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Performance analysis of a transfer line
with unreliable machines and finite buffers

Evaluation des performances
d'une ligne composée de machines
séparées par des stocks tampons de capacité limitée

XIE Xiaolan

Projet SAGEP, INRIA-LORRAINE
Campus Scientifique, BP239
Bd des Aiguillettes, 54506 Vandoeuvre, France

Abstract. - This paper examines the performance analysis of a transfer line with
unreliable machines and finite buffers. All machines have the same processing
times.

We propose a new decomposition method which decomposes a line into a set of
two-machine lines. A sufficient set of equations is established to find performance
measures such as production rate and average buffer levels. A simple iterative
algorithm is then proposed to solve these equations. We also prove that the set of
decomposition equations has a unique solution and that the proposed algorithm
converges to that unique solution. Experimental results show that the proposed
algorithm leads to a good solution.

Keywords : Performance Evaluation, Transfer Lines, Unreliable Machines, Finite
Buffers, Markov Chain Model, Decomposition, Convergence, Solution Uniqueness

Résumé. - Nous nous intéressons a 1'évaluation des performances d'une ligne de
fabrication composée de machines séparées par des stocks intermédiaires. Les
machines peuvent tomber en panne. Les temps de passage sont identiques sur
toutes les machines.

Nous proposons une méthode approchée qui décompose la ligne en plusieurs
lignes composées de deux-machines. Un ensemble suffisant d'équations est établi
pour calculer les performances de la ligne. Un algorithme itératif et simple est
proposé pour résoudre ces équations. Nous montrons que l'ensemble des
équations a une et une seule solution et que l'algorithme proposé converge vers
cette solution unique. Des résultats numériques montrent que cette méthode est
capable de fournir une bonne estimation des performances.

Mots clés : Evaluation des performances, ligne de fabrication, pannes, en-cours,
chaine de Markov, decomposition, convergence, unicité de solution



1, INTRODUCTI

A transfer line consists of a series of machines separated by buffers. A part
arrives from outside the system to the first machine. After being processed by the
first machine, it queues in the first buffer waiting to be processed by the second
machine. It continues in this manner through all machines and leaves the
system after being processed by the last machine. Each part spends a fixed
amount of time on each machine called the processing time. In this paper, we
assume that the processing times are the same for all machines. Such a line is
called a homogeneous line in Dallery, David and Xie [1988b].

The performance of a transfer line is highly influenced by machines failures.
When a machine breaks down, it cannot produce at all during the period of time
required to repair it. When a machine is under repair, the number of parts in the
downstream buffer decreases while the number of parts in the upstream buffer
increases. If this condition persists, the downstream buffer becomes empty and
the upstream buffer becomes full. Consequently, the downstream machines are
starved and the upstream machines are blocked. These machines are said to be
forced down.

The machine failures may be either operation dependent or time dependent.
Operation dependent failures may occur only while a machine is processing a
part, while time dependent failures can occur even when it is forced down. An
operation dependent model is more appropriate than a time dependent one for
modeling an automated transfer line (cf Buzacott and Hanifin [1978]). Only
operation dependent failures are considered in this paper.

Significant research has been done on the modeling and analysis of transfer lines.
A common assumption is that both the time between failures and the time to
repair are exponentially distributed. Even in the case of a two-machine transfer
line, no exact solution has yet been derived. As a result, two approximate models
have been introduced : the discrete model and the continuous model.

The discrete model was first introduced by Buzacott [1967]. It is restricted to
homogeneous lines. Without loss of generality, the processing time is considered
to be one time unit. A basic assumption is that machines can break down or be
repaired only at the beginning of a period. This model has been solved by Buzacott
[1967], and Gershwin and Schick [1983] in the case of two-machine transfer lines.

The continuous model was first proposed by Zimmern [1956]. It approximates the
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flow of discrete parts in a transfer line by a continuous flow. In this model, the
quantity of material in a buffer is a real number ranging from zero to the buffer
capacity. When a machine is operational and is neither starved or blocked, it
transfers material from the upstream buffer to the downstream buffer
continuously at a constant rate. This model has been solved independently by
Gershwin and Schick [1980] and Dubois and Forestier [1982] in the case of
two-machine transfer lines.

Further work has been devoted to the analysis of longer transfer lines. Gershwin
and Schick [1983] have established equations for solving a general transfer line of
the discrete model. However, it seems impossible to solve it. An approximate
method was proposed by Gershwin [1987] for the analysis of the discrete model of
long lines. This method was based on the decomposition of a line into a set of
two-machine lines. The performance parameters can be efficiently computed
using the algorithm proposed by Dallery, David and Xie [1988a]. A similar
decomposition technique has been proposed by Dallery, David and Xie [1988b] for
the continuous model. The advantage of using the continuous model over the
discrete model is that the equations involved in the decomposition method require
fewer approximations.

This paper proposes a new decomposition method for performance analysis of a
homogeneous line. A sufficient set of decomposition equations is established to
solve the decomposition. An iterative algorithm is proposed to solve these
equations. The proposed algorithm is simpler than the ones proposed earlier.
Nevertheless, it provides comparable results.

Another major concern of this paper is to exhibit the uniqueness of the solution of
the decomposition equations. The convergence of the proposed algorithm to this
unique solution is also established. Convergence is critical for iterative procedures
employed by most decomposition methods to obtain performance measures. It is
hoped that the convergence proof presented in this paper will prove useful for
other decomposition algorithms.

The paper is organized as follows. The continuous model and the decomposition
algorithm are presented in section 2. In section 3, the convergence of the proposed
algorithm to a solution of the decomposition equations is proved. In section 4, we
show that the set of decomposition equations has a unique solution. Numerical
examples are presented in section 5 and section 6 is a conclusion.



2. DECOMPOSITION ALGORITHM

Let us consider a transfer line consisting of a series of K machines M,, M,, ..,
M) separated by K-1 buffers (B,, By, ..., Bk ;). A Part arrives from outside the
system to machine M;. After being processed by machine M,, it queues in buffer
B;. In this way, it is sequentially processed by machines M;, M,, ..., Mg. It leaves
the system after being processed by machine M.

The buffer capacities are respectively C,, C,, ..., Ck_;. The processing times are
deterministic. Moreover, we assume that the processing time is the same on all
machines, and without loss of generality is considered to be one time unit. While a
machine M, is processing a part, it may fail. The time between failures is
exponentially distributed with a mean of 1/A;. The time necessary to repair a
machine M; is also exponentially distributed with a mean of 1/u;. Figure 1
illustrates a four-machine line.

M B My, B My By M,
v CFO{ O O

MG N Co A5 Cs3 A
] Ho H3 Ky

Figure 1: A four-machine transfer line
2.1. Continuous model

We approximate the flow of discrete parts in the transfer line by a continuous flow.
Let hy(t) € IR* denote the quantity of material in buffer B; at time t. Obviously,
hi(t)e [0,C;]. The behavior of the continuous model is described as follows :

1. Each machine is either operational or down. Let a;(t) € {0,1} indicate the state of
the machine M; at time t. oy(t) = 1 if M; is operational and o(t) = 0 if M is down.

2. A machine can be starved or blocked. Machine M, is starved at time t if one of
the upstream machines is down and all buffers in between this machine and
machine M; are empty, i.e.

3 j<i such that o(t) = 0 and hy (t) = 0 Vk =j;, ..., i-1

Machine M; is blocked at time t if one of the downstream machines is down and
all buffers in between this machine and machine M; are full, i.e.
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3 j>i such that aj(t): 0 and hy (t) =C;, Vk=ij,..,j-1

Let s;(t) €{0,1} (resp. b;(t)) indicate the starvation (resp. blocking) condition of
machine M; at time t. s;(t) = 0 if M is starved and s;(t) =1 otherwise; by(t) = 0 if M
is blocked and by(t) =1 otherwise. A machine is idle if it is either starved or blocked.

3. A machine which is operational and not idle, is busy. When machine M; is
busy, it transfers material from its upstream buffer B,; to its downstream buffer
B, at a continuous rate of unity.

4. When a machine is busy, it may fail. The time between failures and the time to
repair of machine M; are exponentially distributed with mean 1/A; and 1/p
respectively. That is :

probloy(t+dt)=0 | oy(t)=1, s;(t)=1, b;(t)=1] = A,dt +o(dt)
probloy(t+dt)=1 | oy(t)=0] = p;dt +o(dt)

5. It is assumed that there are always parts available at the input of the system
and spaces available at the output of the system. In other words, machine M, is
never starved, and machine My is never blocked.

2.2. Characteristics of the continuous model

In this subsection, we establish some basic relationships for steady-state
performance parameters of the continuous model of the transfer line L. Let us
first introduce the following quantities related to machine M;:

A. 1

=1 —
L=w,  ad =737 M

where e; is the isolated efficiency of machine M;.

As only two parameters of A, y;, I; and e; are independent, we choose L, and p; as
the elementary parameters of a machine, and the other two parameters can be
obtained from equations (1). '

We define the following performance parameters of the continuous model in
steady state :



E; : probability of machine M; being busy (also called efficiency),
ps; : probability of machine M; being starved,
pb; : probability of machine M; being blocked.

Some relationships can be established between performance parameters. The first
relation is related to the conservation of flow :

E,=E, Vi=23,.,K (2)

Let us consider the different performance parameters of machine M;. They satisfy
the following condition :

E; = prob[M; is busy]
= prob[oy(t)=1, s,(t)=1, b;(t)=11]
= pl'Ob[al(t)=1f Si(t)=1, bl(t)=1] prob [Si(t)=1, bl(t)=1]‘

The quantity probla;(t)=1/ s;(t)=1, by(t)=1] is the isolated efficiency of machine M;,
i.e.
prob[al(t)=l/ Si(t)=]., bl(t)-_-'l] = ei.

In the continuous model, the probability of a machine being starved and blocked
simultaneously is 0. Thus, we have :

prob[s;(t)=1, b,(t)=1] =1 - prob[s;(t)=0 or b;(t)=0]
=1- pSi - pbi.

Combining the above relations, we obtain :
E,=¢ Q- ps; - pb;) vi=l, 2, ..., K 3)
2.3. Decomposition

As mentioned in the introduction, the performance parameters of the continuous
model can easily be computed in the case of a two-machine transfer line. However,
it appears impossible to extend it to longer lines. We propose an approximate
method which decomposes the K-machine line L into a set of K-1 two-machine
lines L(i); i=1,...,.K-1. Each line L() is composed of an upstream machine, M, (i),
and a downstream machine, M, (@), separated by a buffer B(i) (see figure 2).



M B M, B M B M
. CFOL FO-L O
I G I C I C; Iy
Hy Ho W M

M) B() My1)
L(1): —(O—

L) € L)

o] Ha

M,2) B@2) M2
LQ2): —(O—
I2) C, L2
Hg | H3

M,(3)- B@B) My3)
L3): —(O—

I3 C 1,0

H3 Hq

Figure 2 : Decomposition of the four-machine line into three two-machine lines

Machine M,(i) represents the portion of line L upstream of B, and machine M4
represents the portion of line L. downstream from B;. The principle of the
decomposition is that the behavior of the material flow in the buffer B(i) closely
matches that of the flow in buffer B; of line L.

It seems natural to choose the processing times of both machines of line L) to be
one time unit. Furthermore, the capacity of buffer B(i) is chosen to be equal to that
of B;, i.e. C;. Unlike the decomposition techniques of Gershwin [1987] and Dallery,
David and Xie [1988b], we choose the repair rates of machines M,,(i) and M4(i-1) to
be equal to the repair rate of machine M; of line L, i.e. p;. The unknown
parameters of the decomposition are I (i) and I4(i) of each line L(i).

The failure rate and the repair rate of the equivalent machine M, @) (resp. M4(i))

are I,(1) * y; and p, (resp. I3G) = p;,; and p;,;). The isolated efficiency of these
equivalent machines are given by :

e () = V/(1+I,(D) and e ) = 1/(1+I4). , )

For each line L(i), we define the following performance parameters :
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E(i) : probability of machine M(i) being busy (efficiency of line L(i)),
p,(i) : probability of machine M4(i) being starved,
Pp(i) : probability of machine M, (i) being blocked.

By similar arguments of equation (3), we can obtain :

EG) = e,() (1 - p, (i) vi=1,.,K1 (5)
E@) = e4i) ( - pyi)) Vi=1,.,K1 (6)

We are now ready to establish equations for solving the decomposition. As stated
earlier, the principle of the decomposition is to determine the parameters of each
line L(i) such that the behavior of material flow through buffer B(i) closely
matches that of the buffer B; of line L. In particular, the efficiency of line L(i)
should be equal to that of machine M;,; of line L; the probability of machine M,;3G)
being starved should be equal to that of machine M, of line L; the probability of
machine M, (i) being blocked should be equal to that of machine M; of line L. That
is :

EG) = E;,, Vi=1.2,.K1 )

p(i) = ps; ; vi=1,2,..,K-1 (8)
py,(i) = pb; Vi=1,2,..K1 9)

Combination of equations (2) and (7) gives :

EG) =EQ1) Vi = 2,...,K-1 10)
Combination of equations (3), (7), (8) and (9) gives :

E@-1) = ;1 - py(i-1) - p, ) Vi=2,.,K 11)
Using equations (5), (6), (10) and (11), it can be shown that :

I3G-1) + I,() = 1/EG-1) + L - 1 Vi =2, ..., K1 12)
Finally, there are boundary conditions :

I)=1, 131)
K1) = I (13-2)



The efficiencies E(i) are non-linear functions of the I (i) and I;(i). Expressions for
E(i) are given in Appendix A. Among equations (10), (12) and (13), there are 2(K-1)
equations and 2(K-1) unknowns : I (i) and I;().

2.4. Computation algorithm

Instead of solving the previous set of equations, we will transform it into an
equivalent set of equations. First, equation (12) can be equivalently written as :

LA =1EGD+]-1,G-1)-1 Vi=2, .., K1 14)
Now, using equation (10) and by shifting i to i+1, equation (12) can be written as :
I40) = VEG+D) + L, -1, G+1)-1 Vi=l, .., K2 ' : 15)

This new set of equations : (14) and (15), is equivalent to the previous set of
equations (10) and (12). With this new formulation, it now appears that the
unknown parameter I (i) of the upstream machine of line L(i) can be obtained
from the parameters of line L(i-1) by means of equation (14). Similarly, the
unknown parameter I(i) of the downstream machine of line L(i) can be obtained
from the parameters of line L(i+l1) by means of equation (15). This new
formulation leads to the following algorithm which iteratively calculates the
unknown parameters.

Algorithm :

1. Initialize :
I =1, Vi =1,...K-1;
Iu(l) = 11;
t = 0 where t is the iteration number index;
2. Repeat,
Stepl.t:=t+1;
Step 2. Fori=2to K-1 do
2.1. Calculate EG- 1) using updated values of I (i-1) and I4(i- 1)
2.2. Calculate I,(i) using (14);
Step 3. Fori=K-2to1 do -
2.1. Calculate E(i+1) using updated values of I,G+1) and T4G+1);
2.2. Calculate I4(i) using (15);
until convergence of the unknown parameters.



3. CONVERGENCE

In this section, we prove the convergence of the proposed algorithm. Remark that
the algorithm iteratively modifies the parameters of the two-machine lines. In
order to study the variation of the efficiencies of these two-machine lines, we first
exhibit some basic relations between the efficiency and the parameters of a
two-machine line. Subsection 3.2 gives an equivalent version of the proposed
algorithm which is more suitable for the convergence proof, and subsection 3.3
shows the convergence.

3.1. Properties of a two-machine line

Consider a transfer line composed of two machines separated by a buffer. Let C be
the capacity of the buffer, and let A, and y, be the failure rate and repair rate of
machine M, respectively.

Let g(Iy, 1y, Iy, 1y, C) be the efficiency of the line where the definition of I, and L, is
given by equation (1). Its value is given in appendix A. Using this notation, the
efficiencies E(i) introduced in Section 2.3. can be expressed as follows :

EG) = g(I,(), py, L@, Bipqr Cy-
We introduce a quantity ¥y, Ky, Igy Ko, C) defined as follows :
y(Il’ },11, 12, u2, C) =1/ g(I].’ 'J.l, 12, uz, C).

The quantities g(I;, uq, Iy, gy, C) and y(I;, By, I, Hg, C) have the following
properties :

Property 1: gy, 1y, I, Hg, C) <minfe,, ey},
Property2:0 < V,y<l and0 < Viy <L,
Property 3 : For any A > 0,
0 <y +4, 1y, Iy, 1y, C) - y(I;, py, I, pg, C) <A,
0 <y, Wy, Ig+A, py, C) - y(Iy, 1y, I, pg, C) <A.
Property4:-1<Vpg<0and-1< Vi, <0.

Proofs of these properties are given in appendix B.
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3.2 An equivalent version of the computation algorithm

In this subsection, we give an equivalent version of the algorithm proposed in
section 2.4. This new version is more suitable for the convergence proof. For each
iteration t of the proposed algorithm, we define : ' '

It (k) : the parameter I (k) of line L(k) obtained at step 2 when i = k,
Itd(k) : the parameter (k) of line L(k) obtained at step 3 when i =k,
Etf(k) : the efficiency of line L(k) with I (k) = Itu(k) and Id(k)=It'1 4k,
Etb(k) : the efficiency of line L(k) with I (k) = Itu(k) and Id(k)=I"‘1 4k).

By using the notation introduced in the section 3.1,

Etf(k) = g(Itu(k), uk’ It-ld(k)’ uk+1) Ck)9
Etb(k):= g(Itu(k), uk’ Itd(k), uk...l’ Ck)'

At step 2, the equation (14) implies :
Itu(i) =1/E(-1) + L- It'ld(i-l) -1 Vvi=2 .., K1 16)
At step 3, the equation (15) implies :

ItyG) = V/EY G+1) + I, - T8 Gi+1) - 1 vi=l, .., K-2 an

i+1

The boundary conditions imply :

Itu(]-) = Il ’
Itd(K']-) = IK’

Et+l f(l) = Etb(l ),
Et(K-1) = E4 (K-1).

Now, the algorithm proposed in section 2.4 can equivalently be written as follows :

Algorithm :
1. Initialize : t = 0 and I04G) = L,; Vi=1,..K-1;
2. Repeat
Stepl. t:=t+1; . «
Step 2. It (1) = I}, and fori =2, 3, ..., K-1, calculate I (i) using (16);
Step 3. I*3(K-1) = I, and for i=K-2, K-3, ..., 1, calculate I*4(i) using (17);
until convergence of the unknown parameters Itu(i) and Itd(i).
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Before giving the convergence proof, we derive two equations which are quite
useful in the following. From equations (16) and (17), we have

It () = VEYG-1) + I - THL 4G-1) - 1,
It14G-1) = 1/E¥, G) + I - T ) - 1.

Combining the two equations, we obtain

1 1
t.. t-1,.
Ei-1 BV ')

@ -14 )= Vi22,Vi=2.,K-1 (18)

Similarly, it can be shown that :

i) -15 )= —— 1 Vt21,Vi=1.,K-2 (19)

E‘b(i +1) E‘f(i)

3.3. Convergence of the proposed algorithm

The central result of this subsection is the following theorem which exhibits the
convergence of the algorithm proposed in this paper.

Theorem 1:Vke(l, 2, ..., K-1}, the quantities Itu(k), Itd(k), Etf(k) and Etb(k)
converge to finite and positive values as t tends to infinity and

lim E'(k) = lim Etb(k)=E
t > o0

t> o0 1§

From this result and equations (16) and (17), we can easily derive the following
corollary which shows that the proposed algorithm converges to a solution of the
set of decomposition equations.

Corollary : The set of equations (10), (12) and (13) has at least one solution and
(I, @), It4G) Vi=l, ..., K-1} converges to one of its solutions.

The proof of Theorem 1 is based on the following three lemmas.
Lemma 1: Itu(k) 2], and Itd(k) 21 ,; Vt21and Vke(l, 2, ..., K-1).
Lemma 2 :

a) Elgi-1)>El() Vi =2,.. . K-1;

12
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b) Ebd-1) 2 E4G) 2 E4L () Vt 22 and Vi =2,...,K-1;
c) Et(i+1) <E4 () < E4i) Vi =1,...,K-2.

Lemma 3 : It (k) <1/E1(K-1) - 1 and Ity(k) < 1/EL(K-1)-1, for t>1 and Vk &1, 2,
oy K1}

Lemma 1 shows that the unknown parameters of the two-machine lines Itu(k) and
Itd(k) obtained from equations (16) and (17) are always positive. Lemmas. 1 and 3
show that the quantities It (k) and Ifj(k) are bounded. Lemma 2 shows the
dynamical behavior of the efficiencies of the set of two-machine lines in the
proposed algorithm.

Lemma 1 can easily be derived from equation (16) and (17) by using Prbperty 1 and
proofs of lemmas 2 and 3 are given in appendix C. Now we apply these lemmas to
prove Theorem 1.

Proof of Theorem 1 : From lemma 2 and equation (18), we have

t

1) - 18 iy = —4 L

t -——=<0  Vt22,Vi=2.,K-1
Efi-1) EC ')

which means that Itu(k) decreases as t increases. Since Itu(k) is bounded and
positive, it converges to a finite positive value as t tends to infinity.

From lemma 2 and equation (19), we have

[1 - tl >0 Vi2LVi=1.K-2
EL(i+1) EL)

') -1 iy =

which means that I*;(k) increases as t increases. Since It;(k) is bounded and
positive, it converges to a finite positive value as t tends to infinity.

To prove the convergence of the quantities Etf(k) and Etb(k), we first examine the
convergence of the quantities Et(1) and E% (1). From lemma 2, we have

EHl(1) = E4(1) 2E*2(1) = E*1, (1) vt21

which implies that the quantities Etf(l) and Etb(l) converge to the same value, i.e.

lim Et(1) = lim E{ (1) = E.
t—oo t—oo
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We are now ready to examine the convergence of the quantities Et{(2) and E% (2).
From equation (18) with i = 2, the convergence of the quantity Itu(2) leads to:

. 1 1 _
lim T -3 =0
to={E() E| (2)
which implies that the quantity Et(2) also converges and
lim E'(2)= lim E'Q)=E.
t>oe to> e f
From lemma 2, we have
Et(1) >E%(2)>E¥1,(2)
which means that the quantity Etf(2) also converges to E, i.e.

lim E‘f(2)=E.
t—o oo

In the same manner, we can show that Vk {3, ..., K-1}, the quantities Etf(k) and
Etb(k) also converge to the quantity E as t tends to infinity. Q.E.D.

4, UNIQUENESS OF THE SOLUTION

The previous section shows that there exists at least one solution to the equations
(10), (12) and (13). In this section, we show that the solution is unique.

First, the equations (10), (12) and (13) can equivalently be rewritten as follows :

g, @)1 14k, 1,Cp) = E Vi=1,.,K-1 (20)
LG+, =1/E+L-1 Vi=2, .., Kl @1)
I,A)=1; and Iy(K-1) = I 22)

Theorem 2 : There exists a unique solution which satisfies the equations (20), (21)
and (22).

Proof : The proof is given in two steps. First, we show that there exists a unique E.
Then, we show that the parameters I,(i) and I4(i) are also unique.

14



1, Uniquen f the line efficiency E
Suppose that the set of equations (20), (21) and (22) has two solutions (E1, I1 (i),
I1 i)} -and {E2, 12 (i), 124()} such that
El1 = E2. (23)
Since E1 = g(I;,u,,11 4(1),45,C,) and E2 = g(I;,u;,124(1),15,C, ), Property 3 implies :
1241) - 11401) 2 1/E2 - 1/E1. @
Combining this relation and equation (21) with i = 1, we obtain

12,2)-11 (2)<0 : (25)

Since E1 = g(I1,,(2),14,11 4(2),u3,C5) and E1 = g(I12,(2),19,124(2),13,C,), considering
relation (25) and properties of g(.) we can show that :

124(2) - 11 4(2) > 0. : (26)
From relations (21) withi = 2, (25) and (26),
V/E2-1/E1 = y(I2,(2),15,124(2),113,Co) - y(I1,(2),19,11 4(2),115,Co)
<I24(2)- 11 42)

Similarly, we can show that

124() - 11 4(i) > 1/E2 -1/E1  fori=2, .., K2, @7
12,() - I1,() <0 fori=2,.,K1, (28

From relations (20) and (28) with i =K-1,

1/E2’1/E1 = y(Izu(K‘l )’uK.]_ JK:”K:CK-]) - Y(Il u(K'l )’uz»IK’uK’CK_]_)
<I2(K-1)-11 (K-1)<0 _ : (29)

Combination of relations (23) and (29) gives :
EFl1=E2

which implies the uniqueness of E.
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2. Uniquen f ivalent machin rameter

Since E = g(I;,p;,14(1),19,C1) and the function g(.) is strictly decreasing in I4(1),
there exists a unique I4(1) which satisfies equation (20) when given E. o

Given E and I3(1), there exists a unique I (2) which satisfies equation (21).

In the same manner, we show that given the quantity E, there exists a unique set
of I (i) and I4(i) which satisfies equations (20) and (21). Q.E.D.

5. NUMERICAL RESULTS

Table 1 shows the simulation results of four numerical experiments. The
efficiency obtained by the proposed algorithm is always quite close to that obtained
by simulation.

M =A2=A3=0.03 Hi=H2=I3=(.1
(C1, C2) (20, 20) (100, 2) 2, 100)
3.machine | simulation |  0.6696 0.6382 0.6353

approximation O.ﬂ6637, -09% | 0.6381, - 0.0%| 0.6381, 0.4%

M=...=20=01 p=..=k=01 Cl=.=C9=5

10-machine
simulation : 0.2477 approximation : 0.2422, -2.2%

Table 1 : Efficiencies of four transfer lines
NCLUSI

This paper presents a decomposition method for the performance analysis of
transfer lines. A sufficient set of equations is established to solve these equations.
An iterative algorithm is proposed to solve these equations. We show that the set of
decomposition equations has a unique solution, and the proposed algorithm
converges always to this unique solution.

Further work is necessary to test how good the approximation is. Also, it is hoped
that the convergence proof presented in this paper will prove useful for the

convergence analysis of other decomposition algorithms. Y
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APPENDIX A .

Perfqrmance measures of the continuous model
of a two-machine homogeneous line

In this appendix, the formulas for calculating the performance parameters of the
continuous model of a homogeneous two-machine line are given. These results
are taken from Dubois and Forestier [1982]. Let A; and y, (A, and p,) be the failure
rate and the repair rate of the upstream (downstream) machine. Let C be the
capacity of the buffer. Let I; and I, be defined as follows :

A A
I,=— and I,=-—2

T 2" p,
We distinguish two cases :

DL =1,

The efficiency of the line is given by :

g, ,pu,I,,pu,C=
rery 22 Iieac—lf o
1+
aC_I
I2e ]
where
1 1
a=p p,(I,-1)( + )
17282 1 11“1'”2“2 HytH,

The average buffer level is given by :

I.1 +

TRET]
172 1 2 _ aC aC
_II TS (1-e )+12(1+12)Ce

aC
12(1 + 12)e - Il(l +Il)

v

Qﬂr”rlz“x(3=

2) Il = 12
The efficiency of the line is given by :

TR
THT

HytHy
i,

(1+DC+

a+0n%c+a+2Dn

18
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G

The average buffer level is given by :

I, + (1+ Dy
a+p& 4 —L 2
2 TIT
QL1 Tty O = —— ulﬂl2c
(1+I)C+(1+2I) T
172

APPENDIX B
Properties of a two-machine line

Property 1 can easily be derived from equation (3) of subsection 2.2. Property 3 can
easily be derived from Property 2 by using Taylor's expansion. Property 4 can be
derived from Property 2 by considering that g(I;, y;, Iy, po,C) <1.

Proof of Property 2 : The proof of 0 < ¥,y <1 only is given. The proof of 0 < V,y <1 is
the similar. We distinguish two cases : I; # I, and I; = I,.

CaseI; =1,
First, y(I;, Ky, I, Ko,C) and its partial derivative can be computed as follows :

I;cac—lz
ydp By Iyu,C)=1+ _Izea—c—l?
and
I,I,Ced Caa (1 ~1,)+ 1220+ 12 21 1 ¢2C
ay 1 2
_a_I_ = aC
1 | (12e -—Il)
where '

aaa =_[ u'lu'z +1 ulu2(lll+li2)J
I TRE TR 22
S e R STRFS ST

1. Proof of Vp;y <1
Since
C
dy Izea oa
=1+ ———|I.C5—(I,-1)+1, -1 eac),
ol (IzeaC—Il)z(—l o, Y1 2772 T2

it is equivalent to prove that

z(C)—IICaT(I )+12-12eac <0 v C20.

19



The function z(C) satisfies the following conditions :

z(0)=0 (B1)
2
T T
(0) == @, -~ 1) T +l,———— [<0 (B2)
1 2 (Ilp.1+12u2)
2
) a2 iC <o (83)
dC
Relations (B2) and (B3) imply that
dz(C)YdC < 0 vC20 B4)
From (B1) and (B4), we obtain
z(C)<0 vC20
which implies that Vy,y <1. ’
2. Proof of Vuy >0 ©
Since
dy eaC da 2 2 _aC
s =———5 | LI.Co—I, -1)+I  +Ie” 3 -2I1 ),
aIl (Izeac—ll)z ( 12 aI1 | ) 271 12
it is equivalent to show that
WwC)=1.1Coq —1)+12+1%~2C_211. 50 VC20
ST r2ra 1T T 1° 12°< =v
The function w(C) satisfies the following conditions :
22 _ 2
w(O)—12+Il—21112-(Il—12) >0 (BS5)
W) =1,a,-1)° —uu;f&—+ Mk A, + 1, (,+1))[>0 (B6)
172 @ +Ipy
dw(C)
7~ =ale%>0 (B7)

dC
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9

Relations (B6) and (B7) imply that - :
dw(C)/dC > 0 . VC=20
From (B5) and (B8), we obtain
w(C)>0 VvC 20
which implies that ¥,y > 0.

Case I = I, =1

The partial derivative of ¥y, 1y, Iy, 15,C) on I; exists and

2 2 2,.
dy 1+l C+I'a,C+I a2C”/ 2

o, (1+1a,0)°
where
2
KK KK
a1=—ﬁ——lﬁ(l+%) and a2=——-1—2—2.
1 2 p +In)"
It is obvious that
dy
aT > 0.
1
V1,y can be rewritten as follows :
3y I -Ta,  Ta%?/2
o, =1 2C- 2
1 ad+ IaIC) (a+ IaIC)
Since
la, - I’a,= —&—2(@2”@11 +1))> 0,
1y +H,)
we have
5811 <1 VC20

(B8)

Q.E.D.



APPENDIX C
Proof of lemmas 2 and 3

Proof of lemma 2 : We show this lemma iteration by iteration.

1. Step 2 of the first iteration (t=1)
From equation (16), we have

1@2) 2= —+1,-1 1) - 1= !
E Q) E (1)
From Property 1, we obtain
El2)=gadl ), n,1°2), 1, C.)
f()_g( u( )auz’ d )'u'3» 2
1
1+1,(2)
1
=E f(l ).
Similarly, we can show that
ELG1)2 Elf(i) Vi =2,...,K-1.
2. Step 3 of the first iteration (t=1)
According to the boundary conditions,
EL (K1) = EL(K-1).
From equation (19), we have
K-2)-1)K -2)= 41— - 1>
Eb(K— 1) Ef(K—Z)
Since
1 1

El®2) Elgk2)

Property 3 leads to :

= y(t! ,&-2), P9, 14(K-2), By 12 C ) - YA ,K-2), g 0, 04K-2), g 1> Cie )y

N

(Y



S

4G

0< 1 1

1 0
< - ST(K-2)-1%K -2)
E\(K-2) E(K-2) ¢ d

which implies :
Etb(K-l) < Etb(K-Z) < Etf(K-2).
Similarly, we can show that relation 3(c) is true fori <K-3and t =1.

3. Step 2 of iteration 2
According to the boundary conditions,

E2(1)=EL (1)
From equation (18), we have

1,2) -Iy(2)= ——- —1—<o. (C1)
EX)  ELQ)

Since

1 1
2 1
E{(2) E,2)

= YAL2), 1y Ty(2), 1y Cp) —y(1y(2), 1y 12D, 1, C)

Property 3 implies :

02— —-—1->122)-1}2) (€C2)
EX2) EL(2)

Combining relations (C1) and (C2), we obtain
E2(1) 2 E2(2) 2 E1(2).
Similarly, we can show that relation 3(b) is true fori = 3, ...K-1 with t=2.

4. Step 3 of iteration 2
The proof is similar to that of iteration 1.

In the same manner, we can show that relations 3(b) and 3(c) are also true for t>3.
Q.E.D.
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Proof of lemma 3 : We only examine the first relation. The proof of the second one
is the same. From lemma 2,

Et(k-1) 2 E4(K-1) > El(K-1). ,
Using this relation and lemma 1, equation (16) implies :

It (k)= 1/ Etd(k-1) + I - T y(k-1) -1
<1/El(K-1)-1. , Q.E.D.
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