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Abstract :  The present work takes place in the study of infinitary behaviours
Jor CCS-like communicating processes. A problem in that area arises from the fact
that most of the abstraction morphisms we are interested in don’t commule with
least fized points. In order to offer an alternative to least fized point semantics we
present an aziomatization of the notion of fized point calculus within the formalism
of algebraic theories. Such a calculus fizes one solution for each equation resulling
Jrom the interpretation of a set of recursive definitions in a way consistent with
the free interpretation of the equations. This leads us to the notion of algebraically
closed theory which stands for an algebraic theory equipped with a fized point calcu-
lus. The rational theories by ADJ appear to be a special case of algebraically closed
theories when least solutions are always chosen.

Les théories algébriquement closes

Résumé :  Une des difficultés rencontrées dans I’ étude des comportements in-
finitaires de processus de type CCS provient du fait que les morphismes d’abstraction
auzquels on s’intéresse ne commulent généralement pas avec les plus petits points
fizes. Afin de trouver une allernative & la sémantigue par plus petils points fizes
nous proposons une aziomalisation de la notlion de calcul de points fizres dans le
cadre des théories algébriques. Un tel calcul est un procédé qui choisit une solu-
tion pour toute équation résultant de | ’interprétation d’un systéme de définitions
récursives de fagon cohérente avec linterprétation libre de ces équations. Cela nous
conduit d la notion de théorie algébriqguement close ce qui désigne une théorie al-
gébrique munie d’un tel calcul de points fizes. Comme cas particulier de théories
algébriguement closes on retrouve les théories rationnelles introduites par ADJ et
correspondant au choiz des plus petiles solutions pour ces équations.
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Algebraically closéd theories

Eric Badouel
Irisa, Campus de Beaulieu , 35042 Rennes Cedex - France

Abstract

The present work takes place in the study of in-
finitary behaviours for CCS-like communicating pro-
cesses. A problem in that area arises from the fact
that most of the abstraction morphisms we are in-
terested in don’t commaute with least fized points. In
order to offer an alternative 1o least fired point se-
mantics we present an aziomatization of the notion
of fized point calculus within the formalism of alge-
braic theories. Such a calculus fizes one solution for
each equation resulting from the interpretation of a
set of recursive definitions in a way consistent with
the free interpretation of the equations. This leads
us to the notion of algebraically closed theory which
stands for an algebraic theory equipped with o fized
point calculus. The rational theories by ADJ appear
to be a special case of algebraically closed theories
when least solutions are always chosen.

1 Introduction

Motivation for the present work are to be found in
the study of infinitary behaviours of processes in
CCS-like languages [Mil80]. Such languages are es-
sentially defined by their signature £ = UnGw pI
(X5 stands for the n-ary oprator symbols). Terms
built on that signature denotes finite processes,
whereas infinite processes are defined recursively, us-
ing for example the classical combinator rec : for
instance, if o = {nil} and £; = {a. - / a € A}
where A is a set of actions and £y = {+, |}, then the
rational expression let rec (z = a.nil+p.z)iny.z is
a finite description of the tree obtained by unfolding
infinitely many times the definition £ = a.nil + 8.z,
namely

v.(a.nil + B.(a.nil + B(a.nil + 8. ..)))

A model for such a language must provide, first
of all, an interpretation of the operator symbols in a
semantical domain D, supplying for each n-ary op-
erator symbol f € X, a corresponding n-ary oper-
ator on that domain 6; : D* — D, the Z-algebra
6 = {87; f € T} procures an interpretation in D for

every closed ¥ term. In the same way, a X-algebra
defines implicitely for each system of recursive def-
initions, an associated system of equations on the
domain D. For example, given the declaration rec
(z = a.nil + f.z) there corresponds the equation
e: € = 64(8a(bnir), 6(€)) on D. For that reason, a
model must supply a solution e' for each equation e
resulting from the interpretation of a system of re-
cursive definitions. Let the corresponding process be
called a fized point calculus. In such a model, the
interpretation of the rational expression given above
is now fully defined as 6,(ef). Then

a model = a X-algebra + a fixed point calculus

In most denotational models, D is an w-complete
ordered set (ie. up C u; T ... C u, T ... has
a least upper bound []w in D) with a least ele-
ment 1, where operator symbols are interpreted by
w-continuous operators (f([] u;) = [ [ f(u;) for every
increasing chain (u;;¢{ € w)). The Tarski’s theorem
then ensures the existence of least fixed points, com-
puted as least upper bounds of inductive chains. In
the example, ef is the least upper bound of the chain

LCe(L)Ce(e(L))C...Ce™(L)C...

The elements of the domain D are partial descrip-
tions of objects, L standing for the absence of infor-
mation and the order C expressing the fact that a
partial description is less accurate than another one.

As noticed in [ADJ76] the method that consists in
computing fixed points of transformations by iterat-
ing them from the least element may work even for
non w-continuous theories ; theories in which such
iterations provide always fixed points of transfor-
mations are called rational theories. An equivalent
formulation has been given by Tiuryn using regular
algebras [Tiu77] ; this type of semantics is usually
called least fixed point semantics.

Least fixed point semantics may be used for op-

- erational models of programs, where the objects of

D are, for instance, synchronization trees and in
which all the actions of the processes are represented.
Now, following [DG87] we intend to derive therefrom
a family of models through abstraction morphisms.



We may forget information because we consider that
a certain kind of action is unobservable or that some
distinctions that appear between processes at the
operational level become unrelevant at a more ab-
stract level. Unfortunately, as soon as we are con-
cerned with infinite behaviours, it occurs that ab-
straction morphisms generally don’t commute with
least fixed points : least fixed point semantics are
there no longer suitable. A simplé example of that
situation arises when we consider the invisible action
7 of CCS which corresponds to an ’internal action of
a process. At the observational level we cannot sim-
ply erase all occurrences of internal actions, because
a process which is likely to do an internal action is

unstable and unstability has observable effects. For -

example, we don’t want to identify the processes with
respective synchronization trees

. N

r.a.nil + B.nil # a.nil + B.nil

since the former can perform an internal action and
then become unable to do the action 3. However,
we don’t want to distinguish two successive internal
actions from one. Thus, we factor the operational
model of synchronization trees by the least congru-
ence &~ for which

TTPRT.D

In that way, we distinguish between a finite sequence
of internal actions (unstability) from an infinite se-
quence of internal actions (divergent process). Now
the least (and actually unique) solution of the equa-
tion £ = 7.z in the initial model is 7 , whereas all
the unstable processes (s.t. p & 7.p) are solutions in
the factor model, hence the least solution is the class
of 7.L and not the one of 7*.

This example shows that if we are looking for a
general framework allowing us to describe the be-
haviours of processes at different levels of abstrac-
tion we must be able to handle fixed points that are
not the least ones. There lays our motivation for
going beyond the rational theories. In order to ex-
tend the ADJ approach we propose axioms for fixed
point calculi within the formalism of algebraic theo-
ries. For us, a model is then an algebraically closed
theory (that is to say an algebraic theory supplied
with afixed point calculus) together with a I-algebra

structure on that theory. As for model morphisms,
they must on one hand respect the interpretation of
the operators (i.e. be congruences for those opera-
tors) on the other hand they must commute with the
respective fixed point calculi defined on those mod-
els.

A particular role is played here by the Herbrand
model, whose domain consists of the infinite ratio-
nal trees built on the signature ¥. That model
gives a ’minimal interpretation of the language in
that the operator symbols are freely interpreted. In
the Herbrand model, each n-ary operator symbol
f € I, is sent to the mapping which builds the
tree f(to,...tn—1) from the n-uple of rational trees
(to,-..,tn—-1); and the fixed point calculus associates
to declarations the vectors of rational trees obtained
by unfolding them ad infinity. The initiality of the
Herbrand model means that every other model must
be obtained as a morphic image of it. Otherwise
stated, if two expressions stand for the same rational
tree, then they must have the same interpretation in
all models.

This condition is the only constraint : a fixed point
calculus is a calculus which supplies one solution for
each equation resulting from the interpretation of
a set of recursive definitions, consistently with the
free interpretation of those equations. Hence, we are
looking for coherence conditions that would be
strong enough to ensure the initiality of the Herbrand
model and weak enough to allow for any reasonable
fixed point calculus. For example, we must retrieve
rational theories as a particular case of algebraically
closed theories.

2 Lawvere’s algebraic theories

We shall work within the formalism of algebraic the-
ories as they have been introduced by Lawvere in
[Law63]. If D is a non empty set, which will serve
as semantical domain, a typical example of algebraic
theory is the cartesian category associated to that
set. It is defined as follow

Example 1 The algebraic theory Cart[D] associ-
ated to D is composed, for each pair (n,m) of in-
tegers, of a set Cart{D](n,m) of arrows from n to m
; as il is, these are the mappings from D™ to D™.
Those arrows may be composed : this is the usual
composition of mappings. Moreover, we have corre-
sponding to each integer n the cartesian projections
7 : D® — D that select one component from an
n-uple

2*(do, ..., dp_1) = d;



Those projections provide a finite product struc-
ture which means that we have a dijective correspon-
dance

(D — D)= (D* — D)"

between the set of arrows from p to n and the set of n-
ulpes of arrows from p to 1. Actually, from one hand
we can split any arrow f from p to n into an n-uple
of arrows f; from p to 1 obtained as the composites
of f with the corresponding projections

fi=nlof:DP — D" — D

on the other hand, we can juzlapose n mappings
fi : DP — D component by component to obtain a
mapping [fo, ..., fa—1] : DP — D". Those two op-
erations are mutually inverse which means that the
arrow [fo, ..., fa—1] is the unique mapping from D
to D" such thal for each index i we have

7 o[fo,.. s faca] = fi

More generally, Lawvere defined algebraic theo-
ries as those categories whose objects are the natural
numbers and in which each object n is the categor-
ical product of the object 1 with itself n times. For
notational convenience we shall identify the natural
numbers with the finite ordinals : 0 =0 and if n > 0
we have n = {0,...,n —1}.

Definition 2 A Lawvere’s algebraic theory consists,
for each pair (n,m) of natural numbers, of a set
T (n,m) of arrows from n to m (we write f:n —m
for f € T(n,m)) and a composition operation o :
T(m,p) x T(n,m) — T (n,p) such that :

1. it is a category, which means that :

(a) for each integer n, there ezists an arrow
1, : n — n such that :

i. for every arrow f : n — p one has :

foly=f
it. for every arrow g : m — n one has :
lnog=g

(b) associativity of composition : for every ar-
rowsf:n—m,g:m—pandh:p—gq
one has ho(go f)=(hog)o f

2. for every integer n, there ezists n arrows « :
n — 1 for i € n such that if (f;,i € n) is an n-
uple of arrows from p to 1, there exists a unique
arrow from p to n denoted [fo,..., fa-1] such
that for every i € n one has

7; o [fo,.... fac1l = fi

The arrows from n to 1 constitute the n-ary operators
of the theory, for example the projections 77 (for i €
n) are n-ary operators. Every arrow f : p — n can
be decomposed in a unique way as f = [fo, ..., fa-1]
in which its i*» component is given by f; = 7o f ;
so f appears as an n-uple of p-ary operators.

T(pn) =T(p,1)"

In the particular case where n = 0 we deduce there
exists a unique arrow from p to 0 ; we denote it
O0p:p—0.

We observe, moreover, that the object n + m is the
categorical product (!) of the objects n and m ; that
is to say

T(p,n) x T(p,m) = T(p,n + m)

actually, we define the two projections

nm __ n+m n+m
R [ I g
and wp™ = [wmtm b

i.e. 77'™ picks up the n first components of n+m and
mp"" the m last ones, then for every pair of arrows
f:p—nand g : p — m there exists a unique arrow
[f,9] : p — n+ m, namely

(figl=[m50f, ...,

of which f and g are the two components ; that is to
say :

n m m
mm_of, 7y 0g,...,xm_,04],

™ o[f,g]=f and w3"o[f,gl=g

Finally, if f : n — p and g : m — ¢ are two arrows
we define their product f xg:n4+m —p+q as

fxg=[fom™ gomy™]

In particular, one may check that

n n,m

" =1, X0, and 7™ =0, X l,,.

Let us see two other examples of algebraic theories :

Example 3 Let D be the algebraic theory whose ar-
rows D(n,m) from n to m are the mappings from
m 1o n and in which the composition is the inverse
composition of mappings. The only arrows from n
to 1 are the projections n} given by n(0) =i ; and
then the arrows f : n — m are the m-uples whose
components are projections. More generally, for any
algebraic theory the arrows f whose components are
all projections constitute the distinguished mor-
phisms of the theory. In that way D may be identi-
fied with the subcategory of any algebraic theory that
corresponds to its distinguished morphisms.



Example 4 If T is a signature, let T(X,n) stands
for the set of terms built from that signature and
from the set n of variables. Let Law(Z) be the alge-
braic theory whose arrows Law(X)(n, m) = T(Z, n)™
are the m-uples of terms with variables in n (i.e.
mappings from m to T(X,n)). The composition of
arrows in Law(X) is a Kleisli’s product of those
mappings defined as follow : $f f : n — m and
g : p — n are two arrows in Law(X) that is to
say, if f : m — T(E,n) and ¢ : n — T(Z,p)
are both mappings, fog : p — m is the mapping
g*f: m— T(Z,p) whose value in j € m is given by
(9* )(G) = fF(Hlg(®)/i; i € n] ; that means that the
j** component of f o g is the term f(j) € T(Z,n)
tn which we replace each occurrence of a variable
from n by the term in T(X, p) which is the compo-
nent of g corresponding to that variable. The projec-
tion 7 :n — 1 =1 — T(X,n) corresponds to the
variable i € n considered as an elementary term of
T(Z,n).

A morphism of algebraic theories F : T — T takes
each arrow of type n — m in the former theory to
an arrow of the same type in the latter theory while
preserving the structure of both. More precisely

Definition 5 A morphism F : T — T’ between two
algebraic theories is a functor which is the identity on
objects and which preserves the distinguished finite
product structures on T and T’ ; thal means that
il consists in a mapping Fy, p : T(n, m) — T'(n,m)
for each pair of integers, which satisfies the following
conditions :

1. for every integer n, one has : Fp n(1,) = 1,,,

2. for every arrows f:n —mandg:m—pinT
F",P(gof) = Fm.p(g)OFn,m(f) and

3. for every integer n and i € n one has :
Foa(a]) =al.

Let a X-algebra structure on an algebraic theory 7
be defined as an n-ary operator §; € T(n, 1) for each
operator symbol f € Z,, of arity n.
We observe that such a structure is nothing else than
a morphism § : Law(X) — 7. Actually, an operator
symbol f € X,, may be identified with the element
J[0,...,n— 1] of T(n,1) and then it corresponds to
it an n-ary operator 6; : n — 1 in 7. Conversely,
if § is a structure of -algebra on 7, that is to say
6 takes every n-ary operator symbol f € £, to an
n-ary operator §; : n — 1 in 7. We then define
6(t) : n — 1 for t € Law(E)(n,1) = T(Z,n) by
induction :
6(3)
5(f[to, ees ,tﬂ_I])

"

85 0 [8(t0), ..., 6(tn_1)]

then 6(t) : n — m for t € Law(Z)(n,m) = m —
T(Z, n) component by component :

6(t) = [8(t0), - - -, 6(tn-1)]

In the particular case where the target theory is
the cartesian theory associated to a domain D, we
observe that a morphism of algebraic theories 6§ :
Law(X) — Cart[D] amounts to a T-algebra struc-
ture 4 on D, i.e. to the data for each symbol f € &,
of a mapping 8; : D" — D. More generally,

Definition 6 IfT is a algebraic theory and D a non
empty sel, a T -algebra § of domain D is a morphism
of algebraic theories § : T — Cart[D).

In this way, if §: T —Tisa morphism of algebraic
theories to each T-algebra (D, §) corresponds a 7 -
algebra (D, 6 o ).

A T-algebra (D,6) interprets any arrow f : n — m in
T as a mapping from D" to D™ ; otherwise stated :
6 takes every arrow f : n — m and n-uple a € D™ to
the m-uple b € D™ which is the result of the action
of fonagivenby: b= fe,, a=6,,(f)a)

*n,m) : T(n,m) x D* — D™

f ®(n,m) (a0,-.-,80-1) = (b, - - cybm—1)

This leads us to the following alternative definition
of T-algebras :

Definition 7 ([Lin69]) If Tis an algebraic theory,
a T-algebra is a pair (A,e) in which A is a non-
emply sel and o takes each pair (n,m) of integers to
a mapping o, ) : T(n,m) x A® — A™ such that :

eVien P ey 1y(a0,...,811) =a;

o foranyarrows f:n —mandg: m—pin T
and a € A" one has :

(y o f) ®(n,p) 6= 9 ®m,p) (f ®(n,m) a)

3 A fixed point calculus

In order to be able to handle infinite behaviours, we
enrich the syntax by introducing a new operator sym-
bol rec whose meaning is the following : if f is an
arrow from n+p to n , rec(f) is then a mapping from
p to n and corresponds to the interpretation of f as
a sytem of recursive definitions for the variables in
n in terms of themselves and of the parameters of p.
The syntax is defined in terms of rational expressions
as follows.

©



Definition 8 The set of rational ezpressions corre-
sponding to a signature L is the least set such that :

1. every arrow f : n — m in Law(X) is an ele-
mentary rational expression of typen — m,

2. if f is a rational expression of type n — m and
g a rational expression of type n — p then (f;g)
is a rational ezpression of type n — m + p,

3. if fis a rational ezxpression of type n — m and ¢
a rational ezpression of type p — ¢ then (f and
g) is a rational expression of type n+p — m+q,

4. if f is a rational ezpression of type n — m and
g a rational.expression of iype m — p then (let
fin g) is a rational expression of type n — p,

5. iffis a rational ezpression of type n+p — n then
rec(f) is a rational ezpression of lype p — n.

we let Rat(E)(n,.m) be the set of rational expressions
of type n — m ; a program is a rational expression
of type 0 — 1.

And a meaning function w.r.t. a X-algebra struc-
ture is a function that satisfies the set of equations
given in the following definition.

Definition 9 Let (D,6) a T-algebra, ¢ meaning
function (w.r.t. §) is a mapping M that takes any
rational expression f of type n — m to a mapping
Mpm(f) : D® — D™ such that :

1. iffe Law(E)(n,m)lthen, for pe D"
Ma,m(£)(P) = 8n,m(f)(p),

2. if f € Rat(X)(n, m) and g € Rat(Z)(n,p) then,
forpe D"

Mo, m+p(f; 9)(p) = Mn,m(f)(p) X Mn,p(9)(p)
(up 1o the isomorphism D™*P & D™ x DP),
3. if f € Rat(X)(n,m) and g € Rat(Z)(p, q) then

Motpmeq(f and g)(p1 xp2) = Mu,m(f)(p1)X Mp,q(9)(p2)

for py € D" and p; € DP,

4. if f € Rat(X)(n, m) and g € Rat(X)(m,p) then,
forpe D*

Mu p(let {in g)(p) = Mu,p(9)(Mn,m(f)(p))
5. if f € Rat(Z)(n+p,n) then, forpe DP

0 My, (rec(f))(p) = Matp,n(fN(Mp.n(rec())(e) x p)

L&)

Interpreting in an algebraic theory an arrow f :
n+4 p — n as a system of recursive definitions for
the variables in n in terms of themselves and of the
parameters of p amounts to associate to it an arrow
f! : p— n whose interpretation must be the follow-
ing :

s

if b = (bo,...,bn_1) € D" is the result of the action
of f! on a p-uple a = (ag,...,a,—1) € DP for some
T -algebra structure on D then b must, as well, be the
result of the action of f on the (n + p)-uple whose n
first components are the b; and the last p components
are the a;. That is to say :

P n

= fonipn(bxa)
= fopnipn (flopna)xa)

(fo [ff: 1,]) ‘g.n a

To solve this equation at the ’syntactical level (re-
garding 7 ) i.e. independently of the 7-algebra
structure, amounts to find an arrow f! € T(p,n)
such that :

b = ft o%na

1=l 1)

The iterative theories introduced by Elgot [Elg75]
are algebraic theories in which such an equation ad-
mits a unique solution as soon as f corresponds to a
‘well-guarded equation’ which means that none of its
component is a projection.

Another approach advocated by the group ADJ (cf
[ADJ76]) makes use of rational theories ; those are
algebraic theories in which the equation

€=f°[€alp]

admits a ’least solution’ ; for that reason 7 must be
an ordered theory i.e. the sets of arrows 7(n,m)
must be equipped with a partial order C, ,, with a
least element L, .

fin+p—n

Definition 10 A rationally closed theory T is an
ordered theory equipped with a mapping t : T(n +
p,n) — T(p,n) for each pair of integers n and m.
f1 is called the minimal solution for f and satisfies
the following conditions : '

o folff,1,]=f!

¢ £019,15) Cpn 9 = £ Ty 9 for every arrow
g:p—n

o (fo(lnxh)) = floh for every arrowh :m —p



h ”assigns a value” to the p parameters of the equa-
tion, the last condition states that it makes no dif-
ference if we solve an equation with parameters and
then assigns values to those parameters (right-hand
side of the equality) or else if we assigns values to
the parameters before solving the equation (left-hand
side of the equality).

The iterates of f : n + p — n being the arrows
f®) : p — n given by :

fO=1,, £ n > n
FE = fo[fM1,]  p u

a rational theory is then a rationally closed the-
ory T for which f! is the least upper bound (in
(T (p,n); Cp,n)) of the iterates of f

ft= Uf(k)

O e e

More generally we are looking for an axiomatic de-
scription of a fixed point calculus within an algebraic
theory 7. It is a process that selects one solution f!
for each equation

§€=fol 1]

associated to an arrow f : n+p — nin 7. When sev-
eral solutions exist for such an equation the different
choices taken by this process must be coherent in or-
der to ensure consistency with the free interpretation
of the language. This is to say that the same solution
must be selected for two equations corresponding to
rational expressions f :n+p—nandg:n+p—n
that give rises by unfolding to the same n-uple of
rational terms . In particular, the condition that
appears in the case of rational theories and which
states that the solution is ’free’ with respect to the
parameters must be fulfilled. For the same reason it
seems natural that this process would be compatible
with the Gauss’ method of resolution. That method
consists in splitting a system of equations into two
parts f in+m+p—nandg:n+m+p—m
; in this way the unknowns of each system become
additional parameters for the other one. We solve
the former, it provides solutions for the variables in
n: f:m+p— nin terms of the parameters of p
and the variables m, by substitution in the latter we
obtain the system h = go[fYlmspl :m+p—min
which the variables n have disappeared. We readily

verify that a solution for the initial system is given
by k = [fto[h?,1,],ht]. We want this solution to be
selected by the fixed point calculus for the composite
system, this is to say :

(£, 9] = [f' o [A!, 1,], 1]

Which in particular shows that this process doesn’t
depend on the way we split the initial system. That
condition is known as the Scott-Bekié’s condition
[Bek84]. Another constraint we require from a fixed
point calculus concerns its compatibility with the re-
duction of a system of recursive definitions into an
equivalent and simpler one. More precisely,

Definition 11 Let fand g be two systems of recur-
sive definitions having respectively n and n' as sets
of variables and sharing the same set of parameters
p; that means that f :n+p—n andy n+p—n
are both arrows in T. Lelp : n — n be a distin-
guished morphism of T corresponding to a surjective
mapping (from n onto n'). We say that g is a o-
reduction of f, which we denote as f -2~ g when the
following commutes :

fo(pxlp)=¢pog

When f 5 g we require that the solution selected
for f is the ¢ image of the solution selected for g.
Since ¢ is a dlstmgmshed morphism corresponding
to a surjection fromnton , there exists some distin-
guished morphism v : n — n’ such that Ypop=1,
(we recall that composition of distinguished mor-
phisms corresponds to the inverse composition of
mappings). The constraint pog = fo (p x 1)
imposes ¢ = ¢ o f o(p x 1), and then translates
into

(*) (poy)ofo(pxly)=fo(pxl,)

Compatibility with the reduction allows us to deduce
the following identity :

L | O [ T T
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¥ and 1 appear as ’coding’ and ’uncoding’ functions
on the variables of the two systems and under the
assumption (*) we may state thatf! and gt have the
same behaviour up to the ’changing of outputs’. For
example, let f : 6 — 6 be an arrow in Law(X) rep-
resented by the following system of equations (there
is no parameters as p = 0)

a (o)
To = a(zl) $
21 = f(x2,23) g @)
z2 = a(z1)
z3 = a(z4) é'/ \a. )

zs = a(z1)
o’
(5

where a € ; and f € L.

ft : 0 — 6 is the 6-uple whose components are
obtained by unfolding the graph from the corre-
sponding node. Now let ¢ : 3 — 6 be defined by
9(0) = ¢(2) = ¢(5) = 0, ¢(1) = p(4) = 1 and
¢(3) = 2 and let ¢ : 6 — 3 be one of its sections,
for example : ¥(0) = 0, (1) = 1 and ¥(2) = 3
then g : 3 — 3 =10 fo(p x 1p) corresponds to the
following system of equations :

Xo = a(X1) 1 (o)
X = f(Xo,Xz) C‘é ()
X2 = a(X1)

Qo. (v

We readily verify that the condition (*) says that ¢ is
a ’'congruence’ for f and that g is the corresponding
quotient, otherwise stated ¢ set up a ’bisimulation’
between the graphs associated to f and g. And the
last constraint we required for a fixed point calculus
says that if a system f can be reduced into a simpler
system g, then the solution f! selected for f must
be derived from the solution selected for g. In our
example, both systems

zo = a(z1)
1 = f(z2,23)
z2 = a(z1)
:6—6 =
f 6 zz3 = a(z4)
s = f(zs,23)
zs = a(z1)
and ¢ o g where
Zo = T2 = Zs = Xo
p:3—6 = zy = T4 = X
z3 = Xz

and

. Xo = a(Xy)
g9 = vo(pxlo) ={ Xy = f(Xo,X2)
Xz = a(X;)

must lead to the same solution.
Summing up the different constraints required for a
fixed point calculus give us the following definition :

Definition 12 Let T be an algebraic theory, a fixed
point calculus for T is a mapping t that takes any
arrow f :n+p—ninT to an arrow f : p —
n in such a way that the following conditions are
satisfied :

1. fo[ft, 1) = ft for any arrow f: n+p —n,

2. (fo(lnxh) =floh
forany arrows f :n+p—n and h : m — p,

3. - Scott-Bekié’s condition -
Iff:n+m4+p—nandg:n+m+p— m are
both arrows in T then

(f,9)' = [floht 1A :p—n+m
where h = go[ff,ln4p)l :m+p—m

4. - Compatibility with the reductions -
Iff £ g then f! = pogt

An algebraically closed theory (T,1) consists in an
algebraic theory T together with a fixed point calculus
tonT.

A fixed point calculus is compatible with the chang-
ing of variables

Proposition 13 Iff :n+p —n' andg:n' — n are
both arrows in an algebraically closed theory (7 ,t)
then

(9o )t =go(folgx 1))

P p
Proof : )

Let f:n4+p—n andg:n — n be two arrows in
an algebraically closed theory 7', we set

n/+n+p~n'
1
n+n4+p—n

F fo(0, x1, x1,)
G = go(l, x0,x0,p)
We define the swap operation

swap(n,m) = [, 70" :n+m —-m+n



om= X"
swap(n,m) = o l .
and we let ¢ = swap(n,n'), it has ¢ = swap(n', n)
as inverse arrow so if we let

F=Fo(px1y)= fo(ly x0, x 1)

G=Go(px1y)=go(0n x1, x0p)
we have [G, F] = ¢ o [F,G] o (¢ x 1,) hence

[F,G]' = po[G,F]'
in particular
w;’"" o[F,G) = 1r;""l o[G, F]!
Applying the Scott-Bekit condition to [F, G] leads to
[F,G]' = [F' o [H',1,], H')

where H = Go[F1,1,4,]. We notice that the follow-
ing identity holds, fora:m —pand f:n+p —n,
in any algebraically closed theory

(fo(Onxa)t=foa

actually
g=(fo(0, xa))t = fo(0, xa)o[g:lp] =foa
hence Ft f

go(l,/00, XOP)°U71ﬂ+P]=g°f

w3 " o[F,G]' = (go f)!
Now, applying the Scott-Beki¢ condition to [G, F]
leads to

H

[G,FIt =[Gt o[k, 1,), KT

where K = Fo[G', 1, +ps it follows

G' = go(1, x0p),
K = fo(lax0, x1p)o[go(l, x0,), Ly,
= fo(gx1,)
and ,
" oG, Fl' = go(fo(gx1,))
hence
(9o ) =go(fo(gx1,)
0.

For example, if g is a distinguished morphism corre-
sponding to a bijection (n = n') it shows that the or-
der in which the equations are displayed has no influ-
ence on the computation of the solution. For a more

involved example, let h be an arrow in Law(X) that
may be decomposed into h = g o f where f:3 — 4,
g:4—3and h:3 — 3 correspond to the following
systems of equations
{ Zo a(f(z1), a(z2,6))
h:3-3 = ) ¥(z2)
z2 a(zo, 7(z2))

a(Xo, a(Xl y 6))
X

To =
9:4—3 =< 5 = 2
2 = oaX3, Xa)
Xo = B(z1)
X1 = =
13—4 =
f:3 X = v(z2)
Xs = zo

The solution selected for h = g o f is the image by

the changing of variables g of the solution selected
for the system derived from f by this changing of
variables, namely f o (g x 1,).

Xo = B(X2)
Jo(gx1y) = )}2 : :((i((:’),f;\:z))fz))
X3 = a(Xo,a(Xy,5))

When (7, t) is a rational theory, we verify that the
mapping t that selects for each system its minimal
solution is indeed a fixed point calculus according to
our definition, that is to say :

Proposition 14 A rational theory is an alge-
braically closed theory.

Proof :

The first two conditions are, by definition, fulfilled
in any rational theories. The Scott-Bekic condition
has been proved valid in any rational theories (cf
[ADJ76)).

- Compatibility with the reductions -

Let f:n+p—nandg:n’ +p—-n' be two arrows
inTandp:n—n'a surjective mapping such that

fo(px1)=pog
Let f1 = []f® and gt = []¢*) be the minimal
solutions for f and g respectively. We prove by in-
duction that
FE) = o g®
e for k =0 we have p o _Lp,n: =lpnsincepisa
distinguished morphism,

e general case

f(k+1) fo [f(k), 1p]

fo [SP o g(k)» lp]
fo(px1p)e [9("): 1)

pogolg®, 1,
00 g+ D)

hence ft = pogt O.

L%
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4 A category of models

Roughly speaking, a model consists in a X-algebra
structure that allows for the interpretation of the op-
erator symbols together with a fixed point calculus
that allows for the resolution of systems of recursive
definitions

a model = a E-algebra + a fixed point calculus

As we have already noticed a X-algebra structure in
an algebraic theory is none other that a morphism of
algebraic theories « : Law(X) — 7 . And then :

Definition 15 A model is a triple (T ,t,a) that cor-
responds 1o an algebraically closed theory together
with @ morphism of algebraic theories a : Law(X) —

T.

And we may interpret a rational expression into a
model. :

Definition 16 If(T,t,a) is a model, for every pair
of integer (n,m) we define My . : Rat(E)(n,m) —
T as follows :

1. if § € Law(E)(n, m) then M3, () = a(f),
2. if f € Rat(E)(n, m) and g € Rat()(n, p) then
MG mip(f39) = MG (), M7 ,(9)]
3. if f € Rat(Z)(n,m) and g € Rat(Z)(p, q) then
MG i pmig(f and g) = M7 () x My (9)
4. if f € Rat(Z)(n, m) and g € Rat(T)(m, p) then
M p(let fin g) = MZ, (9) o M7 1. (f)

5. if f € Rat(Z)(n + p,n) then
M:,n(rec(f)) = (Mg+p,n(f))1

The following result may readily be established :

Proposition 17 Ifa: Law(X) — T is a morphism
of algebraic theories, 1 a fized point calculus on T
and (D, 6) T -algebra then

o

M
M?J,& = Rat(E)(n,m) _tm 7’(”’ m) 6_'-:: (Dn - Dm)
is a meaning function w.r.t. the L-algebra structure

doa on D.

The proof is by straightforward induction O.

In this way, for any T-algebra (D, $), the interpre-.
tation of the terms corresponding to the X-algebra
§ o a extends into an interpretation of the rational
expressions.

Rat(X)(n, m) MS
oo STt
Law(Z)(n,m) 5oa) (D" - D™)

A model morphism 8 : (7,t,0) — (’T',i',a') is a
morphism of algebraic theories from T to T' that, for
one hand, respects the interpretation of the operators
i.e. such that o' = B o a and, for the other hand,
commutes with the fixed point calculi which means :

Definition 18 We say that a morphism of algebraic
theories B : T — T " commutes with the respective
fized point calculi t and t' on T and T when the
following diagram commutes :

T(m + n, m)——t—sT(n, m)
ﬂm+n,m ) ﬂn,m

T (m+n, m)—L—-"’T' (n, m)

Under that condition the following result can be es-
tablished :

Proposition 19 Let o : Law(EX) — T be a mor-

phism of algebraic theories and §: T — T  a mor-
phism of algebraic theories that commules with the
fized point calculi on T and T then

Mﬂoa - ﬂo M®
and then for any T -algebra (D, é) one has :

M5y = M s0p)

T(n,m) (60 B)mm

Mom
Rat(S)(n, m) = ﬂ".m\‘(u" -~ D™)

Boa ’
Mm T (n,m) brm

That means that if 8 : (T,,a) — (T’,’(',a') isa
model morphism, the interpretation of a rational ex-
pression w.r.t. a 7 -algebra § is the same as its inter-
pretation relatively to the cortesponding T-algebra

6of.

The proof is an easy verification O,

5 The free algebraically closed
theories

We, first of all, define the algebraic theory Law*(X)
freely generated by ¥ in a way reminiscent of Bloom



and Elgot’s construction of free iterative theories
([BE76]). The arrows of this algebraic theory are
construe as equivalence classes of rational expres-
sions

Law*(Z)(n,m) = Rat(£)(n,m)/ =

For this we define = as the least binary relation on
the set of rational expressions satisfying the following
conditions :

1. it is an equivalence relation, i.e. if f, g and h are
arbitrary rational expressions one has :

(a) f=/,
(b) f=g=9=/,
(c) f=get g=h=f=h;

2. rules that concern the substitution operation :

(a) it is a congruence for the substitution op-
eration :

fEf‘ and gEgl = letfingEletf'ing'

(b) if f:n — m and ¢ : m — p are elementary
rational expressions then

let fin g =(go f)

(c)if f:n — mand g : p — n are both
rational expressions

i. (letl,inf)=f
iil. (letginl,) =g

(d)iff:n—m,g:m—pand h:p— qare
rational expressions then

let (let fin g) in h = let f in (let g in h)

3. rules that concern the structure of finite product

(a) it is a congruence for the pairing operation
f=f and g=4 = (f;9)=(f'is)

b)iff:p—ng:p—mandh:p—n+m
are rational expressions

1. let (f,9) ina]™ = f,
ii. let (f,g) inmy™ = f,
iii. (let hin 77" ;let hin 73"™) = h

. + ’ .
(c)if f:n—n and g :m — m’ are rational
expressions

(fand g) = (let 7]"™ in f;let 7'™ in g)
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(d) for every rational expression f :n — 0 one
. has

f=0,

(as a result if f : n — m is a rational ex-
pression then let f in 0,, = 0,)

4. rules that concern the recursive definition :

(a) it is a congruence for the operator of recur-
sion

f=g9 = rec(f) =rec(y)

(b) if f : n + p — n is an rational expression
then

let (rec(f) ; 1,) in f = rec(f)

(¢) f f:n+p— nand h: m — p are rational
expressions then

rec (let (1, and h) in f) = let h in rec(f)

d)iff:n+m+p—nandg:n+m4+p—m
are rational expressions then

;rec(f;g) = (fo; 90)

where  fo = let (go ; 1p) in rec(f)

and go =rec (let (rec(f) ; 1m4,) in g)

(e)if f:n+p—n' and g :n — n are both
rational expressions, then

rec(let (f)in g)=let (h)ing
where

h =rec(let (g and 1,) in f)

(f)let f:n+p—n,g:n +p—n be two
rational expressions and ¢ : n' — n be an
elementary rational express10n correspong-
ing to a surjective mapping ¢ : n — n and
verifying

let (pand 1) inf=let gin ¢
then

rec(f) = let rec (g) in ¢

We observe that two equivalent rational expressions
necessarily have the same type, let

Law*(Z)(n,m) = Rat(T)(n,m)/ =

L3

ot
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denote ‘the set of equivalence classes of rational ex-
pressions of type n — m. The rules (2) shows that
one may define a composition operation

o : Law*(X)(n, m)x Law*(X)(m, p) — Law*(Z)(n,p)

making Law*(X) a category with Law(X) as sub-
category. The rules (3) shows that Law*(X) is a
Lawvere’s algebraic theory and that the inclusion

ig : Law(X) — Law*(Z)

is a morphism of algebraic theories. Finally, the rules
(4) enable one to define a fixed point calculus on
Law*(X). Now let (7,t,a) be a model and let f
and g be two rational expressions of type n — m, if
f = g then M(f) = M%(g) and then M® is com-
patible with the equivalence relation and provides a
morphism of algebraic theories (M®/ =) : Law*(X)
— T; moreover as readily verified (M%/ =) is the
unique morphism of algebraic theories from Law*(X)
to Tand that extends a : Law(X) — T ; i.e. such
that (M®/ =)o ig = a. Moreover, the identity
M3 a(rec(f)) = (M3 1 in(F))! for any rational ex-
pression f : m+ n — m ensures that (M*/ =)
commutes with the fixed point calculi on Law*(X)
and 7 respectively. to summarize :

Proposition 20 Law*(X) is the algebraically closed
theory freely generated by the signature T, that is to
say :

1. Law*(X) is an algebraically closed theory and,

2. there extsts a morphism of algebraic theories
iz : Law(X) — Law*(X) such that for any alge-
braically closed theory T and morphism of alge-
braic theories a from Law(X) to T there exils a
unique morphism of algebraically closed theories
(i.e. that commutes with the fized point calculi)
namely (M*/ =) suchk that (M*/ =)o iy = a.

In the preceding lines we have described a ’syntac-
tic’ construction of the algebraically closed theory
freely generated by a signature X ; the constraints
we required for a fixed point calculus are not really
involved in that construction as different conditions
would have lead to an analogous universal construc-
tion. So nothing is achieve until the algebraic the-
ory so obtained has been characterized, that’s what
we intend to do in the remaining lines. More pre-
cisely, we prove that the preceding axiomatization
characterizes the equality of two rational trees de-
fined by rational expressions. Following [ADJ76], we
may define the set PT*°(X, n) of partial n-ary trees
corresponding to a signature ¥ as the set of partial
mappings ¢ from w* to £ + n such that whenever
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t(aok) = f € L where o € w* and k € w there
exists an operator symbol g € £; whose arity is at
least k (i:e. k € j) and such that ¢(a) = g. They are
trees built from ¥ and in which some branches may
be ’hanging’. We obtain an algebraic theory PTE
whose arrows PTg (r, m) from n to m constitute the
set PT®(X, n)™ of m-uples of partial n-ary trees and
in which the composition is defined as a Kleisli prod-
uct in the same way as we did in the case of finite
trees. We so obtain a rational theory (cf [ADJ76]),
actually an w-continuous theory, and then in partic-
ular an algebraically closed theory. Now we let the
algebraic theory PRy of rational trees be defined as
the rational closure [ADJ76] of Law(Z) (i.e. of
the terms) in PTY ; they are trees corresponding to
rational expressions. In order to establish the follow-
ing result (which states the initiality of the Herbrand
model PRy)

Proposition 21 Law*(Z) ~ PRg

it remains to verify that if f and g are two rational
expressions of type n — m that define the same m-
uple of n-ary rational trees then they are equivalent
(f = g). The proof is lengthy and is given in the
appendix.

6 Quotients of algebraically
closed theories

We first define the concept of a congruence for an
algebraically closed theory.

Definition 22 A congruence = for an algebraic the-
ory T is a family of equivalence relations =y, p, on
T(n,m) whick respect composilion as well as the
structure of finite product of T ; i.e.

1 iffxppg and f' Rpg y’ then
’ !
f ofzn,q g 0g9,

2. if fimp1gi fori €n then
[fo: ey n—l] zp,ﬂ [gO) . -’gn—l]-

A congruence = for an algebraically closed theory
(7,1) is a congruence for the underlying algebraic
theory that moreover respect the fized point calculus
; te.

if f~g then flxg!

fa:T T isa morphism of algebraically closed
theories, then its kernel &, is a congruence on (7, 1)
where

fmag iff off)=a(g)
Conversely, let = be a congruence for an algebraically
closed theory (7,1). Since = is a congruence for the



algebraic theory 7, we obtain a quotient algebraic
theory 7 ;» whose arrows are the equivalence classes
of arrows of T for ~. Because = respects the fixed
point calculus  we can define a family t,5 of oper-
ations

(f/:s)p.n : 7./525(" +p,n) — T/z(p: n)

by (F)t= = (fT) where (1) : T — T ) is the canoni-
cal projection. And we prove the following result

Proposition 23 The factor of a fized point calculus
t on T by a congruence = for the algebraically closed
theory(7T,1) is a fized point calculus for the quotient
algebraic theory T /.

Proof :

We give, as an example, the verification for the last
condition. Let @ : n+p — n, B : n'+p—- n' be
two arrowsin 7/~ and ¢ : n —nbea distinguished
morphism corresponding to a surjective mapping and
for which

ao(pxl)=pop

There exists a distinguished morphism 3 such that
Ypop =1, Let f:n+p— nsuch thatmz a and
let g = Yo fo(px1,). On one hand pog = fo(yp x 1,)
hence f! = p o g?, on the other hand § = 3. So

ali= == pogi= poptin

The verifications for the other conditions are analo-
gous. O.

As readily verified the equivalence defined in the in-
troduction turn out to be a congruence (least fixed
points are considered in the operationnal model) and
the corresponding quotient provides us with an ex-
ample of model morphism that maps an initial fixed
point to a non-initial fixed point.

7 Conclusion

A relative interpretation of an algebraic theory into
another is a finite product preserving functor be-
tween the two underlying categories, when the tar-
get theory is the cartesian theory associated to a do-
main D we recover the usual notion of interpretation.
Concerning algebraically closed theories we more-
over require from relative interpretations to com-
mute with the respective fixed point calculi. An
interesting question is to know whether those se-
mantic functors are models according to Makkai and
Reyes [MR77) i.e. continuous functors for some
Grothendieck topologies. A positive answer would
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provide a generalization of M. Eytan’s observation
({Eyt84)) that ADJ semantics can be construe as con-
tinuous functors.

Notice that all definitions and results stated in this
paper extend immediately to the many sorted case
using Bénabou’ s notion of I-type [Ben68]. We recall
that objects in many sorted algebraic theories are
words m € I* over some set I of ’sorts’ generalizing
integers for the ordinary case (which are words over
a one element alphabet).

8 Appendix : the Herbrand
model initiality

In this section we give a detailed proof for the ini-
tiality of the Herbrand model, i.e.

Law*(X) ~ PRg

It remains to verify that if f and g are two ratio-
nal expressions of type n — m that define the same
m-uple of n-ary rational trees then they are equiv-
alent (f = g). We may restrict ourself to the case
where m = 1. The proof is inspired by [CKV74] and
consists, in a first stage, in proving that any rational
expression f : n = 1 is equivalent to an expression
having the form let rec d in #% where k > 0 and
d:k+n — kis an elementary, uniform and
connex rational expression. We recall that elemen-
tary means that it is an element of Law(Z)(k+n, k)
i.e. a k-uple of elements of T(X, k + n), such a ratio-
nal expression is said to be uniform if for every i € k
the term d; either is a variable or contain only one
operator symbol and it is connex when every vari-
able in k is useful that is to say accessible from the
variable 0. Such expressions have a natural repre-
sentation as graphs and the fact that they represent
the same rational terms is bound to the existence of
a rooted bisimulation between their graphs. The last
stage then consists in verifying that two graphs with
a rooted bisimulation between them correspond to
equivalent rational expressions.

8.1 Toward a normal form for rational
expressions

In order to avoid cumbersome notations we shail
identify a rational expression with its corresponding
equivalence class in Law* ; due to this abuse of no-
tation we shall call elementary rational expression
any rational expression in which the operator symbol
rec doesn’t occur and identify this expression with
the corresponding vector of terms. Nevertheless we

)
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shall often write f = g to emphasize on the fact that
the equality (in Law*) arises from the axiomatiza-
tion given above for =.

Lemma 24 For every rational expression f :p —n
there exists an elementary rational expressiond : k+
p —k and a distinguished morphism t : k — n such
that

f=tod

Proof :
The proof is by induction on the structure of f.

1. if f : p — nis an elementary rational expression
then

f=1a0(fo (0, x 1)

Actually g = (fo (0p x 1,))T = fo (0, x 1,) 0
[galp] =f.

2Iff:p— n and g : p — ny are ratio-
nal expressions such that f = ¢; o (d))! with
dy : ky+p — k;y and t; : by — n; and
g = tyo(dy)! withdy : ko +p — ky and
t2 : kz — Ny then

[figl=tod :p—ni+n,

withd = [d1 °(1h X0, xlp);dzo(oh X1, % lp)] :
ki+ko+p—ki+ksandt =1, Xty : ky+ky —
nj +n3. Sod is elementary when d; and d, both
are and ¢ is a distinguished morphism when ¢,
and ¢, both are.

3. If f:p— n and g : n — m are rational expres-
sions such that f = t; o(d;)! withd; : ky +p —
ky and ¢ : ky — n and g = t; o (d)! with
dy : ks +n — ky and ¢ : ky — m then

gof=tod :p—m

where d = [F;G] : ky + ko +p — k) +k, is given
by

F = dio(l x 0, X lp)

G = dyo(li, x t;)o (swap(ky,k2) x 0p)
in which swap(ky, k;) = [xE*2, xb1ka)

and t = Og, X ¢2 : ky + k2 — m. So that d is
elementary when d; and dy both are and t is a
distinguished morphism when ¢, is.

4. Concerning the product, it proceeds from the
preceding cases thanks to the following identity

fxg=[forP™gony™)
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5.If f: n+ p — n is a rational expression such
that f = tod! whered: k+n+p — kisan
elementary rational expression and ¢ : k — n is
a distinguished morphism then

ft=ToD!

with D = [d;to(1x X On4p)] :k+n+p—k+n
andT =0 x1,:k4+n—n

The proofs for (2), (3) and (5) are straightforward
applications of the Scott-Beki¢ condition and are left
to the reader. For (3), which is a little bit more
involved because of the swap operation, we use the
following identity

(swap(p,n) X O) o [@o0 (0, X 1); lnym] =1p X @

—
I
X _J

>,

which holds in any algebraic theory.
a.

Lemma 25 For every rational expression f : p— 1
there ezists an elementary rational expressiond : k+
p—akforwhichfzn'godf. '

Proof :

f = n¥ oe! for some elementary rational expression
e:k+p—Fktandindexi€ k. Now,if o : k — ks
the transposition

p(0)=i @(i)=0 ¢(j)=j for jek\{0,i}
then f=nopoel =nko(poeon(px1,)t O.

Definition 26 An elementary rational ezpression
f:n— m is said to be uniform if each of its com-
ponents f; is a term whose degree is at most égal Lo
one t.e. is either a variable or an element having the
form flio,...,in-1] for some f € £, and variables

;.

Lemma 27 For every rational ezpression f : p — 1
there ezists a uniform rational ezpressiond : k+p —
k for which f = xfodl.

Proof :

According to the preceding lemma we can find an
elementary rational expression ¢ : n +p — n for
which f = 7l oet. We add sufficiently many variables
to turn e into a uniform rational expression d : k +
p — k for which we have 7% o d! = 77 o e!. More
precisely, we decompose e as e = 9 o ¢ such that 9



is the 'upper section’ of e i.e. ¥ is a uniform rational
expression and ; is a variable if, and only if, e¢; was
already a variable. This condition will ensure that,
except if e already was a distinguished morphism, the
maximal depth of a component of ¢ is the maximal
depth of a component of e minus 1. For example if

o = a(B(z1),a(z2,8))
€:3=23=< 2z = (z2)
Z, = a(zo,-y(zg))
zo = a(Xo,X1)
1/) 4 =3 = Ty = ‘y(Xz)
: Zz2 = Q(Xa, X4)
Xo = B(z1)
X1 = &(22, 6)
p:3—4=¢ X2 = 1z
Xa = Zo
Xy = 7v(z2)
We group those two systems ¢ and 9 together :
( 2o = oafz3,%4)
z1 = v(zs)
22 = ofzs,z7)
=4 %3 = B=)
Pro:T-—T7 = ry = afzs,0)
Ty = Z2
Z¢ = To
\ 27 = v(z2)

More generally, we saw that
Wog) =27 o[¥, )t
with
¥=2t0(0,x1, x0p) : n+n:+p—~n
®=po(lyx0, x1p) n+n +p—p

n

1
and in particular 7§ o e! = #7%" o (¢')t where ¢’ =

[¥, ®]. Assoon as e is not already a uniform rational

expression,the maximal depth of a component of e is
stricly less than the maximal depth of a component
of e we then obtain the desired d through a finite
iteration of this process .

0.

Now, we can supress in d all *unguarded’ equations
z; = z;j with ¢ # j thanks to the identity

(pod)t =po(do(px1,))

actually welet p:n—1—nbea mapping (from n
to n — 1) which identifies i and j :

p(i)=p()=ken

and set up a bijective correspondance between n \

{i,j} and (n — 1)\ {k}, we can assume that ©(0) =
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0 and then ife : (n—1)+p — (n—1) is, up to
the renumbering of the variables induced by ¢, the
system obtained from d by removing the unguarded
equation 2; = z; i.e. d = poe we have

f=n3o(poe)l =a5"to(eo(px 1))

d =eo(px 1,) is obtained from d by removing the
unguarded equation z; = z; and replacing each oc-
currence of z; in the right-hand side of a remaining
equation by z;.
Hence the only unguarded equations in d can be as-
sume of the form x; = z;, such a variable i is said to
be a loop variable for d.
Now we can get rid of unguarded equations by in-
troducing a new 0O-ary operator symbol L. So we
let

L =Z+{1}

and then partial p-ary trees are p-ary trees corre-
sponding to that extended signature :

PT®(Z,p) = T*(Zy,p)

Where the definition of infinite trees 7°°(X, X) cor-
responding to a signature ¥ and a set of variables X
follows for example [Cou83].

Definition 28 T%° (£, X) denotes the set of all par-
tial mappings t : w* — T + X salisfying :

1. the domain Dom(t) of t is non emply and is
prefiz-closed i.e. :
if o, € w* are such that a e B € Dom(t) then
a € Dom(t)

2 foracew ;i jewifl<i<jandaej€
Dom(t) then aei € Dom(t)

3. ift(a) = f € X, then fori € w one hasaei €
Dom(t) if, and only ifien

4 ift(a) =z € X then foranyi €Ew aei g
Dom(t)

To any uniform rational expressiond : n+p — n
we associate the uniform rational expression d, :
n + p — n corresponding to the extended signature
L, such that (d1); = L if i is a loop variable for d
and (dp); = d; otherwise, i.e. in d we replace the
unguarded equation z; = z; by the equation z; = L.
d) is an ideal mapping in Law(Z, ) considered as a
subtheory of Tg, , this algebraic theory is an itera-
tive theory and then d; admits a unique solution in
it. And

Lemma 29 The least solution of a uniform ratio-
nal ezpression d : n+p — n in PT®(L,p) =
T*(Xy,p) coincides with the unique solution of d;
in T(Zy, p). |

(4]

[l

\J



Y

Proof :
The least solution for d is the vector of infinite trees

”d” = HnEwd(n)
@

where dn+D)

J-ﬂ P
do[d™,1,]

if i is a loop variable for d then ||d|; = L = (d1);
hence

lldll = dv o [lldll, 1,]

3

8.2 Graphical representation of uni-
form rational expressions

As we saw In introductory examples such uniform
rational expressions have a natural representation
as graphs. Moreover the rational term denoted by
a rational expression is obtained by unfolding the
corresponding graph, we shall see that two rational
expressions represent the same rational term when
a rooted bisimulation may be found between their
graphs and in that case they can be proved equiv-
alent. Most of the proofs that appear in this sec-
tion are standart results concerning bisimulations on
graphs and are given here only for the sake of com-
pleteness.

The set G(Z, X) of graphs corresponding to a sig-
nature £ and a set of variables X is made of some
quadruples g =<N, €, A, ng> for which

e N is a finite set of 'nodes’,

o £ is asubset of N x w x A, an element
<n,i,m>€ £ is an edge from the node n to the
node m labelled by the integer ¢,

e A: N — T+ X is a mapping which takes each
node either to an operator symbol in ¥ or to a
variable in X, and

e np is a distinguished node called the root of g.
Let us fix some notations. For every node n, we let
8(n) = {<i,m> [ <n,i,m>€ A}

and we define a transition relation £* C N x w* x N
corresponding to g by :

non
nom < <n,i,m>EE
[ Y] ' i ' o
n—m <= I eEN .n—-n en —m
where n and m are nodes, { € w, @ € w* and the ex-
pression n = m stands for <n,a,m>€ &*. Lastly,
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to each node n is associated its language of accessi-
bility .
L(n)={a €w"; no > n}

Such a 4-uple ¢ =< N,E,A,ng > is an element of
G(Z, X) whenever the two following conditions are

fulfilled

1. if n € NV is a node whose label is an n-ary oper-
ator symbol, then it must have precisely n suc-
cessors, that is to say : if A(n) = f € £, then

Ing,...,np-1 EN .8(n) = {<i,n;>; i En}
2. a variable node has no successor :

VmneN (An)=z€X = 6(n)=10)

Two graphs g; =<N,&;,A1,101> and g2 =

< N2, E2,)2,n0,2 > which differ only from their sets
of nodes, in that there exists a bijective mapping
¢ : Ni — N verifying no 2 = p(no,1) , A2(p(n)) =
Ai(n) and & = {< ¢(n),i,p(m)> [ <n,iym>€
&} are said to be isomorphic.

To each uniform rational expression f : n4-p — n we
associate a graph in G(X.,p) where £; =X + {1}
is the signature obtained from X by adding a new
O-ary operator symbol L. This graph graph(f) is
defined through the following statements

e its set of nodes is N = n + p with initial node
no = 0)

o if f(i) = alio,...,in_1] then
8(i) = {<j,ij>;j€n}and (i) = a € %,

o ifiisaloop variable welet (i) = @ and A(i) = L
and

o if f(i)=j € pthen 6(i) =0 and A(¢) = j € p.

Definition 30 A uniform rational expression f :
n+p — n is said to be connex if all inner
nodes (nodes not corresponding to a parameter) of
graph(f) are accessible from the initial node, i.c.

VneN L(n)#0

Lemma 31 For every uniform rational expression
d:n+p—n therle ezlists @ connez and uniform
rational ezpressiond :n + p — n for which

72 o(d ) =alod

Proof :
Thanks to the relation

(god)! =go(do(gx 1,))!



for bijective g, we know that the order in which the
equations are displayed has no effect on the compu-
tation of the solution ; we can therefore assume that
n=n' +n" such that the variables in n' are acces-
sibles from 0 and those in n” aren’t. That is to say
d=[D',D"] with

= d’o(ln:oo,,-xlp):n-i-p—-nl
D" = do(0,0l, x1p):n+p—n’

forsomed :n'+p—n'andd" : n" 4+p— n". Using
the Scott-Beki¢ condition we readily verify that

" od = (d)
a.

If f: n+p — nisa connex and uniform rational
expression its corresponding rational tree f* = 7§ o
lif)It is the unfolding of graph(f) where

unfold : G(¥,,X) — R(Z1,X)

is the mapping that takes each graph g =
<N,E,A, ng> to the rational tree ¢ such that

e Dom(t) = U,en £(n),
e Va € L(n) ta)=A(n).

(we observe that the sets £(n) are pairwise disjoint
so the previous definition makes sense).

Conversely we can define a folding operation as the
mapping fold : R(X ), X) — G(Z,, X) which takes
the rational tree t to the graph g =< N, &, X, ng>=
fold(t) defined as follow. We first introduce the fol-
lowing notation : if @ € Dom(t) then t\a stands for
the subtree of ¢ defined by

Dom(t\a) = {8 € w* / a e 8 € Dom(t)}
and
(\)(8) = (e« p)
Now, since ¢ is rational the equivalence relation
aXfe=t\a=1t\B

has only a finite number of classes, we let

[a] = {B € Dom(t) ; t\a = t\B}
be the class of a, ¢ is then given by

o N ={[a]/ a € Dom(t)},

® <n,i,m>€ £ <=>Jo,f € Dom(t) st.
a€n, f€m and f=aei,
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o if @ € n then A(n) = t(a) and

e ng = [e] = {a@ € Dom(t) ; t = t\a}.
If ¢t is a rational tree, u one of its subtree and n =
Occ(u,t) = {a € Dom(t) ; t\a = u} the set of its

occurrences in t, we verify that n coincides with its
accessibility language in g = fold(t) that is to say

n={a €w*; ng — n}

and consequently, unfold o fold = 1x(y, | x) ; it fol-
lows that the composite min = fold o unfold is an
an idempotente operation on G(X, X) ; it associates
each graph to its minimal graph.

We define a notion of reduction on graphs

Definition 32 Let f =<N;,&,ng> andg =

< Ny, &4,m1 > be two graphs in R(Z),X) and ¢ :
N; — N, a surjective mapping between their sets
of nodes. g is said to be a p-reduction of f, which

we denote as f —2 g, when the following conditions
are fulfilled

1. ¢ respects the roots : p(ng) = n,

2. ¢ respects the labels : Vn € N
Ar(n) = Ag(e(n))

8. ¢ respects the successors : Vn € Ny
64((w(n)) = {<i,0(§)> ; <i,i>€ &;(n)}

we write f — g when such a surjective mapping ¢
ezists.

Since graphs have only a finite number of nodes
f—~—>g and g—-->f = f=g

and up to isomorphism of graphs, — is clearly a
noetherian order relation. And we check to two fol-
lowing facts.

Lemma 33 If f = g then unfold(f) = unfold(yg)
Proof : 1t comes from the fact that if f — g then

U <

nep-t(n')

Vi €N, L,(n)=

and Ag(n') = As(n) whenever n € p~(n).
a

The operation min takes each graph to its minimal
graph regarding this reduction operation on graphs,
that is to say :

Lemma 34 For all graphs g and h in G(Z, X) one
has



Y

1. ¢ = min(g) and,
2. min(g) — h => min(g) = h.
Proof : 4

1. For each graph g =< N, €,np >€ G(X, X) and
a € L(ny) where ny € N we let

g\a =<M\a, E\a,n; >
be the graph given by

(a) Ma={neN; IB=aey€ L(n)} and,
(b) <n,i,m>€ f\a <= <n,i,m>€E.

We immediately see that
a,f€L(m) => g\a=g\@

which allows us to use the notation g\n;. More-
over, if @ €y

unfold(g\n;) = unfold(g)\a
so that we can define a surjective mapping
p: Ny — ming(y)

that takes a node n € N, to the equivalence
class [a] for the relation = of any element a €
L(n). min(g) is then clearly a p-reduction of g.

2. The second part is an easy verification :

min(g) =~ h = unfold(min(g)) = unfold(k)

= min(g) = min(min(g)) = min(h)

== h - min(h) = min(g)
and then min(g) = h O.

Definition 35 A rooted bisimulation between
two graphs f =< Ny, & ,no> and g =<N,, &, nq1 >
in G(Z,X) is a relation R C Ny x Ny between their
nodes that satisfies the following

1. roots are related : (ng,n1) € R and,

2. if (n,m) €R then A\y(n) = Ay(m) and

VnSn'ef 3mI€Ng st (n,m)eR and m-Smeg

Vm-5m €g In' €N st (n,m)€ER and nbnef

We wrile f i g to indicate that R is a rooted bisim-
ulation between the two graphs and f < g when such
a relation exists.

Concerning rooted bisimulation we prove the two fol-
lowing results.

Lemma 36 The rooted bisimulation is the kernel of
the reduction operation, i.e.

f&g &= Fh.fShand gSh

Proof :
For one part, if f & h and g &3 h we verify that

f b g where R is the push-out of ¢; and ¢ ie.
R = {(i,5) € Ny x Ny ; ¢1(8) = p2(4)}

Conversely if f & g let (N, 7y, 72) be the pullback
of (R, m;,72) where 7y : R — Ny and m3 : R —
N, are the two projections corresponding to R. In
detail, R can be viewed as a binary relation on Ny +
Ny, we let = be (RU R™!)* ie. the equivalence
relation generated by R ; then N = (N + N})/ =
and 7 : Ny — N and #; : Ny — N, are the
two components of the canonical projection. Clearly,
each of 7} and 7, are surjective mappings and there
is exactly one manner to define a graph h having N,
as set of nodes and verifying

" fBh and g8

0

Lemma 37 The rooted bisimulation is the kernel of
the unfolding operation. i.e.

f & g <= unfold(f) = unfold(g)
Proof :

f&g 23R fSREy

hence unfold(f) = unfold(h) = unfold(g). Con-
versely

unfold(f) = unfold(y) = min(f)=min(g)=~h

hence f = h — g O. _

In order to complete our proof it just remains to ver-
ify that two uniform and connex rational expressions
whose corresponding graphs are related by a rooted
bisimulation are equivalent. In view of the preceding
result, is suffices to check that both notions of reduc-
tion introduced for rational expressions and graphs
are related as follow .

Lemma 38 If f:n+p—pandg: m+p—p are
uniform and connez rational expressions then

f-%sg iff graph(f) > graph(g)



Proof : graph(f) = graph(g) iff

f‘- = a[io, eeey in_I] = g(p(i) = a[¢(i0)) ceey ‘P(in—l)]

fi=Jj€p

> goi)=JEP

if i is a loop variable for f then (%) is a loop variable

for g

ie.Vien (pog)i=(folpx1ly))
ie. (pongo(gox lp). a
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