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EFFICIENCY OF THE EXTENDED KALMAN FILTER : 

FOR NON LINEAR SYSTEMS WITH SMALL NOISE 

EFFICACITE DU FILTRE DE KALMAN ETENDU POUR 

LES SYSTEMES NON LINEAIRES AVEC PETIT BRUIT 

Jean Picard 

INRIA Sophia Antipolis 

BP 109 

06561 Valbonne Cedex (France) - 

Résumé. On étudie asymptotiquement le problème de filtrage non linéaire lorsque le 

bruit tend vers 0. On donne des conditions suffisantes pour que l’erreur du filtre tende 

vers Ü et sous ces conditions, on montre que le filtre de Kalman étendu est un bon filtre 

sous-optimal; le problème de lissage est également abordé. Les démonstrations utilisent le 

calcul stochastique des variations, des estimations concernant la linéarisation des systèmes 

stochastiques et des changements de probabilité. 

Abstract. The problem of nonlinear filtering is studied asymptotically as the noise tends 

to 0. Suflicients conditions for the filtering error to tend to 0 are derived and under these 

conditions, it is proved that the extended Kalman filter provides a good suboptimal filter; 

the smoothing problem is also studied. The proofs use the stochastic calculus of vafiatioñs, ; 

some estimates for the linearization of non linear stochastic systems and some changes of 

probability. 

Key-words. Nonlinear filtering with small noise, Extended Kalman filter, Linearization 

of stochastic systems, Stochastic calculus of variations. 
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were devoted to two properties of the asymptotic filter; firstly it was proved to be nearly 

Gaussian under some particular assumptions in [29], and with a different method in [19]; 

secondly the problem of estimating its memory length was tackled in [20]. On the other 

hand, if h is not one-to-one, it is more difficult to find an asymptotic filter; in [30], sufficient 

conditions for the error to tend to O are obtained for a particular class of systems; in [27] 

some examples are studied formally and in {6] the one-dimensional case with a piecewise 

monotone function À is considered. 

For the second direction of research (application of the theory of large deviations), 

the filtering problem which was studied is the system 

{ dX; = B(X+)dt + Veo(X:)dW., (0;2) 

Here, both signal and observation noises are small and they have the same order of mag- 

nitude. By means of the so-called robust filter, one can consider the conditional law of 

X as a continuous function of Y; in [11], one studies the asymptotic behaviour of this 

function taken at some fixed observation path; a large deviations principle is obtained; 

some further results are also obtained in [12]. Moreover, if one puts & = 0 in (0.2), one 

obtains a deterministic system; it is explained in [1] how formal approximations of the non 

linear filtering problem can lead to observers for the deterministic system. 

In this work, we are going to study the generalization 

{ dXt = fl(t, Xt)dt + \/E-O'(t, Xt)th + \/E')‘(î, Xt)dBt (0 3) 

dY, = h(t, Xe)dt + VedB; 

of (0.2), but with the aim of finding approximate filters as in [23]. Note that we allow 

correlation between the signal and the observation noise and that the system is inhomoge- 

neous; moreover we allow the coefficients to be random provided they are observable, and 

no extra regularity with respect to t will be assumed, so that our results can be applied to 

controlled systems. T'he coefficients in (0.3) may also depend on € under some conditions 

which will be made precise later. We will first look for conditions ensuring that the filtering 

error (difference between the signal and the optimal filter) is of order /€ as € — 0; these 

conditions will include the case where h is one-to-one but will be more general; roughly 

speaking, they will say that some associated linearized system is detectable; in particular 

we will have to estimate the probability of large deviations of the non linear system from 
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a neighborhood of the linearized system. We will also estimate the difference between the 

signal and the extended Kalman filter; we will give conditions under which it is of order 

ve, but will also check that it may be quite large if the nonlinearities are too strong. Then, 

under good conditions, we will be interested in proving a central limit theorem: we will 

check that the conditional law of X; given Y,, s < t, is asymptotically Gaussian (as in [29], 

[19]) and that it is approximately given by the extended Kalman filter; when y = 0 and 

h is linear, we will also study the conditional law of the whole trajectory (X,, 8 7 t) by 

means of some approximate Gaussian smoother. 

Let us explain the link between (0.3) and the model (0.1) which was previously studied. 

By changing the time scale (t — t/e) and the order of magnitude of V, (Y — Y/e), we 

transform (0.3) into 

Î 
dX, = gfl(t,X;)dt + 0'(t, Xt)th + "y(t,Xt)ch 

dY, = h(t, X.)dt + edBe. 
(0.4) 

Thus, by proving results on (0.3) which will be uniform for large times, we will deduce 

results on (0.4); moreover, by using other time scales, we can study systems with other 

magnitudes of noise as in [21]. Note that (0.4) is à generalization of (0.1); however, the 

drift coefficient can be of order 1/€, and therefore it cannot be neglected as it was in 

[23]. On the other hand, if we transpose the results of [23] to (0.3) by a change of time 
scale, we generally get some estimates only for large times; in order to get also results for 

bounded times, we will need assumptions on the initial condition. Note also that in [23] 

we only studied homogeneous systems and that we obtained a filter which is simpler than 

the extended Kalman filter; here we will take advantage of the particular properties of the 

extended Kalman filter in order to study inhomogeneous systems. 

Let us now set some notational convention. Nearly all the functions and processes 

which are considered in this work are allowed to depend on the parameter e; however 

this dependence will generally not be emphasized by some sub- or superscript; we will 

use the expression ‘family of functions, processes, ..’ in order to say that the functions, 

processes, ... are indexed by e. À family of functions will be said to be bounded if it is 

bounded by some constant number which does not depend on €; the same convention will 

be applied for some other properties such as Lipschitz continuity or ellipticity for matrix- 
valued functions. If f is a function, its derivative or more generally its Jacobian matrix 
will be denoted f"; in particular, if f is defined on IR” and real-valued, f" will be a line ° 
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vector. If A is a matrix, its transpose will be denoted A*. In IR” we will üse the Euclidean 

norm, and for matrices |A| will be the supremum of |Aæ| over unit vectors x. The constant 

numbers involved in the calculations will be denoted by c or C and will vary from line to 

line; the dependence on some parameter will be emphasized by a subscript. The following 

assertions will be assumed in all this work: 

The framework. We fix a family of probability spaces (Q, F, F:, P), we let n, p, d be 

fixed positive integers and we consider four families of functions B, o, y and h defined 

on [0,00) x 92 x IR” and with values respectively in IR”, IR” ® RP, IR* @ R* and RS 

we suppose that they are P(F) ® B(IR”) measurable, where P(F) denotes the o-field of 

F predictable events, and that they areiocally bounded: the suprefna of their values 

over compact subsets of IR4 x IR” are almost surely finite. We consider two families of 

independent standard F; Brownian motions W; and B( with values respectively in IRP 

and IR“ and we suppose that (X+,Y() is solution of (0.3). Moreover, letting ; be the 

filtration generated by Y,, we assume that the coefficients B, , y and h are P(Y) @ B(IR”) 

measurable: we will say that they are observable and more generally, an observable process 

will be a V; predictable process. The conditional mean of X+ given Yr will be denoted Ît. 

We will also use the notation a = ac*. 

Other definitions which will be used in this work will be given in $1.1. The paper is 

organized as follows. In $1, after some basic definitions, we prove some preliminary lemmas 

concerning the stability of stochastic systems; as an application, in $2 we find conditions 

under which X; — À; is of order € and also conditions under which the extended Kalman 

filter satisfies the same estimate. In $3, we estimate the difference between the optimal filter 

and the Gaussian law provided by the extended Kalman filter; in $4, using an approximate 

Gaussian smoother, the same study is worked out for the smoothing problem under some 

particular conditions; in $$3 and 4, we need some results from the stochastic calculus of 

variations (see [28]); these results are obtained by perturbing the initial state ($3) or a 

Brownian motion ($4); since they do not appear exactly in the literature, we prove them 

(actually in our particular framework, we do not need the best possible results); as a 

consequence, no previous knowledge of this theory will be assumed. Finally, in $5, we 

consider some stochastic differential equations driven by X; and prove that they can be 

approximated by the similar equations driven by the extended Kalman filter; this will 

provide examples of filters involving two time scales. 
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1. Definitions and preliminary results 

In this section, we first recall the equations of the extended Kalman filter and give 

some other definitions in $1.1. Then we obtain some basic results about estimation of 

processes in $1.2, and we study the stability of linear stochastic systems in $1.3 and $1.4. 

$1.1 Basic definitions 

We first recall the construction of the extended Kalman filter (see for instance [8] for 

the uncorrelated case y = 0); the aim of this procedure is to find an easily computable 

approximation of the conditional law of X; given ÿ,. To this end, one replaces the system 

(0.3) by an approximate linear system; more precisely, one replaces / and h by linear 

functions, o and y by constant functions (with respect to x) such that the values of B, 

B', c, y, h and h’ for (0.3) and the approximate system coincide at some M; which is 

an observable process; one also replaces the law of Xo by some Gaussian law. Since the 

approximate system is conditionally Gaussian, one can easily compute the approximate 

conditional mean of X; given ÿ; (see [17]); thus we construct with this procedure an 

application which relates any observable process M; to the corresponding approximate 

conditional mean, and the extended Kalman filter is by definition the conditional law 

obtained for a fixed point of this application. In this work, we will not make a precise 

choice for the initial value of the filter so that it will not be unique (actually the properties 

of the initial value will be crucial in several results, so we want to keep some freedom for 

choosing it). By writing precisely the equations, we obtain the 

Definition 1.1.1. Let M; and P; be observable processes with values respectively in IR" 

and in definite positive symmetric matrices of order n. Consider the process with values 

in probability measures, the value of which is at each time t the Gaussian law with mean 

M; and covariance eP,. We will say that it is an extended Kalman filter for (0.3) if M; is 

solution of ; ; 

M; = Mo +/0 B(s, Ma)ds +/Û G.(dY, — h(s, M3)ds), (11.1) 

the gain G: is given by 

Ge = y(t, Me) + Peh"(t, Me) (1.1.2) 

and P; is solution of the Riccati equation 

B = —PA"h"(e M)Pe+ (6*—ah')(e MP + P.(B" — vh")*(#, Me) + 00* (, Me). (1.1.3) 
6



If this holds, we will also say that (M+, P;), or simply My is an extended Kalman filter. If 

My is solution of (1.1.1) with another process G:, we will say that it is a Kalman-like filter 

with gain Gt 

Note that P; is the covariance matrix divided by e; with this normalization indeed, 

the parameter € does not appear explicitely in equations (1.1.1) to (1.1.3) (however the 

coefficients may depend on it). We now define some terms which will be frequently used. 

Definition 1.1.2. Let f(t,x) be a faniin of observable functions with values in some 

Euclidean space. It will be said to be almost linear if there exists a family of matrix-valued 

observable processes F such that 

if(t,æ)—f(t,m)—Fdæ—m)l < ujx — m| (1.1.4) 

for some family of numbers u. converging to 0; the process F, will be called an almost 

derivative of f. The function f will be said to be strongly injective if 

|f(t,x) — f(t,m)| = cjx — m} ‘ (1.1.5) 

for some c > 0. 

When f is C!, the almost linearity means that the oscillation of f" tends to O. Note 

also that if f is almost linear with an almost derivative F,, then the strong injectivity of 

f is equivalent to the uniform ellipticity of F; F; (at least after restricting to small enough 

£). We now explain how we will measure the performance of our approximations. The 

basic definition is the 

Definition 1.1.3. À family & of processes is said to be bounded in L- if for any q < 0 

there exists sè > 0 such that ||£&l|4 is bounded uniformly in t > 0 and0<e < E,. Ifais 

some real constant number, the family & is said to be of order e* if €T%& is bounded in 

L®-. More generally, if k; is a family of deterministic functions with positive values, we 

will write & = O(k) if k;"E; is bounded in L®°-. 

Our last definition is concerned with the stability of linear systems; it will be discussed 

in $1.3 and will be fundamental in all the estimation of the filtering error. 
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Definition 1.1.4. Let A; be a family of measurable locally bounded processes with values 

in square matrices of order n, let (, be the matrix-valued solution of 

Çe = AcC, G = 1, (1.1.6) 

and put Ç: = GC7!. We will say that A; is exponentially stable if there exist some 

constant numbers C and c > 0 such that for s < t, 

|Ga,e| < C'exp—c(t — s). (1.1.7) 

Moreover consider a family Q: of absolutely continuous adapted processes with values 

in symmetric definite positive matrices of order n änd a family k; of locally bounded 

deterministic functions with positive values. We will say that A+ is (Q+, k:) stable if 

Q> ArQ:+ QuAE + KQ (1.1.8) 

- For instance, if A; is some constant matrix, it is exponentially stable if and only if 

its eigenvalues have negative real part; if A; is symmetric, bounded and uniformly definite 

negative, it is also exponentially stable. As it will be clear later, the general (Qe, ke) 

stability is a generalization of the exponential stability; the matrix Q; enables a change of 

space scale, whereas the function k; is-related to the time scale. Note that the notion of 

t, k) stability is invariant if one multiplies Q; by a family of scalar numbers. , P y y 

81.2 Estimation of processes 

This subsection is devoted to the proof of two lemmas linked with definition 1.1.3. 

This definition involves the estimation of |[é&]|y uniformly in t. Can we deduce something 

about sup, [&|? This is the aim of the 

Lemma 1.2.1. Let [ ; ‘ 

Er = é +/ fsds+/ 9sdw, (1.2.1) 
0 0 

be a family of semimartingales, where w is a Brownian motion, and f;, ga are families of 

locally bounded adapted processes. Suppose that for some real ao, œ1, Ë is of order &* 

and ft, 9x are of order e* in L®-. Then for any œ < œ and any a3 < 0, the supremum 

of |&| on the time interval [0, €“:] is of order e* in L®-, 

Proof. Put œ = 2(ao — a1)* and consider the subdivision ; = ie“*: from classical 

inequalities, one can check that uniformly in i, 

sup |&-&|=O(e"), (22) 
Ti ÉÉSTitr 



Since we have assumed & = O(c* ), we deduce that uniformly in :, &,, is also of order e* 

so 

sup |&| = O(e“°). (1.2.3) 
T,'_S€ST,‘+1 

The number of points of the subdivision which are in the interval [0,€*3] is equal to the 

integer value of e*27% + 1, so for any 1 < q < où, 

E sup |£&e]? < (e“°7°* +1)supIE sup [£| < Cyeatotoe-0, (1.2.4) 
ÛStSE°3 î TiStSTi+l 

Thus the supremum of |£:| over [0,e*°] is of order €* in L' as soon as 

q > (as — a3)/(a0 — as). - (1.25) 

In particular, it is of order e* in L°-. D 

Note however that the estimation of lemma 1.2.1 cannot be extended to the whole 

time interval [0,00) because the paths of the process are generally unbounded as t — c. 

With some stronger assumptions, we can also obtain a result which will imply exponential 

estimates on the probability of large deviations. 

Lemma 1.2.2. Let &; be the semimartingale defined by (1.2.1) and suppose that for some 

co > 0, Q9, ONne has 

sup IF exp cos —“ |£,|? < oo. (1.2.6) 
te 

Suppose also that for some , < O, the processes f; and g divided by e* are uniformly 

bounded. Then for some positive constant numbers c;, c, and C, one has 

P [3t < exp £Ë(-)—, (E| > 1] < Cexp——%. (1.2.7) 
E 

Proof. Consider the subdivision T; = ie** with 04 = (ao — 201 )*; for ; <t< T;4+1, ONE 

has 
t 

& — & | < Ce°+*91 4 |/ 9sdws| (1.2.8) 

so that 
1 2 

e* 
(1.2.9) 

2 t 

l£t—£Ti ë S C+;Ël/ gsdws 

Moreover one can prove from our assumption on g, (see lemma 5.7.2 of [13]) that for some 

positive K and C, 

IË sup exp 
TgStST,‘+1 

K f 2 
/ gsdws < C. (1210) 

exc 



We deduce from (1.2.9) and (1.2.10) an estimate on the exponential moments of |£&, — € |*, 

and by using also (1.2.6) at time 7;, we obtain the existence of à c3 > 0 such that 

E sup exp—L|&/?<C (1.2.11) 
T SS Tipr es0 

and therefore 

Pj sup &|>1| <Cexp _3 (1.2.12) 
T <t<Ti41 e%e 

By summing this inequality over :, we easily obtain (1.2.7) for cz < cs and c; < cs — c». [Q 

81.38 Stable systems 

In this subsection, we study the stability of linear stochastic systems. We first discuss 

the links between exponential stability and (Q:, k;) stability of definition 1.1.4. 

Lemma 1.3.1. Consider à family A: of locally bounded processes with values in square 

matrices of order n. Suppose that there exists a uniformly bounded and elliptic family Q: 

and a constant number k > 0 such that A, is (Q:, k) stable; then A; is exponentially stable 

(the estimate (1.1.7) is satisfied with c = k/2). Conversely, if A+ is uniformly bounded 

and exponentially stable (so that (1.1.7) holds for some c > 0), then for any k < 2c, there 

exists a family of uniformly bounded and elliptic processes Q, which are adapted to the 

filtration of A: and are such that A; is (Q+, k) stable. 

Proof. First assume that Az is (Q:, k) stable for a bounded and elliptic Q. Then V; = Q7* 
is bounded, uniformly elliptic and 

V; < —V,A; — AYV, — kV,. (1.3.1) 

We immediately deduce that, with the notation of definition 1.1.4, 

d 
'ÆC2,t%Cs,t S “'kÇ:,tî/tÇs,t (132) 

so that 

trace(C3,VeGse) < e7"C-°) trace(V,). (1.3.3) 

Since V; is uniformly bounded and elliptic, we deduce (1.1.7) with c = k/2. Conversely, 
suppose that (1.1.7) holds, that A; is bounded and choose k < 2c. Let Q: be the solution 

of 

Qu = AcQ: + QuAt +kQ;+T, Q = 1. (1.3.4) 

10



Then (1.1.8) is satisfied, Q; is symmetric definite positive and is given by 

t 

Q= cacrett + | CauCige*©—ds, (13,) 
0 

so we deduce from (1.1.7) that it is bounded. Moreover, V; = Q7" is solution of 

V, = — AËV; — ViAz — kV; — V? (1.3.6) 

and therefore, by looking at its trace and using the inequalities 

[trace(V:A:)| < | Ae| trace Ve, (trace ‘/t)2 < ntrace V/ (1.3.7) 

(see [25] for the first one), we obtain 

d 1 
Æ trace V, < (2|A+| — k)trace V; — h—(trace V2)2. (1.3.8) 

Since A; is bounded, the trace of V, and therefore V, itself is bounded so Q4 is uniformly 

elliptic. [ 

We now explain how the stability can be used in stochastic systems. As in the first 

part of previous proof, we will use the quadratic function x*Q[" x as a Lyapunov function 

in order to estimate the state. Another type of equations will be studied in 81.4. 

Lemma 1.3.2. Let w; be a F, Brownian motion with values in IR’, let A; be a family 

of F; adapted (Q:,k:) stable processes where Q; is F, adapted; we suppose that Z; is a 

family of IR" valued semimartingales satisfying 

dZt = Attht + ftdt + gtdwt (1.39) 

where f; and g: are predictable processes satisfying 

ZEQU f < akZE QT* Ze + O(ke), 
An (1.3.10) 

IEQE 9e = O(Ke) 

for some œ < 1/2. Then for any c < 1 — 20 and € small enough, 

pt 
|ZEQT* Zel|, < Ca+ Cq||.z5Q0—1zonqexP—c/ k,ds. (1.3.11) 

0 
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In particular, if Zglezo is bounded in L°°-, then the process Z{QÏ1Zt is also bounded 

in L°-. ' 

Remark 1. The process f: will generally contain the nonlinearities of the system so that 

(1.3.10) means that the nonlinearities are not too strong. Our assumptions will in most 

cases imply that 

FEQE* fe < ack?Z1QT" Z (1.3.12) 

for some family œ,; from the Cauchy-Schwarz inequality, this implies that 

ZEQE fe < 01K ZEQT' Ze (1.3.13) 

so the first part of (1.3.10) holds for € small as soon as lim sup œ. < 1/4. 

Remark 2. As it was announced after definition 1.1.4, the role of Q; and k; becomes clear 

in this lemma. 

Proof. Denoting V, = QT", we deduce from Itô’s formula that 

d(Z{V.Zs) = Z;‘(Vt + VeAs + AËV:) Zadt + 2ZEV;fidt + trace(gV2ge)dt + 2Z}V,g:dwx,. 

(1.3.14) 
Using the Cauchy-Schwarz inequality to estimate Z}V;ge, the assumption (1.3.10), the 
(Q:, k:) stability of A,, and denoting À; = Z*V,Z;, we can write this equation in the form 

d\, = —(1 — 20 )kyAedt + kepodt + k3 2 A 121* dur, (1.3.15) 

where u; and v; are processes with values respectively in IR and IR”, such that u/ and 

v; are bounded in L®°7. From this equation and Gronwall’s lemma, we can deduce that 

all the moments of À; are finite. Then if q is a positive integer, we can again apply Itô’s 

formula in order to decompose ÀŸ and if A$‘” denotes its mean, we obtain 

d _ —1 - FN = —(1 — 2a)gk X( + qh [7" pe] + g—(ïî——)—ktlE[)\î ‘uel2]. (1.3.16) 

Moreover, an elementary analysis shows that for any sequence c, > O, one can find a 
sequence C, such that 

x1!y < cox! + Cay® (1.3.17) 

for x and y > O so if c < 1 — 2a, there exists a positive C, such that 

d 
ä,\$‘” < —cht,\£q) + qutlE[|pfiq + |ut|2q]. (1.3.18) 

12



Since u} and v; are bounded in L®7, we deduce (1.3.11). [7 

In the framework of lemma 1.3.2, we can also apply lemma 1.2.1 and therefore estimate 

the supremum of solutions of (1.3.9). We now give two results about the exponential 

moments wlhich will enable the application of lemma 1.2.2 and will be useful in some other 

estimations. 

Lemma 1.3.3. Assume the conditions of lemma 1.3.2 and suppose moreover that the 

‘O(k:)” terms in (1.3.10) are actually of order k: in L°. Suppose also that some exponential 

moment of Z3Q{,ÎlZo is bounded. Then 

EexpcZ}QT'Z; <C (1.3.19) 

and ; ; 

IEexpc/ k,Z1Q7* Zudu < CexpC/ k,du (1.3.20) 

* for some positive c and C. 

Proof. We use the notation of lemma 1.3.2. Under our assumptions, u} and v; are 

uniformly bounded:; if Co is a constant number which dominates u# and [v:|?/2, we deduce 

from (1.3.16) that 
d _ 
ît—A$‘” < qkt(—(1 — 2a)X(® + Coqd(® 1)). (1.3.21) 

By putting C, = C9/(1 — 2a), 

À$Q) < À(()4) + C:gsup /\gq—1) 

s<t 

SS 
<q! S" C{ E 

i=0 ° 

< q'CfIE exp CT* Z3 Q5 ‘ Zo. (1.3.22) 

Thus if Co is chosen large enough so that the exponential moment of order Cf1 of ZàQu 70 

is bounded, then (1.3.19) holds for any c < Cj'. Let us now prove (1.3.20) for some 

constant number c. If c < (1 — 2a)*/(4C(), we have 

2 t t- t 2c 2 
CÂ ku/\u,du < 2C£ ku/\udu — m£ kuÀu_qu! du. ; (1323) 
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If we express the first integral of the right—h:—md side by means of (1.3.15), we deduce 
t 

}… Adu<—57 2e A + C k du + —Z / k12)12y*dw, 
— 20 1-— 20 

8 

_ (—1_—Îï)î/ kuAu|Vu]*du (1.3.24) 

for some C depending on c, œ and the bound for u}. By taking the exponential, a local 

exponential martingale (which is also a supermartingale) appears so that 
t t 2 

lE[expc/ kuXudu | Îg] S-exp(C/ k,du + ‘ 
8 8 1-— 

From the assumption about Zo, the mean of the right-hand side is bounded by the right- 

hand side of (1.3.20) if c is small enough. (C] 

a>…). (1.3.25 ) 

81.4 Bilinear stable equations 

We now consider stochastic differential equations where both drift and diffusion coef- 

ficients are linear; these equations appear in particular when one differentiates a diffusion 

process with respect to its initial condition (see [15]) or with respect to perturbations on 
the driving Brownian motion (see [28]), and such differentiationz will be an impôrtant tool 
in 883 and 4. This subsection is devoted to the proof of the 

Lemma 1.4.1. Suppose that Z; is a matrix-valued process satisfying 

Z,=I+ /t AsZ,ds + /tstsds + us/0tgistwî (1.4.1) 0 0 
where w; is a F+ semimartingale and à G: Brownian motion for some filtration G+ C Fi, 

He is à family of positive numbers converging to O, A; is a family of F+ adapted bounded 
exponentially stable processes, f is a family of matrix-valued F; adapted processes satis- 

fving ; 

1Eepr/ |fuldu < Cx exp Cxyu!(t — s) (1.4.2) 

for any K > 0 and some family u! — O, and g! are fa.m1]1es of matrix-valued uniformly 
bounded processes which are G+ adapted. Then the process Z Z7*, s < t, is of order 
e-<-s) in L®-, 

This result is not surprising: since f; and u.9: are small, (1.4.1) is close to Zt A:Z1. 
Note however that there is a technical difficulty due to the fact that A; and f; are not 
supposed to be adapted to the filtration with respect to which w; is a Brownian motion. 
In the proof of this lemma, we will need as a preliminary result the 
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Lemma 1.4.2. Under thé àssumptions of lemma 1.4.1, let Ç bé the solution of 

# 
e =.I+pe/ 9g5Çsdw,,. (1.4.3) 

0 

For some fixed 6 > O, let r; be the stopping times with values in [0,+oo] defined by | 

induction by T = 0 and ‘ 

mjai =infft> 75 Jocst-1126} (1.4.4) 

Put also 
' 

N, = inf{j; Tj41 > t} (1.4.5) 

Then for any c > 0 there exists a C such that 

Ee°M < CeCuêt, (1.4.6) 

Proof. First suppoèe that ue = 1; for T; < t < T;41, On {T; < 00}, the process ÇtÇ,._jl —I is 

. equal to the stochastic integral with respect to w; of à process which is uniformly bounded: 

since each component is a time-changed Brownian motion, we deduce that conditionallÿ 

on G,,, the variable T;41 — T; is greater than the first time at which a standard Brownian 

motion is greater than some constant number; thus 

IE[exp —K(T;41 — T;) | G7 ] < e7°% ‘ (1.4.7) 

where Cx — œ as K — o, and therefore 

IEexp —KT; < e K3 (1.4.8) 

When ue # 1, it acts as a change nf time in (1.4.3) so 

IE exp —-K,uî@ < e-CKi, (1.4.9) 

On the other hand, fix some c > 0; let us compute the exponential moment of order c of 

N4; since N; is almost surely finite, we have 

° 

e — S” eP[N, = j] 
3=0 

œ . 

= e°’(IP[Nt>_Ï——1]—IP{Nt>]']) 

j=0 

=1+(e—1) Îe°ÜP[M >j | (1.4.10) 
j=0 
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The event {N; > j} is equal to {7;41 < t}, so from the Bienaymé-Chebychev inequality, 

ce 

es < 1 + (e* — 1)eK#it $" e 1R Kuétin (1.4.11) 
3=0 

for any K > 0. By choosing K large enough so that Cx > c, we deduce (1.4.6) from 

(1.4.9). ( 

Proof of lemma 1.4.1. The idea for proving this lemma is to decompose (1.4.1) into its 

absolutely continuous and martingale parts (see [15] for general decompositions theorems). 

So let ( and Ç, be the solutions of (1.4.3) and 

_ ‘ - f _ 
=1s / G'Acctods+ | c510 T ds (L412) 0 0 

Then the process Z; is equal to the product (( For some 6 > 0 which will be chosen 

later, let us also consider the stopping times 7; defined in lemma 1.4.2 and let us estimate 

Ç, on {t < T,}. On this event, we can write (1.4.12) in the form 

' t CI 

G, =1+ /Û A,C,ds + /Û baC,ds (14.13) 

where 

|bs| < Cs(|fs|+1) +If5| (1.4.14) 

and Cs — 0 as 6 — 0. On the other hand, since IA; is bounded and exponentially stable, 

we deduce from lemma 1.3.1 that there exists a bounded and elliptic Q; and a k > O such 

that A; is (Q:, k) stable; by looking at the equation satisfied by —Ç-:Qt— ! C,, We easily check 

from (1.4.13) that 

[Gl < Cem{—ct + C/Ot l@slds} (1.4.15) 

so that if 6 is chosen small enough, 

t 

[Ge} < Cexp{—ct + C/ lfsld3} (1.4.16) 
0 

on {t < 7 } for some positive c and C since Ç; is uniformly bounded on {t < 7, }, it follows 

that Z; also satisfies an estimate of type (1.4.16). Similarly, on {T; < t < T;41 }, one has 

: . 

|227}| < Cexp{—e(t — 7,) + c/ [fajds}. (1.4.17) 
Tj 
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Then by means of the decomposition 

Ne—1 ‘ 

ZO =225) 1] 2475 (1.4.18) 
sr 

we deduce A 

|Z| < C exp{—ct + C/ |fslds}. (1.4.19) 
0 

Thus lemma 1.4.2 and (1.4.2) imply that Z; is of order e7°* for some c > 0. More generally, 

thie process Z,Z7" is studied in a similar way. [_] 

2. Observability of the system 

We are going to apply the results of $1; we estimate the filtering error in $2.1. In 

$2.2, we study the extended Kalman filter; we give conditions under which it has a good 

performance but we also give in $2.3 two counterexamples showing that it can be quite far 

from the optimal filter. 

$2.1 Upper bound for the filtering error 

Results concerning upper bounds for the filtering error have been obtained in several 

papers (see [3], [9], [4]) and here, we want to obtain asymptotic results for (0.3); more 

precisely, we want to find conditions on the coefficients of our filtering problem that ensure 

that X; — Î; is of order ,/c. We will first consider the simplest case: h almost linear and 

strongly injective (theorem 2.1.1). Then we will study the general case; we will not suppose 

that h is injective but will see how the detectability and the observability of dynamical 

systems can be applied to our non linear stochastic system. More precisely we will prove 

two results:; in the first one we will assume a uniform detectability condition (theorem 

2.1.2); in the second one we will only assume a local detectability condition but will also 

suppose that the initial error is small and that the time interval is not too long so that large 

deviations from the linearized system are rare enough (theorem 2.1.3). The results of this 

subsection are linked with the problem of finding observers for the case € = 0 (see [1] for a 

construction of observers based on filters with small noise). As usually, the estimation of 

X,— Ît is obtained by considering some Kalman-like filter M; and by estimating X; — My; 

in further sections, we will limit ourselves to the study of the extended Kalman filter and 

will not use the results of this subsection; however, it is also important to study more 

general Kalman-like filters; it will indeed appear that the extended Kalman filter has not 
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alwàys à good behaviour. Note also that if we do not want to prove that X, — _Ît is of 

order y/:, but only that it is small, then more general conditions can be found: see [27] for 

a formal study of such a situation. 

Theorem 2.1.1. Assume that 

(i) the variable Xo — my is of order v, in L°°- , for some families mp € IR” and vs > 0; 

(ii) there exists a real constant number l'a such that 

(A(t, x) — B(t, m))*(x — m) < Ppla — m}?; (2.1.1) 

(iii) the processes o(t, X+) and y(t, X:) are bounded in L; 

(iv) the function h is strongly injective, uniformly Lipschitz and almost linear. 

Then X; — X; is of order € in L®°7 on the time interval [to, oo) for any fixed to > 0; if 
v, = O(V€), one can take to = 0. More precisely, one has 

2 
Ve 

—2 . EN ue —1 
[ Xe = Rl < Cae(1- (1-05) ere (2.1.2) 

for some co, c1 > 0. 

Remark 1. The variable X; is not necessarily integrable (one should add an assumption 
on G(t,0)). However, there exist observable variables M; such that X; — M; is integrable 

(one can take the process My used below in the proof), so that the conditional mean of 
[X;| given Y; is almost surely finite; thus Ît is well defined. 

Remark 2. It follows from (2.1.2) that X, — Ît is small as soon as t > €; thus the initial 

layer is very short (as in the linear case) and theorem 2.1.1 is an improvement of previous 
results (compare with [23] after à time change). 

Remark 3. I£ h is not almost linear, we can try to change the signal process so that h{t, X;) 
becomes an almost linear function of the new signal: if é(t,x) is a C!* function such that 
= z/2(t,cfi(t,æ)) for some function #, then X, = b(t, X;) and Y; satisfy a system of type 
(0.3); if theorern 2.1.1 can be applied to this new system and if W is Lipschitz with respect 
to x, we can again conlude that X, — Ît is of order /e. For instance, if h itself is C+?, we 

can try to choose ÿ = h; in this case the observation function of the new system isx — x. 
However this procedure cannot be always applied; for the other cases, see theorems 2.1.2 
and 2.1.3. 
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Proof. Let h; be an observable almost derivative of h. The suboptimal filter that we are 

going to use is the Kalman-like filter with initial condition M = my and gain G; solution 

of . 

G, = k(h*h) * R*, 

k = —k? + 27 gke +1, (2.1.3) 
22 

k = ÉV (-Ta+ r3 +1). 

Since h is Lipschitz and 6 satisfies (2.1.1), the equation (1.1.1) with this gain has à unique 

solution (apply [10]). We have 

t 

X. — My =X0 — Mo + /Ût(fi(s,Xs) — B(s, Ms))ds —/ Gs (h(s, Xs) — h(s, M,)) ds 
0 

+ \/E/Ota(s,Xs)dW8 + \/E/Ot(7(s,Xs) — G,)dB,. (2.1.4) 

By considering 
W - 

Zt = Xt — Mt, W; — (Bt), Qt = €k;I, (215) 
t 

we can write (2.1.4) in the form (1.3.9) with 

At = (FB -— kt)], (2.1.6) 

—h = B(t,X)—B(t, Ma)=T(Xe— Me) — hs (h}"h}) *hl* (h(t, Xe) — hfe, Me) — R(3 — M0)), 
(2.1.7) 

ge = Ve(o(t, X:) y(t, Xe) — Ge) (2.1.8) 

and it is easily verified that A: is (Q:, k:) stable. We want to verify-(1.3.10). We define 

r, =—P5+,/r}+1, r_=r9+,/r}+1, (2.1.9) 

so that l', and —l'- are the roots of the Riccati equation (2.1.3); since ko > T4 , we have 

k, > P, for any t. On the other hand, one gets from (2.1.1) and the almost linearity of h 

that 

Z*Q7" f < C%—|ZJ" < CuekZ1QT* Z, (2.1.10) 

for u. — O, so the first part of (1.3.10) is checked; moreover g%7Q}" g: is of order k; + k{, 

so since A > D’4, it is also of order k;. Thus we can apply lemma 1.3.2 and obtain that 
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|Ze|? is of order ekz. In order to estimate k,, we solve the Riccati equation and obtain 

D4 +FP_y _ U 

—1 

<(Kr_+ 1‘+)(1 — (1 — %)r<"—“‘+>*) [ (2.1.11) 

Thus we have proved (2.1.2) with M in place of Ît and co = l'4, , = D4 +T_. Finally 

X — Xèlla $ I% — Milla + 1X — Malla < 2//Xe — Mellg (2.1.12) 

since the conditional expectation (applied here to X; — M;) is à contraction in L. [7] 

In the linear filtering theory, it is well known that the filtering error may remain 

bounded as the time goes to infinity even if the rank of the observation matrix is less than 

the dimension of the signal: an assumption on the detectability of (G',h') is sufficient. 

We are going to prove that a similar assumption also implies an estimate on the error in 

our framework; since we do not assume here that the system is almost linear, we need a 

uniform detectability condition (see theorem 2.1.3 for a local condition). 

Theorem 2.1.2. Assume that 

(i) the processes o(t, X+) and y(t, X+) are bounded in L; 

(ii) the functions B and h are C! with bounded derivatives; 

(iii) there exists a bounded observable process G+ with values in IR” ® IR* such that for 

any family of F: adapted processes &, the process 

A+ = B'(t, E:) — Gth'(Ë,5t) (2.1.13) 

is exponentially stable; more precisely it satisfies (1.1.7) for some constant c > 0. 

Fix some cp < c. Then if XQ is integrable (so that )Î0 exists), 

[Xe = Kel|, & CaVE + Cal|Xo — Kol|,e7°*. (2.1.14) 

Remark 1. The initial layer is longer than in the injective case. This cannot be avoided: 

consider the extreme case h = 0 and B'(t, &) exponentially stable. 

Remark 2. With reference to the theory of linear systems, assumption (iii) can be viewed 

as a detectability assumption; we can also say that the system is observable if c (and 

therefore co) can be chosen arbitrarily large. 
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Proof. Let M; be the Kalman-like filter with gain G; and initial condition M, = .Îg. ' 

There exists a F; adapted process &; such that 

B(t, Xe) — B(t, Me) — G:(h(t, Xe) — h(t, Me)) = Az(Xe — Me) (2.1.15) 

with A; defined by (2.1.13). By defining Z; and w; as in (2.1.5) we are in the framework 

of lemma 1.3.2 with f; = 0 (so that œ = 0) and g: as in (2.1.8). For any k < 2c, we know 

from lemma 1.3.1 that A; is (cQz, k) stable for some bounded and elliptic Q. Then lemma 

1.3.2 implies the estimation on Z = X — M and therefore the theorem. [/] 

We now explain what can be said when the detectability condition is only satisfied 

locally at some Kalman-like filter. 

Theorem 2.1.3. Assume that 

(i) the process X; is of order e*! for some fixed real number à ; 

(ii) the functions 0 and y are uniformly bounded; 

(ili) the functions B and h are C* with respect to x, and their derivatives are bounded and 

uniformly continuous, that is 

|8'(,x) — 6'(t,m)| + [h'(t,x) — R'(t,m)| < p(|x — m]) “ (2.1.16) 

for some fixed function p converging to 0 at 0; 

(iv) there exists a Kalman-like filter M; with a bounded gain G; such that 

Co 2 
]E€Xp —;!XO — Mol S C (2117) 

for some positive c, and C, and 

A: = B'(t, Me) — Geh'(t, Me) (2.1.18) 

is exponentially stable. 

Then X+ — À; is of order 4/€ on the time interval [0, exp(c/e)] for some c > 0. 

Remark. If h'"h' is uniformly elliptic, then it is easy to find gains which make A; expo- 

nentially stable. Note however that X; — À; cannot in general be estimated on the whole 

time interval [O, 00); for instance when h(x) = (cosx,sin x), we generally know with a good 

precision X, modulo 2x, but even if X0 is well known, large deviations phenomena can 

cause incertitude on the value of X; after a long time. 
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Proof. As in the proof of previous theorem, we are in the framework of lemma 1.3.2 with 

A; given by (2.1.18), g: defined in (2.1.8) and f; defined by 

fu = B(t, Xe)— B(t, Me) — B'(t, Me)(Xe — Me)— Ge(h(t, X:)— h(t, Me) — h'(t, Me)(Xe — Me)). 
(2.1.19) 

However, f; cannot be estimated by (1.3.10), except when the oscillations of G’ and h’ are 

small enough; in the general case, we can only deduce from the uniform continuity of f" 

and h' that for any c,, there exists C, such that 

X— M|<C; —> |fe|<ca|Xe — Mil. (2.1.20) 

Thus, if one considers the stopping time 

T= inf{t >0; |X— Mi|> Cl} (2.1.21) 

and the solution of 

dZ4 = AcZrdt + felqe<rydt + gedun, Zo = Xo — Mo, (2.1.22) 

one can apply lemma 1.3.2 to Z; provided c; be chosen smail enough. Thus (Xt—-Mt)l{ts,.} 

is of order 4/e. Moreover, an application of lemma 1.3.3 shows that an exponential moment 

of |Z:|?/e is bounded, so from lemma 1.2.2, | 

Plæ<es, Z> 01] = O(e-“/e) (2.1.23) 
for some c and c,, or equivalently 

P[7 < e/*] = O(e-/e), (2.1.24) 

Let M; be equal to M, if | M;| is less than €* for some fixed œ < a, À 1/2, to O otherwise. 

On the event {t < 7 }, the processes M; — X; and X{; are respectively of order 4/€ and e* 

which are both negligible with respect to e“; by adding these two estimates, we deduce 

that 

P[M: # M;, t < T] = O(e“*) (2.1.25) 

for any œ. Then write 

Xe= Me=(X = Mi)Leesrp l eapeesr,) + (— MLs Lem,ztz,) + (Xe — Mo)1çe>r3 
(2.1.26) 

The first term is of order /€ and for t < e“/°, the two other ones are very small from 

(2.1.24) and (2.1.25). Thus X;, — M; is of order Ve. Since M, is observable, we can 

conclude. [ 

If one writes the semimartingale decomposition of X, (see [16] or [13}) and if one 
applies lemma 1.2.1, one immediately deduces the 
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Corollary 2.1.4. Assume the conditions of theorems 2.1.1, 2.1.2 or 2.1.3 with B and 

h Lipschitz, o and y bounded, and X — My = O(v€). Then for any real 01 and any 

œ < 1/2, the supremum of | X+ — X;| on the time interval [0,e**] is of order e* in L®-. 

82.2 The extended Kalman filter 

We now study t-he extended Kalman filter which was introduced in $1.1; the point 

that we want to consider is to know whether Pt—l/ *(X; — M;) is of order /€; in the linear 

case and with the optimal filter, this variable has indeed a Gaussian law with mean O and 

covariance el, and if the extended Kalman filter is efficient, it is reasonable to think that , 

this property also holds approximately in the non linear case. The Gaussian structure of 

this variable will be studied more precisely in $3, and we now estimate its order. 

As in $2.1, we are goinË to apply lemma 1.3.2; the equation for X; — M; has indeed 

the form (1.3.9) with 

A: = (B' — yh")(t, Me) — Peh"*h'(t, Me), (2.2.1) 

fe =B(t, X+) — A(t, Me) — B'(t, Mo)(Xe — My) 
— (a(t, Me) + Pah""(t, Me)) (h(t, X+) — h(t, Me) — R'(t, Me)(Xe — Me))(2-2.2) 

and 

Yt = \/E(O(É,Xt) "/(t, Xg) — 'Y(t, Mt) — Pgh,*(t, Mt)) (223) 

Moreover, for any function k;, saying that A; is ( P4, k:) stable is equivalent to 

Pth,*h,(t, M;)Pt + a.(t, Mg) Z ktPt (224) 

where we recall the notation a = oo*. From these equations, we get conditions under 

which we can apply lemma 1.3.2. We first consider the almost linear case. 

Theorem 2.2.1. Let (M;, P;) be an extended Kalman filter such that 

(i) the variable P ""*(Xo — Mo) is of order J€; 

(ii) the functions 0 and y are bounded; 

(iii) the functions B and h are differentiable, almost linear and G'(t, M:), h'(t, Me) are 

bounded almost derivatives; 

(iv) the inequality (2.2.4) holds for some family of deterministic functions k such that 

> 

Pe+ PE* < Ckil. (2.2.5) 
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Then P7*(X, — My) is of order Jë. Moreover, if 

Eexp î€2(Xo — Mo)*P5*(Xo — Mo) < Co (2.2.6) 

for some positive co, Co, then 

Eexp Ë(X‘ — M,)*P7*(X; — M:) < C (2.2.7) 

and ; ; 

IE exp È/; |Xu —‘Mulzdu < CexpC£ k,du (2.2.8) 

for any s < t and some c, C. ‘ 

Proof. The two results are respectively corollaries of |lemmas 1.3.2 and 1.3.3 applied with 

Qe = eP; in order to verify the first part of (1.3.10), note that since B and h are almost 

linear, there exists a family u. — 0 such that 

FÉPE" fe S pe(1+|P|+ \PEW)|Xe — Maf? 

< Cucki|X; — M;/? 

S C[Lgk‘Î(Xt — Mt)*Pt—l(Xt — Mt), (22.9) 

so that (1.3.12) is satisfied for some œ — 0. For (2.2.8), in order to apply (1.3.20), note 

that (2.2.5) implies that k,P7" is uniformly elliptic. 

We now describe a situation for which we can check condition (iv); this situation is 

the most pleasant one: it enables the conclusion for any initial condition Xo provided M 

be chosen large enough. Actually, one can also find more precise sufficient conditions if 

one has some other information about the boundedness or the ellipticity of P,. 

Corollary 2.2.2. Let (Me, P;) be an extended Kalman filter satisfying conditions (i) to 

(lii) of theorem 2.2.1. Suppose also that h is strongly injective, a is uniformly elliptic and 

that the quotient between the largest and smallest eigenvalues of Py is bounded. Then 

Pt_l/2(Xt — M<) is of order e. 

Proof. One has 

Pthl*h’(t,Mt)Pt + a(t,M;) Z C(Pt2 + I) Z C(P—t + Pt—l)Pt. (2210) 
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If there exists a family of deterministic positive functions p; such that p; ! P, is uniformly 

bounded and elliptic, then the condition (iv) of theorem 2.2.1 will be satisfied with kz 

proportional to p; + p; "; thus we only have to proÿe the existence of such a family. Let po 

be the trace of Po; since B', a are bounded, h'*h' is elliptic, by means of (1.3.7) one can 

find positive numbers c;, cz such that the trace of P; is less than the solution of 

De = —c1p$ +C, (2.2.11) 

with initial condition po. Similarly, if pp is the trace of P0_1, writing the equation for Pt_1, 

since h’ is bounded, a is elliptic, one can find c’, c} such that the trace of P;" is less than 

the solution of 

P = -cpt +0- (2.2.12) 

Then P, is between p° ! I and p:1, s0 we only have to prove that p!7* > cpe, or equivalently, 

that p+p; is bounded. We have 

d . 

7 (pepe) = — (cape + ChPt)PePe + ChPi + CaPt 

A —ea(pe + PE)PeP; + ca(pe + Pe) 

cs(pe + pt)(es — PePi) (2.2.13) LA
 

for some c3, C4, cs; thus the derivative of p,p| is negative as soon as p;p; is greater than 

cs; moreover from our assumption about the eigenvalues of Po, popy is bounded; thus pep; 

is bounded. [] 

We can also deduce from lemma 1.2.1 the 

Corollary 2.2.3. Under the assumptions of theorem 2.2.1, if k; is of order e* for some 

real œo, then for any fixed œ < 0 and any 6 > 0, the supremum of Pt_1/2(Xt — M{) over 

the time interval [0,e“} is of order e*/2-5, 

When the functions / and h are not almost linear, we can deduce from the proofs of 

theorems 2.1.2 and 2.1.3 the 

Theorem 2.2.4. Let M; be an extended Kalman filter with gain G: given by (1.1.2). 

(a) If the conditions of theorem 2.1.2 are satisfied for the gain G+, then 

| Xe — Me||, & CaVe + Cal|Xo — Mo||,e7*°*. (2.2.14) 
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(b) If the conditions of theorem 2.1.3 are satisfied for Mz, then there exists a family of 

measurable sets N such that 

P[N] < Cexp ——:— (2.2.15) 

and Pt_1/2 (X: - Me)1ne is of order y/€ on the time interval [0, e“‘|]. 

In case (b), when P; is uniformly bounded and elliptic, a sufficient condition for the 

exponential stability of A; is (2.2.4) for k, = k > 0; however this condition is not necessary; 

for instance there may be bounded time intervals where a = h = 0; note also that we can 

deduce that X;, — M; = O(/e) on [0, e“/*] if we have a priori estimates on the moments of 

Mz. Properties similar to (2.2.7) and (2.2.8) can also sometimes be checked; in case (a), 

when some exponential moment of e7!|X0 — Mo|? is bounded, then 

c€ t 

Eexp —/ |Xu — Mu[*du < Ce°C-») (2.2.16) 
E 8 

for some c and C. 

82.3 Two counterezamples 

In theorem 2.2.4(b), large deviations phenomena prevent us from deriving estimates 

for very large times; moreover when X9 is badly known at time 0 (Po not bounded), the 

extended Kalman filter may provide wrong values for a nonlinear function h even if it is 

strongly injective. We now explain why on two examples corresponding respectively to 

non linear G and h. In these two cases, the fact is that the extended Kalman filter may 

have more than one stable equilibrium. 

Example 1. Suppose that X; and Y, are one-dimensional and solution of 

dX,{ = (2 arctan Xt — Xt)dt + \/Eth, 

(2.3.1) 
dY, = HX,dt + JedB; 

for some positive number H. The deterministic dynamical system associated with X, 
(obtained for & = 0) has two stable equilibrium points xo > 0 and —Zo, and 0 is an 
unstable equilibrium; we suppose that Xo = x0. We consider the extended Kalman filter 
(Me, Pe) with initial value (Mo, Po) = (æo,Po) for some bounded family po; we can apply 
theorem 2.2.4(b) to this system but we are going to see that for some values of H, X, — M{ 
does not converge to 0 as e — 0 uniformly with respect to t € [0,c0). This can be done 
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by applying some results of the theory of large deviations (see for instance [7], we will not 

give all the details); first, we can check that 

œ = li11})c‘log Einf{t > 0; X; < 0} (2.3.2) 

exists and is finite. We fix some a; > ap and we are going to study the behaviour of the 

system at time t, = exp(a,/e). The probability that X; becomes negative before time t, 

tends to 1, so using the symmetry of the equation of X and the strong Markov property, 

lim P[X,, < 0] =1/2. (2.3.3) 
e—0 

Moreover, one can prove from the theory of large deviations that if K is large enough, 

lim lP[sup |Xe| < K] =1. (2.3.4) 
e-—+0 t<ti 

If Q; denotes the set inside the bracket, we are going to study on the time interval (0, t1] 

the process (M;, P;) conditioned on %,. The process P; is solution of 

; 4 — _n?p2 DO E L b, = —H* P? + (1+MÏ 2)P,+1 (2.3.5) 

so if we choose 6 small enough so that 

9 = — 1<0 (2.3.6) 114 (2 — 6) $ 

and if we put 

T=inf{t>0; M:<x0—6}, (2.3.7) 

then 

Pe < H-*(81 + 4/82+ H?) Vpo < C (2.3.8) 

on {t < 7}, where the constant C does not depend on H. On the other hand, the process 

M; satisfies 

d M; = (2arctan M; — M+)dt + P,H"(X; — M;)dt + JeP,HdB,. (2.3.9) 

Consider the deterministic equation obtained from (2.3.9) by putting € = 0 and by fixing 

X; at some trajectory bounded by Æ; if H is small enough, the flow of this equation sends 

27



the interval [ro — 6,00) into itself; now in (2.3.9) we have added a noise of order € H so 

that by using upper estimates for large deviations, one can prove that for some c > 0, 

. c E}l}ÆÛIP{T <ep — | X] =0 (2.3.10) 

uniformly on Q,. Thus by choosing again H small enough, one can manage so that 

lim P [7 < t; | Q} =0. (2.3.11) 

We deduce from (2.3.4) that, with such an H, one has M+, > xo — 6 with a probability 

converging to 1; on the other hand, one has X;, < O with a probability converging to 1/2, 

so X+, — M£, does not converge to 0 in probability. This example shows that the extended 

Kalman filter cannot be used in order to detect phase transitions on the signal; this is due 

to the fact that the gain is not large enough: in this situation, the filter of theorem 2.1.1 

has a better behaviour. 

Example 2. We suppose here that X; is one-dimensional and Gaussian: it satisfies dX; = 

yEdW; and its initial law is the Gaussian law with mean —2 and variance 1; we suppose 

that the observation is two-dimensional and that the observation function is a smooth non 

linear function such that h'(x) = z for any x and h*(z) = 2|x| for |æ| > 1. Consider the 

extended Kalman filter with My = —2 and P = 1/e (which are the mean and normalized 

covariance of Xo); we are going to estimate X — M at some fixed time to > 0. Until the 

first time at which X; < 1l or M; > —1, the filter satisfies 

{ dM, = P:(—3X; — 5M,)dt + VeP:(dB} — 2dB}), 
, 2.3.12 

P, = —5P? + 1. ( ) 

Let (M;, P;) be the solution of this equation for any t, with (W9, P o) = (Mo, Po); note in 

particular that 

et 
— 2.3.1 =+ (2.3.13) 

t 

€/ îîd3=î(t+Po—-Ïjt)s —1— 

0 ô 5 

We have 

t t 

3X; +5M, = 3X, — 10 — 5/ P,(3X, + 5M ,)ds + Jê/ V125P, +9dW, (2.3.14) 
0 O 

for some standard Brownian motion W,, from which we deduce 

J | 
(2.3.15) 

[sup |3X; +5M;| <1 I 13 X — 10} < 1/2 > lP sup 
t<to 
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The stochastic integral inside the right-hand side is a Gaussian martingale, the variance 

of which is bounded from (2.3.13); by writing this martingale as a time-changed Brownian 

motion, we deduce a lower bound for the right-hand side and therefore 

1P[sup I8X; + 5M;| < 1 l |3 X0 — 10j < 1/2] > c (2.3.16) 
t<to 

for some positive co. We also have 

li11àlPLiäf X. >2 { I3Xo — 10| < 1/2] =1. (2.3.17) 
E— <to ; 

Thus 

liminf1P[inf X, > 1, sup M, < —1 ! I8Xo — 10| < 1/2] >0 (2.3.18) 
e—0 t<to t<to 

since the event in (2.3.18) contains the intersection of the events in (2.3.16) and (2.3.17). 

Moreover the probability for |3X0 — 10| to be less than 1/2 is some constant positive 

number, so we deduce that X4 — M£, does not converge in probability to 0; since P4, is 

bounded as € — O, the variable Pt;l/2(Xt0 — M+,) is not of order 4/€, though this property 

holds at time O; this is due to the too strong nonlinearity of the observation function and to 

the unboundedness of P; (which prevents us from applying theorem 2.2.4). This example 

shows that one has to be cautious in applying the extended Kalman filter when the initial 

condition is badly known; of course, in this example, if one drops the second component 

of the observation, the problem becomes linear and is still nearly observable. 

3. Asymptotic filtering 

In $2, we have proved that under some conditions, X; — M; is of order 4/€ when M, 

is the extended Kalman filter. In this section, we prove that Ît — M; is of order €; the 

result is stated in $3.1; the different steps of the proof are detailed in $53.2 to 3.4. In $3.5, 

we prove that the conditional law of X; given ); is asymptotically Gaussian. 

83.1 The main result - 

We now state the main result which will be proved subsequently in several steps. 

Theorem 3.1.1. Let (M:, P;) be an extended Kalman filter. Assume that 

i) the functions o and y are C} with uniformly Lipschitz derivatives: Y b Y P , 

(1i) the functions G and h are C* and their derivatives are uniformly bounded and Lipschitz; 

29



for any fixed € and T > 0, the suprema over {t < T} of |4(t,0)| and |h(t,0)| are variables 

of L; 

(iii) the law of Xo has a density po with respect to the Lebesgue measure, the derivative of 

]‘70 in the distribution sense is a function pp and there exists a family of positive numbers 

v, such that 
/ 

(Xo — Mo)*P5* + 5î—Z(XO) = O(ve); (3.1.1) 

for each e fixed, an exponential moment of |Xo|* is finite; ; 

(iv) the process P, is uniformly elliptic; for any fixed € and T > 0, the supremum over 

{t < T} of |P4| is à variable of L°; moreover the process 

At = —Pt_1a(t, Mt) — (fll — 'yh,)*(t,Mt) (3.12) 

is exponentially stable; 

(v) the filter satisfies | 

|Xe — M* = 0(e + vje-***) (3-1.3) 

for a family v! and for any K > 0 and t > s, 

t 
IEepr/ |Xu — Mujdu < Cx expCrEe(t — s). (3.1.4) 

Then 

P-‘(Ÿ, — My) =O (e + (ve + v;)e-ct). (3.1.5) 

In the end of this subsection, we discuss the assumptions of this theorem. 

Remark on condition (iii). The left-hand side of (3.1.1) is zero as soon as the law of 

Xo is the Gaussian law with mean My and variance eP,. Thus the distance (in some 

sense) between the law of Xo and this Gaussian law enters the initial layer of (3.1.5). The 

basic use of the variable pp /Po(Xo) involved in (3.1.1) is the following integration by parts 

formula: if $ is a smooth function with compact support then 

p/ 

Eld'(Xo) + u (Xo)#(Xo)] = 0. (3.1.6) 

Actually a converse statement also holds; if 

IE[d'(Xo) + vod(Xo)] = 0 (3.1.7) 
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for à variable vy of L°°- and any &, then following the basic lemma of Malliavin’s calculus, 

this implies that the law of Xo is absolutely continuous with respect to the Lebesgue 

measure and u is pp /Po(-Xo) (see lemma 3.2 of [26]). 

Remark on condition (iv). Suppose that P; is uniformly bounded and elliptic, and that 

P,h""h'(t, M4)P; + a(t, M+) > cI (3.1.8) 

for some c > 0. Then one can check that the process À, is (P;*, k) stable for some k > 0, 

so that from lemma 1.3.1, it is exponentially stable and (iv) holds. If A; is bounded, its 

exponential stability is also preserved when the above properties do not hold on a bounded 

time interval. 

Remark on condition (v). We have obtained in $2.2 sufficient conditions implying (3.1.3); 

note that X9 — Mo is not necessarily small but its magnitude enters the initial layer of 

the result. In the framework of theorem 2.2.1 and if k; is bounded for t > to, we can also 

deduce from (2.2.8) that 

t . 
IEexp ê / |Xu — Mul?du < Ce°C-8) (3.1.9) 

for t > s > ty and some c and C (see also (2.2.16)). From Jensen’s inequality, this implies 

that for any K, | ‘ 
t 

IEexp \—I/{_—/ |Xu — Mu|?du < CeCKVélt=s) (3.1.10) 
E Ja 

for e small enough. Then we can deduce (3.1.4) for t > s > to by means of 

t ; 1 t 

2/ |Xu — Mujdu < Ve(t — s)+ W / |* — M,l?du. (3.1.11) 

If the exponential moments of X; and M; are bounded on [0,to], we can then deduce (3.1.4) 

fort>s>0. 

Theorem 3.1.1 can be viewed as a generalization of previous results such as [21], [2]; 

in [22], [23], we did not assume the existence of a density for Xo; here we have preferred 

to use the initial law because it yields more precise results about the initial layer; however 

in $4, we will also derive some results without this assumption on Xo. As a corollary, 

we can also deduce from lemma 1.2.1 an estimate on the supremum of |X; — M+| over 

some time intervals. The proof of theorem 3.1.1 will be divided into three steps. First, 

we will introduce an absolutely continuous change of probability; then we will deduce an 

expression for X; which will involve some derivatives with respect to the initial condition: 

finally, an extension of the integration by parts formula (3.1.6) will yield the theorem. 
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$3.2 Change of probability measure 

We use an absolutely continuous change of probability which affects both the signal 

and observation noises. À classical change is the one which leads to the famous reference 

probability; here, we also modify the probability of the signal in order to focus it on the - 

interesting events. So we fix some family of deterministic terminal times 7 (however, the 

estimates will not depend on T) and we now define a new probability on F7. Let A; be 

the process defined by - 

1 [ 1 /* ; 
—— “ h* Xs st 2 X_,—M_., *p- ,X_,d ; 

A; exp{ \/E_/0 (s, Xs) + \/E/(;( )*P, o(s )dW 

_ ëlg /Ot(|h(s,Xs)|z + |o*(s, Xa)P7*(X, — M,)}*)ds }. (3.2.1) 

For each €, the process ( X;, M*) is solution of a stochastic differential equation, the diffusion 

and drift coefficients of which are respectively bounded and of linear growth as x — o0; 

thus (see lemma 5.7.2 of [13]) some exponential moment of the supremum over 0< t < T 

of |X;|? and |M{|* is finite. It follows from this remark that the local martingale defined in 

(3.2.1) is actually a martingale, and we can therefore define IP to be the probability with 

density Aj* with respect to IP on F,. Applying the Girsanov theorem, if we define 

è 

W, = W — — | 0*(s, X,)P7"(X, — M3)ds, (3.2.2) 
0 

then Wt and Y,//€ are independent P standard Brownian motions. The equation for X; 

can be written in the form 

dX, = a(t, Xe)P7*(X; — My)dt + B(t, Xe)dt + Veo(t, Xs)dWe +y(t, Xe)dY; — (3.2.3) 

with the notation G = B — yh. Note also that 

M = exp-î:{ /oth*(s,X,)dY, — % /0t]h(s,xs)|"’ds 

- /0 t(Xs — M,)*P7"(dX, — B(s, Xa)ds — Y(s, Xs)dYs) 

+ —â— /0 t|a*(s,X5)Ps”'l(Xs — Ms)[2ds}. (3.2.4) 

We are now going to compare À, with the “Gaussian-like density” | 

1 _ 
€Xp—'2—'&_'(Xg — Mg)*Pt 1(.Xt — Mg) 
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More precisely, we have from Itô’s formula 

(Xe = Mo)* PE X— Me) = (Xo — Mo)* P3 *(Xo — Mo) 
t t 

+ 2/ (X, — M,)*P5!'dX, — 2/ (X, — M,)*P7"dM, 
0 0 

t d t 

+/ (X, — MS)"Ë—PÆÎ1(X$ — M,)ds +5trace/ a(s, X,)P7*ds 
0 3 0 

2 
2ds (3.2.5) 

t 
+ E/ lP_.,—l/2 (Y(s, Xs) — y(s, Ms) — Psh"*(s, Ms)) 

o 

with the notation [A]$ = trace( A A*); from (3.2.4) and (3.2.5), we can verify that 

(Xe — Mu)* PE3 (Xe — Me) + 2e log As = (Xo — Mo)*P3*(Xo — Mo) 

+.2/0t(Xs — M,)"P;" [(fl(s, Xs) — B(s, Ms)) — Y(8, Xa)(h(s, Xa) — h(8,Ms))]ds 

+ 2/0t(Xs — M,)"P5" (9(s, X5) — v(s, Ms)) (dYs — h(s, M,)ds) 

+ 2/(Ï(h(s,X__,) — h'(s, M,)(X, — M3))" (dY; — h(s, Ms)ds) 

t t 

- / [lats, Xa) — h(s, MD)|* — |h'(s, Ma)(X, - M,)]*] ds + / |h(s, M,)|?ds 
0 0 

t 

+ / (X, — M5}* [%P;l + P>'a(s, X,)PT" — h*h'(s, M,,)](X_., — M,)ds ° ) l 

+ €/(;ths_1/2 (9(s, Xs) — y(s, M5) — P,h""(s, M3))l:ds 

t. 

+Etrace/ a(s, X,)P;*ds. (3.2.6) 
0 

Our aim is to estimate in some sense this expression. From the equation satisfied by P;*, 

we can write it in the form 

(X—t _— Mg)’Pt—l(xt — Mt) + ZE lOg At = (Xo — Mo)*PO—I(XO -— Mo) 

t t 
+ 2/ bt(s, X,)(dY, — h(s, M,)ds) + / da(s, X.)ds + da(t) (3.2-7) 

0 0 

where the functions 7/; are observable, defined by 

vi(t,x) = h(t, x) — h'(t, Me)(x — Me) + (9(t,x) — y(t, Me)) * PE* ( — Mt), (3.2.8) 
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| wa(t, «) =2(x — M1)* PE" (B(t, x) — B(t, M;) — B'(t, M:)(x — M:)) 

— 2(s — Mo)*P7*(1(t,2) - v(t, Me)) (h(t, =) — h(t, M:)) 
— 2(x — M)*P5*y(t, M2) (h(t, x) — h(t, Me) — k'(t, Me)(æ — M;)) 
+ (x — M:)*PZ" (a(t,x) — a(t, Me)) P7" (x — Me) 

+ |h(t,x) — h(t, Mo) f" — |n'(t, Mo)(e — Mi)f* 

+e|P77*(0(6,0) — aft, Mo) - Ph* (6, M0)|, 
+etrace(a(t,x)P7*), - (3.2.9) 

and the remaining term is put in s. 

83.83 Differentiation with respect to the initial condition 

Since equation (3.2.3)l has a unique strong solution, the processes X; and A; are 

measurable with respect to (Xo, W, Y), so that they can be viewed as functionals defined 

on the canonical space IR” x CF x C$, where CÆ is the space of continuous functions from 

(0,0) into IR*: more precisely endow this product space with the product of the Lebesgue 

measure on IR” and the standard Wiener measures on CF and C%, and consider the solution 

®; of (3.2.3) with (X0,W,Y) replaced by the canonical process of IR" x CT x CË; then, 

since the law of Xo is absolutely continuous with respect to the Lebesgue measure, X; is 

almost surely equal to the composition ®; 0 ( X9, W, Y ). We adopt the following notational 

convention: the same letter will be used to denote a functional ® on IR" x CF x C& 

and the variable ®(X4, W, Y) on %; note however that since the Lebesgue measure is not 

necessarily absolutely continuous with respect to the law of X9, the extension of à variable 

on % to a variable on IR" x CF, x C£ is not necessarily unique; nevertheless the variables 

which will be considered will be given by stochastic differential equations, so that one can 

apply the procedure that we have described for X; and obtain à canonical extension. Since 

only Xo will be perturbed in this section, we will sometimes simply write ®(Xo) and omit 

the dependence on (W,Y). For any vector u in IR”, the law of (Xo + ,u,W, Y) is also 

absolutely continuous with respect to the product of Lebesgue and Wiener measures so if 

® is a functional defined almost everywhere, the notation ®(Xo+u, W, Y) defines a unique 

variable up to almost sure equality. 

Definition 3.3.1. If u is a unit vector, a measurable variable ®(Xg,W,Y) will be said 

to be continuous in probability in the direction u with respect to the initial condition if 
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®(Xo + 6yu) converges in probability to ®(X0) as 6 — 0; it will be said to be differentiable 

in probability in the direction u with derivative V5 ® if 

1 — — 
Vée = lim = (8(Xo + 6u, W,Y) - #(X0,W,Y)), (3.3.1) 

where the limit holds in IP probability; it will be said to be differentiable with derivative 

Vo® if it is differentiable in all the directions and V,® = Vo® u. We will also say that 

the functional ® is continuous or differentiable in L when ®(X9 + 6j) is in LI for 6 small 

enough and the limits hold in LA. 

The theory of stochastic flows uses a stronger definition of differentiability, since one 

assumes the existence of a version ®(x, Ï/Ï7, Y) differentiable with respect to x; actually our 

results can also be proved by using flows and the technique of [5]. However definition 3.3.1 

will appear to be sufficient for our purpose and is closer to the derivability of the stochastic 

calculus of variations of [28]. Since P and P are mutually absolutely continuous, the limits 

in probability coincide for these two probabilities; but for Z, one has to make precise the 

probability; except otherwise stated, it will be IP. Our aim is to prove the 

Lemma 3.3.2. Let Zt be the matrix-valued solution of 

dZ, =a(t, X+)P7" Zidt + o(t, Xe)((0*)'(t, Xe), PTU(X ; — Me)) Zidt + (B' — yh')(t, Xe)Zedt 
+ Veo;(t, X1)Z:dW} + Vey,(t, Xe)Z.dB} (3.3.2) 

with Zo — I; in this equation 0; and y; are the jth columns of 6 and y, and if u is a vector, 

if A(t,x) is a matrix-valued function, (A'(t,x),v) denotes the matrix, the jth column of 

which is 

(A'(t,æ),u)J. = —Ë-Ê;(t,æ)u. (3.3.3) 

Then under the conditions of theorem 3.1.1, X; and log À; are differentiable in L®°— with 

respect to the initial condition, the derivative of X; is Z: and 

(X — M)*P;" = (—svo log As + (Xo — Mo)*Po“l) Z* +O(e+w;e”*). - (3.34) 

Remark. The ‘O(.)’ in (3.3.4) must be understood in L°-(IP). Actually, the chañge of 

probabilities P — IP can be viewed as a change of variables used in order to compute the 

derivatives, but when making estimates, we generally return to the basic probability IP; 

except otherwise stated, the L? norms will be computed under P. 
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Proof. Fix e. The main difficulty is that the coefficients of (3.2.3) are locally Lipschitz, but 

generally not globally. However, if p is some vector of R” and if XŸ denotes the solution 

of (3.2.3) with initial value Xo + , we have 

d(X# — Xe) =a(t, XF)P(XE — Xe)dt + (a(t, XE) — a(t, Xe)) P* (X; — My)dt 

+ (B(t, XE) — B(t, Xe)) dt — 7(t, XF) (h(t, XF) — h(t, X)) dt 

+ Vé(o(t, XF) — o(t, X1)) dWe + (9(t, XH) — y(t, Xe)) (dY; — h(t, Xe)dt) 

=a(t, XE)PE(XE — X4 )dt + o(t, XE)(o(t, XE) — o(t, X4))* PS (XG; — Mo)dt 

+ (B(t, XE) — B(t, Xe)) dt — y (t, XF) (h(t, XF) — h(t, X)) dt 

+ ve(o(t, XF) — o(t, Xe)) dWe + Vefy(t, XE) — y(t, X,)) dBe. (3.3.5) 

Since the exponential moments of fot |X, — M,|ds are finite under IP, we can prove from 

this equation that for € fixed and u — 0, X} — X is of order |u| in L®°-. Then by writing 

the equation satisfied by the process X} — X, — Zzu, one checks similarly that this process 

is of order |u|?, so in particular, X; is differentiable with derivative Z,. One then verifies 

from (3.2.7) that A; is differentiable and that 

EVolog A, = — (Xe — M2)*P5"Ze + (Xo — Mo)*P5" 
t ; 1 à 

+ / (dY, — h(s, M,)ds)"#1(s, Xs)Zs + 5/ vz(s, X,)Z,ds. (3.3.6) 
0 0 

Now suppose that € is no more fixed but tends to 0; the lemma will be checked if we prove 

t t 
(/ (dY, -—h(s,Ms)ds)*wî(s,Xs)zs+%/ wg(s,Xs)sts)Z{1 = O(e+v'e-*). (3.3.7) 

0 0 

Fix some time t; > O and consider the subdivision of [0, o) consisting of times t; = jt; 

the estimate (3.3.7) will be implied by 

z |Zt,- Z{"ll sup 
j,t_.,*<t É'<S<Éj+1 

/ts((h(u, Xu) — h(u, Mu))*1b1 (, X ) + %‘pê('“=Xu))Zng1du 

j 

+ f/ dBiv,(u, Xu)Z47i, | O(e + v£e”*). ; (3.3.8) 

Note that from (3.2.8), (3.2.9) and the boundedness of P7*, we have 

{ v (t, Xe)| < C|Xe — Mil, 
(3.3.9) 

lüê(taXt)l S C(£ + lXt T Mt|2)> 
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so from (3.1.3), |zbî(t,Xt)lz, |X; — Me| | v3 (t, X;)| and v3 (t, X;) are of order € + v!e-©*; we 

can also deduce from classical estimates applied to (3.3.2) and from (3.1.4) that Z2 Z, | is 

of order 1 for t; < u < t;+1; thus the suprema in (3.3.8) are uniformly of order € + w; e7©*3; 

the L norm of the left-hand side of (3.3.8) is therefore dominated by 

Ca Z (E +”else_c°tj)”Zijt—1”2q' 
j7 tj<t 

Thus (3.3.8) will be proved provided that 

|ZsZ2}|, = O(e-“79) (3.3.10) 

for s < t and some c > 0. But if A; is defined by (3.1.2), the inverse of Z; satisfies 

425* =Z" Azdt — 27*((8' — yh')(t, Xe) — (8" — qh)(e, Mo) ) d | 
— Zt_l (a(t,XÙ — a(t, Mt))Pt—ldt — Zt_la'(t,Xt)((a*)'(t,Xt

),Pfl(Xt 
— Mt))dt 

+eZ;" (Z 0503 + Z 45 v;) (t, Xe)dt 

7 J 

- Vez5‘o}(t, X)dW} — VeZ;"1;(t, X+)dBi. (3.3.11) 

By considering the transpose of this equation, since A; is exponentially stable and (3.1.4) 

holds, we can deduce (3.3.10) from lemma 1.4.1 (applied here with G, = F+). ( 

83.4 Proof of the main result 

Since the conditional expectation is a contraction in the spaces L'(IP), we can take 

the (V;, P) conditional expectation in (3.3.4) and obtain 

(X, — My)"P5! = IE[—EVO log A,Z5 " +(Xo — Mo)*P5 * 27" ’yt]+o(e+v;e—°‘). (3.4.1) 

In order to prove theorem 3.1.1, we have to estimate the right-hand side. We will use an 

extension of the integration by parts formula (3.1.6). Since we will consider functionals 

®(x,w,y) which are not pathwise smooth' with respect to , we will have to mollify them: 

to this e-nd, put 

1 
wv(x) = exp —(1 — 22)"! / / exp—(1 — u?)""du (3.4.2) 

—1 

if |x| < 1, O otherwise, and consider the sequence of mollifiers 

Ve(a) = kb(ka). (34.3) 
3T



For some fixed unit vector u, define also the sequence of variables 

+co 

DB u)= f Ba+ En T,y)pn(6)d6, (3.4.4) 
—0 

Ît is easily seen that & *) is pathwise differentiable with respect to z in the direction z and 

98 
06 

(z + 6yu,W,y) = ——/<I>(œ + ôu,'Œ,y)t{:L(ô)dô. (3.4.5) 
6=0 

By taking the above equality at (Xg,W, Y), we obtain V{&(), With this definition, we 

first prove the 

Lemma 3.4.1. Fixe > 0,t < T and some unit vector u; let ® = ®,®, be the product of 

two functionals which are measurable with respect to o-field generated by (x, Ws, Ys; 8 < t); 

we suppose that for some q > 1, ®, is differentiable in L"(IÏ’) with respect to X, in the 

direction u and that ® is continuous with respect to X9 in the direction u in L°°“(1Î°). 

Then ; | 

IÈ[<Ï’%%(X@)/L + B,V#S, | yt} =- Jim É[&1V801° | y; (3.4.6) 

in probability. 

Proof. Take the scalar product of (3.1.6) with u; we first note that the resulting equality 

can be extended to measurable functions # which are C* in the direction u and such that 

Po d'(Xo)u + $(X0)p—O(XO)# 

and &(X0) are integrable; in this case indeed, for almost every x, the functions 6 — 

(PPo)(x + 6j ) and ($po)"(x + 6y u are integrable with respect to the Lebesgue measure, so 

the integral of the latter function is necessarily 0; we conclude by integrating with respect 

to x on an hyperplane orthogonal to u. Thus for any integers (k, k') we can apply (3.1.6) 

in the direction u to the functional Œgk)©gkl) for each (w,y) fixed; by integrating with 
respect to the Wiener measure on & we obtain 

1‘É[«1>$‘”<ng” î—Ê(XÜ )u + 6( yéa(*) 4 ayrg® ' yt] =0. (3.4.7) 

We first study the convergence of <I>gk) as k — x©; >We have 

&* _ 5, — / (81(Xo + 6p) - ®1(X0))br(5)dé (3.4.8) 
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so that 

e - c1>1|| < sP. |æ1(Xo + 6p) - @1(xo)l| (3.4.9) 
<l 

From (3.4.5), using the fact the integral of ; is O and the integral of x4;(x) is —1, we 

also have 

| Xx — ®,(X VEO(®) _ Vée, = — / (… — vg<1>1) El (6)d6 (3.4.10) 

so that 

B1(Xo + 6u) — ®1(Xo) Véæ(®) - Vre H 1” ]5]<1/k” 5 -ng>lllî. (3.4.11) 

We deduce from our assumptions that for some q > 1, the terms of (3.4.9) and (3.4.11) 

converge to 0; we can check similarly that <I>gk') is bounded in L°°“(ÎË) and converges to 

®2 as k' — co. Now by taking the limit in (3.4.7), firstly as k — o0, secondly as k’ — o, 

we obtain (3.4.6). [] | | 

If now we return to the probability IP, we have the 

Lemma 3.4.2. Fix € > 0,t < T and some unit vector u; let ® = ®, ®, be the product of 

two functionals which are measurable with respect to o-field generated by (x, Ws,Ys; $ < t); 

we suppose that ®, (resp. ®,) is differentiable (resp. continuous) in the direction p with 

respect to Xy in L> . Then 

1E[<W3‘ log As + @%(Xo)u + ,V4®, ‘ yt] =— lim EB[9,V89;?|y.] | (3412) 
—0 

in probability. 

Proof. One can check that the variable A7" is in L'(IP) for some q > 1; this implies that 

variables which are bounded (for € fixed) in L°-(IP) are also bounded in L°°“(IÎ”). One 

can also check that (for € fixed) the variables A:(Xo + 6j) are bounded in L4(IP) for some 

q > 1, this fact and the differentiability of log À; in L°°“(lÎ°) imply that À; is differentiable 

in Lq(fiî‘) for some q > 1. We can deduce that ®,A; and ®, satisfy the a.ssumpt10ns of 

lemma 3.4.1; in this case (3.4. 6) becomes 

/ ‘ . 

IE[Œ>V{,‘At + ‘Ï>Atî2(Xo)p+ DI A,VYS, I yt] = — Jim B[A.8,V#99 | V;]. (34.13) 
0 ->80 
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By dividing by Ê[At|yt] we obtain a formula for IP conditional expectations which is 

exactly (3.4.12). [ 

Remark. In the applications, we will estimate the right-hand side of (3.4.13) by means of 

VEa() = — / …5%(5)d5 (3.4.14) 

‘ where we note that —6%,(6)d6 is à probability measure on [-1/k,1/k|. 

Proof of theorem 3.1.1. Let (e;) be the canonical basis of IR”; for each i, we apply lemma 

3.4.2 with ®, = 1, u = e; and ®, equal to the ith line Zf)o of ZZ *. By applying (3.4.14) 

and summing over i, we obtain 

HIE[(Vg log As + po*ph(Xo)) ZZ" l Ve] ”q < liIë1 sgpllZ Zio(Xo + ôe;) — Ê’O(Xo)) ”q. 

(3.4.15) 
Now, for any 6, let W; be the matrix, the ith line of which is the term inside the sum of 

(3.4.15); by studying the equation (3.3.11) of ZZ , since the coefficients involved in this 

‘equation are Lipschitz, we can write W; in the form 

t 
U, = (/ dsszs) z" (3.4.16) 

0 

where S; is a matrix-valued semimartingale, the ith line of of which has the form 

X0 + 6e;) — X](4Y0) =Z/tz o(Xo + 6e:) f2(6) = XE( ds 

+\/“Z/ o(Xo + 6e:)gt (5)…d@ (34.17) 

where w; consists of components of W; and B; ands f; and g*? are matrix-valued processes 

satisfying | 

IF2(6)| < C(1+1X.— Ms|), = |at(6)|<C. (3.4.18) 

For each fixed €, as & — O, the process Si is contiguous in L- to the process 

5, = Z/ Loti(6)Z7ds + J‘Z/ Ziogt(6)Z2'duwt. (3.4.19) 

Since Z,,0 is the inverse matrix of Z,, we deduce that 

EF=H [ 76j + 4T /'at*ojdut = G4 
i i i,k ' 
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where f and 9* are the ith lines of f* and g*. Then we deduce from (3.4.18) that 

>s 5, ,, and therefore also S); Si, are asymptotically of order 1 as 6 — O, uniformly in €. 

Thus the right-hand side of (3.4.15) is of order 1, so that the theorem follows from (3.4.1), 

(3.1.1) and (3.3.10). [ 

$3.5 Asymptotic normality of the conditional law 

In this subsection, as a complement to theorem 3.1.1, we check that the conditional 

law of X, is almost Gaussian after the initial layer. This type of property has been studied 

under particular assumptions in [29] and [19] (in [19] the convergence is checked for a 

topology which is stronger than ours). 

Theorem 3.5.1. Assume the conditions of theorem 3.1.1. Let f(t,x) be a family of real- 

valued observable C* functions defined on IR" with at most polynomial growth as wellas 

their derivatives; define 

& = (eP.)T2(X, — Mo). (3.5.1) 

If f(t,&) is bounded in L°-, then 

Effee)e - f 6) | 9] P = 0(VE+ —\i[_—) (852) 

Proof. We deduce from (3.3.4) that 

_ 1 xp=117- V -c fEDEP® = Z5 10560 [=eVolog A + (Xo — Mo)'P5t| 25* + O(VE + e *). 
(3.5.3) 

By using also (3.1.1), we only have to prove that 

E[ef(t, E:)(Volog A + potpo(Xo))Z7* + VEf"(t é P5* | Ve] = O(e + (ve + w!)e="*). 
(3.5.4) 

Let us apply lemma 3.4.2 with ®, = f(t,&:), u = e: and ®2 equal to the ith line of Z;*; 

by estimating the approximate derivative of Z; " as in the proof of theorem 3.1.1, we can 

deduce that 

E[r(6 8)(Volog A + p5*rb(X0))27" + Vos(té)Z7*|5] =00). @s 
On the other hand, 

Vof(t,&) = —F (t,&)P Z - (3.5.6) 

$
 

o (3.5.4) is proved. [ 
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Corollary 3.5.2. Under the assumptions of theorem 3.1.1, let T be a family of determin- 

istic times such that P, is bounded in L®°- and (v, +v!)e7°7 is of order € for any c. Then 

the conditional law of the variable &, given Y, converges in probability to the standard 

Gaussian law for the weak topology on probability laws. 

Remark. If P, is bounded and v, + w; = O(e), so that the initial law is already nearly 

Gaussian with small enough variance, then no particular assumption is made on 7; on the 

other hand, if v and w, are of order €”“ for some a, and if P; is of order e7“e-* +1, 

then the conditional law is nearly Gaussian for times 7 > log(1/e). 

Proof. First note that since v,e”°” = O(e) for any c, it follows from (3.1.3) that X, — M, 

is of order 4/€ so &, is of order 1. On the other hand, consider the Hermite polynomials 

defined by induction by Ho = 1 and for k > 1, 

H;(x) = =0H;-1(æ) _ H;_,(=). (3.5.7) 

Consider a n-uple of non negative integers (k;,-..,kn) and suppose that at least one 

element, say for instance k;, is non zero; by putting 

f(æ) = J[ #u,(a*) Ha,-1(@*), (3.5.8) 
j#i 

the variable f(€-) is of order 1 so we can apply theorem 3.5.1; by considering the êth 

component of (3.5.2), we deduce from (3.5.7) that 

E[Hkl(êi) …… Hr, (E) yt] = O(v6). (3.5.9) 

If the above expression were zero, it would caracterize the standard Gaussian law. Thus all 

the polynomial conditional statistics of & converge in probability to those of the standard 

Gaussian law. [Q 

4. Asymptotic smoothing 

In this section, we consider a family of deterministic times T and we look for the 

conditional law of the whole path (X,t < T) given Y7. We will use the framework of 

$3 with some restrictions (y = 0, h linear). We first state the theorem in 84.1; the other 

subsections are devoted to the proof. 
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84.1 Statement of the result 

Our aim is to study the signal process X,, t < T, under the filtration F, V Yr: 

more precisely, we want to know whether this is a semimartingale and if it is, find its 

decomposition, or at least an approximation; this will enable us to compute approximate 

conditional statistics of the process. With reference to $3, we are going to assume two 

additional conditions; firstly, we will suppose y = O, so that the signal and observation 

noises are independent; if indeed y # O, since Y; is clearly not a F4 V YT semimartingale, 

the process X; will not be a semimartingale; secondly, we will suppose that h is linear; this 

will avoid us difficulties due to some anticipating processes. We will also restrict ourselves 

to the case where X; — M; is of order 4/€ on the whole time interval. 

We first define a suboptimal Gaussian smoother (Üt,—Pt) which is supposed to ap- 

proximate the conditional mean and variance of X; given Y7r; in order to construct it, we 

linearize (0.3) around the extended Kalman filter and we consider the fixed-interval linear 

smoother for the linearized system (see [18] for the formulas of linear smoothing). This 

can be formulated as the 

Definition 4.1.1. Consider the system (0.3) with y = 0 and let (M+, P;) be an extended 

Kalman filter. The associated Gaussian smoother is then the _so]ution of the backward 

equations 

M = B(t, Me) + (8'(t, Mo) +aft, Mo)P5*)(Me — Mo) (4.11) 

and 

P. = (8'(t, Me) + alt, Mo)P5)Pe + Pi(8'(e, Mo) + aft, M)P7*)" — aft, Me) (4.1.2) 

with final condition (M7, Pr) = (MT, Pr). 

We now want to prove that the conditional law of X; given Yr is approximately the 

Gaussian law with mean M; and covariance eP,. Ina part of the subsequent statements, 

we do not require v, (see (3.1.1)) to be finite; when v, = +oo, this means by convention 

that the law of Xo has not necessarily a density. The basic result is the 

Theorem 4.1.2. Assume the conditions of theorem 3.1.1 with v; = 0 and P;, uniformly 

bounded; suppose moreover that a is uniformly elliptic, y = O, h is linear and that the 

exponential moments of X; — M: are uniformly bounded. Let II be the observable variable 
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with values in the space of probability measures on C} defined as follows: for each observed 

path, it is the law of the Gaussian process x; with initial law N'(Mo,ePy) and solution of 

—1 — T7 du, =a(t, Me)[PE"(21 — Me) — Pi*(æ - M:)|dt + p(t, Mo)de 
+ ,B’(t, Mt)(Œt — Mt)dt + \/EU('Ê, M;)d’ü& (413) 

for a standard Wiener process ux. We also let I(x0, dx) be the law defined in (4.1.3) with 

initial value x and we define 

& = (eP.)T47(Xe — Me). (4.1.4) 

Then 

(a) if ve = O(e), for any family of Yr ® B(IR”) measurable C* functions f(x) such that f 

and f' have uniformly polynomial growth, 

BJIË — Fo) | Yr] =0 - (4.1,5) 
(b) there exists a measurable process X, such that X, = Xo, X, — X4 is of order €, and 

the conditional law of (X,, t < T) given Fo V Y7 is equal to I( Xo, -). 

Note that for each t, the law of x; under II is N(M£,eP+). The result (a) says that 
the conditional law of X0 is approximately Gaussian (as in 83.5) and (b) implies that 

this approximate Gaussian structure is propagated. In particular, as it will be proved 

subsequently, the theorem implies that the conditional law of ( X,, t < T givèn YT is close 

to Il and this can be stated as the 

Corollary 4.1.3. Under the assumptions of theorem 4.1.2, let k be a fixed integer, let 

0 < ti,...,ta < T be families of numbers and let f be a family of real-valued observable 

uniformly bounded functions defined on IR*" which are uniformly (in x and €) continuous. 

If x+ is à continuous path, define 

Ëf,(Œ) = (EÏ5t)"l/2(æt — M;). (4.1.6) 

Then 

(a) if ve = O(e), one has 

1E[f(Ë…-—-ÏË:J l yT] - /f(Ëtl(æ), …… ,Ëtk (æ))IT(dx) — 0 (4.1.7) 
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in probability as € — 0; 

(b) if Xa is bounded in L°°- and t; > log(1/e) for 1 < à < k, the same convergence holds. 

For each deterministic time t, the law of &,(x) under II is the standard Gaussian law, 

so the corollary implies in particular the convergence of the conditional law of &, to the 

standard Gaussian law. Note that the results (b) of theorem 4.1.2 and corollary 4.1.3 hold 

even if the law of Xo is not absolutely continuous with respect to the Lebesgue measure; 

in particular for t = T', we obtain a result for the filtering problem. 

84.2 Estimation of the initial state 

In this subsection, we see how the technique of $3 can be used in order to approximate 

the conditional law of X0 given Y7 and obtain the first part of the theorem. We first prove 

the 

Lemma 4.2.1. Under the assumptions of theorem 4.1.2, the process P; is uniformly 

bounded and elliptic, the process X, — M+ is of order /€ and for any K > 0, 

t ; . ; 

IEepr/ |Xs — Î\Îst < CKeCK‘Æt. -(4.2.1) ° _ 

Proof. Recall that A; is the process defined in (3.1.2) and let Ç,; be the associated 

fundamental solution as considered in definition 1.1.4; since A; is exponentially stable, Çs 

is of order e7©*-*) for s < t. Then the solution of (4.1.2) can be written as 

T 

Pe=cirPrer+ / Çesa(s, M3 )Ce,sds. (4.2.2) 
t 

Since a and Pr are bounded, we deduce that P; is also bounded. By writing the equation 

satisfied by P; 1, since a is uniformly elliptic, we prove that it is also bounded so P, is 

elliptic. However, for the study of X; — M+, we cannot directly apply the technique which 

was used for X, — M, because M is anticipating for F,. Thus we use an auxiliary process: 

consider the solution of 

Pe = B(t,pe) + Ko(Xe — Pr) (4.2.3) 

with po = Xo, for some positive Ko which is large enough, so that X;— p; is easily estimated 

from the results of 81.3: it is of order 4/€, its exponential moments are bounded and it 
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satisfies an estimate of type (4.2.1). Thus we only have to prove that M — p; is of order 

VE and satisfies also an estimate of type (4.2.1). But 

%(ÎÏt — pr) = B(t, Me) — B(t, pe) — AT(Me — pe) — Aï(pe — Mi) + Ko(pe — Xe) (4.2.4) 

so that 
T 

-M_t — f = ÇZT(MT - PT) - / Çî,.g [fl(s: Ms) - fl(“">Ps) + A:(Ms T ps) + KO(P5 - Xs)]d5- 
t 

| (4.2.5) 
Since M; — p; and p — X, are of order ,/€, the process M ; — pz is also of order E and 

T 

M u — Pu| < c_/ e_°(°"")(lpv — X|+|X - Mv|)dv + C|Mr — pr|e-“T-#) (4.2.6) 

so ‘ 

t t 

/ 14 — pajde < C\Mr - poj+C f (\ou — Xe] + [Xc — Mu]) du 
s T 8 

+ C/t e* (|pu — Xu] + |Xu — Mu|)du. (4.2.7) 

The exponential moments of M7 — pr are bounded; the exponential moments of the second 

term are estimated from (3.1.4) and a similar property for pe — X; (see the construction 

of pr); finally, from the Jensen inequality 

T 

1Eepr/ e—°(u_t),(lpu — Xt + 1X — Mu|) du 
A _ 
T 

< c/ e—c(u—t)Œexp —Ic£ (|pu — Xul+1Xa — Mul)du (4.2.8) 
t 

which is uniformly bounded. The lemma then follows. [ 

Sketch of the proof of theorem 4.1.2, part (a). Recall that the process A; was defined in 

(3-2.1) and consider the process L+, 0 < t < T, defined by 

1 t — 4 _ Lz* = a7" exp{ — — | (X, —- M,)'P;'o(s, X,)dW, 
VE Jo ° 
1 ‘ —=-1 =— 2 - Œ/o |0*(s, X2)P,"(X, — Ms)*ds}. - (429) 

One can check that for € fixed, some exponential moment of |M+|? is bounded, so A,L;" is 

a (FeVYr, ÎË’) martingale and if P is the probability measure on Fr absolutely continuous 

with respect to IP with density ATL;1, the process 

t 

W:=W,+ _1_/ 0*(s, X,)P; (X, - M3)ds (4.2.10) 
VE Jo 
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is à (F, V Yr, P) Brownian motion. Note that Y; is measurable with respect to the initial 

o-field of this filtration, so it is not a semimartingale; however, since we have assumed 

y = 0, the process X; is a semimartingale with decomposition 

dX; = a(t, X+) [P{‘1(Xt — M:) ——Î:1(Xt ——Î/Ït)] dt + B(t, Xe)dt + Veo(t, X+)dW-+. (4.2.11) 

We wanit to obtain a formula for L; similar to (3.2.7). Note first that (4.2.9) can be written 

as 

1 ! — 4>1 
L; = A, exp -—{ / (X, — M,)*P, (dX3 — ,B(s,Xs)ds) - (4.2.12) 

E < Jo 
t , 

+ / (X, — Üs)*Î:la(s,X3)[âî:1(Xs — M,) - P7‘(X, — Ms)]ds}. 
0 .( ' .( 

On the other hand, since M; and P; are absolutely continuous and YT measurabl_e, they 

are F, V YT semimartingales and we deduce from Itô’s formula that 

t 

(Xe — Mo)"P7*(Xe — Me) =(Xo — Mo)*P3*(Xo — Mo) +2 / (X, - MP dX, 
‘ 0 ; 

so that 

—-1 — —— 
2elog(LeA5*) =(Xe =— Mo)*P, (Xe — Me) — (Xe — Mo)*P5 (Xo — Mo) 

+ 2/ (X, — M,)*P;" [Ms — A(s, X,) — a(s, X,)P7*(X, - M3)] ds 
[) 

t D __ — + / (X, - M,)"P;" [î)‘s + a(s,X__,)] P;'(X, - M,)ds. 
0 

(4.2.14) 

By writing this equation at time t = T, and using (4.1.1), (4.1.2) and (3.2.7) (since y =0 

and h is linear, one has ; = 0), we obtain 

T 

2e log LT = (Xo—Mo)*Po—l(X0—Mo)—(Xo—ÿo)*Îgl (Xg—-Ï\ÏO)+À gb4(s,Xs)ds+îbs(T) 

‘ (4.2.15) 
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where 

va(t,) =va(t,2) — 2(e = M0"P;" (8(t,=) - A(t, Me) — 8'(t, Mo)(e — Mo)) 

+(x — M1)*P, (a(t,x) — a(t, Me)) [Ël(æ — M+) — 2P7‘(x — Mt)] (4.2.16) 

and #5(T') is an observable variable. The variable Ly can be viewed as a functional of 

( X…W, Y) and we want to differentiate it with respect to Xo; we can indeed define a 

differentiation operator Vo as in definition 3.3.1 and check that Æ; is differentiable in 

L®- and that its derivative Z; is solution of 

dZ4 =a(t, X1)(P5* — P;")Z1dt + B'(t, X,)Z dt + Veo;(t, X+)Z,dW; 

+o(t, Xe)((0*)'(t, Xe), P5(Xe — Mi) — PL (X, — M+))Z:dt — (4.2.17) 

with the notation defined.in (3.3.3). We deduce that L7 is also differentiable and that 

T 
2eVolog L = 2(Xo — Mo)*P5* + X0 — Mo)*P;" + / va(t, Xe)Z:dt. — (4.2.18) 

; 0 

By proceeding as in $3.4, we can also prove the integration by parts formula 

! 

B/(Eo)Volog Ln | Yr| = —B[PX0)FEs) + EF* |yr]. — (4219) 
From (4.2.18), (4.2.19) and (3.1.1), the proof of (4.1.5) is easily reduced to the proof of 

/T va(t, X.)Z.dt = O(e). … (4.2.20) 

The process 4 (t, X;) is of order € so it is sufficient to prove that Z; is of order e-©*. First 

note that the process W; is a (F: V Yr, IÎ’) semimartingale, so under IP, it is also a F, V YT 

semimartingale and it is a F, Brownian motion; moreover, the process 

— _ —=1 A: = a(t, M:)(P£* — P, ) + B'(t, M;) (4.2.21) 

can be shown to be exponentially stable (it is (P4, k) stable for some k > 0) and equation 
(4.2.17) can be written as 

dZ, =A:Z.dt + (a(t, X4) — a(t, M:))(P&! — P,")Z ,dt 

+ (B'(t, Xe) — 8'(t, Me))Zedt + Veo,(t, X,)Z dW} 

+ U(t,Xt)((0'*)l(t, Xt), Pt_l(Xt — Mt) -— Îît—l(Xt -— T\Îg))Î;dt (4222) 

From lemma 4.2.1 and (3.1.4), the assumptions of lemma 1.4.1 are satisfied so we can 
deduce that Z; is of order e-**. C 
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843 Stochastic calculus of variations and change of probability 

The process W is à (F+ V yT,I—P—) semimartingale, so since IP and P are mutually 

absolutely continuous, it is also a (F; V Yr, IP) semimartingale; its martingale part is a 

Brownian motion and in this subsection, we want to compute its finite variation part. The 

main tool will be the differentiation of variables @(Xg,W, Y) with respect to W, more 

precisely with respect to absolutely continuous perturbations of W. The theory of these 

perturbations is generally called the stochastic calculus of variations, or the Malliavin 

calculus, and has been widely studied (see [28]); the fundamental result of this calculus is 

an integration by parts formula and actually, the result that we will prove (lemma 4.3.2 

below) is a result of the same type. We will adopt the 

Definition 4.3.1. Let ® and , be functionals of (Xo,W,Y). The variable ® will be 

said to be differentiable with respect to W with derivative W, if for any bounded F+ V Yr 

adapted process u;, one has 

— T 1 
lim * (<I>(X…W +6 / u,ds, Y) — <I>(X…W“,Y)) = / V,u;dt (4.3.1) 
6—0 6 0 0 

where the limit holds in probability. In this case, we will note D,® = w,. 

Using the calculations of $4.2, one can deduce from (4.2.11) and (4.2.15) that X, and 

Lx are differentiable with respect to W and that 

Èth = \/E—Z—5Ît_la(t,Xt)l{tss}, (4.32) ‘ 

T 
2eD,log L = / va(s, X,)D,X,ds. (4.3.3) 

PS ‘ 
On the other hand, one can check the existence, for each fixed e, of a œ > 0 such that A7 

and LyA7' are respectively in Ll+°‘(ÎË) and L'+*(P); by putting q = (1 + a)?/(1 + 2a) 

and by means of the Hôlder inequality, this implies that 

T = cx2 a A œ 1EL%=IE[(LTA;I)( +a/0+20) ( r A7!) 0* )/(1+2°)Ag…] 

< [Ê(LTA;1)(a2+a)/a] a/(l+za):[Ë(Lq‘AîlAâ«+a)] G+a)/(1+2a) 

a/({i+2a)r- (U+a)/(1+2e) 

(Pazte] < [E(Lra7")"*°] ajte 
< œ. (4.3.4) 
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One checks similarly that 

1 — ' — P 
lim sup —”LT(W + 6/ usds) — LT(W)“ < 0 (4.3.5) 
s— Ô 0 a 

for some q > 1. We are going to verify that these two properties imply the 

Lemma 4.3.2. The process 

é 
W, = W, — / IEŒ_, log LT I F3 V yT] *ds (4.3.6) 

0 

is à (F: V Yr, P) Brownian motion. 

Proof. For any bounded F+ V Yr adapted process u;, 

T T 2 T — 1 — 6 *x _— = * “c 2 _ /Û u;dW , = {1)_I_IH) 5 (exp{ô/0 u3 dW ; 3 /0 s| ds} 1) (4.3.7) 

where the limit holds in L®-(P). Thus, since L7 is in a L'(P), q > 1, 

T T 

E / u* dW , =îË[LT / u;dW5] 
O 0 

1(æ T7 _ (, à _%1—I—IË>Ï(IE[LT exp{ô/(; u,dW , — Î/o jus| ds}] _ 1). (4.3.8) 

But from the Girsanov theorem, the multiplication by the exponential in the expectation 

is equivalent to a perturbation on W so that 

T __ 1—_ _ : __ 

IE/ u;dW , = lim ’—IE[LT(W + 6/ u,ds) — LT(W)]. (4.3.9) 
0 6—0 6 0 ; 

The integrability condition (4.3.5) shows that we can exchange the limit and the expecta- 

tion and therefore 

T _ —- T_ 

IE/ u; dW , =IE/ D,Ly u,ds 
0 0 

—— T——- 

=IE[LT / DslogLTusds] 
0 ; 

T—— 

=]E/ D,log Ly u,ds. (4.3.10) 
0 

Thus W; is à martingale; from its quadratic variation, it is necessarily a Brownian motion. 

O 
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Proof of theorem 4.1.2, part (b). When considered as a (F; V Yr, IP) semimartingale, the 

process X; has the decomposition 

——1 
dX, =a(t, X1)[P(Xe — Me) — P4 (Xe — Me)]dt + A(t, X )dt 

+ Veo(t, X.)IE[D: log La | Fe V Vr]*dt + Véo(t, X+)dW.. (4.3.11) 

On the other hand, consider the solution of 

dX, =alt, Me) [PE(Xe — Me) — P(% — Mo)] dt + A(t, Mo)di 

+ fl’(t,Mt)(Xt — Mt) + \/E0‘(t, Mt)th (4312) 

with initial condition X = Xo. Then the law of X conditioned by X9 is Il(Xo, ), so in 

order to prove the theorem, it is sufficient to prove that X;, — X; is of order €. Using the 

process A; defined in (4.2.21), the equation for X, — X; can be written as 

d(X1 — Xe) =A(X. — Xo)dt + (a(t, Xe) — aft, Me)) (P5(Xe — Me) - P5(Xe — TF0) )de 

+ (fl(t,'Xt) — B(t, Me) — B'(t, Me)(Xe — Mt))dt 

+ Vé(o(t, X:) — o(6, Mo))dW 
+ Veo(t, X.)IE[D;1og L7 | Fe V Vr]”dt. (4.3.13) 

The process D, log L7 is given by (4.3.3) and by proceeding as in the proof of (4.2.20), we 

can deduce that it is of order 4/€; moreover the process A; is exponentially stable so we 

can apply lemma 1.3.2 and deduce from (4.3.13) that X;, — À, is of order €. C 

Proof of corollary 4.1.3. We first deduce from theorem 4.1.2, part (b), that in the left-hand 

side of (4.1.7) one can replace the process X; involved in Ë, by X;; thus, defining 

ÇÔ('Û) - /f(Ét1 (æ)’ ... ’Ètk (Œ))H(_M—Ü + (EÎD—0)1/ZTÏ’ d.'L‘), (4-3-14) 

it is sufficient to prove that 

B[é(és) | Vr] — f étn)rotdm) — 0 (4.3.15) 
in probability, where 9 is the standard Gaussian measure on IR”. By using the exponential 

stability of the process À; defined in (4.2.21), we prove that if n and n’ are two vectors 

of IR” and x; and x; are the solutions of (4.1.3) with initial values Mo + (ePo)*/?n and 

Mo + (8Î0)1/277', then 

| |es — {| < C* Vn - n (4.3.16) 
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so 

|£r(æ) — ée(a")| < Ce7°*n — n'|. (4.3.17) 

Thus, if 7 is the infimum of t;, 1 < à < k, we have 

|é(n) — d(n°)| < p(e7°7|n — n°|) (4.3.18) 

where p is a bounded function converging to O at O linked with the uniform modulus of 

continuity of f. In case (a) we can deduce from theorem 4.1.2, case (a), that the conditional 

law of & converges to T (see the pfoof of corollary 3.5.2), so since the functions # are 

uniformly continuous, we obtain (4.3.15); in case (b), we can define on a enlargement of 

the probability space an independent standard Gaussian variable mo; the distance between 

Eg and no is of order 1//€ and 

Efé(Eo) | Pr] - f 6(m)ro(ém)| < [|6(E2) - (n0) | vr] 
< E[p(e”""IE, -ml) |Yr] — (43.19) 

which converges to O because p is bounded and e”“T[£, — no| converges in probability to 

0. [J 

5. Estimation of some non continuous functionals 

Results of $2 imply that continuous functionals of X can be approximated by means 

of some Kalman-like suboptimal filters. Now if the functional is not continuous, other tools 

can sometimes be used; for instance if the functional is given by a stochastic differential 

equation driven by X;, we can use the results of [24] in order to estimate the difference 

between this functional and the solution of the same equation driven by some observable 

approximation M, of X,; the following result says that under the assumptions of $3, the 

convergence holds when M; is the extended Kalman filter if the time interval is not too 
large. 

Theorem 5.1. Consider the time interval [0,T] with T = K/e, K > 0. Suppose that X; 
1s solution of (0.3) with B = eb; assume that Xo is bounded in probability, that b{t,x) has 
uniformly linear growth, that 0 and y are bounded, that h' is bounded and Lipschitz; let 
M be a Kalman-like filter with a bounded gain G+ and suppose that sup,cq |Xe — Me| 
converges in probability to 0, that À, — M; = O(e) in L* and that X+ — X, = O(We) in 
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L?. Let f(t,x) and g(x) be families of respectively observable and deterministic functions 

which have uniformly linear growth and are uniformly Lipschitz; let U, be the solution of 

dU, = ef(t,U,)dt + g(U,)dX; (5.1) 

with some deterministic initial value Up = ug. If V; is the solution of 

dV, = ef(t, V:)dt + g(V:)dM( — (5.2) 

with Vo = uo, then sup+cr |Ue — V:| converges in probability to 0. 

Sketch of the proof. It is well-known that the process 

L= —\}—_g(1q - /OtIE[h(s,Xs) | V.]ds) (5.3) 

is à standard Y; Brownian motion: it is the innovation process. Now write (1.1.1) in the 

form 

dM, = eb(t, My)dt + G,E [h(t, X;) — h(t, Me) | Ve]dt + VeGadI, . (5.4) 

which is the decomposition of M; as a Y, semimartingale and note that since Ît — Mç and 

[X , — Ît|2 are of order €, the second term is of order € in L! (apply Taylor’s formula to 

the function h at point X :); thus, by integrating on [0, T|, it appears that the variation on 

(0, 7] of the finite variation part of M; is bounded in probability; its quadratic variation 

is‘also bounded. The same property holds for X; considered with the filtration F4 D Y4. 

Moreover we have assumed that sup, | X;, — Mç| converges in probability to 0. Thus we can 

apply theorem 2.4.3 of [24] and deduce the theorem. [7] 

Some equations which are more general than (5.1) can also be dealt with; for instance 

the function g may be allowed to depend on t and to be random; we refer to [24] for the 

set of assumptions which has to be used in this case. In theorem 5.1, the time is at most 

of order 1/e because each error on the estimation of U, is propagated on the whole time 

interval [s, T] without damping, so that for large times |[U, — V;| may be large; however, if 

(5.1) is a stable equation, so that a perturbation of order 1 on the state at time s leads to 

à perturbation of order e-“e(t-s) at time t > s, then the difference U; — V; remains small as 

T — 00; in this case, if we consider (M:, V:) as a suboptimal filter for the signal ( Xe, U+), 

this filter has two time scales: a fast component M, (memory length of order 1) and a slow 

component V; (memory length of order 1/€). 
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