v(e),(v(e)) € VÉ for all e > O. Thus, (45) is reduced to : 

Je Pas 20"35 * n 5338545 * Î Es Pat 39473 - Jofa73 7 0. 

for all V3 E w2’P(n) with v3 = 0 on Po. 

Therefore : ô3233 =- âaZa3 - â.(Zajôaç3) - f3 

â(].X)ô 3 ô _a<la ) 
4 aflmafl x3mafl aflç3 B2 aç3nafl 

1 O 1 n 3 
- 2 aafa (X3+1) “ 2 ôaç3fa + aaç3fa * JÎ1 ôafa - f3’ 

by using (60), (62) and (63). 

This equation can be integrated, and we obtain : 

3 1 3 3 2 ; Î 
B33 77 7 (4 - 3) aaflmafl - 5 *3 maflâaflç3 - %3 âB G ôaç3nafl) 

l o 1 2 1 ° *3 *3 
* 2 Pafe Q %3 * %3) - 7 %3 926580 + 955 Ja 6 - J2 85 

x x 
3 3 

+ X3 J_1 aafa_- f—l t ôafa +K (xl,x2 ‘ 

K(xl,x2) is calculated, due to (9), (55) and (61)
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3 1 ,O 
for x, - 1, we have : K(xl,x2) ” maflaaflç3 + 5 f3 - 

+ À â f1 
Q 

1 —+ —. 

2 Cata * 2 X (65) - 533 Ps * Faa73] =. ? 

for *3 =-1, the same expression is found. 

Finally, the function 233 can be written as presented in the conclusion. 

6. CONCLUSION : 

We shall gather all the results in the following theorem. 

Theorem : Let (Ë,Z,G,u) be the first term of the asymptotic expansion of a 

solution (Ë(e), X(e), G(e),u(e)) of the problem ëâî, in correspondence with the 

unknowns (Ëe,Ee,fie,ue) by the scalings (15) and (16). Let us recall the 

assumptions (18), (19), (20) and (33). Then, we have : 

(43) u., = 2p eij(u) + çijÀ epp(u) in Q, 
ij 

and : > 

(54) - ôjzîj = fî in 

... n, = 0 on éû\au, , 
ij 35 \ 

{(8 u 
1 ; 1 (42) îàp -2u ([eafl(u) + 5 928 y * 2 ôpu3ô“u3] safl]. p+4 —A 

flu3 A\+èu 

Moreover, the displacement u is a Kirchhoff-Love field, i.e. there exist ça 

e Wl P(w) and c, € W2'P(w) such that : 

(34) \Ya 7 Sa 7 *38063> 
u3 = ç3, in Q , 

and these functions are solutions of the following problems : 

o 1 - —- _ - 
- Sapap - 98 Paplat3) 7 F3 * Oafa - X(eg) (E33 Pap -s * 233“3|;— } ino, 

B B 

mafl vavfl = 0, mafl VaTfl =0 on Y » 

(55) p - CO map * Tap®a53) p ” Ev, ony, , 

ç3 E auç3 -0 on 7 » 

- aanafl = f; in w , 

(56) Magyp - 0 [ on Ÿ, » 

ça = 0 on v » 

where mœfl and nafi are given by (48) and (49), fî and fî by (50) and (51).
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Moreover, we have : 

(63) E,, =% (l-xâ) CEI % ES (x,+1) - [xÎ £, inê, 

(64) 533 - - à 3° 3 * d 4B TB - ; & - 1 mapapS3 - x38fl(% 9” 3"aB” 

-3 852 Cxgt1° - A 8,53 Fl (x3+1) + 854 (fx3 £ )) 

-IÎÏf3+%fâ+x3_‘xîôf +—ôf _f3 

+5 x Cap) ( B33 B, + 533 5y à mmn 
B B 

Let us recall that Ï, Z, À and y are given by (5) and (19). 

Proof : This theorem is a direct consequence of what vas proved previously. G 

Let us compare equations (43), (54), (42), (34) and (56) with the limit 

problem  presented by CIARLET, LE DRET & NZENGWA {[1], established by a 

convergence method in the framework of linearized elasticity ; the linear part 

of our formulation is - fortunately - the same. The extra term : - ôfl (n afl aç ) 

that appears in (55) is not surprising as ît was present in the Von-Kärmän 

equations - see CIARLET & RABIER [13] - and the equations described by DAVET [7] 

for a s1ngle plate. Let us remark that the Lagrangian multiplier : 
u+ …. _ — ‘ 

X (wfl) { 233 n3l ;+ + 233 n3l ;_ 

B B 
appearing in (55) is the same as in CIARLET, LE DRET & NZENGWA [1] , and we 

refer to this article for any comment about this term. 

Let us note that Ÿ and u are linked by a linear constitutive law, (43), and 

that (54) has the structure of the three-dimensional linearized elasticity 

system; the reasons for these facts are the asymptotic orders chosen in (18) and 

(19), forces and densities being more important in the plate part than in the 

three-dimensional part. 

Finally, let us remark that our method applied to the special case of 

Sairt Vennt PAChasFf  ésterials vields the same results as for general 

materials. Nevertheless, more general materials are amenable to John Ball’s 

theory — of existence of minimizers for the elastic energy =— whereas 

Saint-Venant-Kirchhoff materials do not.
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