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EFFICIENCY OF THE EXTENDED KALMAN FILTER
FOR NON LINEAR SYSTEMS WITH SMALL NOISE

EFFICACITE DU FILTRE DE KALMAN ETENDU POUR
LES SYSTEMES NON LINEAIRES AVEC PETIT BRUIT

Jean Picard

INRIA Sophia Antipolis
BP 109
06561 Valbonne Cedex (France)

Reésumé. On étudie asymptotiquement le probleme de filtrage non linéaire lorsque le
bruit tend vers 0. On donne des conditions suffisantes pour que erreur du filtre tende
vers ( et sous ces conditions, on montre que le filtre de Kalman étendu est un bon filtre
sous-optimal; le probleme de lissage est également abordé. Les démonstrations utilisent le
calcul stochastique des variations, des estimations concernant la linéarisation des systémes

stochastiques et des changements de probabilité.

Abstract. The problem of nonlinear filtering is studied asymptotically as the noise tends
to 0. Sufficients conditions for the filtering error to tend to 0 are derived and under these
conditions, 1t is proved that the extended Kalman filter provides a good suboptimal filter;
the smoothing problem is also studied. The proofs use the stochastic calculus of va,i'ia,tioﬁs, .
some estimates for the linearization of non linear stochastic systems and some changes of

probability.

Key-words. Nonlinear filtering with small noise, Extended Kalman filter, Linearization

of stochastic systems, Stochastic calculus of variations.

AMS Subject Classification (1980). 93k11, 93B07, 60G35, 60F05.



were devoted to two properties of the asymptotic filter; firstly it was proved to be nearly
Gaussian under some particular assumptions in {29], and with a different method in [19];
secondly the problem of estimating its memory length was tackled in [20]. On the other
hand, if h is not one-to-one, it is more difficult to find an asymptotic filter; in {30], sufficient
conditions for the error to tend to 0 are obtained for a particular class of systems; in |[27]
some examples are studied formally and in |6] the one-dimensional case with a piecewise

monotone function h is considered.

For the second direction of research (application of the theory of large deviations),

the filtering problem which was studied is the system

{ dX; = B(X:)dt + Veo(X,)dWs, (0;2)

Here, both signal and observation noises are small and they have the same order of mag-
nitude. By means of the so-called robust filter, one can consider the conditional law of
X as a continuous function of Y’; in [11'], one studies the asymptotic behaviour of this
function taken at some fixed observation path; a large deviations principle is obtained;

some further results are also obtained in {12]. Moreover, if one puts ¢ = 0 in (0.2), one

obtains a deterministic system; it is explained in {1] how formal approximations of the non

linear filtering problem can lead to observers for the deterministic system.

In this work, we are going to study the generalization

{ dX, = B(t, X¢)dt + Veo(t, X)dW, + /ey(t, X;)dB, 03)

dY, = h(t, X,)dt + /zdB;

of (0.2), but with the aim of finding approximate filters as in [23]. Note that we allow
correlation between the signal and the observation noise and that the system is inhomoge-
neous; moreover we allow the coefficients to be random provided they are observable, and
no extra regularity with respect to ¢t will be assumed, so that our rcsults can be applied to
controlled systems. The coefficients in (0.3) may also depend on ¢ under some conditions
which will be made precise later. We will first look for conditions ensuring that the filtering
error (difference between the signal and the optimal filter) is of order /¢ as ¢ — 0; these
conditions will include the case where h 1s one-to-one but will be more general; roughly
speaking, they will say that some assoclated linearized system is detectable; in particular

we will have to estimate the probability of large deviations of the non linear system from
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a neighborhood of the linearized system. We will also estimate the difference between the
signal and the extended Kalman filter; we will give conditions under which it is of order
V€, but will also check that it may be quite large if the nonlinearities are too strong. Then,
under good conditions, we will be interested in proving a central limit theorem: we will
check that the conditional law of X, given Y, s < ¢, is asymptotically Gaussian (as in 129],
19]) and that it is approximately given by the extended Kalman filter; when v = 0 and
h 1s linear, we will also study the conditional law of the whole trajectory (X,,s < t) by

means of some approximate Gaussian smoother.

Let us explain the link between (0.3) and the model (0.1) which was previously studied.
By changing the time scale (¢ — t/¢) and the order of magnitude of Y; (Y — Y/¢), we

transform (0.3) into

1
dXt = Zﬁ(t,Xt)dt - O'(t, Xt)th - ‘T(t,Xt)dBt,
dY; = h(t, X;)dt + edB;.

(0.4)

Thus, by proving results on (0.3) which will be uniform for large times, we will deduce
results on (0.4); moreover, by using other time scales, we can study systems with other
magnitudes of noise as in [21]. Note that (0.4) is a generalization of (0.1); however, the
drift coefficient can be of order 1/¢, and therefore it cannot be neglected as it was in
123]. On the other hand, if we transpose the results of [23] to (0.3) by a change of time
scale, we generally get some estimates only for large times; in order to get also results for
bounded times, we will need assumptions on the initial condition. Note also that in 23]
we only studied homogeneous systems and that we obtained a filter which is simpler than
the extended Kalman filter; here we will take advantage of the particular properties of the

extended Kalman filter in order to study inhomogeneous systems.

Let us now set some notational convention. Nearly all the functions and processes
which are considered in this work are allowed to depend on the parameter £; however
this dependence will generally not be emphasized by some sub- or superscript; we will
use the expression ‘family of functions, processes, ...’ in order to say that the functions,
processes, ... are indexed by . A family of functions will be said to be bounded if it is
bounded by some constant number which does not depend on e; the same convention will
be applied for some other properties such as Lipschitz continuity or ellipticity for matrix-
valued functions. If f is a function, its derivative or more generally its Jacobian matrix

will be denoted f’; in particular, if f is defined on IR and real-valued, f' will be a line
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vector. If A is a matrix, its transpose will be denoted A*. In IR" we will 1se the Euclidean
norm, and for matrices |A| will be the supremum of |Az| over unit vectors z. The constant
numbers involved in the calculations will be denoted by ¢ or C and will vary from line to

line; the dependence on some parameter will be emphasized by a subscript. The following

assertions will be assumed in all this work:

The framework. We fix a family of probability spaces (2, F, F;,IP), we let n, p, d be
fixed positive integers and we consider four families of functions 3, o, v and h defined
on [0,00) x 2 x IR™ and with values respectively in R", R"” @ R?, R" ® R? and R?;
we suppose that they are P(F) ® B(IR") measurable, where P(F) denotes the o-field of
Fi predictable events, and that they a,re.]ocally bounded: the SUprema, of their values
over compact subsets of IR, X IR™ are almost surely finite. We consider two families of
independent standard F; Brownian motions W; and B; with values respectively in IR
and R® and we suppose that (X;,Y;) is solution of (0.3). Moreover, letting V; be the
filtration generated by Y;, we assume that the coefficients 3, o, v and h are P(Y)® B(IR"™)
measurable: we will say that they are observable and more generally, an observable process
will be a V; predictable process. The conditional mean of X; given Y1 will be denoted X ‘.

We will also use the notation a = co™*.

Other definitions which will be used in this work will be given in §1.1. The paper is
organized as follows. In §1, after some basic definitions, we prove some preliminary lemmas
concerning the stability of stochastic systems; as an application, in §2 we find conditions
under which X, — X, is of order v/€ and also conditions under which the extended Kalman
filter satisfies the same estimate. In §3, we estimate the difference between the optimal filter
and the Gaussian law provided by the extended Kalman filter; in §4, using an approximate
GGaussian smoother, the same study is worked out for the smoothing problem under some
particular conditions; in §§3 and 4, we need some results from the stochastic calculus of
variations (see [28]); these results are obtained by perturbing the initial state (§3) or a
Brownian motion (§4); since they do not appear exactly in the literature, we prove them
(actually in our particular framework, we do not need the best possible results); as a
consequence, no previous knowledge of this theory will be assumed. Finally, in §5, we
consider some stochastic differential equations driven by X; and prove that they can be
approximated by the similar equations driven by the extended Kalman filter; this will

provide examples of filters involving two time scales.
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1. Definitions and preliminary results

In this section, we first recall the equations of the extended Kalman filter and give
some other definitions in §1.1. Then we obtain some basic results about estimation of

processes in §1.2, and we study the stability of linear stochastic systems in §1.3 and §1.4.

§1.1 Basic definitions

We first recall the construction of the extended Kalman filter (see for instance [8] for
the uncorrelated case v = 0); the aim of this procedure is to find an easily computable
approximation of the conditional law of X; given };. To this end, one replaces the system
(0.3) by an approximate linear system; more precisely, one replaces 3 and h by linear
functions, o and v by constant functions (with respect to x) such that the values of 8,
B', o, v, h and A’ for (0.3) and the approximate system coincide at some M; which is
an observable process; one also replaces the law of X¢ by some Gaussian law. Since the
approximate system is conditionally Gaussian, one can easily compute the approximate
conditional mean of X, given ), (see [17]); thus we construct with this procedure an
application which relates any observable process M; to the corresponding approximate
conditional mean, and the extended Kalman filter is by definition the conditional law
obtained for a fixed point of this application. In this work, we will not make a precise

choice for the initial value of the filter so that it will not be unique (actually the properties

of the initial value will be crucial in several results, so we want to keep some freedom for

choosing it). By writing precisely the equations, we obtain the

Definition 1.1.1. Let M; and P, be observable processes with values respectively in IR™
and in definite positive symmetric matrices of order n. Consider the process with values
in probability measures, the value of which is at each time t the Gaussian law with mean
M; and covariance ¢P;. We will say that it is an extended Kalman filter for (0.3) if M, is

solution of

t ¢
M, = M, +/ B(s, M,)ds +f G,(dY, — h(s, M,)ds), (1.1.1)
0 0

the gain G, is given by
G, = "}’(t, Mt) + Pth,*(t, Mt) (1.1.2)

and P 1s solution of the Riccati equation
P, = —Ph"*R'(t, M) P, + (8" —vh')(t, M) P. + Py (B — vR')"(t, My) + oo*(t, M,). (1.1.3)

6



If this holds, we will also say that (M,,P,), or simply M, is an extended Kalman filter. If
My is solution of (1.1.1) with another process G, we will say that it is a Kalman-like filter
with gain G;. '

Note that P, is the covariance matrix divided by &; with this normalization indeed,
the parameter ¢ does not appear explicitely in equations (1.1.1) to (1.1.3) (however the

coefficients may depend on it). We now define some terms which will be frequently used.

Definition 1.1.2. Let f(t,z) be a family of observable functions with values in some
Euclidean space. It will be said to be almost linear if there exists a family of matrix-valued

observable processes F; such that

‘f(t,:c)-—f(t,m)——Ft(:c—-m)[ Spsim—-mj _ (1.1.4)

for some family of numbers u. converging to 0; the process Iy will be called an almost

derivative of f. The function f will be said to be strongly injective if
f(t,z) — f(t,m)| > c|lz — m]| | (1.1.5)
for some ¢ > 0.

When f is C!, the almost linearity means that the oscillation of f’ tends to 0. Note
also that if f is almost linear with an almost derivative F,, then the strong injectivity of
f is equivalent to the uniform ellipticity of F{"F; (at least after restricting to small enough
€). We now explain how we will measure the pertormance of our approximations. The

basic definition is the

Definition 1.1.3. A family £, of processes is said to be bounded in L*~ if for any g < o0
there exists €, > 0 such that ||¢||, is bounded uniformly int > 0 and 0 < ¢ < eq. If o 1s
some real constant number, the family £, is said to be of order ¢* if e~%§; 1s bounded in

L= . More generally, if k; is a family of deterministic functions with positive values, we
will write £ = O(ky) if k;’lgt is bounded 1n L°°~.

Our last definition is concerned with the stability of linear systems; it will be discussed

in §1.3 and will be fundamental in all the estimation of the filtering error.
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Definition 1.1.4. Let A; be a family of measurable locally bounded processes with values

in square matrices of order n, let (; be the matrix-valued solution of

fe = Ay, Co = 1, (1.1.6)

and put (s;: = (s 1. We will say that A, is exponentially stable if there exist some

constant numbers C and ¢ > 0 such that for s < t,
|C3,t| < Cexp —c(t — s). (1.1.7)

Moreover consider a family Q: of absolutely continuous adapted processes with values
in symmetric definite positive matrices of order n and a family k; of locally bounded

deterministic functions with positive values. We will say that A; is (Q¢, k:) stable if
Qt > AQ: + QAT + k,Q,. (1.1.8)

- For instance, if A; i1s some constant matrix, it is exponentially stable if and only if
its eigenvalues have negative real part; if A; is symmetric, bounded and uniformly definite
negative, 1t 1s also exponentially stable. As it will be clear later, the general (Qq,k;)
stability 1s a generalization of the exponential stability; the matrix Q; enables a change of
space scale, whereas the function k; is related to the time scale. Note that the notion of

(@, k¢ ) stability 1s invariant if one multiplies Q; by a family of scalar numbers.

8§ 1.2 Estimation of processes

This subsection is devoted to the proof of two lemmas linked with definition 1.1.3.
This definition involves the estimation of ||£;]|, uniformly in t. Can we deduce something

about sup, |£¢|? This is the aim of the

Lemma 1.2.1. Let | t t
E: = & + / feds + ] gsdw, (1.2.1)
0 0

be a family of semimartingales, where w; is a Brownian motion, and f,, g, are families of
locally bounded adapted processes. Suppose that for some real ag, aq, & is of order £°

and f;, g+ are of order e** in L~ . Then for any ay < ag and any az < 0, the supremum

of |£4| on the time interval [0, %] is of order ¢** in L™~

Proof. Put a4y = 2(ag — a;)* and consider the subdivision 7; = i€**; from classical

inequalities, one can check that uniformly in ¢,

— O(Eaﬂ)_ (1.2.2)




Since we have assumed & = O(e®°), we deduce that uniformly in iz, &, is also of order £*°

SO

sup  |&]| = O(e*™). (1.2.3)

TiStSTi+1
The number of points of the subdivision which are 1n the interval [0,£%?%] is equal to the
integer value of €274 + 1, so for any 1 < ¢ < o0,

E sup |&|9< (7™ +1)suplE  sup [£:]7 < Cpedrotas—as (1.2.4)
OEtSEaii 7 TiS_tST,;_{_I

Thus the supremum of |&;| over {0,£%%] is of order £*2 in L? as soon as
g > (g — a3)/(ap — az). - (1.2.5)

In particular, 1t 1s of order ¢%? in L~ []

Note however that the estimation of lemma 1.2.1 cannot be extended to the whole
time interval {0, 00) because the paths of the process are generally unbounded as t — oo.
With some stronger assumptions, we can also obtain a result which will imply exponential

estimates on the probability of large deviations.

Lemma 1.2.2. Let & be the semimartingale defined by (1.2.1) and suppose that for some

co > 0, g, one has
sup IE exp coe ™0 |&; | < o0. (1.2.6)

t,c
Suppose also that for some o; < 0, the processes f; and g; divided by ¢** are uniformly

bounded. Then for some positive constant numbers ¢y, ¢; and C, one has

i

g0

P [Elt < exp Czﬂ

oo’ Ift|>1:| < Cexp —

(1.2.7)

Proof. Consider the subdivision 7; = i€®* with a4 = (ag — 2a3)*; for 7; <t < 75,1, one

has t
Ift - £?i| S Csa4+¢11 - I/ gadw3| (128)
so that
1 2 2 ; 2
|£t — 61',; < C + | gsdws : (129)
Eaﬁ E&u .

i

Moreover one can prove from our assumption on g, (see lemma 5.7.2 of [13]) that for some

positive K and C|,

K[! 2
IE sup exp / gsdws| < C. (1.2.10)

TiSES Tign B

1



We deduce from (1.2.9) and (1.2.10) an estimate on the exponential moments of € — €712,

and by using also (1.2.6) at time 7;, we obtain the existence of a ¢3 > 0 such that

IE sup exp ?ﬂ &P < C (1.2.11)

Ty Sthl'-l-l £

and therefore
Ca

P [ sup  |&] > 1} < Cexp— (1.2.12)

TiStSTi+1 Eaﬁ

By summing this inequality over ¢, we easily obtain (1.2.7) for ¢, < ¢3 and ¢; < ¢3 — cs. []

§1.3 Stable systems

In this subsection, we study the stability of linear stochastic systems. We first discuss

the links between exponential stability and (Qy, k;) stability of definition 1.1.4.

Lemma 1.3.1. Consider a family A; of locally bounded processes with values in square
matrices of order n. Suppose that there exists a uniformly bounded and elliptic family Q:
and a constant number k > 0 such that A, is (Qq, k) stable; then A; is exponentially stable
(the estimate (1.1.7) is satisfied with ¢ = k/2). Conversely, if A, is uniformly bounded
and exponentially stable (so that (1.1.7) holds for some ¢ > 0), then for any k < 2¢, there

exists a family of uniformly bounded and elliptic processes QQ, which are adapted to the

filtration of Ay and are such that A, is (Qq, k) stable.

Proof. First assume that A; is (Qq, k) stable for a bounded and elliptic Q,. Then V, = =

1s bounded, uniformly elliptic and
Vi < VA, — ATV, — kV,. (1.3.1)

We immediately deduce that, with the notation of definition 1.1.4,

d
:i-t- :,tmcs,t < '"kc:,tVtCS,t (1'3'2)
so that
trace(C:,tVtCS,t) o trace(V;). (1.3.3)

Since V; 1s uniformly bounded and elliptic, we deduce (1.1.7) with ¢ = k/2. Conversely,

suppose that (1.1.7) holds, that A, is bounded and choose k < 2¢. Let Q; be the solution
of

Qi = AQi+ QA; +kQe+ I, Qo =1. (1.3.4)

10



Then (1.1.8) is satisfied, @+ is symmetric definite positive and 1s given by

t
Q= GuéeM + [ ousueHtds (1.3.5)
0
so we deduce from (1.1.7) that it 1s bounded. Moreover, V; = ! is solution of
Vi = —~AlV, — VA, — kV, — V2 (1.3.6)

and therefore, by looking at its trace and using the inequalities
ltrace(V;A:)| < |A¢|trace V4, (trace V,g)2 < ntrace V° (1.3.7)

(see [25] for the first one), we obtain

d 1
— trace V; < (2|A4,| — k)trace V; — — (tra.ce V;)z.

- < : (1.3.8)

Since A; is bounded, the trace of V; and therefore V itself i1s bounded so Q; is uniformly
elliptic. [ ]

We now explain how the stability can be used in stochastic systems. As in the first
part of previous proof, we will use the quadratic function z*Q; 'z as a Lyapunov function

in order to estimate the state. Another type of equations will be studied in §1.4.

Lemma 1.3.2. Let w,; be a F; Brownian motion with values in IR", let A, be a family
of F; adapted (Q+, k:) stable processes where Q, is F; adapted; we suppose that Z; is a

family of IR™ valued semimartingales satisfying
dZs = Ay Zdt + fidt + gidw, (1.3.9)

where f; and g; are predictable processes satisfying

Z{Q¢ fi < akeZ7 Q77 Ze + O(ky), '
s (1.3.10)
9; Q¢ gt = O(ky)
for some a < 1/2. Then for any ¢ < 1 — 2a and ¢ small enough,
pt
HZ:Q;th“q < Cy+ Cq”ﬁZJQa‘lZO“lep-—c/ ksds. (1.3.11)
0
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In particular, if Z5Qqg ‘1 Zy is bounded in L>°~ then the process Z}Q;'Z, is also bounded

in L2,

Remark 1. The process f; will generally contain the nonlinearities of the system so that

(1.3.10) means that the nonlinearities are not too strong. Our assumptions will in most

cases 1mply that

fiQ:7 fr < 0 k?Z} Q7' Z, (1.3.12)

for some family a.; from the Cauchy-Schwarz inequality, this implies that
Z:Q:7 i < all’ky 2} Q7 Z, (1.3.13)

so the first part of (1.3.10) holds for ¢ small as soon as lim sup a. < 1/4.

Remark 2. As it was announced after definition 1.1.4, the role of Q; and k; becomes clear
in this lemma.

Proof. Denoting V; = Q; ', we deduce from Itd’s formula that

d(ZiViZy) = ZF (Vi + ViA; + AFV,) Zydt + 227V, f,dt + trace (9: Vige)dt + 22}V, g:dw,.
- (1.3.14)
Using the Cauchy-Schwarz inequality to estimate Z}V,g;, the assumption (1.3.10), the
(Q¢, k¢) stability of A,, and denoting A\; = Z}V;Z,, we can write this equation in the form

dAy = —(1 = 2a)kiAidt + kepedt + k2220 dw, (1.3.15)

where p; and v; are processes with values respectively in IR and R", such that u; and
vt are bounded in L®°~. From this equation and Gronwall’s lemma, we can deduce that
all the moments of A, are finite. Then if ¢ is a positive integer, we can again apply Itd’s

formula in order to decompose A\{ and if /\ﬁ") denotes its mean, we obtain

d _ ~ 1 -
E‘t_/\gq} == -—(1 — QQ)thA£Q) + thE[/\tq lﬂt] + g"‘('g"é‘“—'lkt]E[A? lll/t'2]. (1316)

Moreover, an elementary analysis shows that for any sequence ¢, > 0, one can find a

sequence C, such that

297y < cqz9 + CLyf (1.3.17)
for z and y > 0 so if ¢ < 1 — 20, there exists a positive C, such that

d
'(?t'/\E:Q) S _Cq}t‘tqu) -+ qutIE[lp;F,q -+ IVt|2q] : (1318)

12




Since u; and v; are bounded in L*°~, we deduce (1.3.11). []

In the framework of lemma 1.3.2, we can also apply lemma 1.2.1 and therefore estimate
the supremum of solutions of (1.3.9). We now give two results about the exponential
moments which will enable the application of lemma 1.2.2 and will be useful in some other

estimations.

Lemma 1.3.3. Assume the conditions of lemma 1.3.2 and suppose moreover that the
‘O(kt)’ terms in (1.3.10) are actually of order k; in L*>°. Suppose also that some exponential
moment of ZgQy 1 Zo is bounded. Then

EexpcZ;Q; Z, < C (1.3.19)

and

t t
]Ee:(pc/ ko ZXQ71 Zydu < CexpC’/ kydu (1.3.20)

- for some positive ¢ and C.

Proof. We use the notation of lemma 1.3.2. Under our assumptions, p; and v; are

uniformly bounded; if Cj is a constant number which dominates u; and |v¢|?/2, we deduce

from (1.3.16) that

d _
= < ghe( (1 = 20)A? + CogA{’ L (1.3.21)

By putting C; = Cy /(1 — 2a),

Aﬁ‘” < AE,Q) + Cigsup /\gq_l)

s<t

q NG
<q) Ccit=

2!
1=0

< g!ICIE exp C71Z5Qy " Zo. (1.3.22)

Thus if Cp is chosen large enough so that the exponential moment of order C;* of Z3 Q5 Zq
is bounded, then (1.3.19) holds for any ¢ < C;'. Let us now prove (1.3.20) for some
constant number c. If ¢ < (1 - 2a)?/(4Cy), we have

4 t- 262 t )
C/S\ ku/\udu < QCj; ku/\udu-— m'/s ku’\uly‘u! du. | (1323)
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If we express the first integral of the right-hand side by means of (1.3.15), we deduce

. 2¢ ; 2¢ ‘ ’
c | kyAgdu < Ao + C/ kydu + / k1/2AL20* du,,
s 1 -2« 4 1 -2a J,

a / | kuAu|vu|*d (1.3.24
(1-2a)2 [, ™™ ulvu| du .3.24)
for some C depending on ¢, a and the bound for uf. By taking the exponential, a local

exponential martingale (which is also a supermartingale) appears so that

E|expc / kud ’ Fo <exp(C f o < Yo). (1.3.25)

1l - 2a
From the assumption about Zg, the mean of the right-hand side is bounded by the right-
hand side of (1.3.20) if ¢ is small enough. []

81.4 Bilinear stable equations

We now consider stochastic differential equations where both drift and diffusion coef-
ficitents are linear; these equations appear in particular when one differentiates a diffusion
process with respect to its initial condition (see [15]) or with respect to perturbations on
the driving Brownian motion (see [28]), and such differentiations will be an imp;)rta,nt tool

in §83 and 4. This subsection is devoted to the proof of the

Lemma 1.4.1. Suppose that Z; is a matrix-valued process satisfying

4 ¢ ¢
i == 1 —I—/ A&,Z,gds +/ fol sds + u,.:/ gistwi (1.4.1)
0 0 0

where w; 1s a F, semimartingale and a G; Brownian motion for some filtration G: C Fy,
jte 1s a family of positive numbers converging to 0, A; is a family of F; adapted bounded
exponentially stable processes, f; is a family of matrix-valued F, adapted processes satis-

fying
{
IE exp K f fuldu < Cx exp Ce sl (t — s) (1.4.2)

for any K > 0 and some family y. — 0, and g: are families of matrix-valued uniformly

bounded processes which are G, adapted. Then the process Z,Z -1 s < t, is of order

e~ c(t=3) ipn [[°—.

This result is not surprising: since f; and tege are small, (1.4.1) is close to Z, = A, Z,.
Note however that there is a technical difficulty due to the fact that A; and f: are not

supposed to be adapted to the filtration with respect to which w; is a Brownian motion.

In the proof of this lemma, we will need as a preliminary result the

14



Lemma 1.4.2. Under thée éssumptions of lemma 1.4.1, let {; be the solution of

t
Ce =1+ pe / g5¢sdwy. (1.4.3)
O

For some fixed 6 > 0, let 7; be the stopping times with values in [0, +oc] defined by '

induction by 79 = 0 and

i =inf{t > |GG -1 2 8) (1.4.4)

Put also
Nt — lllf{], Ti+1 > T, (145)

Then for any ¢ > 0 there exists a C such that

Eet™t < CeCkhet, (1.4.6)

Proof. First suppose that y. = 1; for 7; <t < 7,41, on {7; < o0}, the process (; .,.'jl — 1 1s

- equal to the stochastic integral with respect to w; of a process which is uniformly bounded:
since each component is a time-changed Brownian motion, we deduce that conditionally
on §r,, the variable 7;41 — 7; is greater than the first time at which a standard Brownian

motion 1s greater than some constant number; thus

[Elexp —K(7jy1 — 7;) | Gr,] < e™CX ' (1.4.7)

L ]

where C'x — 0o as K — oo, and therefore
Eexp-—K7; < e “x7 (1.4.8)
When p. # 1, it acts as a change of time in (1.4.3) so

Ik exp ——Kug'rj < e kI, (1.4.9)

On the other hand, fix some ¢ > 0; let us compute the exponential moment of order ¢ of

Ny; since [V; 1s almost surely finite, we have

o0

[Eec™t = ZﬁchP[Nt = j]
7=0
:ZE’CJ(]P[N,: > 3 = 1] —]P[Nt >]])
g=
=14 (- 1)) e“P[N, > j]. (1.4.10)
1=0



The event {N; > j} is equal to {7;4; < ¢}, so from the Bienaymé-Chebychev inequality,

OO
Ee M <1 + (e€ - l)eK“Et Z eI e~ Kte i+ (1.4.11)
1=0

for any K > 0. By choosing K large enough so that Cx > ¢, we deduce (1.4.6) from
(1.4.9). []

Proof of lemma 1.4.1. The 1dea for proving this lemma is to decompose (1.4.1) into its

absolutely continuous and martingale parts (see [15] for general decompositions theorems).

So let (; and (, be the solutions of (1.4.3) and

v

t ¢ .
Co=1T+ fo (7 AsCsC,ds + / (s fslsC ds. (1.4.12)
0

Then the process Z; is equal to the product (;(,. For some § > 0 which will be chosen
later, let us also consider the stopping times 7, defined in lemma 1.4.2 and let us estimate

Et on {t < 71}. On this event, we can write (1.4.12) in the form

C, =1+ /0 A,C.ds + /0 ATl (1.4.13)

where

bs| < Cs(|fs+ 1) +|fs] _ (1.4.14)

and Cs — 0 as § — 0. On the other hand, since -At 1s bounded and exponentially stable,
we deduce from lemma 1.3.1 that there exists a bounded and elliptic Q; and a k > 0 such
that Ay is (Q¢, k) stable; by looking at the equation satisfied by Z:Q;’ *(,, we easily check
from (1.4.13) that

; |
€l < CexP{-——ct + C/ qu)s]ds} (1.4.15)
0 :

so that if 6 1s chosen small enough,

t
< con{-arc [ I 14
0

on {t < 7} for some positive c and C; since (; is uniformly bounded on {t < 1}, it follows

that Z, also satisfies an estimate of type (1.4.16). Similarly, on {7; £t < Tj41}, one has
1 t *
225" < Cexp{—c(t - 7;) + cf f.lds}. (1.4.17)
75
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Then by means of the decomposition

Ne—1 |
Zv=2:25 1l Z.,,.277, (1.4.18)
3=0
we deduce
t
1Z,| < C™ eXp{—ct + Cf IfS\ds}. (1.4.19)
0

Thus lemma 1.4.2 and (1.4.2) imply that Z; is of order e~ for some ¢ > 0. More generally,

the process Z;Z ! is studied in a similar way. [_]

2. Observability of the system

We are going to apply the results of §1; we estimate the filtering error in §2.1. In
82.2, we study the extended Kalman filter; we give conditions under which 1t has a good

performance but we also give in §2.3 two counterexamples showing that 1t can be quite far

from the optimal filter.

82.1 Upper bound for the filtering error

Results concerning upper bounds for the filtering error have been obtained in several
papers (see [3], [9], [4]) and here, we want to obtain asymptotic results for (0.3); more
precisely, we want to find conditions on the coeflicients of our filtering problem that ensure
that X; — X, is of order ve. We will first consider the simplest case: h almost linear and
strongly injective (theorem 2.1.1). Then we will study the general case; we will not suppose
that A is injective but will see how the detectability and the observability of dynamical
systems can be applied to our non linear stochastic system. More precisely we will prove
two results; in the first one we will assume a uniform detectability condition (theorem
2.1.2); in the second one we will only assume a local detectability condition but will also
suppose that the initial error is small and that the time interval is not too long so that large
deviations from the linearized system are rare enough (theorem 2.1.3). The results of this
subsection are linked with the problem of finding observers for the case ¢ = 0 (see [1] for a
construction of observers based on filters with small noise). As usually, the estimation of
X, — X, is obtained by considering some Kalman-like filter M; and by estimating X, — M,;
in further sections, we will limit ourselves to the study of the extended Kalman filter and
will not use the results of this subsection; however, it is also important to study more

general Kalman-like filters; it will indeed appear that the extended Kalman filter has not

L §



a,lw'ays a good behaviour. Note also that if we do not want to prove that X, — X, is of
order /¢, but only that it is small, then more general conditions can be found: see [27] for

a formal study of such a situation.

Theorem 2.1.1. Assume that

(i) the variable Xo — my is of order v, in Lm_; for some families mg € R"™ and v, > 0;

(i1) there exists a real constant number I'g such that

(8(t,z) — B(t,m))"(z — m) < Tglz — m|?; (2.1.1)

(iii) the processes o(t, X;) and v(t, X¢) are bounded in L~ :
(iv) the function h is strongly injective, uniformly Lipschitz and almost linear.
Then X; — X, is of order V€ in L*™ on the time interval [ty, 00) for any fixed ty > 0; if

v, = O(y/€), one can take ty = 0. More precisely, one has

12 | ENT _..4 !
[Xe~ %o, < Coe 1~ (1= co5 ) e (2.1.2)
for some Co, ¢1 > 0.

Remark 1. The variable X, is not necessarily integrable (one should add an assumption
on (3(¢,0)). However, there exist observable variables M, such that Xt — M, is integrable
(one can take the process M; used below in the proof), so that the conditional mean of

| X¢| given Y is almost surely finite; thus X, is well defined.

Remark 2. It follows from (2.1.2) that X, — )?t 1s small as soon as t > ¢: thus the initial

layer is very short (as in the linear case) and theorem 2.1.1 is an improvement of previous

results (compare with [23] after a time change).

Remark 3. If h is not almost linear, we can try to change the signal process so that hA(t, X t)
becomes an almost linear function of the new signal; if ¢(t,x) is a C1+? function such that
P B 1/)(t, o(t, x)) for some function v, then X, = ¢(t, X;) and Y; satisfy a system of type
(0.3); if theorem 2.1.1 can be applied to this new system and if 1 is Lipschitz with respect
to z, we can again conlude that X, — X, is of order V€. For instance, if h itself is C12, we
can try to choose ¢ = h; in this case the observation function of the new system is £ — z.

However this procedure cannot be always applied; for the other cases, see theorems 2.1.2

and 2.1.3.
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Proof. Let h; be an observable almost derivative of h. The suboptimal filter that we are
going to use is the Kalman-like filter with initial condition My = mg and gain G; solution

of |
Gy = ke (R} R)) TR,

ky = —k} +2Tgk; + 1, (2.1.3)

ko = 3—’5— v (~Ta+ /T3 +1).

Since h is Lipschitz and [ satisfies (2.1.1), the equation (1.1.1) with this gain has a unique
solution (apply [10]). We have

X — M, =Xo — M, +/n. (ﬁ(s,Xa) ~ ﬁ(s,Ms))ds —/(; G, (h(s,Xs) — h(s,Ms))ds

-

+ \/E/: o(s, X)dWs + \/E/Ot('y(s,Xs) — G;)dB;. (2.1.4)

By considering

Zt = Xt — Mt, W = (‘;/t), Qt = EktI, (215)
t
we can write (2.1.4) in the form (1.3.9) with

1 fe=DB(t, Xe)—B(t, M) —Tp(Xe — M) — ke (h;*h;)_lh;*(h’(taxt)_h(t’Mt)—h;(xt“Mt))’
(2.1.7)

ge = Ve(o(t,X:)  ~(t,X:) — Gy) (2.1.8)

and 1t is easily verified that A; is (@, k) stable. We want to verify (1.3.10). We define

My =-Tg+4/T2+1, T_=Ts+ TS+ 1, (2.1.9)

so that I'y and —I'_ are the roots of the Riccati equation (2.1.3); since kg > I',, we have
k¢ 2 I'y for any . On the other hand, one gets from (2.1.1) and the almost linearity of

that
Z;Q7 fo S OZ1Z < Cucki2;Q7 2 (2110

for y. — 0, so the first part of (1.3.10) is checked; moreover ¢;Q; ' g; is of order k, + k7t

so since k; > 'y, it is also of order k;. Thus we can apply lemma 1.3.2 and obtain that
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| Z,|? is of order ek;. In order to estimate k., we solve the Riccati equation and obtain

T, +T_ — |
kt == (F_. -+ F+)(1 - (1 2 —Ej—-l-:—l-_-‘-:—)e—‘(r_+r+)t) N

~1
<(I'. + I‘+)(1 = ( = %)e'(r‘+r+)t) : (2.1.11)

O

Thus we have proved (2.1.2) with A7, in place of X, and ¢ = I'y,c; =T, +T_. Finally
1X: — Xellg < 1 Xe = Myllg + || Xe — Mi|q < 2| Xe — My, (2.1.12)

since the conditional expectation (applied here to X; — M;) is a contraction in LY. []

In the linear filtering theory, it i1s well known that the filtering error may remain
bounded as the time goes to infinity even if the rank of the observation matrix is less than
the dimension of the signal: an assumption on the detectability of (3’ A') is sufficient.
We are going to prove that a similar assumption also implies an estimate on the error in
our framework; since we do not assume here that the system is almost linear, we need a

uniform detectability condition (see theorem 2.1.3 for a local condition).

Theorem 2.1.2. Assume that
(1) the processes o(t, X;) and ~(t, X;) are bounded in L>=~;
(ii) the functions 3 and h are C' with bounded derivatives:

(i) there exists a bounded observable process Gy with values in IR™ ® IR? such that for

any family of F, adapted processes &, the process

Ay = F'(t, &) - Gth’(t, £ ) (2.1.13)

is exponentially stable; more precisely it satisfies (1.1.7) for some constant ¢ > 0.

Fix some co < c. Then if X, is integrable (so that X, exists ),

| Xe = X, < Cove + Co| Xo - Xol| e~e*. (2.1.14)

Remark 1. The initial layer is longer than in the injective case. This cannot be avoided:

consider the extreme case h = 0 and '(t, {;) exponentially stable.

Remark 2. With reference to the theory of linear systems, assumption (iii) can be viewed
as a detectability assumption; we can also say that the system is observable if ¢ (and

therefore cp) can be chosen arbitrarily large.
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Proof. Let M, be the Kalman-like filter with gain G; and initial condition My = 5.
There exists a F; adapted process §; such that

B(t,X:) — B(t, My) — Ge(h(t, X:) — h(t, M})) = A(X: — My) (2.1.15)

with A; defined by (2.1.13). By defining Z; and w; as in (2.1.5) we are in the framework
of lemma 1.3.2 with f; = 0 (so that a@ = 0) and g; as in (2.1.8). For any k < 2c, we know
from lemma 1.3.1 that A; is (eQ:, k) stable for some bounded and elliptic ;. Then lemma
1.3.2 implies the estimation on Z = X — M and therefore the theorem. [ ]

We now explain what can be said when the detectability condition is only satisfied

locally at some Kalman-like filter.

Theorem 2.1.3. Assume that

(1) the process X, is of order ¢*' for some fixed real number «;;

(i1) the functions o and =y are uniformly bounded;

(iii) the functions 8 and h are C* with respect to z, and their derivatives are bounded and

uniformly continuous, that is
[ﬁ’(t,m) - ﬁ'(t,m)] + ‘h'(t,m) -~ h'(t,m)| < p(lz — m|) ~ (2.1.16)

for some fixed function p converging to 0 at 0;

(iv) there exists a Kalman-like filter M; with a bounded gain G, such that

IE exp -?—IXO ~ Mo <C (2.1.17)
for some positive cg and C, and
At = ,Bf(t, Mt) - Gt'h’(t, Mt) (2118)

is exponentially stable.
Then X; — X is of order +/ on the time interval [0, exp(c/¢)] for some ¢ > 0.

Remark. If A’"h’ is uniformly elliptic, then it is easy to find gains which make A; expo-
nentially stable. Note however that X; — X, cannot in general be estimated on the whole
time interval [0, oo); for instance when h(z) = (cosz,sin z), we generally know with a good
precision X; modulo 27, but even if Xy 1s well known, large deviations phenomena can

cause incertitude on the value of X; after a long time.
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Proof. As in the proof of previous theorem, we are in the framework of lemma 1.3.2 with

A; given by (2.1.18), g; defined in (2.1.8) and f; defined by

fo = B(t, X¢)— B(t, My) = B'(t, Me)(Xe — My) — Ge (h(t, X¢) — h(t, My) — B (t, M,)( X, — My)).
(2.1.19)

However, f; cannot be estimated by (1.3.10), except when the oscillations of 3’ and A’ are

small enough; in the general case, we can only deduce from the uniform continuity of 3’

and h’ that for any c;, there exists C; such that

X — M| < C1 = |ft] < | Xe — M. (2.1.20)
Thus, if one considers the stopping time
T inf{t > 0; | X — M| > 01} (2.1.21)
and the solution of
dZy = AZdt + filgerydt + gedwy,  Zo = Xo — Mo, (2.1.22)

one can apply lemma 1.3.2 to Z, provided c; be chosen small enough. Thus (Xe—Mi)lpicry

is of order /. Moreover, an application of lemma 1.3.3 shows that an exponential moment

of |Z;|? /¢ is bounded, so from lemma 1.2.2,
]P[Ht <els,  |Z> 01] = O(e~°2/*) (2.1.23)
for some ¢ and ¢y, or equivalently
IP[r < e/*] = O(e™2/%). (2.1.24)

Let M, be equal to M, if | M| is less than £*2 for some fixed a; < a; A 1/2, to 0 otherwise.
On the event {¢{ < 7}, the processes M; — X, and X, are respectively of order /¢ and ¢
which are both negligible with respect to ¢*2; by adding these two estimates, we deduce
that
IP[M,# M, t <71] =0(%) (2.1.25)
for any a. Then write
Xe = My = (Xe = MO)lteryl a7,y + (Xe = MO)lpecry g aarn + (Xe = Mo)Lsny.
(2.1.26)

The first term is of order /¢ and for t < e°/®, the two other ones are very small from
(2.1.24) and (2.1.25). Thus X; — M, is of order VE. Since M, is observable, we can
conclude. [}

If one writes the semimartingale decomposition of X, (see [16] or [13]) and if one

applies lemma 1.2.1, one immediately deduces the
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Corollary 2.1.4. Assume the conditions of theorems 2.1.1, 2.1.2 or 2.1.3 with (3 and
h Lipschitz, o and v bounded, and Xy — My = O(\/¢). Then for any real a; and any

ag < 1/2, the supremum of | X; — )?t| on the time interval {0,e'] is of order ¢*° in L.

82.2 The extended Kalman filter

We now study the extended Kalman filter which was introduced in §1.1; the point
that we want to consider is to know whether Pt_l/ *(X¢ — M) is of order 1/¢; in the linear
case and with the optimal filter, this variable has indeed a Gaussian law with mean 0 and
covariance €/, and if the extended Kalman filter is efficient, 1t is reasonable to think that .
this property also holds approximately in the non linear case. The Gaussian structure of

this variable will be studied more precisely in §3, and we now estimate its order.

As 1n §2.1, we are going to apply lemma 1.3.2; the equation for X; — M; has indeed
the form (1.3.9) with

Ay = (B — vh)(t, M) — Ph"7R'(t, My), (2.2.1)

fo =B(t, X¢) — B(t, My) — B'(t, My)( X, — M)
— (’y(t, .:.Mt) ~+ Pth’*(t, Mt)) (h(t; Xt) - h‘(t& Mt) "" h’(ta Mt)(Xt — Mt)) (2'2'2)

and

gy = \/E(cr(t, X;) ~(t, Xi) — y(t, M) — Pth'*(t, Mt)) (2.2.3)

Moreover, for any function ki, saying that A, is (P, k;) stable is equivalent to
PR/ 7R (t, M) Py + a(t, M) > ki P (2.2.4)

where we recall the notation a = oo™. From these equations, we get conditions under

which we can apply lemma 1.3.2. We first consider the almost linear case.

Theorem 2.2.1. Let (M,;,P;) be an extended Kalman filter such that

(1) the variable Pﬂ,_l/2 (Xo — M) is of order \/¢;

(ii) the functions o and -« are bounded;

(1i1) the functions 3 and h are differentiable, almost linear and B'(t, My), h'(t, M) are

bounded almost derivatives;

(iv) the inequality (2.2.4) holds for some family of deterministic functions k; such that

-

P, + P7* < Ckd. (2.2.5)
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Then P;l/z (X — M,) is of order \/e. Moreover, if

E exp %‘-’-(Xo — Mo)*P;Y(Xo — Mo) < Co (2.2.6)
for some positive cg, Co, then

E exp -E-(Xt ~ M)*P7Y (X, — M) < C (2.2.7)

and

t t
IEeXpE/ | X, -—*Mulzdu < CEXPC/ kydu (2.2.8)

for any s < t and some ¢, C.

Proof. The two results are respectively corollaries of lemmas 1.3.2 and 1.3.3 applied with
Q¢ = €Fy; in order to verify the first part of (1.3.10), note that since 3 and h are almost

linear, there exists a family u, — 0 such that

fePT fe < pe(1+ [P + | P7H) | X — My
< Cpeks Xy — Myl
< Cuck?(X, — M)*P7H( X, — M), (2.2.9)

so that (1.3.12) is satisfied for some a, — 0. For (2.2.8), in order to apply (1.3.20), note
that (2.2.5) implies that k,P;* is uniformly elliptic. []

We now describe a situation for which we can check condition (iv); this situation is
the most pleasant one: it enables the conclusion for any initial condition X provided F,
be chosen large enough. Actually, one can also find more precise sufficient conditions if

one has some other information about the boundedness or the ellipticity of P,.

Corollary 2.2.2. Let (M, P;) be an extended Kalman filter satisfying conditions (1) to
(1) of theorem 2.2.1. Suppose also that h is strongly injective, a is uniformly elliptic and

that the quotient between the largest and smallest eigenvalues of Py is bounded. Then
Pt"l/z(Xt — M) is of order /t.

Proof. One has

Pth’*h’(t,Mt)Pt -+ a(t,Mt) 2 t’.?(.F’t2 -+ I) 2 C(Pt -+ Pt_l)Pt. (2210)
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If there exists a family of deterministic positive functions p; such that p, ! P, is uniformly
bounded and elliptic, then the condition (iv) of theorem 2.2.1 will be satisfied with k¢
proportional to p; + p; *; thus we only have to pro;ve the existence of such a family. Let po
be the trace of Py; since (', a are bounded, h’"h' is elliptic, by means of (1.3.7) one can

find positive numbers ¢, ¢ such that the trace of P; is less than the solution of

Pt = —C1Pr + Co (2.2.11)

with initial condition po. Similarly, if p} is the trace of P;™!, writing the equation for P, ",
since k' is bounded, a is elliptic, one can find ¢, ¢} such that the trace of P,”" is less than

the solution of

p, = —c\pl® + ¢}, - (2.2.12)

Then P, is between pt_l I and p,/, so we only have to prove that p’;_l > cpy, or equivalently,
that p:p; is bounded. We have

d .
7! (PtP;,) = (Clpt T CEP;)PtP; T CEPt + Czpi

|\

—c3(pt + py)pep: + ca(pt + Pt)
c3(pt + pi)(cs — pipy) (2.2.13)

YA\

for some c3, c4, c5; thus the derivative of p,p} is negative as soon as p;p; is greater than

c5; moreover from our assumption about the eigenvalues of Py, popy is bounded; thus p;p;

1s bounded. [ ]

We can also deduce from lemma 1.2.1 the

Corollary 2.2.3. Under the assumptions of theorem 2.2.1, if ks 1s of order €*° for some

real ag, then for any fixed o« < 0 and any § > 0, the supremum of Pt_l/z(Xt - Mth) over

the time interval [0,e%} is of order g'/2°.

When the functions 8 and h are not almost linear, we can deduce from the proofs of

theorems 2.1.2 and 2.1.3 the

Theorem 2.2.4. Let M, be an extended Kalman filter with gain G given by (1.1.2).
(a) If the conditions of theorem 2.1.2 are satisfied for the gain G, then

| Xe — M|, < Cqv/e + Cl|Xo — Mol e, (2.2.14)
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(b) If the conditions of theorem 2.1.3 are satisfied for M,, then there exists a family of

measurable sets N such that

IP[N] < Cexp ---2— (2.2.15)

and Pfl/2 (Xt — M¢)1yc is of order /€ on the time interval [0, e®/¢].

In case (b), when P; is uniformly bounded and elliptic, a sufficient condition for the
exponential stability of A, is (2.2.4) for k; = k£ > 0; however this condition is not necessary;
for instance there may be bounded time intervals where a = h = 0; note also that we can
deduce that X; — M; = O(/¢) on [0, e°/¢] if we have a priori estimates on the moments of
M;. Properties similar to (2.2.7) and (2.2.8) can also sometimes be checked; in case (a),

when some exponential moment of ¢71| Xy — My|? is bounded, then
C t
IE exp - / Xy — My|2du < Ce€t—9) (2.2.16)
3 S

for some ¢ and C.

82.3 Two counterexamples

In theorem 2.2.4(b), large deviations phenomena prevent us from deriving estimates
tor very large times; moreover when X is badly known at time 0 (P, not bounded), the
extended Kalman filter may provide wrong values for a nonlinear function A even if it is
strongly injective. We now explain why on two examples corresponding respectively to

non linear # and h. In these two cases, the fact is that the extended Kalman filter may

have more than one stable equilibrium.

Example 1. Suppose that X, and Y; are one-dimensional and solution of

dX; = (2 arctan X, — Xt)dt - \/Eth,
(2.3.1)

dY, = HX,dt + \/edB,

for some positive number H. The deterministic dynamical system associated with X
(obtained for ¢ = 0) has two stable equilibrium points zo > 0 and —x9, and 0 i1s an
unstable equilibrium; we suppose that Xy = zo. We consider the extended Kalman filter
(M¢, Py) with initial value (Mo, Po) = (zo,po) for some bounded family py; we can apply
theorem 2.2.4(b) to this system but we are going to see that for some values of H , Xt — M,

does not converge to 0 as ¢ — 0 uniformly with respect to t € [0,00). This can be done
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by applying some results of the theory of large deviations (see for instance [7], we will not

give all the details); first, we can check that

ag = lim ¢ log IEinf{t > 0; X < 0} (2.3.2)

£ —+{)

exists and is finite. We fix some a; > ag and we are going to study the behaviour of the
system at time ¢; = exp(«a;/¢). The probability that X; becomes negative before time ¢;

tends to 1, so using the symmetry of the equation of X and the strong Markov property,

lim IP{ X, <0]=1/2. (2.3.3)

e —0

Moreover, one can prove from the theory of large deviations that if K is large enough,

lin})IP[sup 1 X¢| < K} = 1. (2.3.4)

t<ty

If £2; denotes the set inside the bracket, we are going to study on the time interval 0,t1]

the process (M;, P;) conditioned on €2,. The process P is solution of

: 4
2 P2
= —H*P? + -2)P 3.
P, = -H*P? + T 2P +1 (2.3.5)
so 1f we choose § small enough so that
By = — " 1<0 (2.3.6)
and if we put
r=inf{t >0; M; <zo— 6}, (2.3.7)

then

P,<H *B1+4/B2+H?*) Vpyo < C (2.3.8)

on {t < 7}, where the constant C' does not depend on H. On the other hand, the process

M, satisfies
th - (2 arctan Mt == Mt) dt <+ .PtH2(_zYt ~— Mt)dt + ‘\/EPt.HdBt (239)

Consider the deterministic equation obtained from (2.3.9) by putting ¢ = 0 and by fixing
X: at some trajectory bounded by K; if H 1s small enough, the flow of this equation sends
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the interval [zo — §,00) into itself; now in (2.3.9) we have added a noise of order /e H so

that by using upper estimates for large deviations, one can prove that for some ¢ > 0,

C

e H?

uniformly on ;. Thus by choosing again H small enough, one can manage so that

lim IP[’T < exp
eH?—-0

X| =0 (2.3.10)

lim P|r <¢; | Q1] =0. (2.3.11)

€=

We deduce from (2.3.4) that, with such an H, one has M;, > zo — § with a probability
converging to 1; on the other hand, one has X;, < 0 with a probability converging to 1/2,
so X;, — M;, does not converge to 0 in probability. This example shows that the extended
Kalman filter cannot be used in order to detect phase transitions on the signal; this is due

to the fact that the gain is not large enough: in this situation, the filter of theorem 2.1.1

has a better behaviour.

Example 2. We suppose here that X; is one-dimensional and Gaussian: it satisfies d X, =
vedW, and its initial law is the Gaussian law with mean —2 and variance 1; we suppose
that the observation 1s two-dimensional and that the observation function is a smooth non

linear function such that h'(z) = z for any « and h?%(z) = 2|z| for || > 1. Consider the
extended Kalman filter with My = —2 and Py = 1/¢ (which are the mean and normalized

covariance of Xj); we are going to estimate X — M at some fixed time ¢y > 0. Until the

first time at which X; < 1 or M; > -1, the filter satisfies
dM,; = Py(—3X,; — 5M,)dt + /e P,(dB} — 2dB?),
. 2.3.12
Pt = "'5Pt2 + 1. ( )

Let (M_t,_ﬁt) be the solution of this equation for any ¢, with (_M_g,:ﬁo) = (My, Pp); note in

particular that

t
— - L
e/ Pids = S(t+Po~-P) <5+ (2.3.13)
0

We have

t t
3X:+5M, =3X, — 10 — 5/ P,(3X, +5M,)ds + \/E/ \/ 125“?3 +9dW, (2.3.14)
0 0

for some standard Brownian motion W,, from which we deduce

ot ,__.,___
P[fgtp 13X + 5M ) < 1|]3X, — 10] < 1/2] > ]P[sup/ Ve(125P° + 9)dW,| < 1/2].
Ll 0

i t<tg
(2.3.15)
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The stochastic integral inside the right-hand side is a Gaussian martingale, the variance
of which is bounded from (2.3.13); by writing this martingale as a time-changed Brownian

motion, we deduce a lower bound for the right-hand side and therefore

IP[sup 13X, + 5M 4 < 13X — 10| < 1/2] > ¢o (2.3.16)

t<to

for some positive cg. We also have

lir%IP[tigtf X: 22 13X0—10| < 1/2] = 1, (2.3.17)
Thus
limianP[inf Xe>1, sup M, < 1 [3Xo = 10| < 1/2] > 0 (2.3.18)
e—0 tSto l‘ﬁto f

since the event in (2.3.18) contains the intersection of the events in (2.3.16) and (2.3.17).
Moreover the probability for |[3X, — 10| to be less than 1/2 is some constant positive
number, so we deduce that X;, — M,, does not converge in probability to 0; since P, is
bounded as ¢ — 0, the variable Pt'{:l/ Z(Xtﬁ — My, ) 1s not of order /¢, though this property
holds at time O; this is due to the too strong nonlinearity of the observation function and to
the unboundedness of P, (which prevents us from applying theorem 2.2.4). This example

shows that one has to be cautious in applying the extended Kalman filter when the initial

condition is badly known; of course, in this example, if one drops the second component

of the observation, the problem becomes linear and is still nearly observable.

3. Asymptotic filtering

In §2, we have proved that under some conditions, X; — M, is of order /¢ when M,
1s the extended Kalman filter. In this section, we prove that )?t — M; 1s of order ¢; the

result 1s stated in §3.1; the different steps of the proof are detailed in §§3.2 to 3.4. In §3.5,

we prove that the conditional law of X, given ) is asymptotically Gaussian.

8§3.1 The main result

We now state the main result which will be proved subsequently in several steps.

Theorem 3.1.1. Let (M,, P;) be an extended Kalman filter. Assume that
(i) the functions o and ~ are Cj with uniformly Lipschitz derivatives:

(ii) the functions B and h are C" and their derivatives are uniformly bounded and Lipschitz:;
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for any fixed € and T' > 0, the suprema over {t < T'} of |3(t,0)| and |h(t,0)| are variables
of L°°;
(iii) the law of X has a density po with respect to the Lebesgue measure, the derivative of

po In the distribution sense is a function py and there exists a family of positive numbers

v, such that ;

(Xo — Mo)"Fy " + €§§(Xo) = O(ve); (3.1.1)

for each ¢ fixed, an exponential moment of | Xo|* is finite;

(iv) the process P, is uniformly elliptic; for any fixed ¢ and T > 0, the supremum over

{t < T} of |P| is a variable of L*°; moreover the process
Ay = —Pla(t, My) = (B’ — vh")*(t, M) (3.1.2)

1s exponentially stable;
(v) the filter satisfies

IXt ~— Mtlz — O(E -+ U;E_cot) (313)

for a family v. and for any K > 0 and t > s,

t
IEexPK/ | Xy — My|du < Ck exp Cx/e(t — s). (3.1.4)

Then
Ptul()?t o= Mt) =0 (E + (’UE + U;)E_Ct). (315)

In the end of this subsection, we discuss the assumptions of this theorem.

Remark on condition (iii). The left-hand side of (3.1.1) is zero as soon as the law of
Xo i1s the Gaussian law with mean M and variance ¢Py. Thus the distance (in some
sense) between the law of X and this Gaussian law enters the initial layer of (3.1.5). The
basic use of the variable p;/po(Xo) involved in (3.1.1) is the following integration by parts

formula: if ¢ is a smooth function with compact support then

IE[qb’(Xo) + gf;-(xo)qa(xo)] = 0. (3.1.6)

Actually a converse statement also holds; if
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for a variable vy of L°°~ and any ¢, then following the basic lemma of Malliavin’s calculus,

this implies that the law of Xy 1s absolutely continuous with respect to the Lebesgue

measure and v is py/pe(Xo) (see lemma 3.2 of [26]).

Remark on condition (iv). Suppose that P, is uniformly bounded and elliptic, and that
P.h'"R'(t, M) P, + a(t,M;) > cl (3.1.8)

for some ¢ > 0. Then one can check that the process A, is (P!, k) stable for some k > 0,
so that from lemma 1.3.1, it is exponentially stable and (iv) holds. If A; is bounded, its

exponential stability is also preserved when the above properties do not hold on a bounded

time interval.

Remark on condition (v). We have obtained in §2.2 sufficient conditions implying (3.1.3);

note that X, — My 1s not necessarily small but its magnitude enters the initial layer of

the result. In the framework of theorem 2.2.1 and if k; i1s bounded for ¢t > t3, we can also

deduce from (2.2.8) that
¢ .
IE exp -E-/ Xy — M, |2du < Ce“tt—9) (3.1.9)

for t > s > to and some ¢ and C (see also (2.2.16)). From Jensen’s inequality, this implies

that for any K, . .
K t 2 CK \/e(t—s)
IE exp 7 | Xy — M, |"du < Ce (3.1.10)

for ¢ small enough. Then we can deduce (3.1.4) for t > s > t; by means of

t ' 1 t
2/ | X — Myldu < V/e(t —s) + v/ / | Xy — M, |*du. (3.1.11)

If the exponential moments of X; and M; are bounded on [0, ¢¢], we can then deduce (3.1.4)

fort > s > 0.

Theorem 3.1.1 can be viewed as a generalization of previous results such as [21], 12
in [22], [23], we did not assume the existence of a density for X; here we have preferred
to use the initial law because it yields more precise results about the initial layer; however
in §4, we will also derive some results without this assumption on Xy. As a corollary,
we can also deduce from lemma 1.2.1 an estimate on the supremum of l}?t — M| over
some time intervals. The proof of theorem 3.1.1 will be divided into three steps. First,
we will introduce an absolutely continuous change of probability; then we will deduce an |
expression for X; which will involve some derivatives with respect to the initial condition:

finally, an extension of the integration by parts formula (3.1.6) will yield the theorem.
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83.2 Change of probability measure

We use an absolutely continuous change of probablhty which affects both the signal
and observation noises. A classical change is the one which leads to the famous reference
probability; here, we also modify the probability of the signal in order to focus it on the -
interesting events. So we fix some family of deterministic terminal times T' (however, the

estimates will not depend on T') and we now define a new probability on Fr. Let A; be

the process defined by

AT = exp{ \/_ h*(s X,)dB, + \/_f (X, — M,)*P (s, X, )dW,

1

T 5 (|h(s,X3)| + |0*(8, Xs) P, (X — M) )ds}. (3.2.1)

For each ¢, the process (X, M;) is solution of a stochastic differential equation, the diffusion
and drift coefficients of which are respectively bounded and of linear growth as ¢ — o0;
thus (see lemma 5.7.2 of [13]) some exponential moment of the supremum over 0 <t < T
of | X|? and |M,;|* is finite. It follows from this remark that the local martingale defined in
(3.2.1) is actually a martingale, and we can therefore define IP to be the probability with
density A; ' with respect to IP on F;. Applying the Girsanov theorem, if we define

— 1 . _
W, = W, — —-\7_;/ o*(s, X )P (X — M, )ds, (3.2.2)
0

then Wt and Y;/\/¢ are independent IP standard Brownian motions. The equation for X,

can be written in the form
dX, = a(t, X¢o)P7 (X, — Me)dt + B(t, X¢)dt + \/Ea(t,Xt)th + v(t, Xe)dY:  (3.2.3)

with the notation 8 = 8 — vh. Note also that

1¢ [° 1 f° 2
A, —_—exp-é—{fo h*(s, X,)dY, -——2-—/0 ]h(s,Xa)‘ ds

- f (Xs B MS)*PS_I (dXS - B(Sa XS)dS — ’)’(-S:XS)dn)

0
1 [t
o [oo kPt - M) 029
0 :
We are now going to compare A; with the “Gaussian-like density”

1 _
E}Cp"""z—g(Xt st Mt)*Pt I(Xt s Mt)
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More precisely, we have from Itd’s formula

(Xe — Me)* P (X — My) = (Xo — Mo)* Py ' (Xo — Mo)
t t
+2 f (X, — M,)* P71 dX, — 2 f (X, — M,)*PdM,
0 0

t t
+/ (Xs — 3)*—5—-P;1(X3 — Mg)ds -I—stra,ce/ a(s, X,)P 'ds
0 v 0

2
2ds (3.2.5)

t
-+ E/ _P‘:l/2 ('y(s,X_s) — 'y(s,Ms) - Psh'*(s, Ms))
0
with the notation |A|; = trace(AA*); from (3.2.4) and (3.2.5), we can verify that

(X — M) P (X — My) + 2elog Ay = (Xo — Mo)* Py (Xo — M)

+'2_/0 (Xs - Ms)*P:l [(/B(Sa Xs) - B(s, Ma)) o 7(3,X3)(h(3,X3) B h(s,Ms))]ds
#2 [ (X = M7 (5(s, X,) = (s, M) (4%, ~ h(s, M, )ds)

+ 2/:(};(3, Xs) — B (s, Ms)(Xs — M,)) " (dY, — h(s, M,)ds)

t

- ] t[lh<s,xa) — h(s, My)|* = [R'(s, M)(X, ~ My)|*|ds + / h(s, M,)[*ds

0

t
+/ (Xs — Mg)* [%P;l + P a(s, X,) P — BTR (s, Mg)} (Xs — M;)ds
" " Ld
t 2
s E/ P72 (y(s, X,) — (s, My) — P.h'™ (s, My)) 2ds
0 :
t.
-I—Etrace/ a(s, X, )P ds. (3.2.6)
0

Our aim 1s to estimate in some sense this expression. From the equation satisfied by P,t_:l ,

we can write it in the form

(Xt s Mt)*Pt—l(Xt e Mt) + 2€ log At = (Xo — Mo)*PO—l(XQ -— Mo)

+ 2]; ¥1(s, Xs)(dYs — h(s, Ms)ds) + /O‘t Y2(s, Xs)ds + ¢3(t) (3.2.7)

where the functions i; are observable, defined by

¥1(t,2) = h(t,z) — h'(t, My)(z — M)+ (v(t,z) — v(¢t, My)) P (= 'f‘M*)’ (3.2.8)
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* ot x) =2(x — M)" P (B(t, x) — B(t, My) — B'(t, My)(z — My))
- 2(z — M)* P77 (v(t, ) — (2, My)) (R(t, z) — h(t, My)) _
— 2z — My)* P y(t, My) (R{t, x) — h(t, My) — h'(t, My)(z — M)
+ (z — My)* P " (a(t, z) — a(t, M) P (z — M)
+ |h(t, z) = h(t, My)|” — |[R'(t, My)(z - M,)|’
+&| P72 (y(t, ) — 4(t, My) — Ph'* (¢, M,)) 2
+ ¢ trace(a(t,z) P, '), (3.2.9)

2

and the remaining term 1s put in 3.

83.3 Differentiation with respect to the initial condition

Since equation (3.2.3)l has a unilque strong solution, the processes X; and A; are
measurable with respect to (X, W, Y), so that they can be viewed as functionals defined
on the canonical space R™ x C%. x C%, where C% is the space of continuous functions from
0,00) into IR®: more precisely endow this product space with the product of the Lebesgue
measure on IR™ and the standard Wiener measures on C?. and C%, and consider the solution
®, of (3.2.3) with (XO,W,Y) replaced by the canonical process of R™ x C%. x C%; then,
since the law of X 1s absolutely continuous with respect to the Lebesgue measure, X, is

almost surely equal to the composition ®, o (X, W, Y'). We adopt the following notational
convention: the same letter will be used to denote a functional ® on R" x C% x C%
and the variable ®( X, W, Y') on §2; note however that since the Lebesgue measure is not
necessarily absolutely continuous with respect to the law of Xj, the extension of a variable
on {2 to a variable on IR™ x C% x C% is not necessarily unique; nevertheless the variables
which will be considered will be given by stochastic differential equations, so that one can
apply the procedure that we have described for X; and obtain a canonical extension. Since
only Xo will be perturbed in this section, we will sometimes simply write ®(X,) and omit
the dependence on (W,Y). For any vector p in IR", the law of (X, + p,w, Y) is also
absolutely cbntinuous with respect to the product of Lebesgue and Wiener measures so if
® is a functional defined almost everywhere, the notation ®( Xo+ 4, W, Y ) defines a unique

- variable up to almost sure equality.

Definition 3.3.1. If u is a unit vector, a measurable variable @(XO,W,Y) will be said

to be continuous in probability in the direction u with respect to the initial condition if
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®(Xy 4 6u) converges in probability to ®(Xg) as § — 0; it will be said to be differentiable
in probability in the direction p with derivative V5 ® if

1 —~ —
V6® = lim —(®(Xo + 6u, W,Y) — &(Xo,W,Y)), (3.3.1)

where the limit holds in TP probability: it will be said to be differentiable with derivative
Vo@ if it is differentiable in all the directions and Vi® = Vo® u. We will also say that
the functional @ is continuous or differentiable in L9 when ®(Xo + éu) is in L9 for 6§ small

enough and the limits hold 1n L9,

The theory of stochastic flows uses a stronger definition of differentiability, since one
assumes the existence of a version ®(z, W, Y ) differentiable with respect to z; actually our
results can also be proved by using flows and the technique of [5]. However definition 3.3.1
will appear to be sufficient for our purpose and is closer to the derivability of the stochastic
calculus of variations of {28|. Since IP and IP are mutually absolutely continuous, the limits
in probability coincide for these two probabilities; but for L9, one has to make precise the

probability; except otherwise stated, it will be IP. Our aim is to prove the

Lemma 3.3.2. Let Zt be the matrix-valued solution of

dZ; =a(t, X¢) P, ' Zodt + o (b, X)) ((0*) (¢, Xo), P (Xe — My)) Zidt + (B — R )(t, Xe) Z,dt

+ Veo(t, X1) ZydW] + evi(t, X:)Z:dB] (3-3.2)

with Zo ~ I, 1n this equation o; and ~y; are the jth columns of ¢ and v, and if u is a vector,

if A(t,z) is a matrix-valued function, (A’(t,z),u) denotes the matrix, the jth column of

which is

0A

J 8$j

Then under the conditions of theorem 3.1.1, X; and log A; are differentiable in L=~ with

(A'(t, ), u) (t, )u. (3.3.3)

respect to the .initial condition, the derivative of X, is Z; and

L

(Xe~ M)* Pt = (~eVologAi+ (Xo — Mo) Pyt ) Z7 4 O(c +ve™).  (3.3.4)

Remark. The ‘O(.)’ in (3.3.4) must be understood in L~ (IP). Actually, the chahge of
probabilities IP — IP can be viewed as a change of variables used in order to compute the
derivatives, but when making estimates, we generally return to the basic probability IP:

except otherwise stated, the L9 norms will be computed under IP.
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Proof. Fix €. The main difhiculty is that the coefficients of (3.2.3) are locally Lipschitz, but

generally not globally. However, if 4t is some vector of R™ and if X ¢ denotes the solution

of (3.2.3) with initial value Xo + x, we have

d( X} — Xy) =a(t, XFYP7H (XY — Xe)dt + (a(t, XF) — a(t, Xs)) P (X, — M,)dt
+ (B(t, XE) — B(t, X)) dt — (¢, X¢') (h(t, XE') — h(t, X)) dt
+ Ve(o(t, XE) = oft, Xe)) dW, + (v(t, XE) = 7(t, X,)) (dY7 — h(t, X;)dt)
=a(t, X' )Py 1 (X} — Xy)dt + o(t, X) (o(t, XE) — o(t, X¢)) " P7HX, — M,)dt
+ (B(t, X{) — B(t, X)) dt — (¢, X{') (h(t, X{') — h(t, X)) dt
+ Ve(o(t, XY) — a(t, X)) dWe + e(y(t, XI) - v(¢, X¢)) dB,. (3.3.5)

Since the exponential moments of fot | Xs — M,|ds are finite under IP, we can prove from
this equation that for ¢ fixed and y — 0, X{" — X, is of order || in L*°~. Then by writing
the equation satisfied by the process X;' — X; — Z;u, one checks similarly that this process

is of order |u|*, so in particular, X, is differentiable with derivative Z;. One then verifies

from (3.2.7) that A; is differentiable and that

eV lOg Ay = — (Xt - Mt)*Pt_:lZf + (XO — ‘ZM{))*‘PO-1

t t
+ / (dYS T h(sa Ms)ds)*¢;(3:X8)ZS + %/ ¢;(33'X3)Z3d3' (336)
0 0

Now suppose that ¢ is no more fixed but tends to 0; the lemma will be checked if we prove

t | t
(/ (dYs—-h(s,MS)ds) *wi(s,Xs)Zs-f-;—/ ¢§(3,X3)Z3ds)2;1 — O(s+v;e“’t). (3.3.7)
0 0

Fix some time t; > 0 and consider the subdivision of [0,00) consisting of times t; = jtq;

the estimate (3.3.7) will be implied by

Z Z,, Z;'| sup ft ((h(u,X.u) — h(u, My)) ¥ (u, X)) + %wé(u,Xu))ZuZ{;'ldu

iy ti<t tj<s<tjt1'Jt;

- / ABL, (1, Xu) ZuZi Y| = O(e + vie"). . (3.3.8)
t;

Note that from (3.2.8), (3.2.9) and the boundedness of P! we have

{ 1 (¢, Xe)| < C| Xy — My,

, 2 (3.3.9)
Yo (t, Xt )| < Cle + | Xe — Me)?),
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so from (3.1.3), |¥1(¢, Xe)|?, [ Xt — M| |[91(t, X¢)| and 95(t, X;) are of order ¢ + vl e™¢; we
can also deduce from classical estimates applied to (3.3.2) and from (3.1.4) that Z,Z; 'is
of order 1 for t; < u < t;j41; thus the suprema in (3.3.8) are uniformly of order ¢ + v e™%;

the L9 norm of the left-hand side of (3.3.8) is therefore dominated by

Cy Y (e +olee0t) |2, 271,

jr tj‘::t
Thus (3.3.8) will be proved provided that
|Z2:27 ||, = O(e™* ) (3.3.10)
for s <t and some ¢ > 0. But if A; is defined by (3.1.2), the inverse of Z; satisfies
dZ7t =27 Azt = 271 ((8' = vW)(t Xo) = (B’ — vh')(t, My) ) de _
— Zt_l (a(t,Xt) — a(t, Mt))Pt—ldt == Zt"lcr(t,Xt)((a*)’(t,Xt),P{"l(Xt == Mt))dt
+eZ71 () ook + ) Ail) (8, Xe)dt
J J

- VeZ oi(t, Xe)dW] ~ \/eZ7 y;(t, X4 )dBY. (3.3.11)

By considering the transpose of this equation, since A; is exponentially stable and (3.1.4)

holds, we can deduce (3.3.10) from lemma 1.4.1 (applied here with G; = F;). []

83.4 Proof of the main result

Since the conditional expectation is a contraction in the spaces LI(IP), we can take

the ()¢, IP) conditional expectation in (3.3.4) and obtain

(X¢—M,)*" Pt = IE[—-sVG log A\tZ;7 " +(Xo—Mo)* Py ' Z? yt]+0(&:+v;e_°t). (3.4.1)

In order to prove theorem 3.1.1, we have to estimate the right-hand side. We will use an
extension of the integration by parts formula (3.1.6). Since we will consider functionals

®(z,w,y) which are not pathwise smooth with respect to x, we will have to mollify them;

to this end, put

1
W(z) = exp —(1 — z%)™ ! / / exp —(1 — u?)"du (3.4.2)
-1
if |z| < 1, 0 otherwise, and consider the sequence of mollifiers

i(z) = kyp(ka). (3.4.3)
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For some fixed unit vector u, define also the sequence of variables

4 o0
*(z, %, y) = / B(z + 64, B, y)ou(6)dS. (3.4.4)

-~ OO0

It is easily seen that ®(%) is pathwise differentiable with respect to z in the direction 1 and

oPk) ] ~ ’
g5 \Etomwy) == / (z + dp, w, y )i (6)ds. (3.4.5)
6=0 .

By taking the above equality at (XO,W, Y), we obtain V§®(*), With this definition, we
first prove the

Lemma 3.4.1. Fixe > 0,t < T and some unit vector u; let ® = &,;P, be the product of
two functionals which are measurable with respect to o-field generated by (z,w,,y,; s < t);
we suppose that for some q > 1, ®, is differentiable in L‘?(If’) with respect to Xy in the

direction p and that ®; 1s continuous with respect to Xy in the direction u in Lm"(ﬁf’).

Then
gy ’ — .
Ira:[q)ﬂf-’(X.;,),uJr D, VED, [ yt] = — lim E[®, V£a{® | ), (3.4.6)

po k— 00

1n probability.

Proof. Take the scalar product of (3.1.6) with u; we first note that the resulting equality

can be extended to measurable functions ¢ which are C! in the direction y and such that
P
' (Xo)u + ¢5(X0)2—);(X0)u

and ¢(Xo) are integrable; in this case indeed, for almost every z, the functions §
(¢po)(z + épt) and (¢po)’ (z + 6p)u are integrable with respect to the Lebesgue measure, so
the integral of the latter function is necessarily 0; we conclude by integrating with respect
to z on an hyperplane orthogonal to yu. Thus for any integers (k, k') we can apply (3.1.6)
in the direction u to the functional @gk) @gki) for each (w,y) fixed; by integrating with
respect to the Wiener measure on @ we obtain

~~ ! / ! !
| o{" ) j-;-g-(xo u+ 2Vl + 8 via® | | =0 (3.4.7)

We first study the convergence of @gk) as k — w; we have

2" — 0, = [ (&(X0 + 1) - 21(Xo)) wu(8)ds (3-48)
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so that

|87 - @, " < sup ||®1(Xo + 6u) - <I>1(X0)||  (34.9)
16]<1/k

From (3.4.5), using the fact the integral of 4} is 0 a.nd the integral of zvy;(z) is —1, we

also have

veelR) _yre, = — - vgcbl) 5. (6)d6 (3.4.10)

/((151()(0 + 6u) — P41 (Xp)
)

so that

At

P _ 1 (Xo + 6p) — B1(X P
[vEa(¥ - vEe, |F < sup [|Z2Eet ) = i)

_ VP
51<1/k J o

(3.4.11)

q

We deduce from our assumptions that for some ¢ > 1, the terms of (3.4.9) and (3.4.11)
converge to 0; we can check similarly that @gk’) 1s bounded in Lm“(ﬁf’) and converges to
®, as k' — oo. Now by taking the limit in (3.4.7), firstly as k — oo, secondly as k' — oo,

we obtain (3.4.6). [ ]

If now we return to the probability IP, we have the

Lemma 3.4.2. Fixe > 0,t < T and some unit vector u; let ® = ®;®, be the product of

two functionals which are measurable with respect to o-field generated by (z,w,s,ys; 8 < t);

we suppose that ®; (resp. ®,) is differentiable (resp. continuous) in the direction u with

respect to Xg in L°°~. Then

E| 8V log A + L2 (Xo)u + 2, V4@, yt] =~ lim E[®, V48" | 3]  (3.4.12)

pg k— 00

in probability:.

Proof. One can check that the variable A7" is in LI(IP) for some g > 1; this implies that
variables which are bounded (for ¢ fixed) in L°°~(IP) are also bounded in Lm"(f’). One
can also check that (for ¢ fixed) the variables A:(Xo + éu) are bounded in L4(IP) for some
g > 1; this fact and the differentiability of log A; in Lm"(f’) imply that A; is differentiable
in Lq(ﬁf’) for some ¢ > 1. We can deduce that ®;A; and P, satisfy the assumptlons of

lemma 3.4.1; in this case (3.4.6) becomes

Vi| = - lim EB[A2, V588 | ¥]. (3.4.13)

K~ 00

IE[Q)V“At + AP (X + ByA,VED,
0

d

D
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By dividing by IE[Atlyt] we obtain a formula for IP conditional expectations which is
exactly (3.4.12). [}

Remark. In the applications, we will estimate the right-hand side of (3.4.13) by means of

_ / P2(Xo + 8p) — P2(Xo)

vEel® = 5v5(8)d6 (3.4.14)

6
where we note that —év;(6)dé is a probability measure on [~1/k, 1/k].

Proof of theorem 3.1.1. Let (e;) be the canonical basis of IR™; for each ¢, we apply lemma
3.4.2 with ®; = 1, o = e; and P, equal to the ith line Zf}o of Z7'. By applying (3.4.14)

and summing over ¢, we obtain

,'IE[(VglogAt +pg Po(X0))Z7 | Me]|| < 1imsup||2 35( o(Xo + 8e;) — Z; 4(Xo)) .
(3.4.15)

Now, for any ¢, let ¥; be the matrix, the ith line of which is the term inside the sum of

(3.4.15); by studying the equation (3.3.11) of Z, ", since the coeficients involved in this

“equation are Lipschitz, we can write ¥, in the form

U, = ( fo | dSSZS) Z;! (3.4.16)

where S; is a matrix-valued semimartingale, the :th line of of which has the form

. ¥ L XI(X () — XI(X
St = Z/ﬂ Z}: o(Xo + 5e£)fg(5)_-ﬁ_.(._ﬂj;‘565)_____§_(_._£lds
J

where w; consists of components of W; and B; ands fJ and ¢g*’ are matrix-valued processes

satisfying |
&) <Cl+ X, - M), |g¥(6)| < (3-4.18)

For each fixed ¢, as § — 0, the process S} is contiguous in L~ to the process
S e Z[ Z"’ of2(8)Z7%ds + \/_Z/ ‘0933((5 7' dw?, (3.4.19)

Since Z, g is the inverse matrix of Z,, we deduce that

S=3 [ o fS [aoat e
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where f¥* and g*** are the ith lines of f: and g**. Then we deduce from (3.4.18) that
5°.5,, and therefore also S, S}, are asymptotically of order 1 as § — 0, uniformly in .
Thus the right-hand side of (3.4.15) is of order 1, so that the theorem follows from (3.4.1),

(3.1.1) and (3.3.10). ]

3.5 Asymptotic normality of the conditional law

In this subsection, as a complement to theorem 3.1.1, we check that the conditional
law of X, is almost Gaussian after the initial layer. This type of property has been studied
under particular assumptions in [29] and [19] (in [19] the convergence is checked for a

topology which is stronger than ours).

Theorem 3.5.1. Assume the conditions of theorem 3.1.1. Let f(t,z) be a family of real-
valued observable C' functions defined on IR™ with at most polynomial growth as well as

their derivatives: define

st = (ept)ﬂl/z(-xt B Mt) (3.5.1)
If f(t,&:) is bounded in L°°~, then

E[f(t¢)& - £(t.6) | %P7 = 0(Ve + ""5:/“;68—“). (352)

Proof. We deduce from (3.3.4) that

/

_ 1
FhEE R = /(.8 —&Volog A, + (Xo - Mo)' P | 27" + O( Ve + ;e““t).
(3.5.3)

By using also (3.1.1), we only have to prove that

- |
E[<(t,€)(Volog A + b5 ph(X0)) 27" + VEF (8, €0 P | Db = O(e + (ve + v))e™).
. (3.5.4)
Let us apply lemma 3.4.2 with ®; = f(t,&;), 4 = e; and ®; equal to the ith line of Z*;

by estimating the approximate derivative of Z, " as in the proof of theorem 3.1.1, we can
deduce that

E|£(t,&)(Volog At +p5 s Xo)) 27" + Vof(t,6)27 | 3| = 0(1).  (3.5.5)

On the other hand,

Vof(t, &) = —%f’(t,st)a“l”zt ' ' (3.5.6)

so (3.5.4) is proved. []
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Corollary 3.5.2. Under the assumptions of theorem 3.1.1, let T be a family of determin-
istic times such that P, is bounded in L*°~ and (v. +v.)e™°" is of order ¢ for any ¢. Then

the conditional law of the variable £, given ), converges in probability to the standard

Gaussian law for the weak topology on probability laws.

Remark. If P, is bounded and v. + v, = O(g), so that the initial law is already nearly
Gaussian with small enough vanance, then no particular assumption is made on 7; on the
other hand, if v. and v, are of order ¢~ for some «, and if P; is of order e ®e~°t + 1,

then the conditional law is nearly Gaussian for times 7 > log(1/¢).

Proof. First note that since v.e™“" = O(¢) for any c, it follows from (3.1.3) that X, — M,
is of order /¢ so £, is of order 1. On the other hand, consider the Hermite polynomials
defined by induction by Hy = 1 and for k > 1,

Hk(a:) == mHk_l(:r) -- H;c__l(:z:). (3.5.7)

Consider a m-uple of non negative integers (ki,...,k,) and suppose that at least one

element, say for instance k;, 1s non zero; by putting

f(z) = || Hi,(27) Hi,—1 (), (3.5.8)
VEX]

the variable f(¢,) is of order 1 so we can apply theorem 3.5.1; by considering the ith
component of (3.5.2), we deduce from (3.5.7) that

E|Hi, () .. He,(£2) | %] = O(v). (3.5.9)

[f the above expression were zero, it would caracterize the standard Gaussian law. Thus all
the polynomial conditional statistics of &, converge in probability to those of the standard

Gaussian law. [}

4. Asymptotic smoothing

In this section, we consider a family of deterministic times 7' and we look for the
conditional law of the whole path (X;, ¢t < T) given Y. We will use the framework of

33 with some restrictions (y = 0, h linear). We first state the theorem in 84.1; the other

subsections are devoted to the proof.
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§4.1 Statement of the result

Our aim is to study the signal process X;, t < T, under the filtration F; V YVr;
more precisely, we want to know whether this is a semimartingale and if it is, find its
decomposition, or at least an approximation; this will enable us to compute approximate
conditional statistics of the process. With reference to §3, we are going to assume two
additional conditions; firstly, we will suppose vy = 0, so that the signal and observation
noises are independent; if indeed -y # 0, since Y; is clearly not a F; V Jr semimartingale,
the process X; will not be a semimartingale; secondly, we will suppose that h is linear: this
will avoid us difficulties due to some anticipating processes. We will also restrict ourselves

to the case where X; — M, is of order /¢ on the whole time interval.

We first define a suboptimal Gaussian smoother (HM_t,_p-t) which is supposed to ap-
proximate the conditional mean and variance of X; given Vr; in order to construct it, we
linearize (0.3) around the extended Kalman filter and we consider the fixed-interval linear

smoother for the linearized system (see [18] for the formulas of linear smoothing). This

can be formulated as the

Defimition 4.1.1. Consider the system (0.3) with v = 0 and let (M;, P;) be an extended

Kalman filter. The associated Gaussian smoother is then the so]ution of the backward

equations

M, = B(t, M) + (ﬁ’(t, M,) + a(t, Mt)Pt“l)(—M"t - M,) (4.1.1)

and
-—p_t = (ﬁ!(t, Mt) -+ a(t, Mt)Pt_l)_P_t - -Ft (ﬂf(t, Mt) +- a(t, Mt)Pt_l) = a(t, Mt) (412)
with final condition (M, Pr) = (Mr, Pr).

We now want to prove that the conditional law of X; given Vr is approximately the
Gaussian law with mean M, and covariance ¢P,. In a part of the subsequent statements,
we do not require v, (see (3.1.1)) to be finite; when v. = 400, this means by convention

that the law of X has not necessarily a density. The basic result is the

Theorem 4.1.2. Assume the conditions of theorem 3.1.1 with v, = 0 and P, uniformly
bounded; suppose moreover that a is uniformly elliptic, v = 0, h is linear and that the

exponential moments of Xy — M, are uniformly bounded. Let II be the observable variable
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with values in the space of probability measures on C7. defined as follows: for each observed

path, it is the law of the Gaussian process x; with initial law N'(Mg,cPy) and solution of

—1

dl’t =G(t, Mt) I:.Ptﬁl(itt — Mt) — -P-t (CL‘t - -M-t)] dt + ﬁ(t, Mt)dt
+ B'(t, Mi)(z: — My)dt + eo(t, My)dw, (4.1.3)

for a standard Wiener process wy. We also let Il(zo,dx) be the law defined in (4.1.3) with

initial value o and we define
£, = (eP)" YV} (X, - M,). (4.1.4)

Then
(a) if ve = O(e), for any family of Yr @ B(IR") measurable C' functions f(z) such that f
and f' have uniformly polynomial growth, '

E[fE)E - ') | ¥r] =0(ve): (4.1.5)

(b) there exists a measurable process X; such that X, = Xo, X: — X, is of order e, and
the conditional law of (Xt,t < T) given Fo V Yr is equal to II( Xy, .).

Note that for each t, the law of z; under II is N(M,eP;). The result (a) says that
the conditional law of X, is approximately Gaussian (as in §3.5) and (b) implies that
this approximate Gaussian structure is propagated. In particular, as it will be proved
subsequently, the theorem implies that the conditional law of (X,,t < T givén Y 18 close
to II and this can be stated as the

Corollary 4.1.3. Under the assumptions of theorem 4.1.2, let k be a fixed integer, let
0 < ti,...,tx < T be families of numbers and let f be a family of real-valued observable
uniformly bounded functions defined on IR*™ which are uniformly (in = and ¢ ) continuous.

If z; is a continuous path, define
&(:c) = (EPt)-l/z(l't = Mt) (416)

Then
(a) if ve = O(e), one has

]E[f(al,...,ftk) | Vr| - /f(ftl(m),...,étk (z))II(dz) — O (4.1.7)
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1n probability as € — 0; -
(b) if Xq is bounded in L*°~ and t; > log(1/¢) for 1 < i < k, the same convergence holds.

For each deterministic time ¢, the law of &;(z) under II is the standard Gaussian law,
so the corollary implies in particular the convergence of the conditional law of £, to the
standard Gaussian law. Note that the results (b) of theorem 4.1.2 and corollary 4.1.3 hold
‘even if the law of X is not absolutely continuous with respect to the Lebesgue measure;

1in particular for ¢ = T, we obtain a result for the filtering problem.

84.2 Estimation of the wnitial state

In this subsection, we see how the technique of §3 can be used in order to approximate

the conditional law of Xg given Yr and obtain the first part of the theorem. We first prove
the

Lemma 4.2.1. Under the assumptions of theorem 4.1.2, the process P, is uniformly

bounded and elliptic, the process X; — M, is of order /¢ and for any K > 0,

t | . - . .
IEepr/ |X3 e _ﬁslds < Cgefx Vet (4.2.1)
; .

Proof. Recall that A; is the process defined in (3.1.2) and let (;;: be the associated
fundamental solution as considered in definition 1.1.4; since A, is exponentially stable, (, ;

is of order e~<(*=%) for s < t. Then the solution of (4.1.2) can be written as

. _
P, = rPriyr + / (e sa(s, Ms)(e, sds. (4.2.2)
t

Since a and Pr are bounded, we deduce that P, is also bounded. By writing the equation
satisfied by P, 1, since a is uniformly elliptic, we prove that it is also bounded so P, is
elliptic. However, for the study of X, — M, we cannot directly apply the technique which
was used for X; — M, because M, is anticipating for F;. Thus we use an auxiliary process:

consider the solution of

ﬁ’t = ﬁ(t,Pt) + K'o(Xt — Pt) (423)

with po = Xo, for some positive Ky which is large enough, so that X; — p, is easily estimated

from the results of §1.3: it is of order /¢, its exponential moments are bounded and it
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satisfies an estimate of type (4.2.1). Thus we only have to prove that M, - p: 1s of order
V€ and satisfies also an estimate of type (4.2.1). But

%(_M—t — p1) = B(t, My) — B(t,pe) — A{(M: — ps) — Af(pe — M) + Ko(p: — Xy) (4.2.4)

so that

- .
M, — ps = CZT(MT — PT) — /; C:;.s [18(3: M.s) - ﬁ(saps) + A:(Ms “.ps) 2% KO(P.s = Xa)] ds.
‘ (4.2.5)
Since M; — p; and p; — X, are of order /¢, the process M, — p; is also of order ,/z and

T
'hM—u - pul < C/ e_c(”““)(]pv — le - le ~ le)d'u + CIMT — pTIe_C(T_“) (4.2.6)

u

SO

- t
/l"ﬂu—puldus C|MT—pT|+Cf (|pu—-Xul + |Xu-—Mu|)du

T
. / e (|pu = Xu| + | Xu = My|)du (4.2.7)
t ‘

‘The exponential moments of M1 — pr are bounded; the exponential moments of the second
term are estimated from (3.1.4) and a similar property for p, — X, (see the construction

of p¢); finally, from the Jensen inequality

T
IE exp K/ e"c(“_t)(wu — Xl + | Xy - Mu]) du
, |

d K
t
which is uniformly bounded. The lemma then follows. []

Sketch of the proof of theorem 4.1.2, part (a). Recall that the process A, was defined in
(3.2.1) and consider the process L;, 0 < t < T, defined by

_ _ 1
L = A; lexp{ (X - M )*P cr(s X )dW

/ 0% (s, Xs) __1 _ﬁs)izds}. . (4.2.9)

One can check that for ¢ fixed, some exponential moment of |M M |? is bounded, so A;L; ! i
a(FeVvyr, P ) martingale and if IP is the probability measure on Fr absolutely continuous
with respect to IP with density ATL}I, the process

o 1 [t e _
Wt i Wt -+ ——— ] O'*(S,XS)PS I(Xs — Ms)d.ﬁ’ (4210)
Ve Jo



is a (¥, V Yr,IP) Brownian motion. Note that Y; is measurable with respect to the initial
o-field of this filtration, so it is not a semimartingale; however, since .we have assumed

7 = 0, the process X; i1s a semimartingale with decomposition
dX: = a(t, X;) | P (X — M) -—-'P';'I(Xt — M) dt + [J’(.t,Xt)dt+ vea(t, X)dW,. (4.2.11)

We want to obtain a formula for L, similar to (3.2.7). Note first that (4.2.9) can be written

aS

1¢ [° R
Ly = Ajexp —g{ / (Xs — -J\(f\g)*PS : (dX., — ,B(S, Xs)ds) | (4.2.12)
0

. fot(Xs B -M—s)*"p‘: a(S,Xs)[“z‘Ps (X — ]73) - P;'l()'('al— Ms)]dS}.

On the other hand, since M, and P, are absolutely continuous and Yr measurable, they

are F; V Yr semimartingales and we deduce from It6’s formula that

——1

t
(Xe = M)*P, (Xy ~ M) =(Xo — Mo)*Py  (Xo — Mo) + 2 / (X, — M,)*P. dX,
. 0 .

so that

2elog (LeATY) =(X — M) P, (Xy — My) — (Xo = Mo)* P, (Xo — Mo)

+2 | (X, -F,)P." [‘M‘ — (s, Xs) — a(s, Xs)PY(X, - MS)] ds

P. (X, — M,)ds.

(4.2.14)

By writing this equation at time t = T', and using (4.1.1), (4.1.2) and (3.2.7) (since v = 0

and h is linear, one has 3; = 0), we obtain

T
2€ log Lt = (XO-M(])*PO_I(XO"MO)_(XO*MO)*?gl (XO_H0)+/ ¢4(S,X3)d3+¢5(T)
0 h
(4.2.15)
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where

w‘;(t, a:) _-:'l,bg(t,.il') — 2(3? — Mt)*ﬁ;l (,B(t, :l‘.‘) o ﬂ(t, Mt) = ﬁ’(t, Mt)(:z: == Mt))

]

+ (z — ]\_J't)*_ﬁ:l (a(t,z) — a(t, M,)) [Pt (x — M) — 2P (z — Mt)] (4.2.16)

and ¥5(7) is an observable variable. The variable Ly can be viewed as a functional of
(Xo,W,Y) and we want to differentiate it with respect to Xg; we can indeed define a

differentiation operator Vo as in definition 3.3.1 and check that X, is differentiable in

L°°~ and that its derivative Z, is solution of

dZ: =a(t, X) (P! = P, )Zudt + B'(t, X.)Zedt + Ve (t, X0)ZdW]
+ 0 (t, Xe)((0*) (8, Xe), PrY(Xe — My) = P, (Xy — M) Zedt  (4.2.17)

with the notation defined. in (3.3.3). We deduce that Ly is also differentiable and that
T
25“_7.0 log LT — 2(X0 — Mg)*PO—l -+ 2(.X0 — _M_o)*ﬁgl ~+ / ‘l/);(t, Xt)_Z_tdt. (4218)
0

By proceeding as 1n 33.4, we can also prove the integration by parts formula

E[f(E)Tolog Lr | r| = ~E[2(Xo) (&) + ' E)Po) ™2 | 32].  (4219)

From (4.2.18), (4.2.19) and (3.1.1), the proof of (4.1.5) is easily reduced to the proof of

T
/ Ya(t, Xe)Z dt = O(e). -~ (4.2.20)
0

The process v (t, X;) is of order ¢ so it is sufficient to prove that Z, is of order e—¢. First
note that the process W, is a (F; vV Vr, f)) semimartingale, so under IP, it is also a F; V Vp

semimartingale and it is a 7, Brownian motion; moreover, the Process

A = a(t, M) (P =P, 1) + B'(t, My) (4.2.21)

can be shown to be exponentially stable (it is (P, k) stable for some k > 0) and equation

(4.2.17) can be written as

dZ, =A,Zdt + (a(t. X:) — a(t, My))(P7Y = P, VZ,dt
+ (8(t, Xt) — B'(t, My)) Z1dt + Veal(t, X,)Z odW]
+ O'(t, Xt)((ﬂ*)’(t, Xt), Pt"l(Xt == Mt) - _P-:I(Xt — -M—t))-z_tdt (4222)

From lemma 4.2.1 and (3.1.4), the assumptions of lemma 1.4.1 are satisfied so we can
deduce that Z; is of order e—<t. [ ]
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84.3 Stochastic calculus of variations and change of probability

The process W; is a (F; V Yr,IP) semimartingale, so since IP and TP are mutually

absolutely continuous, it is also a (F; V Yr,IP) semimartingale; its martingale part is a

Brownian motion and in this subsection, we want to compute its finite variation part. The
main tool will be the differentiation of variables ®(X,, W,Y) with respect to W, more
precisely with respect to absolutely continuous perturbations of W. The theory of these
perturbations 1s generally called the stochastic calculus of variations, or the Malliavin

calculus, and has been widely studied (see [28]); the fundamental result of this calculus is
an 1ntegration by parts formula and actually, the result that we will prove (lemma 4.3.2

below) is a result of the same type. We will adopt the

Definition 4.3.1. Let ® and ¥, be functionals of (Xo,W,Y). The variable ® will be
said to be differentiable with respect to W with derivative U, if for any bounded F; V Vr

adapted process u;, one has

: T '
lim — s (@(XQ,W + 5/ usds,Y) — ®( X, W,Y)) = f W, updt (4.3.1)
§—0 0 0 0

where the limit holds in probability. In this case, we will note D,® = ¥,.

Using the calculations of §4.2, one can deduce from (4.2.11) and (4.2.15) that X, and
Lt are differentiable with respect to W and that

DiXs=eZsZ, o(t,Xe)l{ics, (4.3.2)

44
26D, log Ly = / Wi(s, XY DX, ds. (4.3.3)
t . |

On the other hand, one can check the existence, for each fixed ¢, of a @ > 0 such that Ar
and L7AT' are respectively in L!*%(IP) and L'*+*(TP); by putting ¢ = (1 + a)?/(1 + 2ax)
and by means of the Holder inequality, this implies that

= (12 X X 8 4 Oy
ELS [(LTAEI)( +a)/(1+2 )(LTA_]‘)(H- ) /(142 )A%}

=1E
a?+a)/a]/(1+2a) (1+a)/(142a)
[ LTA-—-I ( + )/ ] [IE(LTA 1A1+cx)] /

~1a/(1+2a) r ~ (1+a)/(14+2a)
E(LrA;)'Y ] [IEA;M]
(4.3.4)
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One checks similarly that

1 — | — ||P
lim sup EHLT(W + 6/ ugds) — LT(W)” < 00 (4.3.5)
g

§—0 0

for sbme g > 1. We are going to verify that these two properties imply the
Lemma 4.3.2. The process

W, =W, — /OtIEfﬁs log L l FoV yT] “ds (4.3.6)
is a (F: V Vr, IP) Brownian motion.

Proof. For any bounded F; V Yr adapted process u;,,

/ urdW, = lim — (exp{é/ u,dW, — - \uslzds} — 1) (4.3.7)
0 0

§—0 ¢ 0

where the limit holds in L>~(IP). Thus, since Ly is in a Li(IP), g > 1,

T T
IE/ urdW, = —IE_[LT[ u:dws]
0 0

= lim : (E_[LT eXp{é/oT uldW g — %i ’ Iuslzds}] -~ 1). (4.3.8)

§—0 0 0

But from the Girsanov theorem, the multiplication by the exponential in the expectation

is equivalent to a perturbation on W so that

T :

- 1 — e S

E / u*dW, = lim ‘-IE[LT(W-}- 5 / u,ds) — LT(W)]. (4.3.9)
0 §—0 6 0 |

T'he integrability condition (4.3.5) shows that we can exchange the limit and the expecta-

tion and therefore
T o . T_
IE/ u.dW =IE/ D, Lru,ds
0 0
—— T-——-
=IE[LT/ D,log Lt usds]
0 .
T—-
=IE/ D;log L1 u,ds. (4.3.10)
0

T'hus W} is a martingale; from its quadratic variation, it is necessarily a Brownian motion.

]
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Proof of theorem 4.1.2, part (b). When considered as a (F; V Vr,IP) semimartingale, the

process X; has the decomposition

dX, =a(t, X:) [P7Y(Xe — My) = P, (Xy — M,)]dt + B(t, X, )dt
+ veo(t,X)IEE[Dilog Ly | F¢ vV V7| dt + eo(t, X,)dW,.  (4.3.11)

On the other hand, consider the solution of

dX, =a(t, M;) [Py U( X, — My) — P, (X, — My))dt + B(t, My)dt
+ B'(t, Me)( Xy — My) + ea(t, M,)dW, (4.3.12)
with initial condition Xo = Xo. Then the law of X conditioned by X, is II(Xp,.), so in

order to prove the theorem, it is sufficient to prove that X; — X; is of order . Using the

process A, defined in (4.2.21), the equation for X; — X, can be written as

d(Xe ~ X;) =Ay(X¢ — Xp)dt + (a(t, X¢) — a(t, My)) (P[‘l(Xt — M) =P, (X, - ‘M"t)) dt
+ (ﬁ(taixt) — B(t, M) — B'(t, M)(X: — Mt))dt
+ Ve(o(t, Xe) — o(t, My))dW;
+ Veo(t,X,)IE[Dlog Lt | F: vV Yr] dt. (4.3.13)

The process D log Lt is given by (4.3.3) and by proceeding as in the proof of (4.2.20), we
can deduce that it is of order /¢; moreover the process A; is exponentially stable so we

can apply lemma 1.3.2 and deduce from (4.3.13) that X, — X; is of order ¢. []

Proof of corollary 4.1.3. We first deduce from theorem 4.1.2, part (b), that in the left-hand
side of (4.1.7) one can replace the process X, involved in £, by X;; thus, defining-

d(n) = ff(é},l(:c), . ,ét,: (a:))H(-]Wo + (E_Po)l/zn, d:t:), (4.3.14)

it 1s sufficient to prove that

E[6(&) | Yr| - f ¢(m)mo(dn) — 0 (4.3.15)

in probability, where g is the standard Gaussian measure on IR™. By using the exponential
stability of the process A; defined in (4.2.21), we prove that if 7 and 7’ are two vectors
of R" and z; and z; are the solutions of (4.1.3) with initial values Mg + (¢Pg)'/?n and
Mg + (¢Po)*/27’, then

' |z¢ ~ 23| < Ce Vel — 7] (4.3.16)
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SO

Iét(a:) - Et(:z:’)l < Ce™%|n —7/|. (4.3.17)

Thus, if 7 is the infimum of ¢;, 1 < ¢ < k, we have

$(n) = ¢(n)| < p(e™"In - 7'|) (4.3.18)

where p is a bounded function converging to 0 at 0 linked with the uniform modulus of
continuity of f. In case (a) we can deduce from theorem 4.1.2, case (a), that the conditional
law of £, converges to mg (see the p'i‘oof of corollary 3.5.2), so since the functions ¢ are
uniformly continuous, we obtain (4.3.15); in case (b), we can define on a enlargement of

the probability space an independent standard Gaussian variable 7o; the distance between

Eo and 71 i1s of order 1/ \/E and

I

IE[|¢(20) — ¢(no)| l .yT]
IE[P(Q_CT‘EO — 770|) yT] (4.3.19)

E{6(&) | Yr] - /ﬁf’("?)?fo(dﬂ)

VAN

which converges to 0 because p is bounded and e™<" IEO — 70| converges in probability to

0. ]

5. Estimation of some non continuous functionals

Results of §2 imply that continuous functionals of X can be approximated by means
of some Kalman-like suboptimal filters. Now if the functional is not continuous, other tools
can sometimes be used; for instance if the functional is given by a stochastic differential
equation driven by X, we can use the results of [24] in order to estimate the difference
between this functional and the solution of the same equation driven by some observable
approximation M; of X;; the following result says that under the assumptions of §3, the
convergence holds when M, is the extended Kalman filter if the time interval is not too

large.

Theorem 5.1. Consider the time interval [0,T] with T = K /e, K > 0. Suppose that X,
1s solution of (0.3) with 3 = €b; assume that X, is bounded in probability, that b(t,z) has
uniformly linear growth, that ¢ and v are bounded, that h' is bounded and Lipschitz; let
M, be a Kalman-like filter with a bounded gain G, and suppose that sup,.r |X; — Mtl

converges in probability to 0, that X, — M, = O(g) in L' and that X, — X, = O(4/€) in
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L*. Let f(t,z) and g(z) be families of respectively observable and deterministic functions

which have uniformly linear growth and are uniformly Lipschitz: let U; be the solution of
dU; = ¢ f(t,U;)dt + g(U;)d X, (5.1)
with some deterministic 1nitial value Uy = uqg. If V4 i1s the solution of
dVy = ef(t,Vi)dt + g(V;)dM, (5.2)
with Vo = uo, then sup;cr (U, ~ V| converges in probability to 0.

Sketch of the proof. It is well-known that the process

L=—=(- | E[h(s, X,) | 2] ds) (5.3)

1s a standard ); Brownian motion: it is the innovation process. Now write (1.1.1) in the

form

dM; = eb(t, My)dt + GIE |h(t, X,) — h(t, My) | Vi]dt + \/eGdI, (5.4)

which is the decomposition of M, as a ); semimartingale and note that since X + — M, and
X — )?tlz are of order ¢, the second term is of order ¢ in L' (apply Taylor’s formula to
the function ~ at point X ¢); thus, by integrating on [0,7T], it appears that the variation on
0,7} of the finite variation part of M, is bounded in probability; its quadratic variation
1s ‘also bounded. The same property holds for X, considered with the filtration F; O ).
Moreover we have assumed that sup, | X; — M| converges in probability to 0. Thus we can

apply theorem 2.4.3 of [24] and deduce the theorem. []

Some equations which are more general than (5.1) can also be dealt with; for instance
the function g may be allowed to depend on t and to be random; we refer to [24] for the
set of assumptions which has to be used in this case. In theorem 5.1, the time is at most
of order 1/¢ because each error on the estimation of U, is propagated on the whole time
interval {s,T'] without damping, so that for large times |U; — V;| may be large; however, if
(5.1) is a stable equation, so that a perturbation of order 1 on the state at time s leads to
a perturbation of order e—<(t—2) at time t > s, then the difference U, — V; remains small as
T — oo; in this case, if we consider (M, V;) as a suboptimal filter for the signal (X, U),
this filter has two time scales: a fast component M, (memory length of order 1) and a slow

component V; (memory length of order 1/¢).
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