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Abstract

Given a closed, non necessarily convex set D of an Hilbert space, we consider the problem
of the existence of a neighborhood U on which the projection on D is uniquely defined and
lipschitz continuous, and such that the corresponding minimization problem has no local minima.
After having equipped the set D with a family ® of pathes playing for D the role the segments play
for a convex set, we define the notion of strict quasi convexity of (D,®), which shall ensure the
existence of such a neighborhood V. Two constructive sufficient condition for the
strict-quasiconvexity of D are given, the Rg-size x curvature condition and the ®-size x curvature
condition, which both amount to checking for the strict positivity of quantities defined by simple
formulas in terms of arc length, tangent vectors and radii of curvatures along all pathes of ®. An
application to the study of wellposedness and local minima of a non-linear least square problem is

given.

Résumé

Etant donné un ensemble fermé D non nécessairement convexe, on considére le probleme de
l'existence d'un voisinage ‘U sur lequel la projection sur D soit définie de fagon unique et lipschitz
continue, et tel que le probléme d'optimisation correspondant ne posséde aucun minimum local.
Apres avoir €quipé l'ensemble D d'une famille ® de chemins jouant pour D le rdle que les
segments jouent pour un ensemble convexe, on introduit la notion de quasiconvexité stricte de
(D,®), dont on montre qu'elle garantit 1'existence du voisinage U cherché. On donne ensuite deux
conditions suffisantes constructive pour la quasiconvexité stricte de D, la condition Rg de taille x
courbure et la condition ® de taille x courbure, qui toutes deux se raménent 3 tester la stricte
positivité de quantités définies par des formules simples a partir de l'abscisse curviligne, des
vecteurs tangents et des rayons de courbure le long de tous les chemins de ®. On termine par
l'application a un probléme de moindres carrés non linéaires, pour lequel on détermine des
conditions assurant qu'il est bien posé et ne posséde pas de minima locaux.

Keywords
Projection theory, approximation theory, non-linear least squares, inverse problems.

Mots clefs
Théorie de la projection, théorie de l'approximation, moindres carrés non linéaires,
problémes inverses. '



Summary

1 - Introduction

2 - Equipping the set with pathes.

3 - Quasiconvex and strictly quasiconvex sets.

4 - The y- size x curvature condition for quasiconvex sets.

5 - The Rg- size x curvature condition : a new sufficient condition for strictly quasiconvex sets.

6 - Obtaining lower bounds on the global radius of curvature : The 8-size x curvature
Condition.

7 - One application to non-linear least squares.



1 - INTRODUCTION

Let
(1.1) F an Hilbert space,
(1.2) DCF a (non necessarily convex) subset
be given. This paper is devoted to the study of the Hilbert projection on D. It is known (cf.[S])
that, when D is closed and bounded, the set of all z € F which admit a unique projection on D
contains a dense countable intersection of open sets, called the Edelstein set, and defined by :
(1.3) ES={ze FIVe>0,3n >0s.t.

X;e D, Il X;-zll <d(z,D)+n j=0,1 implies IXy-X, Il < €}.

This result is not precise enough for the application to non-linear least-square problems we have in
mind, first because it gives only a generic result, and second because it does not give any insight
into possible local minima on D of the "distance to z" function, whose presence or absence is
determining when it comes to the actual numerical determination of the’ projection using an
optimization algorithm.

Hence it would be very useful to find conditions on D which ensures i) that the Edelstein set
contains some neighborhood V' of D, and i) that ideally the y — d(y,z) function has no local
minima on D whenever z € V. Necessary and sufficient conditions for point i), involving the
local curvature of D, have been extensively studied, but point ii) has not received much attention.

The notion of the curvature of a set D is both delicate to define and difficult to apply to
non-linear least square problems. Hence looking only for sufficient conditions for i) and ii) to
holds makes it possible to work only with the elementary notion of the curvature of a curve,
provided that the set D has been equipped with a collection ® of pathes P which shall play for D
the role of the segments for a convex set. This will yield an easy application to non-linear
least-square problems, where the pathes P can be very naturally defined as the image of the
segments of the admissible set by the mapping to be inverted !

An answer along this line to i) and partially to ii) has been given in [3], where the notion of
quasiconvex set was introduced together with a constructive sufficient condition (the y-size x
curvature condition), and where an application the study of well posedness and local minima of
abstract non-linear least square problems was given.

Closed quasiconvex sets, which possers a neighborhood U on which the projection exists,
is unique and lipchitz continue, satisfy fully point i), but they don't eliminate local minima, which
may exist provided their value is "large enough". Moreover the y-size x curvature condition does

not seem to be very sharp, as for example it is far from recognizing all quasiconvex arcs of circles
(cf.figure 3.1 below).



We remedy in this paper to the above mentionned weaknesses :

We first introduce the slightly stronger notion of strictly quasiconvex set, which fully
eliminates the possibility of local minima, as soon as the point to be projected is in the associated
neighborhood V.

Then we introduce the notion of global radius of curvature R associated to the family of
pathes ®, and show that condtion Rg > 0 (called the Rg; -size x curvature condition) implies strict
quasiconvexity of the set. This condition is shown to be sharp (see figure 3.2 below) as it
recognizes exactly all strictly quasiconvex curves.

Third, we calculate a lower bound to Rg in term of the usual radius of curvature R, the
length A and the deflection ® associated to the family of pathes ® ; this of course leads to another
sufficient condition for strict quasiconvexity of the set, called the © - size x curvature condition,
which is also sharp as it recognizes exactly all strictly quasiconvex curves made of one arc of circle
and one segment.

All geometrical quantities Y,Rg,R,A and ® are defined by infinimum or supremum, over
the collection of pathes ®, of quantities easily computed on each path from the velocities and
accellerations along the path. o

Finally we give an application to a non-linear least square problém in the case where fhe
derivative of the non-linear mapping to be inverted has a uniformly bounded pseudoinverse. A
more detailed application to non-linear least square problems and their regularized versions can be
found in reference [4]. '

2 - EQUIPPING THE SET WITH PATHES

The first step of our construction consists in chosing in the possibly non convex set D a
collection ® of pathes P which shall play for D the role the segments play for a convex set. We
summarize here the corresponding definitions and notation, following paragraph 2.1 of [3].

Definition 2.1 (pathes)
A mapping P : [0,L] — D is a path iff :
(2.1 v = P(v) is of class G2,
2.2) IPV)llg=1 Vve [0,L].

We refer to [3] for sufficient condition for a mapping to be reparametrizable such as it is a path.



Definition 2.2 (attributes of a path)
Let a path P be given. Then,
(2.3) v e [0,L] is the arc-length along P

(2.4)  8(P)2 L is the length of P

(2.5)  v(v)& P'(v) is the unit tangent vector to P at P(v)

(2.6)  a(v)£ P"(v) is the accelleration vector to P at P(V)

Q7 pW2 law) I e IR*U {+ o} is the radius of curvature of P at P(v)

2.8) R(P) 4 Inf  p(v) 2 0 is the smallest radius of curvature along P.
v € [0,5(P)] .

As we shall use only the parametrization by the arc length in this paper, we denote it simply by v
(notice that in reference [3], the (reduced) arc length was denoted by V, and all corresponding
quantities weared bars, as quoted at beginning of paragraph 3 of [3] ; hence R(P) in this paper
corresponds to R (13—) in reference [3] etc...).

Definition 2.3 (collection of pathes)
A set of pathes ® is a collection of pathes iff :
(2.9) ® is made of pathes
(2.10)  ®_is complete, i.e. VX, Y € D, X#Y,3P e ®, such that P(0) = X,
POP) =Y

(2.11)  ®_is stable with respect to restriction, i.e. VP e ®, VV', v"' € [0,8(P)], v'< V",
the path P : v € [0, v"- v'] = P (v'+V) belongs to ®.

The set of pathes ® should contain the minimum number of pathes which allow to satisfy (2.10)
(typically, one and only one path of ® connects two given distincts points X and Y of D, but we
don't put this uniqueness in the requirement for a collection of pathes, as we want not to exclude
the case of minimum length pathes for example).

Definition 2.4 (maximal pathes)

A subset P of ¥ is said to be a collection of maximal pathes for ® if and only if :

(2.12) ® =U {P'| P'is a subpath of P}

Pe PMm

Of course, such P always exists, as ®M = P satisfies (2.12) by virtue of (2.11) ! But a more
interesting case will be found when there exists a smallest collection of maximal pathes : this will
be the case in most of the applications to non-linear least squares (see [3] [4]), where ® is the
image, by a mapping ¢, of the segments of a closed convex set C, so that Pym= {oxyD), Xy, €
dC} satisfies obviously (2.12).

In all the sequel, we shall suppose that a collection of maximal pathes ® M. has been chosen.

4



3 - QUASICONVEX AND STRICTLY QUASICONVEX SETS

Let the set D be equipped with a collection of pathes ®. To a given pointze F,apathPe
%, and an arc length value v € [0,8(P)], we associate the number :

3.1 k(z,P;v) = < z-P(v),a(v) >
whose geometrical interpretation is given by (with the notations of figure 3.1) :
(3.2) kzPv) =3 cos 9 = MH
p(v) MC

One may then associate to z and P the number :
(3.3) - k(z,P)= Max k(z,P;v)

v € [0,5(P)]
and to z and 1 > O the number :
(3.4) k(zm)= Sup k(z,P)

Pe ®(zmn)
where the subcollection of pathes ®(z,n) is defined by :
(3.5) ® (zn) = {P e P ||IP(i)-zIIF <d(zD)+¢e,j= O,S(P)}

Figure 3.1. Notations for the geometrical interpretation of k(z,P;v) = < z-P(v),a(v) > : C is the
center of curvature of P at P(v), and H is the orthogonal projection of z on the 1-D affine variety
parallel to a(v) and passing through M = P(v).



We can now give the :

Definition 3.1 (quasiconvexity of sets)
A set (D,®) is said to be quasiconvex iff :
i) ® is a collection of pathes,
ii) There exists a neighborhood ‘U of D in F, and a lower semi continuous function

e: YV — ]0,+o<[ such that :
ze V

(3.6) : =k(zn) <1
0<n<e(z)

This is a slightly upgraded version of the definition of quasiconvexity given in [3] (where the z —
€(z) function was required to be continuous). All the results in [3] carry over when quasiconvexity
is defined using definition 3.1, and this upgraded definition allows us to proove the

Proposition 3.1
Let (D,®) be quasiconvex.

Then there exists a largest open neighborhood V' of D, and a largest £.s.c. function

€: VU — ]0,+o[ satisfying the definition of quasiconvexity.
Proof

Let us denote by V';, &;, i € I all open neighborhood and ?.s.c. functions satisfying
definition 3.1. Then :
3.7) V=yu V;

iel

is an open subset of F. If we denote by g; the continuation of g; to VU by zero outside of V';, then
g is .s.c. as g is Ls.c. on ‘yi and V; is open. Define then :

(3.8) €(z) =Supegz) Vze V
iel

which is €.s.c. as supremum of a family of L.s.c. functions. Hence V', € will satisfy the definition
of quasiconvexity as soon as they satisfy (3.6), which we proove now. Letze U and 0 <7 <
€(z) be given, and set :

a=(€(z)n)/2>0
From the definition (3.8) of &(z), there exists iy € I such that :

€02 2€(@) -a>n>0
This proves, as €(z) > 0, that z € V' ;- Hence V' ;g and ;g satisfy the hypothesis of (3.6), so
that : '

k(zm) <1
which proves that ‘U and € (z) satisfy (3.6). m

We summarize now in Proposition 3.2 thru Theorem 3.6 the properties of quasiconvex
sets, mostly duplicated from [3], to which we refer for their proof.
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Proposition 3.2
Let (D,®) be quasiconvex. Then the associated neighborhood V' is included in the

Edelstein set (1.3), and forany ze VY,0<n <e(z) and Pe ®(z, M),
) v f(v)2 IPw)-z 12is strictly convex

i) V- d(v)é I P(v)-z llgis strictly quasiconvex

Proof
Forze V and Pe ®(z,n) one has
f'(v) 2 2(1-k(z;n)) > 0
which proves i) and ii), and also shows that the v — f(v) + v(8(P)-v)(1-k(z,n)) function is
convex. Hence :
2
8_@)+ 8(P)

£
2 4

(kM) € 2-£0) + 5 £GE))

But:
2
2 d(z,D)

2
fG) < (d(zD)+n)?  j=0, 3(P)
so that :
8(P)? < 4(1-k(z,n)) M (2d(z,D)+n)
If we choose for P the path connecting two points X; € D j=0,1 and satisfying :
IX;-zll < d(z,D)+n
we see that :

12 112 1/2
IXeXIg<d(P) <2(1-k(zm)) "M (2d(z,D)+1) “— 0 whenn — 0,
which proove that z belongs to the Edelstein set. m

f(S(P)

Proposition 3.2. implies that the distance of any point z of U’ to any path of ® having its
extremities "not too far" from z is strictly quasiconvex.

Proposition 3.3
Let (D,®) be quasiconvex.

Then, for any P € ®, the v — P(v) mapping is injective.

Hence a path P of a quasiconvex set (D,®) cannot "make a loop". We recall now the main
properties of quasiconvex sets concerning projection :

Theorem 3.4 (uniqueness of the projection)
If:
(D,®) is quasiconvex
ze U
Then :



The "distance to z" function has at most one global minimum over D. Moreover, all
possible other local minima yield a value larger than or equal to d(z,D) + &(z).

We see that quasiconvex sets ensure uniqueness of the global minimum of the "distance to z"
function, but don't eliminate completely local minima, which are only rejected "far enough" from
D.

Theorem 3.5 (continuity of the projection)
If:
3.7 (D,®) is quasiconvex
(3.8) zy,zy € U admit projections X, X; on D

zg,2 one close enough, precisely if there exists d > 0 such that

(3.9 )
lzg-z g+ J}\__’I&);d(zj,D) <d< jl!{)lg (d(sz)+s(zj)}
Then
(3.10) 11 Xy-X; g < 8(Xp.X ) < (1-k)1H zy-2y llg
where :
Sup 3(P) if Xo# X,
Pe ®
(3.11) 30Xp X =\ P:Xg-X;
‘ 0 lf Xo = Xl

(3.12) k= (k2
(3.13) k_] = k(ZJ,'nJ) j = 0,1
(3.14) 0<nj=d-dzD)<ez)  j=0,

Remark first that lower semi continuity of z — €(z) is just enough to ensure the existence of a d
satisfying (3.9) when z; and z, are close enough.

Let us also comment shortly on the definition (3.11) of the "curvilinear distance” (X, X 1)
of two points of D : The supremum in (3.11) is not an error. In most of the case, the collection of
pathes ® will be chosen in such a way that it contains one and only one path connecting any two
distincts points of D, in which case 3(Xy,X ) = 8(P), which seems reasonnable. In the case where
® has to be chosen rich enough so that there may exist many pathes connecting two distinct points
of D, the majoration (3.10) has to hold for all pathes connecting X, to X; (and hence for the
worst, i.e. the longest), as in the definition of quasiconvexity the k(z,1) quantities involve a
supremum over pathes with prescribed extremities, and hence take into account all pathes with the
same ends. Notice also that if ® is made of the geodesic curves connecting two distinct points of
D, there may be many pathes P connecting Xy to X, but all with the same length 8(P), so that

PO PN. PRpUy

definition (3.11) is also very natural in that case.

8



Theorem 3.6 (Existence of the projection)
If:
(3.15) (D,P)is quasiconvex
(3.16) Disclosedin F
Then :
(3.17) anyze V has a unique projection X on D

(3.18) any minimizing sequence is converging towards X
for both the Il X-Y llgand the 8(X,Y) distances

We introduce now a new, stronger definition which will keep all the above mentioned nice
properties of quasiconvex sets with respect to projection, but will be much better behaved with
respect to the problem of local minima :

Definition 3.7 (strict quasiconvexity of sets)
A set (D,®) is said to be strictly quasiconvex iff :
i) (D,®) is quasiconvex for some neighborhood V' and function z — &(z),
ii) V and € satisfy moreover :

ze V the "distance to z"
(3.19) Pe® = function 1is strictly
‘ d(z,P) < d(z,D)+€(z) quasiconvex along the path P.

The additional hypothesis (3.19) means (compare with proposition 3.2) that the distance of any
point z of V' to any path of ® which is "not too far" of z is strictly quasiconvex. One checks easily
that proposition 3.1 extends to strictly quasiconvex sets :

Proposition 3.
Let (D,®) be strictly quasiconvex. Then there exists a largest open neighborhood V' of D,
and a-largest &.s.c. function € : ¥V — ]0,+e0] satisfying the definition of strict
quasiconvexity.

Of course, any neighborhood V' associated by definition 3.7. to a strictly quasiconvex set (D, ®)
is included in the Edelstein set (1.3) by virtue of proposition 3.2.
The main interest of strict quasiconvexity comes from the :

Theorem 3.9 (Uniqueness of the projection)
If:
(D,®) is strictly quasiconvex
ze V
Then :
The "distance to z" function has at most one global minimum over D and, provided this
global minimum exists, no other local minima.

9



Proof
We have only to proove the last part of the conclusion. Hence let X; € D be one global

minimum of the "distance to z" function, and suppose that this function admits a local minimum at
X, # Xq. By definition of X, we have :

(3.20) Il z- X Il = d(z,D)
Let then P € ® connect X; to X;. From (3.20) we get :
(3.21) d(z,P) =l z-X, Il = d(z,D) < d(z,D)+€(z)

Using then the property (3.19) of strictly quasiconvex sets we find that the "distance to z" function
is strictly quasiconvex along the path P, which is impossible, as this function has a global
minimum at v =0 and a local minimum atv=06(P)! m

We illustrate this paragraph on quasiconvex and strictly quasiconvex sets by considering the
very simple case of a set D consisting in an arc of circle of radius R and of length L. Simple
geometric considerations show that :

(3.22) Dis quasiconvex iff %< 2n
(3.23) Dis strictly quasiconvex iff % <7

We illustrated on figure 3.2 for bothcases the largest corresponding open neighborhood U whose
existence is asserted by proposition 3.1 and 3.8.

The first remark is that these neighborhoods are quite large, in particular they are "infinite"
on the "convex side" of the arc of circle, and admit the center of the circle in their closure on the
"concave side" of the arc of circle.

However, if the quasiconvex neighborhood (figure 3.2 left) catches all points admitting a
unique projection on D when ©R <L < 2xR, it misses many such points when 0 <L < R
(namely all the points of the dashed area which are not on the axis of symmetry of the figure),
whereas the strictly quasiconvex neighborhood (figure 3.2 right) does a much better job, a it
catches in all cases exactly all points z admitting a unique projection on D with no local minima an
D of the distance to z.

However, if it is simple to figure out the shape of these neighborhoods for sets D as simple
as an arc of circle, it becomes practically impossible for more complicated sets. Hence we need
constructive sufficient conditions to recognize quasiconvexity and strict quasiconvexity, which
will give us smaller cylindrical neighborhoods.

10



O<L<xwR

. 0<L<®R

(9 = Complementary of dashed area) |

D /\
| QU ASXcONVEX
ot SR

F

E
TR <L <2nR _ TR <L<2rR

Figure 3.2. Largest open neighborhood V for quasiconvex (L < 2mR, left) and strictly
quasiconvex (L < xR, right) arcs of circle.
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4 - THE y-SIZE X CURVATURE CONDITION

We recall in this paragraph the sufficient condition for quasiconvexity introduced in [2},[3].
Given a set (D,®), we associate to any pseudosegment P € ® a number y(P) defined by :

@.1) YP)=  Inf  {pv)gw))
v € [0,8(P)]
where :
4.2) p(V) is the radius of curvature of P at P(v)

g(V) is the solution of the elliptic problem

4.3) 1
-g'M=p (v),80)=g@P) =0

This number y(P) measures in some sense the size x curvature product of the path P : for a

path P with given length, y(P) — oo when the radii of curvature along P go to infinity, and y(P) —

-oo when the same radii of curvature tend to zero. Of course one has, forany Pe ® :

4.4) Y(P) < R(P)

and both Y (P) and R (P) are monotonous with respect to path inclusion.

We associate then to the set D the two numbers :

(4.5) YD) = Inf ¥(P)
4.6) R(D)= Inf R(P)
Pe P

so that one always has :

4.7) YD) <RD)

Definition 4.1 (y-size x curvature condition)
The set (D,®) is said to satisfy the y-size x curvature condition iff :
(4.8) YD)>0

The main interest of this definition is :

Theorem 4.1
Let (D,?) be given :
If:
YD) >0 (y-size x curvature condition)
Then
D is quasiconvex, with an open cylindrical neighborhood U given by :
4.9) V ={ze Fld(z,D) <y(D)},

12



and an €(z) function given for any z € VU, by

(4.10)  &(z) = y(D) -d(z,D)>0

Hence theorems 3.4 thru 3.6 apply, and the projection on D, when it exists, satisfy the
Lipschitz condition (compare with (3.10)) :

@.11)  1XgX, lp< 8(Xp X)) < I zgz,l

L _d_)"
RD)

as soon as z,z; are such that there exists d satisfying :

4.12)  lizgzy g+ J_ngl d(z;D) < d < ¥(D).

This sufficient condition is constructive, in the sense that one "only" has to test the sign of a
number Y(D) which can be estimated either analytically, or maybe also numerically-though the size
of the computations becomes quickly unaffordable when the dimension of D increases.

We have only given in (4.1)-(4.3) the definition of Y(P) when P is parametrized by its arc
length. We refer to [2] [3] for the case of other parametrization of the pathes, which shall yield
different numbers Y(P). Hence the y-size x curvature (4.8) depends not only of the shape of the
pathes on D, but also on their parametrization.

We conclude this paragréph by checking how well the y-size x curvature (4.8) recognizes
quasiconvex arc of circles D of radius R and length L. A simple calculation shows that :

1.2
(4.13) ¥D)=L 1-—2

8R
which is positive as long as :
(4.14) 0<L <2V2R

whereas the arc of circle is quasiconvex as long as 0 <L < 2rR. Hence we see that the size
curvature condition is quite far from recognizing all quasiconvex sets, even in the simple case of
the arc of circle. We have depicted on figure 4.1, left, the size of the neighbourhood V' for L =
21/3 R < 24/2 R, which is quite small in comparison to the largest quasiconvex neighborhood
represented by the complementary of the dashed area.

13



Y= D~ g
L (I-LZ/SRz)?:\\

0<L<212R n/2R<L:<nR

. . 3 1 2 ’)
(complementary of dashed arza represent neighborhoods of figure 3.2)

<R
O<L 2

Figure 4.1. Cylindrical neighborhoods V' given by the y-size x curvature condition (L <24/2R,
left) and by the R@ size x curvature condition (L < &, right).
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5 - THE Ri.-_SIZE x CURVATURE CONDITION : A NEW SUFFICIENT CONDITION FOR
STRICT QUASICONVEXITY OF SETS

We first introduce some new attributes of a pseudosegment :

Definition 5.1 (affine normal subspace - see figure 5.1)

Let a pseudosegment P be given. Then, for any v,v' € [0,6(P)], v # V', we define the
affine normal subspace N(v,v") to P at v seen from V' by :

(5.1) N(vv)={ze Fl<z P(V),Av(v) >p <0 VAeR, v+ie [Min (v,v'),Max(v,v)]}

Figure 5.1. The normal subspace at v to a pseudosegment P seen from v'.

Proposition 5.2
Let a pseudosegment P be given. Then, for any v,v' € [0,8(P)], vV # V', one has :
P(v) + a(v) € N(v,v") '

Definition 5.3 (Global Radius of curvature)

Let a pseudosegment P be given. Then, for any v,v' € [0,8(P)], v # V', we define the
global radius of curvature of P at v seen from v' by :

(52)  pg(V.v) =dPV).N(V,V) N N(V',V)) € [0,+ee]
with the natural convention that pg(Vv,v") = +e if N(V,v) " N(V',v) = @.
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Notice that pg(Vv, V) # pg(V',v) in general. This global radius of curvature can be easily
calculated: '

Proposition 5.4
Let the pseudo segment P € ® and v,v' € [0,6(P)], v # V', be given, and denote :

X =P() , X' = P(v)
(5.3)
v =v(V) , V' = v(v)
Then pg(V,V') is given by :
0 if Sgn(v'-v)< X' X, v'> <0
Sgn(v'-v)< X'-X,v' >
54) pdv.v)=

if Sgn(v-v)< X'-X,v'> >0and<v,v'>2 0
V1-<v,v >2

Sgn(v'-v) < X'-X,v'> if Sgn(v'-v)< X-X,v'>>0and<v,v'>< 0

The proof of those formula is elementary, the basis ingredient being the projection of a point on an
hyperplane. We have illustrated on figure 5.2 a few situations for the case of plane curve.

The relation with the usual (local) radius of curvature p(v) is given by the :

Proposition 5.5

Let a pseudosegment P be given. Then, for any v € [0,8(P)] , there exists an open
neighborhood I of v in [0,6(P)] such that, for any v'e I:

Sga(v'-v)< X'-X,v' >

1/ v 2
l-<v,v'>

(5.5)  pgvV)=

(5.6)  pviv)=EnVY) <X'X.v>

o2
Vi-<v,v'>
and

(5.7 pPc(V,Vv) = p(v)
(5.8) pPc(V,V) = p(v)
when Vi vinl

Proof

Formula (5.5) (5.6) results simply from proposition 5.4 and the G2 cdntinuity of the path
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PLV) = 0

PV,V) =Sgn (v - V)< X' -Xv' >

Sgn (V- v)<X' -X,v' >

P

o ,

%o

KRy by
RN R P (v)

.:::: o

/.

pgvsV) =

L2
V1-<v,v >

Figure 5.2. Examples of global radii of curvature for a path P.
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We turn now to the proof of (5.7). Let dv = v'-v. We rewrite first the numerator of

pg(V,v) as:
(5.9) Sgn(v'-v) < X-X,v' > = Sgn(v-v) < vg,v >dv=<vgv> |dv |
where

vg = v( v+6dv) 0<£06<1
(5.10) <vgVv>—1 whendv —» 0
Using then the theorem of mediane for v and v', we obtain :

2
<v,v'>=1- 5—
’ 2

where :
(5.11) S=IlIv-vil

Hence the denominator of pg(V,V') rewrites :

1
2\2
(5.12) Vi-<v,v'>> =5(1-8T)

But:
dv

dv
o=I Io a(v+e) dell = lla(v)dv + J.o (a(v+e)-a(v)) de i

so that :
(law) l-n@v)) tdvi<d<(llav) l+n(dv)) Idvl
where one has set :

n@dv)= Sup lla(v+e)-av)l
€ € [0,dv]

which, as P is G2, satisfies :
n(dv) -0 whendv — 0.

Hence :
(5.13) i -lla(v)i  whendv—0
Idvi
and pG(v,Vv') becomes, using (5.9) and (5.12) :
ldvl <vgv>
(5.149) pPAV,V) =

1
82'2'
41 -T)

and from (5.10), (5.13) we see that :
pPAV,V) =

la(v) I
which is the sought result (5.7).

Then (5.8) follows immediately, as :
(5.15) PG(V,V) - B(dV) < pg(V',V) S pg(v,V') + B(dv)
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with :
l<X'-X,v-v'>| ldvll<vgv-v'>|

vl 2 2
Vi-<v,v'> Vi-<v,v'>

where 0 < 6' < 1. Using (5.11), (5.12) we obtain :

Idv |
(5.16) Bdv)S———— -0 whendv—>0.

1
825
1+T

This ends the proof of Proposition 5.5.
We are now naturally led to the :

Badv) =

Definition 5.6 (smallest global radius of curvature)

Let a pseudosegment P be given. Then we define its smallest global radius of curvature by :

(5.17) RP)= Inf AAD)
v,v'e [0,6(P)]

Of course, Rg(P) is easily related to R(P) using proposition 5.5 :

Proposition 5.7
Let a pseudosegment P be given. Then :

(5.18) O <Rg(P) <R(P) < +eo

Remark 5.8

Unlike the number y(P) used in the size x curvature condition in [2], [3], the number
Rg(P) depends only on the shape of the path P, and by no way of its parametrization (that is why
we use only in this paper the parametrization by the arc length, which is the most convenient for
the formulae). m

The main interest of the smallest global radius of curvature comes from the :

Proposition 5.9
Let a pseudosegment P e ® and z € F be given.

If:

Rg(P) >0

d(z,P) < RG(P)

Then :

the v — d(v) = Il P(v)-z llg function is strictly quasiconvex.
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Proof
Let f(v) = d(v)?, and vy e [0,5(P)] be the value for which d and f attain their minimum on

[0,8(P)] :

f(vp) < f(v) Yv e [0,6(P)]
which implies :

f(vp)L 20 VYve R, vo+ A € [0,8(P)]
i.e.

< z-P(vg), Av(vy) > <0 Vve R, vy+Ae [0,6(P)]
which shows that :

z € N(vg,V) for any v' € [0,8(P)], V' # V.

Suppose now that v — d(v) is not strictly quasiconvex.

Then necessarily d(v) has at least one local maximum for some value v, of the open interval
10,3(P)[. Of course v — f(V) has also a local maximum at the same v;e ]0,5(P)[, which implies
that :

f(v)=0
i.e.
< z-P(v;),v(vy)) >=0.
But, the preceeding equation rewrites :
z e N(v,,V) for any v' € [0,8(P)], V' # vy.
Hence we see that z € N(vg, v; ) N N(v;. V), which shows that :
Pc(Vo:V1) S 1P(vg)-z llp = d(z,P)
and, using the definition (5.6) :
Rg(P) < pg(vg,vy) < d(z.P),
which contradicts the hypothesis d(z,P) < Rg(P). This prooves the strict quasiconvexity of d. m

Definition 5.10 (smallest global radius of curvature of a set)
We associate to a set (D, %) its smallest global radius of curvature defined by :

(5.19) RHD)= Inf Rs(P)
) o —PE’PM G

which, using (4.7) and (5.18), satisfies :

(5.20) 0<Rg(D)<RMD).
This allows us to define a new "size x curvature" condition for the set D :

Definition 5,11 (RG- size x curvature condition)
The set (D,®) is said to satisfy a Rg- size x curvature condition if and only if :

(521) RgD)>0

We give now the first main result of this paper :
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Theorem 5.12

Let (D,®) be given.

If:

(5.22) RgMD)>0 (RG- size x curvature condition)
Then :

D is strictly quasiconvex, with a cylindrical neighborhood U given by :
(5.23) YV =({ze Fld(z,D)<Rg(D)},
and an €(z) function defined, for any ze V, by :

(5.24)  &(z) =Rg(D) - d(z,D) > 0.

Hence theorems 3.9 (the projection is unique, no local minima), 3.5 (continuity of the
projection) apply, the lipschitz constant of the projection being given by (compare with
(3.10) and (4.11) :

(525) 1XgX, lp<8XeX,) < lzgzy Ip

-1
d
L R(D))

as soon as z,z; are closed enough so that there exists d satisfying :

(5:26) zgz g+ Max d(z; D) <d <Ro(D)
. J=L,

If moreover
(5.27)Dis closed in F
Then theorem 5.6 (existence of the projection) applies.

Proof
We check first that ‘U and € defined by (5.23) and (5.24) satisfy the definition 3.1 of

quasiconvex sets. Let z, 1 and P be given such that :

d(z,D) <Rg(D) (ie.ze V)
(5.28)

0<n<&(z) =Rg(MD) - d(z,D)
(5.29) NPG)-zil<d(z,D) +n j=0,0(P)

Hence Il P(j)-z Il < Rg(D), j = 0,j(P) which implies that d(z,P) < Rg(D) < Rg(P). Then by
proposition 5.9 we see that the :
v = d(v) =l P(v)-z lig
is strictly quasiconvex, and, using (3.2), we find that :
Max d(v)
v ={0,5(P))
k(z,P;v) < :
Min p(v)
v € [0,8(P)]
and, using (5.29) and (2.8), (4.6) :
d(z,D)+n

k(Z,P;V) < —R(’T
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which proves that (cf£.3.4) :

d@D)n _ d@D)ve(z) _RdD)
(:30 VS TRDY CTROY RO S

which proves that D is quasiconvex. The strict quasiconvexity of D results then directly from
proposition 5.9, and the formula (5.25), (5.26) follow immediately from (3.10), (3.12 thru 14)

and (5.30). =

1

In order to illustrate this new sufficient condition, we check how well it recognizes
quasiconvex and strictly quasiconvex arc of circles of radius R and length L. A simple calculation

yields :
L =
R 0 <'R- 7
5.31 R4D) = nLl T_L
(5.31) dD) Rsing 5 SR ST
L
< -
0 n< R <2r
which is strictly positive as long as :
(5.32) 0<§<n

Hence the RG - size x curvature condition recognizes exactly all strictly quasiconvex arc of

circles ! We have illustrated in figure 4.1, right, the neighborhoods U’ generated by formula

(5.31), which turn out to be the largest cylindrical neighborhoods included in the largest strictly
quasiconvex neighborhood (depicted as the complementary of the dashed area).

If we compare now the RG- size x curvature condition, driven by Rg(D) (right of figure
4.1), to the previous size x curvature condition driven by ¥(D) (left of figure 4.1) on arc of circles,
we see that the new condition is much more precise than the old one, as it gives you more (strict
quasi-convexity) for less (L/R < n instead of L/R <2+/2) !

In the general case, the global size x curvature condition cannot be expected to be optimal
(i.e. necessary for strict quasiconvexity), as nothing prevents you to equip a convex set with
pathes ® having small radii of curvature ! However it is reasonnable to conjecture that the Rg-
size x curvature condition becomes necessary in the case where the collection of pathes P is made
of minimum length pathes in D. This matter will be discussed in a forecoming paper.

6 - OBTAINING LOWER BOUNDS ON THE GLOBAL RADIUS OF CURVATURE

Given a path P € ®, we shall try in this paragraph to obtain lower bounds on its global
radius of curvature RG (P).

22



In particular, one would like to substantiate the intuitive feeling that "arc of circles are the
worst paths", i.e. that for any path P one should have RG(P) 2R(P) as soon as 8(P) < 7t/2 R(P)
and RG(P) > 0 as soon as & (P) < TR(P), as suggested by figure 4.1 (right) for the case of an arc
of circle.In order to do that, we need to recall one (very natural) attribute of the path :

Definition 6.1 (deflection)
GivenapathPe ®,and v, v' € [0,5(P)], the deflection of P between v and V' is :
(6.1) 6(v,V)=Argcos<v(v), v(v)>
and the largest deflection of P is :
6.2) © (P) = Max 6(v,v")
v,v' € [0,6(P)].

Of course, 6(v,V') satisfies :

o(v,v) e [0,%] VY v,v'e [0,8(P)]
(6.3) 6(v,v)=0 ' Y ve [0,6(P)]
6(v,v') =0(v,v) Y v,v'e [0,6(P)]

and is related to the radius of curvature p(v) at v by the

Lemma 6.2 : for any v,v' € [0,8(P)] one has
6.4) |§g(v,y')| < 1
ov p(v)

Proof : let dv € IR be chosen such that v + dv € [0,6(P)], and let
(6.5) do = Argcos <v(v), v(v+dv>
Using the triangular inequality for the curvilinear triangle on the unit sphere having v(v),
v(v+dv) and v' as vertices yields :
6.6) |6 (v+dv,v)—0w,v) | < | da |
But by definition do € [0,%] and hence is positive ; so we see from (6.5) that | do | =do =
Arg cos (1 - <v(v), v(V) - v(v + dv) >) and, as the € — Arg cos (1 - €) function is increasing :
6.7 |do|< | <vw),vev)-v(v+dv)> | Sv(v+adv) - vv)ll
But we have seen with the proof of proposition 5.5 that
(6.8)  8=[Iv(V+dv)- v(WII < (law)ll + n(dv)) ldv|
where M (dv) — 0 when dv — 0. Putting together (6.6) (6.7) (6.8) yields :
6.9) |6 (v+dv,v)-0v,v) | <Wpw) +n(dv)) | dv |
which proves (6.4) when dv — 0.

We have drawn on figure 6.1, top, the function v — 0 (v,Vv') in the case wher P is arc of
circle of length L and radius R, and on the bottom of the same figure the function v — 6 (v,v)
for a general path P with smallest radius of curvative R(P) and length 8(P) : we see that in the
genefal case the graph of v — 6 (v,v') may be quite complicated, as it may contains :
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- points as v, v1, v2 € ] 0, 8(P) [ which yield stationary points of the deflection 8, when
the accelleration a (v) happens to be orthogonal to the reference velocity v(V')

- points like v" which correspond to values of v for which the velocity v(v) happens to be
parallele to the reference velocity v(V').

- intervals like I where the deflection is constant, which correspond either to stralght
segments or to helices with axis v (v')

- points like v where 6(v,V') achieves its global maximum over [ 0, 8(P)]. On the figure, v
e 10, 8(P)[ but it could as wellbe at v=0o0r v =3 (P).

Arc of circle

Path P

|——-

'l”||“'810p’e/ 1/R(P)  Slope 1/R (P
{

o Vv v, v \}2 yo

Figure 6.1 : The deflection function 6(v,v") for the case of on arc of circle (top) and in general
(bottom).
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So far for the properties of the deflection function. We come now to our purpose, namely,
obtaining a lower bound on R (P), which reduces to finding a lower boupd on pG(v,v"),
independant of v and v'. Looking at the formula (5.4) giving pG(v,v’), we see that the two
pieces entering in this formula are :

(6.11) Sgn (v'-v)<X'-X,v’>  and Y1-<v,v'>2

which are related to the deflection 6 by
MAX(v,v")

(6.12) Sgn (V'-v)<X'-X,v'’>= j MIIq(w.)cos o(t,v") dt

and :

(6.13)  ¥1-<v,v'>2 =5ind (v,v').

We concentrate now on obtaining a lower bound for Sgn (v',v) < X'-X, v' >. Our basic
tool for that is the following lemma :

Lemma 6.3 : Let v,v' € [0,8(P)] be given. Then the following inequalities hold :
v!
dv

(6.14) Var 6(.,v')sj
Vpv)

(6.15) Sgn (V'- V) <X'-Xv' >2 | v'-v | cos@®+R. Var {sin B(,,v") - 6(.,v')cos0}

where Var g represents the total variation of the function g over the [Min (v,v'), Max
(v,v)] interval defined by :

N
(6.16) Varg=Sup Y lgt)-g@)|

i=1
Ne N
Min (V',v) € tg < t1 <tN < Max (v,V')
and where '
(6.17) R = inf p(t)
_te [v,v']
(6.18) 6 =SupO(t,v")
te [v,v]

Proof : Let us consider the case where v < V' (the proof is similar if v 2 v'). We remark first,
using (6.12) and (6.18), that :

V'
(6.19)<X'-X,v'> = Jv (cos B(t,v'") - cosB)dt + (v'-v) cos 0.

But from lemma 6.2 we have

(6.20) p(b) I@(t,v')l < 1 for almost all t of [, V']
dv
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which shows that
v v de
WS 1% | a
v p(v) A \Y
Plugging then (6.20) in (6.19) yields, as cos 8(t,v') -cos 020V te [v,v] and p(t) 2R
Vte [v,V]:

v
<X'-X,v'> Zﬁj (cos 6(t,v")-cos 6) I?—af{t,v') | dt + (V'-v)cos 6
v

v
= EI Ii(sin 0(t,v)-0(t,v')cos 8) Idt+(v'-v)cos 0

vV oov
These formula prove (6.14) (6.15) as, for any function g such that g'e L1 ([v,v']) one has:

v'
Varg:fv Ig—vg-(t)ldt -

The lower bounds (6.14) (6.15) take advantage, through the total variation of the 8(.,v')
and sin (.,v)+ 0(.,v") cos 8 functions, of all information contained in the deflection function
0(.,v").

In particular, they increase when the variation of the deflection increases, which shows that
"oscillating paths" have more chance toAhav_e_ positive global radii of curvature.

If one retains only the'mziximum deflection 6 on [v,Vv'] seen from V'one has the

Corollary 6.4 : Let v,v' € [0, 3(P)] be given. Then

dv < |v'-v|

ptvy R

(6.22)6 < J:

(6.23) Sgn (V'-v)<X'-X,v'>2 R sin6 + (| v'-v | -R.8) cos 8
where R, 6 are defined in (6.17) (6.18).

Pr+oof : suppose v < V' for instance, and define v € [v,v] by :
B(v,v') =0 = Sup 0(t,v").
te [v,v]
Then (6.22) (6.23) result immediately of (6.14) (6.15) and (6.16) with N = 2, tg= ;, ti;=v' =

We can put together the definition (5.4) of PG (Vv,V') and corollary 6.4 to obtain the sought lower
bound on pg (v,v') :

Proposition 6.5 : Let Pe ® ,v,v'e [ 0,5(P)], v # V', be given , and R, 0 be defined by (6.17)
(6.18).

DIf:
(6.24)0<0< 72
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Then : _ _
(6.25) pVv,v") 2R+ (|v-v]-R. ) cotan 6

and the right hand side of (6.25) is strictly positive as soon as
(6.26)R>0 (independantly of |v-v | 1)

ii) If
-
(627)5<0<m

Then:

(6.28) pG V.v) 2 Rsin 0 + (| vi-v | - R.8) cos®

and the right hand side of (6.28) is strictly positive as soon as the size x curvature condition
6.29) Iv-v| /R<0-1g0 |

is satisfied (notice that, because of (6.22), condition (6.29) can be satisfied only of 0 < n!).

Proof : We proove first i).

As 8 < 7/2 one has cos 8 > 0 which shows by corollary 6.4 that
(6.30)  Sgn (v-v) <X'-X,v'>20,

and by definition of © we have

(6.31) O(V,V) <0< /2

which shows that

(6.32) cos B (v,v)=<vv'>20

and _

(6.33) 0<sinO(v,v')<sin0.

Using (6.30) (6.32) in the definition (5.4) of pG yields then :
(634) pg vy = BV XV>

sin O (v,v")
and using (6.33) :

635) pg(v,v)2 Sgn (V-v)<x'-x,v'>

sin 0
which yields the sought result (6.25) using the lower bound (6.23) for the numerator.

We proove now ii).

As 71/2 £ 6 < x, one has no information on the sign of cos 8(v,v') = <v,v'>. But we see in (5.4)
that, whatever the signs of Sgn (v'-v)<X'-X,v'> and <v,v'> may be, one always has

(6.36) pg(v,v) 28gn(v-v)<X'-X,v'>,

the equality holding when Sgn ( v'-v) < X'-X,v"> 2 0 and <v,v'’> <0. Then the sought
minoration (6.28) results immediately from (6.36) and the formula (6.23) of corollary 6.4, and
the size x curvature condition (6.29) results immediately from (6.28) by noticing that cos6 < 0.
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Formula (6.25) gives us also a more precise insight in the way pG(v,v') approaches p(v)
when V' = v : if t = p(t) is for example an increasing function , then
pg(v,v) 2 pG(v) when v2v
(6.37)
pG(V,v) 2 pgG(Vv) when Vv
as soon as V' and Vv are close enought so that the maximum deflection between v and V' is smaller

than 1t/2.

We deduce now from proposition 6.5 a lower bound for RG(P) =Inf pg(v,Vv): , which
v,v'e [0,0(P)]

is our second main result :

Theorem 6.6 :

Letapath P e ® be given.
Then its maximum deflection @(R) (defined in (6.2)) is related to its length 8(P) and its
smallest radius of curvature R(P) by :

™ 5P
\Y

and the following lower bounds for RG(P) defined in (5.17) hold :

i) Low deflection pathes : if

(6.40)0 < ©(P) < m/2

then

(6.41) Rg(P) = R(P)

independantely of the lenght 8(P) of the path.

ii) Large deflection pathes : if

(642) n2<OP)<T

then

(6.42) RG(P) 2 R(P) sin O(P) + {8(P) - R(P) O(P)} cos O(P)

which is strictly positive as soon as the length 8(P) of the path satisfies the size x curvature
condition :

(6.43) O(P)/R(P) < ©O(P) - tan O(P)

(once again, this condition can be satisfied only if @(P) < & !).

Proof : Notice first that (6.39) results immediately from (6.22) of corollary (6.4) by taking v =

V0, V' = V] where v(), v] € [0, 8(P)] are such that 6(vg,v1) = ©(P), and by noticing that :
5(P)

LAY
Vop(v) 0 p(v)

We prove now the results of i).
If ©(P) < /2, one has obviously for any v, v' € [0,5(P)] :
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0<0 <OE) <r/2

so that part i) of proposition 6.5 applies. Hence
pdv.v) 2R

which implies, as R 2 R(P) :

RGg(P) 2R(P)

But we know from proposition 5.7 that

RG (P) <R(P)

which ends the poof of (6.41).

We proove now the results of ii).
As now we know only that /2 <®(P)<r, two cases may happen for given v,v' € [0,3(P)] :
. either 0 < 6 <7/2 < O(P), and we find as above :
(6.44) PG (v,v) 2R(P)
. or /2 <8 <O(P) <7 and then we find from part ii) of proposition 6.5 that
PG (v,v)2Rsin @ + (| v-v|-R.6) cosd
But as cos 8 < 0, this implies as | v'-v | <8(P) and R>R(P) that
Pg (V,v') 2R(P) sin 8+(3(P)-R(P)0) cos6.
But the mapping o =R(P)sin a + (3(P) - R(P)a) cos a. is decreasing over the [0,0(P)] interval,
as its derivative is the o — - sin (3(P)-R(P)) function, which is negative over the [0,0(P)]
interval because of (6.39). Hence we obtain, as 8 < O(P) :
(6.45) pG (V;v) 2R(P) sin®(P) + (3(P)-R(P)O(P)) cos O(P)
When taking the minimum over all v,v' € [0,8(P)] we obtain (6.42) as the right-hand side of
(6.45) is smaller than the right hand side of (6.44).
Finally, (6.43) is obtained immediately by writing that the right-hand side of (6.42) is strictly
positive. m

We illustrate first on figure 6.2, for a path P with given smallest radius of curvature R(P),
the largest (according to theorem 6.6) admissible lenght S)fax(P) and the corresponding lower
bound RG Min(P) for RG(P), as functions of the maximum deflection ®(P) of . Notice that
IMax(P) > n R(P) for ®(P) < 7, which proves the intuitive result announced at the beginning of
this paragraph, namely that pathes P such that 8(P)/R(P) < & satisfy RG(P) >0 ! '
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43 Max (P)

R(P) |- s ........ e, Ry
; : >
0 gn/2 [ Op)
4R v (P
R(P)|
0 R r Op

Figure 6.2 : The largest length Spfax(P) recognized by theorem 6.6 and the corresponding lower

bound RGMin(P) for a path P with given smallest radius of curvature R(P), as a function of the
maximum deflection @(P).
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v =9(p) /

O(p)

P(0,9(P)) =0

Figure 6.3 : Illustration of the sharpness of the upper bound to the length of pathes with
maximum deflection larger than /2.
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We notice also that the bounds given in theorem 6.6 are sharp : when P is an arc of circle,
inequalities in (6.39) and (6.42) become equality, and the theorem recognizes exactly all strictly
quasiconvex arcs of circles, as the equality in (6.39) implies that (6.43) is satisfied as soon as
3(P)/R(P) < m. But the upper bound (6.43) for the admissible length 8(P) of a path with a
maximum deflection larger than /2 is also sharp, as may be seen from figure 6.3 : given a
maximum deflection n/2 < ©(P) < &, the worst thing you can do (up to a change of scale of
course) is

- first go straight ahead with a length | tan oFP) |

- then turn an angle ©(P) using an arc of circle of radius one.

The resulting path has a length ®(P) - tan ®(P), and a zero RG(P) as obviously
pG(0,0(P)) = 0!

Of course, one may use theorem 6.6 to construct various sufficient conditions for the strict
quasiconvexity of a set, as we know from theorem 5.12 and definition 5.10 that the only thing we
have to do is to find a lower bound for RG(P),P e ®).

We state here one such condition, which will use the following lower and upper bounds to
attributes of the set (D,®) :

Lower bound R to radii of curvature along paths :

(6.46) R(P) =R VPe Ppm
Upper bound A to path length :
6.47) o(P) <A VPe Py
Upper bound ® to path maximal deflection :
(6.48) OFP)<0 VPe Py
(Notice that such an upper bound can be obtained by either formula
640 e=_ P Vo or@= P 3B
Pe®PM0 p) Pe Py RP)

Theorem 6.7 : (® - size x curvature condition)

Let (D,®) be given such that :
(6.50) R>0

)If

(6.51) 0<O<wN2

then

(6.52) RgMD)=R>0

and (D,®) is strictly quasiconvex for a cylindrical neighborhood of size R at least.
i) If

(6.53) =®2<O<nm

then

(6.54) RG(D)2Rsin O + (A-RO) cos O
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and (D, ®) is strictly quasiconvex, with a cylindrical neighborhood of the size of the r.h.s.
of (6.54) at least, as soon as the maximum length of pathes satisfy
(6.55) AR<O-tan®

7. One application to non-linear least squares :

We consider the problem :

(7.1) find x € C such that J(x)= ||(p(x)-z||2F = min over C

where '
E is a Banach space, F is an Hilbert space

1.2) C CE s aclosed convex set
(p:C—-)FisaCZ-mapping.
z eFis a given point (data)

As @ is of class C2 there exists P such that :

(73) o'y NIE<BIyI2 Vxe CVyeE,

and we suppose that the derivative ¢'(x) is uniformly invertible, ie that there exists oy, and o
such that

(7.4) oy llyllg < ll9'x).y lIF < oM lIyllE Vxe C VyeE.

We may then apply the results of paragraph 6 to the set D = ¢(C) equipped with the pathes

(7.5) ® ={o(xyl), x,y € C}
for which the subset

(7.6) ®m={oxyD, x,y € oC}
is obviously a subfamily of maximal pathes.

One checks easily (cf [3]) that, given a path P = ¢([x,y]), x,y € C, one has
t

(1.7 v = joll¢'(xa(y-X)llpdt 2odlly-xllg

2
(78) pw)2 o' (xp(y-x)ll g 5 %_

9" x)(y-%,y-X)ll g

where
(7.9) x¢=(1-tx +ty Vte [0,1].

From (7.7) (7.8) we find that

*® 4 '[ o) -xy0lly B
0 p(v) o' xpy-x)llg

(7.10) f = llyxlg

These formula give us the following lower and upper bounds for the attributes of the paths
of D=¢(0):
33



R = o2,/ (lower bound to radii of curvature)
(7.11) A = oy diam C (upper bound to path length)
© = (B/oyy) diam C (upper bound to path deflection).

Using theorem 6.7 yields then the

Theorem 7.1 : Let (7.2) (7.3) (7.4) hold, and let R, A, ® be defined by (7.11).
) If
(7.12) ®=-E—-diamCS§

O

Then, for any z such that :

(7.13)  dzo(C) <R = aZp/B,

the non-linear least square problem (7.1) has the following properties :

(7.14) existence of a unique global minimum X

(7.15) Any minimizing sequence is a Cauchy sequence in E converging towards X.
(7.16) no local minimum '

(7.17) lipschitz-continuity of the z — X mapping :
-1
Omlixy - X5l < (l-g—) Iz,-z )l as soon as

(7.18)

llz1-zpll + Max d(z;,¢(C)) <d<R
j=1,2

ii) If :

(7.19) % <0=P Gamc<n
o
m

and

[0
7200 M. 1De<| o]
am

Then, for any z such that

(7.21) d(z,e(C)) <R sin O + (0\f - 0yyy) diam C cos ©

the non linear least square problem (7.1) has still properties (7.14 thru 18) (with R in the
r.h.s of the second line of (7.18) replaced by the r.h.s of (7.21)).

Remark that, under the same hypothesis, the y-size curvature condition would read

(7.22) idiam C<2V2

O

and imply (7.14) (7.15) (7.17) (7.18) only.
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