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Abstract

Let (X:) the solution of a Stochastic Differential System. We con-
sider 2 situations : computation of Ef(X;) by a Monte-Carlo method
(for example, computation of moments of the solution) ; integration
of f w.r.t the invariant probability law of (X;) (when this process is
ergodic) by simulating a single trajectory.

In each case, we expand the global error of approximation for a
class of discretisation schemes and of functions f(-), in powers of the
discretisation step size ; the first result extends a result of Gragg for
ordinary differential equations. This expansion permits to justify an
extrapolation between approximate values due to first order schemes ;
this algorithm provides a second order accuracy, is much simpler to
implement than second order schemes, and seems to have interesting
numerical properties (short computation time, numerical stability).
This is illustrated by results of numerical simulations.

It permits also to have a better understanding of the numerical
behaviour of discretization schemes, and to explain a priori strange
results obtained for two particular examples. '

Résumé

Soit (X,) la solution d’un systéme différentiel stochastique. Nous
considérons 2 situations : le calcul de Ef(X;) par une méthode de
Monte-Carlo (par exemple, calcul des moments de la solution) ;
I'intégration de f par rapport a la loi invariante de (X;) (quand ce
processus est ergodique) en simulant une unique trajectoire.

Dans chaque cas, nous effectuons un développement asymptotique
de I’erreur d’approximation pour une classe de schémas de discrétisation
et de fonctions f, selon les puissances du pas de discrétisation. Le
premier résultat étend un résultat de Gragg concernant les équations
différentielles ordinaires. Le développement permet d’effectuer des ex-
trapolations & partir des résultats fournis par des schémas du premier
ordre, et d’obtenir ainsi une précision d’ordre 2 ; I’algorithme est beau-
coup plus simple a implémenter que les schémas d’ordre 2, et semble
avoir des propriétés numériques intéressantes (temps de calcul réduit,
stabilité numérique). Nous donnons les résultats d’essais numériques.

Par ailleurs, le développement permet de mieux comprendre le
comportement numérique des schémas de discrétisation, et d’expliquer
les résultats a priori étranges observés dans deux situations
particuliéres.



1 Introduction

Let us consider the following It6 stochastic differential equation :
dX; = b(t, X, )dt + o(t, X:)dW, (1)

where (X,) is a stochastic process in R?, (W,) is a Wiener process in IR,
b(t, ) is a d-vector and o(t,z) is a d X ¢-matrix.

We will denote the solution of (1) with the deterministic initial condition
at time s (i.e X, = ), by (X;"*). (We will suppose below that the coefficients
b and o are smooth, so that the existence and uniqueness of this solution are
ensured). '

Let Y be a random variable independent of any increment W, — W, of
the Wiener process, and having moments of any order. The solution of (1)
with initial condition Xy =Y at time 0 will be denoted by (X;).

Let us first consider the numerical evaluation of the quantity

Ef(Xr)

where T is some fixed time, and f a given smooth function from R? — IR,
by a Monte-Carlo method based upon the simulation of a piecewise constant
approximating process (7:,;7 € IN).

We divide the interval [0,T] in n subintervals with the same length A : in
other words

h=T/n
According to our notation, X* is X2 ; we want to study the global error
Err(T, h) = Ef (Xz) - Bf(X}) 2)

It is already known ([5] or [4]) that the Euler and Milshtein discretization
schemes (defined below) are of first order, i.e the global error satisfies : there
exists a positive constant C(T'), independent of A, such that :

|Err(T, h)| < C(T)h 3)

Here we want to study Err(T,h) as a function of h ; more precisely,
after preliminary results given in Section 2.1, in Section 2.2, we will give an
expansion of Err(T, h) of the form :

Err(T,h) = ei(T)h + ez(T)h2 + .. + en(T)R™ + O(™H)
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This expansion justifies an extrapolation technique, described in Subsec-
tion 2.3 and tested in Subsections 2.4 and 2.5, which permits to obtain results
of the same theoretical accuracy as those provided by second order schemes.
The algorithm is very simple, and our numerical experiments seem to show
also that this procedure has an interesting numerical behaviour, and permits
to save CPU time.

Another motivation of this work was a priori strange numerical results
obtained at least on the situation described in Subsection 2.5 : we consider
a (not so much) particular system (1), whose coeflicients depend on a pa-
rameter v ; for v < 1, we observe that the numerical results provided by
Euler and Milshtein schemes have the same accuracy, as predicted by the
estimation (3). For v > 1, we observe that Milshtein scheme (but not Euler
scheme) provides very inaccurate results, except for very small h. We will
completely explain this difference of behaviour of the two schemes, thanks to
an explicit computation of the corresponding functions e, (t).

In Section 3, an analogous work will be achieved for the numerical inte-
gration of f w.r.t. the invariant probability law of the process (X;) (in the
ergodic case).

2 The case of approximations of Ef(Xr)

2.1 Preliminary results

First, we introduce the following numerical scheme (Euler scheme) :

Xg = XO
" h " h Y h h v h (4)
Xty = XP 4+ o(ph, XE)AR, W + b(ph, X)h

where we have set Ajl,‘ AW = Weiyn — Wi

Now, let us define the Milshtein scheme.

Let o; denote the j'* column of o, and 8o; denote the matrix whose
element of the i** row and k** column is Bka; )

We begin by defining the family ( ~:il) of i.i.d. random variables, their
common law being defined by :

o . 1
PUy =35)= Py = -3)=3

4



and such that the (Uq+1, A? +1W )p.a.k.j4’S are mutually independent.
Then we define :

zZi, = -2-A;+1W’°Ah+1WJ+U:1;1h , k<j
AR EALLW‘A"HW’ 0% b, k>j
Zp+1 = 5((AZ+1Wj)2‘h)

and finally the Milshtein scheme by :

——h ; ~h
XKoo = X, + za,(ph XAk W 4 b(ph, X))k

Z da;(ph, X" )a’k(ph X ) p+1

3,k=1

The proofs of the following two lemmas are easy, the arguments can be
found in Talay [5].

Lemma 1 Suppose that the b;’s and the 0;;’s are Lipschitz continuous func-
tions. Then, for any integer k, there exists a strictly positive constant Cj
such that :

Elyzlk < €O T

for any p between 0 and n.

Let us now consider the class Fr of functions ¢ : [0,7T] x RR? — R with
the following properties : ¢ is of class C*, and, for some positive integer s
and positive C(T') :

Vo e[0,T] , YeeR! : |4(8,2)|< C(TY(1+ |:v ) (5)

A function ¢ of Fr will be called homogeneous if it does not depend on
the time variable : ¢(0, z) = ¢(z).
We will denote by £ the differential operator associated to (1) :

d
—_—%2_: ta:@,]-{-Zb’tm (6)

i=1



where a(t,z) = o(t, z)o*(t, z).
If ¢ € Fr then the function u(0;¢, z), defined by

u(8;t,7) = E¢(6, X7°) = E; - 6(6, Xr)
verifies the following equation :

6u+£u = 0
{z%mw) = 46,2) @)

Moreover, we have the following result :

Lemma 2 Let us suppose that the functions b and o are C* functions, whose
derivatives of any order are bounded.

For any multi-indez a, there exist strictly positive constants ko(T'), Co(T)
such that :

Vo € [0,T] : |dau(6;t,z)|< Ca(T)(1+ |z [*D)
Here by 8, we mean the mixed partial derivative of order |a|

Sl
871 05%...02r

where a = (a3, az,...,a,), and |a| = a; + ... a,.

2.2 Main result

In all the sequel, we suppose that the functions b and o are C* functions,
whose derivatives of any order are bounded.

Consider a homogeneous function f of Fr, and u(t,z) = Ef(X5°)
which solves :

ou
E-{-‘Cu = 0
{ %) = 1) @)

Then we have
Err(T, k) = Eu(T, X}) — Eu(0,Y)
Let us first consider the Euler scheme.
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We compute Eu(T, X}) — Eu((n — 1)k, X}_,) by performing a Taylor
expansion at the point ((n — 1)k, X*_.), of the form :

u(t +At,z + Az) = u(t,z)+ At—gu(t, z) + %(At)zgéu(t, z)

ot
+ At E A:c"?—u(t,a:)@au(t, )
laj=1 ot
+ ;At ) Az® —u(t z)0,u(t, z)
lal=2
+ éAt Z Az® —u(t )0 u(t, )
Ial 3
' i Z Az®O,u(t,z) + ..
|lal=1

where a = (a3,...,a,) and Az* means :
= (Azy)* ... (Az,)*
One gets after some easy but tedious computations (cf [5]) :

Eu(T,X}) = Eu((n - 1)h, X!_,) + K®Ex.((n — D)k, X*_,) + R°R"

where -
Yltiz) = 5 2; (t,z)¥ (t, z)Biu(t, z)
—;-”Zkzlb‘(t 2)ai (¢, 2)dieult, <)
+%w§;‘ ai(t, z)af (t, 2)Ojmu(t, =) + ; g 22u(t z)
+Zb‘(t :c) Biu(t,z) + = .JZ—:la (t,z) ata,,u(t z) (9)

and there exists a constant C'(T') independent of k such that :

|RE| < C(T)
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We can use the same expansion for u((n — 1)k, X%_,) and, continuing in
this way n times, we arrive to :

n-—-1 .
Eu(T, Xy) = Eu(0,Y) + A* 3~ E¢(jh, X}') + h*R" (10)
J=0

with
IR: < C(T)

Proposition 1 There ezxists a real number C(T), independent on h, such
that :

n-—1
kY Elye(ih, X})| < C(T)
j=0
Proof. That follows from Lemma 1 and Lemma 2. O

Proposition 2 For any function ¢ of Fr, there exists a real number C(T),
independent on h, such that :

E¢(6, X7) = E¢(6, X1) + Rr(h)
with |[Rr(h)| < C(T)h.
Proof. This easily follows from Proposition 1 and equality (10). O

Proposition 3

n—1

_ T
Y Bue(ih, X}) = [ Egu(s, X.)ds

i=1

= O(h).
Proof.-

<

n-1 _ T »
hZEwe(jh,X;')—A Ee(s, X,)ds
ji=1

n~1
h E IE'we(Jha X_,h) - E¢e(jhaxjh)l+
j=1



n—1 T

+b S Epe(ih, Xpn) — /0 Ev.(s, X,)ds].
Jj=1 .

Now we have for the first term:

n-1 n-1
Z E"/’e(jh) X]h) - Z E"pbe(jha th)
j=1 1=1

= 0(1)

because one may easily check that the function ¥.(t,z) belongs to Fr, and
therefore Proposition 2 implies :

IE"pe(jha th) - E"l’e(]"'a th)l < C(T)h
On the other hand

(i, X) = [ B(s, X,)ds| = O(h)

since the function

s — E(s, X,)

has a continuous first derivative. 0O
We can conclude, summarising (and extending in an obvious way) the
preceding results, with the

Theorem 1 (i) For the Euler scheme, the error is given by :
Err(T,h) = —h /0 " Bye(s, X,)ds + O(h?) (11)
where 1(-) is defined by (9).
(i) The same result extends to the Milshtein scheme :
Errm(T,h) = —h /0 " E(s, X,)ds + O(h?)
where P,u(-) ts defined by :

Ym ( t,a:):z,[;e(t,:z)+l Z afc(t,z)alo;:‘(t,a:)aka;:’(t,:z)ail,-zu(t,z)

11 a2,7.k,0

+ Yo aji(t,x)a(t, z)ok (¢, 2)Bkal (t, 2)Biiisult, T) (12)
Yum



(iii) For the second order schemes of [5], the global error can be written
T
Err(T, k) = h? / Eq(s, X.)ds + O(h?)
0

for some smooth function ~.

(iv) Moreover, for all these schemes, it is possible to obtain an ezpansion
of the form :

Err(T,h) = e,(T)R" + et (T)R™ + ... + em(T)A™ + O(h™) (13)

Remark

Gragg [2] has obtained an analogous result for the expansion of the global
error of a very large class of discretization schemes of ordinary differential
equations (which correspond to the particular case o(-) = 0). But the method
of Gragg, consisting in searching O.D.E’s whose solutions are the functions
ei(t), here is hopeless. Of course, our method provides an alternative proof
of the result of Gragg (for the schemes treated in the previous Theorem).

2.3 Some applications

Just as in the case of ordinary differential equations, it is possible to carry on
to the stochastic case some usual applications of the expansion of the error.

First, we can control the discretization step size, choosing at each step
a new h, on the base of an estimate of e;(T') : for example, (cf [2] e.g.), we
first perform an approximation with the step size h, then a second one with
the step size /2. By (13) we have

Ef(X}) - Ef(XM?) = el(T)g + O(h?)

from which we can estimate e;(T’) : now again by (13), we can choose a new
h in order to get the error less than a given tolerance .

The second application is the use of polynomial (or rational) extrapola-
tion methods, (again see [1] e.g.), to improve the approximation to the true
solution : it is essential for this purpose to have an expansion sich as (13).

10



Let us consider a scheme such that :
Err(T,h) = e1(T)h + (’)(hz)
and consider the following new approximation (the Romberg extrapolation)
73 = 2Bf(X7*) - Ef(X}) (14)
then it is easy to check that
Ef(Xr) - Zr = O(K)

That is, it is possible to get a result of precision of order h? from results
given by a first-order scheme .

Actually, it is possible to extend the argument if (13) is verified. In such
a case consider a sequence

h0>h1>h2>...>hm

and the corresponding values

Zy=Ef(Xy
We can construct the following scheme
Zoo
Zn
Z1o - Lo
le H me
Z i Zm2
H Zml
ZmO
where 7 7
Z;',k - Zj,k—l + 1,k—’:._k z—l,k—l.
=t 1
Then

Ef(Xr) = Zmm(h) = O(h™*).

Let us underline that, in Talay [5], the Romberg extrapolation was used
in a very different way, since the extrapolation was not performed on the

11



expectations corresponding to the Euler scheme, but on the process de-
fined by the Milshtein scheme, in order to construct a second order scheme
(the MCRK scheme). Like other second order schemes (and the Milshtein
scheme), the MCRK scheme involves the first derivatives of o (contrary to
the Euler scheme), and also (when the dimension of the Wiener process is
larger than 1) requires the simulation of random variables other than the
increments of (W;) : this scheme requires a larger number of computations
than the total one of the Euler scheme with the step-sizes h and %, and
therefore a larger CPU time.
In the next Sections, we will numerically compare the two strategies.

2.4 Numerical tests : first example

Let us consider the first of our two examples ; the second order schemes
numerically behave as predicted by the theory, i.e obviously are better than

the first order schemes (Euler e.g.).
The function b is defined by :

bl($1,1‘2) — 2

b2(x1’x2) = :l?l

I
!
8]

and the matrix o is defined by :

oi(z',2?) = 0
si
oy(zt,2?) = ——————)

0
of(arl, mz) = ————

n(z! + 2
Vi+1
s(z! + z?)
Vit+1

oi(z',z?) = 0

It is easily proved that :

E|X.]* = E|X,o|* + log(1 + t)

Now, we compute E|X;|? by simulating 10,000 independent paths of the
Markov chain defined by a scheme, with the initial condition X, = (1,1).

The two following figures permit to compare results given by Euler scheme,
Milshtein scheme, and a Romberg extrapolation. :

12



The first figure shows the evolution in time of the true value (thin line)
and of the approximate value computed using the Milshtein scheme with a
step size h = 0.01 (thick line), for which the bad behaviour of the Milshtein
scheme is patent.

The second one shows the evolution in time of the error corresponding to
a Romberg extrapolation of the values given by the Euler scheme with step
sizes h = 0.02 and h = 0.01 (thick line) and of the error corresponding to
the Euler scheme with A = 0.01 (thin line). The extrapolation has notably
improved the accuracy. Moreover, obviously the numerical stability has also

"been improved.
These figures show that the Euler and Milshtein schemes lead to almost

equal errors, quickly negative, and whose absolute values are almost strictly
increasing functions of the time. This is completely explained by the results
of Theorem 1. Indeed, from the above expression for E|X,|?, it is easy to

check :
E|XZ*? = |z)* + log(1 + T) — log(1 + t)

and therefore :
e for the Euler scheme, the function e;(T’) is defined by :

1

- /OT Evc(s, X,)ds = (1-E|Xo]*)T— (1+T)log(1+T)— ';‘ + 20+ 7)

e and, for the Milshtein scheme, by :

— [ (e, X)ds = (1 - BIXo)T - (14 T)log(1 +7)

13



EFXT:5/he 0.010/10000 simulations/MILSHTEIN ,solution

35 }

25 F

B D e SO el

2 VT 6 8 10
-0.05 o
01 F
-0.15 -
02 p
025 }
03
035 |

Now, we compare the errors due to the above Romberg extrapolation
(thick line) and to a second order scheme (the MCRK scheme of Talay [5] :
thin line), with a step size A = 0.003 : they are equivalent. But the CPU
time corresponding to the extrapolation algorithm is about 3 times less than
the CPU time corresponding to any of the second order schemes we have
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used, for the reasons indicated at the end of Subsection 2.3.

*10 hd EFXT:S/w 0.010/10000 simulation’EULER2 ,MCRK
PR

i Sl

(=]

"#v "“VAVV; : ; —

Of course, if the step sizes are too large, the results of the extrapolation
may also be very bad : below we show the approximate solution due to an
extrapolation of values due to Euler scheme with A = 0.05 and A = 0.1 (thick
line), and the true solution (thin line).

EFXT:5/he 0.050/10000 simulation’EULER2 ,solution

s r

25

15



2.5 Numerical tests : second example

In the second example, a strange fact occurs : Euler scheme gives results
equivalent to those given by second order schemes, whereas Milshtein scheme,
which also is of first order, may lead to extremely inaccurate results. We will
explain why ; moreover, an interesting point is that the extrapolation even
based on bad results permits to obtain a good accuracy !

We first define the functions a(t) and §(t) by :

3v/2 — 2Qsin(t) - 12

alt) = 4(2 + cos(2t))
6v2-6
At) 4(2 + cos(2t))

The function b is defined by :
o= aft)e! + B(t)z?
B = B(t)z! + a(t)z?
and the matrix o is defined by :
oi(z',2?) = sin (V (:vl :rz)
oy(z!,z?) = cos ( ( )
20,1 22) - o 1,2\, T
oi(z’, %) s1n(v(z +:c)+3)
2/ 1 .2y _ 1,2\, T
oy(z',2%) = cos(u(:c +x)+3)

It is easy to check that, if the initial law is gaussian with zero mean and
covariance matrix equal to

e = Ly V]

then the law of X(t) is also gaussian with zero mean and covariance matrix
equal to ZiL‘;sL“—‘lc .

We compute E|X}|2 = 2+co;(ﬂt!.

(15)
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The two next figures compare the results given by the Euler scheme, the
Milshtein scheme, and Romberg extrapolations.

The first figure shows the time evolution of the error due to the extrapo-
lation based on the Euler scheme with the 2 step-sizes A = 0.05 and A = 0.1
(thick line), and of the error due to the Euler scheme itself with the step-size
h = 0.05 (thin line) : the extrapolation has still improved the accuracy.

EFXT:3/nu= 2.000/omega= 5.000/h= 0.050/10000 simulation’ EULER2 ,EULER

The second figure is devoted to the Milshtein scheme.

Numerical experiments show that, for v < 1, it behaves as the Euler
scheme ; but, for v > 1, the error becomes very large, as illustrated by the
next figure (corresponding to the situation v = 2), which compares the time
evolution of the errors due to the extrapolation based on the Milshtein scheme
with the 2 step-sizes h = 0.05 and h = 0.1 (thick line), and to the Milshtein
scheme itself with the step-size A = 0.05 (thin line) : the extrapolation has
extremely improved the accuracy.

17



EFXT:3/nu= 2,000/ocmega= $.000/h= 0.050/10000 simulstions/MILSHTEIN2 MILSHTEIN
005 /\\

o A ™M J\A \ /\ .

‘\,/4 VYA TtV \io

-0.05 -

0.25 =

03 Pp

The following Proposition explains why the Milshtein scheme may be so
bad.

Proposition 4 Let 9(t) and ¥,(t) be defined by (9) and (12).
Let K(t) be :

k@) = [Qt; W]

and y(t) be defined by :

t 1
) = /o2+cos(Qs)ds

_ 7%5 (K(t)n + arctan [% tan (%—t - K(t)w)D

Let A and B denote :

18 — 92
A = 8 29f
3 3\/§2+6

18



Then

Ym(t,z) — te(t,z) =
312 + cos(QT) 1, [3e= 4D . ¢=B0D)=0)]
8 2+ cos(2t)

and the difference between the errors due to the Milshtein and Euler schemes
is given by :

Err(T, k) — Err(T,h) = ___(2 +COS(QT)) [3(1 L)) L1 e-m(r)]

A B

Before giving the proof, let us remark that the above result explains the
increasing of the error due to the Milshtein scheme as v increases.

It also explains why, in the case of the previous figure, the Milshtein
scheme error is much larger than the Euler scheme one, and why the absolute
value of the difference between these two errors oscillates (when ¢ increases
from 0 to 10) between 0.1 and 0 3.

Proof. :

Using Ito6 formula, we obtain easﬂy that the function

( E|X(8)P )
8 — | ECX(0)X%8))
V() = [ﬂ(e) 20(6) 6(6)

E|X?(6)?
V(o) + (16)
0 28(9) 2a(f)
It is possible to compute explicitly the evolution operator V(0,t) of the
homogeneous system : remarking

2(0) 28(6) © 0 2
[ B(6) 2a(6) B(6) } = 2a(0)I + ,5(0)[1 0
0 28(8) 2a(0) | 0 2

solves the following differential s.ystevm :

J 2a(8) 28(6) 0

N el

0
1
0
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one gets :

o - O

J

V(6,t) = exp (2 | ”a(f)de) exp ( / " B(e)de [ z §

and therefore easy computations lead to :

Vie,t) V3,t) V3(6,t)
V(6,t)= | 3V¥0,t) V*(6,t) 1v?s,t) ]

V3o,t) V3(,t) V(8,t)
with V1(6,t),V?(8,t),V3(6,t),V*(6,t) defined by :

Vi) = (s(6,0) +d(0,0) + 5 exp (2 / ea(g)dg)
VO, = (s(6,t) ~ d(6, 1)
V39,t) = %(s(O,t) +d(8, 1)) - %exp (2 Ji ea(f)df)
VHB,E) = (s(6,1) +d(6,1))

where

0. = exp (2 [ (ale)+ 80t
46,0 = exp (2 ["(ale) - Ao

As already mentioned, if the initial law is the centered gaussian law of
covariance matrix C' defined by (15), then the law of (X,) is gaussian, of
covariance matrix "i&‘;ﬂﬁlc . 'This provides the solution of (16) corresponding
to the initial condition (1 3@,1 . The solution corresponding to the initial

» 5 g
condition (|z!|?, z'z?, |z2|?) at time ¢ will be :
|m1|2 _ 2+cos(Qt) 1
3
V(8,t)| zla? — \/5(2+¢€:;osgﬂtn + 2+ C‘;S(Qe) %2:
|m2|2 _ 2+cos(t) 1
3

20



Therefore, if we define the function u(¢,z) by :
u(t,z) = Ep .| X7 [?

then :
) = VT (o - ) sy (o100 - VAL eolB)
+V(T,1) (|x2|2 2+ cc;s(Qt)) . 2+ c;s(QT)

To conclude, it just remains to remark :
1 ; ;
Ym(t, .’E) — e(t, z) = 1 Z ai(t, .’r)axdjl (t, :c)akajz (t, )0, u(t, :B)

i1,12,5,k,1
3u?
= T(3S(T’ t) +d(T,t))

and to use the above expressions for the functions s(f,t) and s(6,t). O

Finally, we compare the extrapolation method based on the Milshtein
scheme (thick line) and the second order MCRK scheme (thin line). For
h = 0.05, the MCRK scheme is also numerically unstable, therefore the
results due to the extrapolation are much better.

EFXT:3/nus 2.000/omega= 5.000/he 0.050/10000 simulations/ MILSHTEINZ MCRK.

o VAV
wv Y

-0.05
-0.1

-0.15
-0.2
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3 The ergodic case
We consider the system (1) with time independent coefficients :

Let us suppose that the process (X;) is ergodic : it has a unique invariant
probability law u, and for any deterministic condition Xy = z, and any
u-integrable function f :

1

_ T
a.s.Tl_l.rile A f(X,)ds:/f(y),u,(dy)

With an analogous aim to that of the previous Section, now we want to "
prove the following expansion for the Euler and Milshtein schemes, with any

e I
deterministic initial condition X :

hi !
a.s. hm -

N

> 1(Xy) = [ 1@)uldy) + ek + O(R?)
p=1

where e, is independent of h.

3.1 Preliminary results

First, we state the Hypotheses.
We suppose :

(H1) the functions b, o are of class C* with bounded derivatives of any
order ; the function o is bounded ;

(H2) the operator £ is uniformly elliptic : there exists a positive constant
a such that :

ve,é € R? , Y dl(é)a'z’ > oz

i

(H3) there exist a strictly positive constant 8 and a compact set K such
that :

Vze R'- K , z-b(z) < —Blz|
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It is well known that (H1) and (H3) is a (even too strong) sufficient
condition for (X;) to be ergodic (see Hasminskii [3] e.g.).

We introduce the class F of functions ¢ of class C*, such that, for some
positive integer s and positive constants C, A :

VoeR, , VzeR! : |¢(6,z) [<Ce™(1+]ef)  (17)
We wil] uée the results collected in the
Theorem 2 (Talay [6]) (i) Under (H1) and (H3), the following holds :

VnelN, 3C, >0, 3y, >0 :
E|X)®[" < Cu(1 + |z?e™™) , Vt, Va

The same kind of estﬁnate holds for the Euler and Milshtein schemes :
if (Yz(f) denotes the process starting at _X—: = §,

VnelN, 3C, >0, 3v, >0, 3H>0, VA< H,
E[X,(6)]" < Ca(1 + |a|"e™™#*) , Vp , Va

(i) The Markov chain defined by the Euler (resp. Milshtein) scheme is
ergodic. Its unique invariant probability law has finite moments of any
order, as well as the unique invariant probability measure of (X,), p.

(1) For the Euler and Milshtein schemes, if f is a function of the class F,
there exist positive C, A such that, for any deterministic initial condition

£

N
| Jim 7 3 SO.Xp€) - [ 16.9ud) < Ce b, as
p=1

Remark

In Talay [6], the part (4i7) is obtained only for homogeneous functions f
(in that case, A = 0 of course).

It is not difficult to check that the proof can be adapted to the non
homogeneous situation.

Let us just give an indication concerning the crucial step of this proof,
which is the following Lemma : if f is a homogeneous function, and v(t, z)
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is defined by v(t,z) = Ef(X,O’x), then, under (H1), (H2), (H3), for any -

multi-index I indexing a time and space derivation, there exist an integer s;
and strictly positive constants I'r and ~r such that the derivative 8;v(t, )
satisfies :
|Orv(t, z)] < T7(1 + |z[*r)e™ (18)
In fact, it is not difficult to show that the constant I'; can be choosen
proportional to |f|.2(,). Therefore :

Theorem 3 Suppose that the hypotheses (H1), (H2), (H3) hold.
Let $(8,z) be a function of the class F, and v(f;t,z) = Ef(O,X,o’z).
Then, for any multi-index I indezing a time and space differentiation,
there exist an integer s; and strictly positive constants 'y, X and v; such that
the derivative Ojv(6;t, z) satisfies :

|0rv(6; ¢, )] < Ty(1 + |z|r e 12

3.2 Main result

As well as in the computation of Ef(X;) in finite time, the discretization
error can be expanded in terms of h.

Theorem 4 Suppose that the hypotheses (H1), (H2), (H3) hold, and let f
be a function of the class F. Let :

t\DIr—-
.MR_

Pe(t, z) (z)¥ (z)0;u(t, z)

Z b(z)ad (z)8;xult, )

takl

l\?lo—l
1]

1

1 18
+3 Z a}(x)ar (z)0mult, ) +3 2u(t, )
1,] k=

—Zb’(a: Bu(t z) - 12 ](m) dult,z) (1)

1]1
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Let \; be defined by :

Ae = /0 "~ /m o Be(t, y)u(dy)dt

Then the Euler scheme error satisfies : for any deterministic initial con-
i, ~h
dition £ = X,

[ Fwnlds) — as. Jim L3 FREE) = -Ah+O() (20

For the Milshtein scheme, an analogous result can be written, substituting

Am = fo ~ /m , Om(t, y)u(dy)dt

to A, where

> ai(w)ala;:‘(m)Bka;z(a:)Bil;zu(t,:c)
"lyizﬂ'vkyl

1 i i ia :
1 ¥ )o@k @0 0menlta)  (21)

11 32 7i3
J1gz.k

N

PIm(t,z) = ¢elt,z)+

Proof. N ‘
We will only consider the Euler scheme. Let £ = X, be the initial condi-

tion. We will write Y: instead of 7: (&).
Let v(t,z) = Ef(X.""). It solves :

%%(t,:v) = Lo(t,z) (22)
v(0,2) = f(z)
Using (22), Theorem (2)(¢7) and (18), one may write that the remainder

term ’R,; of the expansion :

Ef(y;‘) = Ev(O,—X;‘) = v(ph, &) + h? iEz/ze(jh,Y:_j) + h3R;} (23)

=1
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satisfies : there exists a constant C' independent of h and p (but depending
on §) such that

c
h
IRpl < h (24)
Summing (23) from 1 to N, and reordering the sum, we get :
1 N ~~h 1 N 2 1 N N—j ., ==h
=Y Ef(X,) = =D vph &)+ R=3 3 E(ihX,)
N =1 Np=1 Nj:l p=0

+ h3-1— i R)
N 4=

In order to prove (20), we are going to make N tend to infinity in the
previous equality.

Let " denote the invariant law of (7:) : this law integrates the polyno-
mial functions (Theorem (2)(i7)), and therefore the function f, so that, as N

goes to infinity, almost surely + Z:)V=1 f (7(-: ) tends to [ f(y)E*(dy).
Besides, Theorem (2)(#77) shows the existence of a constant C such that :

YN | EL S (XM < o
Bl S AR <
p=1

Therefore, the sequence (§ =, Ef (Yz )) converges when N goes to in-
finity, and :

}gx;-]lv’; Ef(X;) = / f(y)E"(dy)

N IR
= lim szlf(X:) a.s.
p:

N—-oo

In the same way, we can show :

lim liv(ph,f) = / f(y)u(dy)

N—oco N

Now, we remark that (24) implies :
B~ % RE = O(h?)
No P
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Thus, it just remains to prove :

N N—j

Jlim. e 5> ¥ By (X )—/ / Be(t, y)u(dy)dt

J lp—

Let us define, for each j, the sequence (p%(5)) by :

PN(J) =N ZE¢e(Jh X )

p=0

and the function p"(t) by :
by — —h
PO = [, vty ()

With similar arguments as those used above, using the inequality (18)
and Theorem (2), we can show that, as N goes to infinity, (p%(j)) tends to
p"(5h).

Moreover, there exist strictly positive constants C;, C; such that :

N
Ci .
v E Z [Be(ih, Xp)| < 57 Do dei
J=1p=N=j+1 N3
and therefore the left side of the previous inequality tends to 0 as N goes to
infinity.
We conclude :

1. N N—-j
Nl-‘fi‘aoﬁjggj E¢.(jh, X,) = p*(jh)

Let us define :

p(t) = [ welt,y)uldy)
Theorem (2)(iii) implies that, for any ¢ :
| P(t) = p(t)] < Ce™h

As there exist positive constants C and A such that
d —At
lp(t)] + | p(t)] < Ce
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we may write (as a consequence of the Lebesgue Dominated Convergence

Theorem) :

+00 1 oo
] dy) = — (1,
b favelibuutin) =3 [ [ wty)udy) +001)
That ends the proof. O

3.3 Numerical tests

We consider the example of Section (2.5), with Q = 0.

The invariant law 4 is normal, of zero mean and covariance matrix (15).

Again, we choose f(x) = |z'|?, so that [ f(y)u(dy) = 1.

Again, we may observe that, in this example, the Euler scheme gives
better results than the Milshtein scheme.

Indeed, explicit computations of the functions ¢, and ¢,, show that, for
the Euler scheme, the error is equal to

1
—=h+ (’)(hz)
4
whereas, for the Milshtein scheme, this error is equal to
1 3, 2
(4+2u )h + O(h*)
This result also permits to understand the unaccuracy of the Milshtein
scheme for v = 2, when the Milshtein scheme is run with A = 0.1 and

h = 0.05. The errors are, respectively, about 0.3 and 0.65, as shown by the
two following figures.
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A Romberg interpolation based upon these catastrophic results gives a
satisfying accuracy.

ERGO:2 /nu= 2.0000_b= 0.0500/MILSHTEIN2

08
0.6
04

02 §

q 700 300 600 300 1600
*10°'

Let us also underline that, in any situation, the result of Theorem (4)
helps in the numerical choice of N (which is a crucial difficulty) : at least,
we must observe that, for several N large enough, the quantity :

1 N _ 1 2N
A PILCHEE DI Oy

is independent from N.

Finally, similar results can be obtained for the approximation of Lyapunov
exponents of bilinear systems (cf Talay [7]) : the theoretical and numerical
details are relevant from what has been done in that Section.

4 Conclusion

We have shown that the approximation error of Ef(X,), as well as [ f(y)u(dy),
can be expanded in terms of the discretization step A, in particular when the

approximating process is defined by the Euler scheme. This expansion jus-

tifies a Romberg extrapolation of the computed values corresponding to two

different choices of the step-size.
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This procedure has an accuracy of order 2, as well as the second or-
der schemes, for example the MCRK scheme (obtained by a different use
of Romberg extrapolation, based on the process defined by the Milshtein
scheme), but is much simpler to implement and requires less C.P.U. time.
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