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Abstract

. In this paper, we study the multiplicity of solutions of the motion :problem. Given n point matches
between two.frames, how many solutions are there to the motion problem ? We show that the maximum
number of solutions.is 10. when 5 point matches are available. This settles a question whlch has been
around in the Computer Vision community for a while. We follow two tracks:. .

The first one attempts torecover the motion parameters by studying the essential matrix and has been
followed by a number of researchers in the field. A natural extension of this is to use algebraic' geometry

~ to characterize the set of possible essential matrices. We present some new results based on this approach.

The second one, based on projective geometry, dates from the previous century. -

We show that the two approaches are compatible and yield the same result.

We:then describe a: computer implementation of the second approach that uses MAPLE, a language
for symbolic computation. The program allows us to compute exactly the solutionsfor any conﬁguratlon
of 5 points. Some experiments are described. :

Mouvement a par-t‘i.-f de points: nombre’de solutions

Abstract

Nous étudions dans cet article le nombre de solutions au probléme du calcul du mouvement d’une
caméra a partir de deux vues. Etant donnés n points appariés entre les deux images, combien de solution
y-a-t-il au probléme du mouvement ? nous montrons que le nombre maximum de solutions est 10 quand 5
appariements sont donnés. Ceci résotid une question qui agite la communauté de'la Vision pal Ordinateur
depuis un certain temps. Dans notre travail, nous avons suivi deux approches: :

Avec la premiére, nous calculons les parametres du mouvement en étudiant:-la-matrice essentielle.
Cette approche a.été suivie par un certain nombre de chercheurs de notre discipline. Une généralisation

“naturelle de celle-ci-est d’utiliser des méthodes de géométrie algébrique -afin de caractériser ’ensemble
des matrices essentielles possibles. Nous présentons ici quelques résultats nouveaux obtenus g,xace a celle
approche. La seconde approche utilise la géométrie projéctive. :

Nous montrons que les deux approches sont compatibles et fouxnlssent des résultats 1dentxques

Nous décrivons- une-implantation de la-seconde en MAPLE, n langage de calcul symbolique. Le
programme nous permet de calculer exactement les solutions pour n’importe quelles conﬁgmatlons de b
points. Nous décrivons quelques expériences réalisées avec ce systeme. :

*This work was partially supported under ESPRIT contract P940
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1 Introduction

Given two images taken at different times by a camera moving in a static environment, we want to estimate
the position and orientation of the camera with respect to its first position. Many approaches are possible and
we consider in this paper only the approach consisting of identifying within the two images corresponding
points, i.e. pairs of points which are images of the same physical point viewed from the two different
positions. : ‘

Given a number of such pairs, the following questions may be asked:

1. can'the position and orientation of the camera be recovered?
2. if yes, what is the minimal number of pairs of points necessary?

3. is there'a unique solution to the motion?

Partial answers to these questions have been known for a while in the Computer Vision community. For
example, it is known that given a sufficient number of pairs (greater than or equal to 5), the position and
orientation of the camera can be recovered. If 8 pairs or more are given it can even be recovered by linear
techniques [Lon81] unless the 3D points and the optical centers of the cameras fall on some special second
degree surfaces. When they do fall on such surfaces, it is known [Lon87,May85,Hor87] that the solution is
not unique, and that there may not be more than 3 different solutions to the motion problem.

Not much is known so far on what happens when the number of pairs is between 5 and 7. We shed some
light on these problems, and show in particular that when 5 pairs are given in general position, then the
maximum number of solutions is 10. “In general position” means that although some sets of 5 pairs are not
compatible with exactly 10 camera motions, such sets form a negligibly small part of the space of all sets of
5 pairs of image correspondences.

It might be thought that studying these problems is a bit remote from the harsh reality of applied
Computer Vision, but we believe that their solution is essential to understand the behaviour (stability or
instability) of algorithms for recovering motion from point matches. It is the mathematical structure of
the set of solutions that governs this behaviour, and only if we understand it thoroughly will we be able to
design reliable systems for motion analysis.

In our investigation of the multiplicity of solutions to the motion problem we use two very different
approaches. The first approach begins with a 3 x 3 matrix known as the essential matrix, which contains
the information about camera motion recoverable from corresponding points in the two retinal planes. The
set of essential matrices can be described by polynomial equations, thus the problem of recovering camera
motion can be investigated using algebraic geometry.

The second approach is an older one based on projective geometry. We begin with the epipoles, which
are the points of intersection of a line joining the two optical centres with the retinal planes. Lines in the
retinal planes containing an epipole are called epipolar lines. Corresponding points in the two retinal planes
define a homography or. projective correspondence between the two sets of epipolar lines, which forms the
basis of a method for recovering camera motion. It is at first sight difficult to include the rigidity constraint,
in a natural way. It turns out that this can be done using the device of the absolute conic. ‘

The projective geometric approach is based on ideas developed by Chasles [Cha55] and Joseph Kruppa
[Krul3). Kruppa was an Austrian mathematician, who published his result in 1913; unfortunately, he found
11 solutions, rather than 10; a computer implemention of the projective geometry based approach allowed
us to correct the error, and then to give a formal proof. : »

The second approach has two advantages over the first: the mathematics is more elementary, and it
leads to more tractable polynomial constraints on the camera motion when only 5 image correspondences
are given. However, these are early days, and it is not clear which approach will give the clearest insight
into the motion problem. |



1.1 Organlsatlon of the paper

In section 2 we describe the framework for the motion problem-and.give some more details about our two
approaches. In section 3 we derive some new properties of the essential matrix, and show that tlie essential
matrices have to lie on a specific (real) algebraic manifold M defined by two equations of degrees 3 and 4
s respectively. It turns eut that in order to understand the problem, we have to abandon for a while the set
of real numbers and deal with complex numbers. In section 4 we present. some results recently obtained
by Demazure [Dem88] which completely characterize the structure of M over the complex numbers; M is
defined by 9 equations of degree three; we show how to solve the apparent contradiction in the number
of equations and cite the main result which is that the degree of M is 10; it follows that there are, in
general, exactly 10 camera motions compatible with 5 pairs of corresponding points. We then show how the
degree of the equations defining M can be used to derive very simply some results previously obtained by
Longuet-Higgins ([Lon87,Lon88]), Maybank ([May85,May87]), and Horn ([Hor87]) on 3 being the maximum
possible number of solutions when an infinite number of corresponding points are available.

In section 5 we develop the approach based on projective geometry which allows us to compute explicitly
the 10 solutions from the 36 intersection of two sextic plane curves. The remaining 26 intersections do not
yield solutions to the motion problem. In section 6 we describe a computer implementation which makes
heavy use of symbolic computation. :

Some concluding remarks are made in section 7. We have-two appendices: appendix A summarises some
properties of polynomials; and appendix B summarises the projective geometry necessary for Kruppa’s
method.

1.2 Notation

We use a,b,¢,... both for column vectors and for points in projective space P*, n = 1, 2, and we use A,
B, C.... for matrices or for points in P> when no ambiguity is possible. The row vector corresponding to
aisa', and the transpose of A is AT. The trace of A is Tr(A) and, the determinant of A is det(A).

The coordinates of a vector a in 3D space ave (ay,a,a3)7; if a is regarded as a point in P3 then the
coordinates of a are (@, aq, a3, ag)'. The line joining two points a, b is denoted by < a,b >. The vector
product of two vectors a, b is aAb, and the scalar or dot product ofa, b isa’b. We writea'a = a? = ||a||2.
The tensor product of a, b is abT. By definition, abT is the 3 x 3 matrix with i, jth entry equal to «;b;.

We use {a,b;c,d} for the cross ratio of four points in PL. A homography between points a, b of PV is
denoted by a A b, We use Q for the absolute conic, and w, w' for the images of  in the two retinal planes
(sec Appendix B). We use &, U for quadratic transformations. 1

The symbol O marks the end of a proof.

2 Statement of the problem ' L

We model our camera as a pinhole, as shown in Figure 1. Each point M in space gives rise to corresponding
points m, m’ in the first.and sccond retinal, or image planes, where we assume that the correspondence
m — m’ is known. Each camera has an associated coordinate frame, 31,92, ¥3, in which the positions of
the image points are measured. The y3 axis is the optical axis and the retinal plane is parallel to the y;, ¥y,
plane. We assume that the focal length ||Cc|| is equal to 1.

In practice the camera projection is more complicated than the projection obtained from an ideal pinhole
camera, however it is usually possible to calibrate the camera and thus find' the image that would have been
obtained from a pinhole camera. Thanks to this, the coordinates y1,y2, y3 of a point M in 3D space are
the projective coordinates of its image m. Points at infinity in the image plane are defined by y3 =0 (sée



Figure 1: Geometry of the motion problem

appendix B). Indeed, when M is in the y;y; plane (called the focal plane), < CM > is parallel to the image
plane.

The problem is now to obtain the camera motion from the image correspondences. Probably the oldest
example of this problem is the version given by the French mathematician Chasles [Cha55]. We found a
statement of the problem in a paper by Hesse [Hes63] who also produced an analytical solution:

“On donne dans le méme plan deux systémes de sept points chacun et qui se correspondent. Faire
passer par chacun de ces systémes un faisceau de sept rayons, de telle sorte que les deux faisceaux soient
homographiques.”!

A detailed analysis and solution of Chasles’ problem’ can be found in [Stu69]. The final word on this is
that there exist three solutions in general, real or complex, which can be found as a subset of the intersection
of two planar cubics. Unfortunately this does not solve our particular problem since there is no guarantee
that the corresponding transformation from the first camera to the second is a rigid displacement. In the
following sections we describe two approaches to solving Chasles’ problem which incorporate the rigidity
constraint.

2.1 Approach based on essential matrices

Let the rotation from the first camera position to the second be R, and let the translation be a vector t in
the direction C to C’, where C, C’ are the optical centers of the two cameras. The vector t is assumed to
be non-zero. To fix Jdeas we think of the camera as first undergoing a rotation R and then undelgomg a
translation t. :

A point M in 3D space gives rise to image points m and m’ in the first and second retinal planes
respectively. The problem is: given a number of corresponding pairs m « m’, to recover R aid the
direction of t. '

Referring to Figure 1, it is clear that m and m’ are matches if and only if the three vectors m, m/, and
t are coplanar which we can write in the second coordinate system as:

TtARmM) =0 (1)

1
“We are given, in a plane , two sets of seven points, in correspondence. For each set, ind a point sach that the two sets of
seven lines they define are related by a collineation.”
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Figure 2: Epipolar geometry

We introduce the antisymmetric matrix T:

-0 Ry
T = i3 0 -1
—ta 1 0

The matrix T is such that Tx =t A x for all vectors x. Letting E = TR, equation (1) can be rewritten as:
m Em’' =0 (2)

The matrix E is the essential matrix, first introduced by Longuet-Higgins in [Lon81]. .

There are in fact two rigid niotions t, R and t’, R’ such that-E = TR.= T'R’, where t.and t’ are
parallel and R, R" differ by a rotation of 180° about t. For the most part, we think of t, R and t’, R’ as
constituting a single solution to the motion problem, however it is necessary to consider both t, R and t’,
R’ when checking the physical feasibility of solutions to the motion problem, as described in section 6.

2.2 Approach based on epipolar geometry

When the problem of obtaining, camera motion from image correspondences arose during the 19th century
it was tackled using the projective geometry of the epipolar lines. We again refer to-the camera geometry
of Figure 1. By definition,.the epipoles x and x’ are the intersections of < C,C’ > with the retinal planes;
these points play an important role in Computer Vision since they form-the basis of the so-called epipolar L
constraint, heavily used in stereo, for example. The epipolar constraint simply states that given a point M
in 3D space with an image m in the first retinal plane and m’ in the second retinal plane.then the epipolar
plaiie < C,C’,M > intersects the retinal planes along the lines <-x,m > and < x/,m’ >. Therefore,
* given a point m (m*) in the first (second) image, its image m’ (m) in the second:(first) image lies on the
corresponding epipolar line. The geometry of epipolar lines is shown in figure 2. o

The two sets of epipolar lines are pencils of lines around the epipoles x and x’ (see a,ppendlx B) which
are related by a linear projective transformation, a collineation. : :

We can prove linearity directly since corresponding epipolar lines arise from the intersection of a smgle
epipolar plane with the two image planes. Alternatively, we can: construct a proof using the rigid motion
R,t of the previous section which induces the. correspondence between epipolar lines. It follows. from the
definition of R,t that x = t;and x’ = —R"t. On rotating the:camera by R the epipolar lines through x are
transformed linearly to epipolar lines through the point x’. On now translating the camera by t,.the images
of points move along lines passing through t, thus the translation acts as the identity on the lines through t.
This is just the well known property of the focus of expansion. It follows that the correspondence between
epipolar lines is induced entirely by R, thus it is linear as claimed.
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Figure 3: The angles (zCm, zCp) and (x'C”m’; z'C'p') are equal

It follows from the linearity of the correspondence of epipolar lines that if we consider four epipolar
planes Uy, Uy, U3, ¥, and the corresponding epipolar lines l,11,12,15,13,15, and Iy, I, then the cross-ratios
{h,12;13,15} and {I{,l};14,14} are equal. For the definition of the cross-ratio of four lines see [SK52, chapter
4] and appendix B. v

A correspondence between one dimensional projective spaces preserving cross ratio is known as a ho-
mography, and is denoted by A. If m < m’ are corresponding points then we write < m,x >A<m', x>

In the original statement of Chasles’ problem we are given 7 point correspondences in two planes from
which we can deduce a number of pairs of epipoles. From each pair of epipoles we can infer a projective
transformation of 3D space that brings the pair (C,1I) onto (C’,II’), where II, II' are the two retinal
planes; however, there is no guarantee that this projective transformation is a rigid displacement. The
introduction of the rigidity constraint enables us to solve the problem with 5 correspondences rather than
. 7 correspondences, but at the cost of obtaining 10 solutions rather than 3 solutions.

To enforce rigidity we can look at figure 3, and notice that by construction, in the case of a rigid camera
motion, the plane angles (zCm, zCp) and (2/C'm/, 2'C'p’) are-equal. According to the projective definition
of the angle between two planes given in Appendix B, we must introduce the absolute conic, (see section
B). Considering the images w and w’ of  in the two retinal planes, let u, v be the two tangents from x to w
and let v/, v’ be the two tangents from x’ to «’. If we want the equality of the two previous plane angles, a
necessary condition is that the cross-ratios {< x,m >, < x,p >; u, v}and {< x’,m’' >, < x,p' >; v, v'}
are equal. This implies that these tangents correspond to each other in the previous collineation. This is
shown in Figure 4. :

It turns out that the precise correspondence of the tangents is immaterial, in that we could have either
uAw,vA v oruR v, v A w. For this reason we will refer to corresponding pairs of tangents without
making the correspondence explicit.

Define the lines /,, /s, ... by I, =< x,a >, lo =< x’;a’ >,... the problem is then as follows:

Given five point correspondences in IT and I’ and the images w and w' of the absolute conic 2, find two
points x and x’ in IT and II' respectively such that if we denote by w (resp. w') the pairs of tangents from
x (resp. x’) to w (resp. w’), the seven correspondences Iy «— s, ly s Ly, o o5 Ly, Ly e Ly, Ly = Loy 1y = Ly
are homographic (I + L, includes both tangents). We denote this correspondence by:

x(a,b,c,d,e,w) A x'(a’,b’,c',d', ¢/, ')

P

3 Properties of the essential matrix

We begin with the approach to Chasles’ problem based on essential matrices. Ini this section we derive a
number of results from which we obtain two polynomial constraints specifying exactly the set of essential

6



Figure 4: The images of the absolute conic

matrices with real entries.
Proposition 1 The essential matriz E = TR satisfies ETt = 0.

Proof : ET = RTTT = ~RTT. Therefore ETt = —-RT(Tt) = ~-RT(t At)=0. O

. One consequence of Proposition 1 is that the rank of the matrix E is less than or equal to 2, and therefore,
det(E) = 0.

Proposition 2 The essential matriz E = TR is such that EET depends only on the translation vector t.
Proof : Clearly, we have:

12 + 13 ~tity  —tit
EET = TRRTTT = —T2 = '—1‘2t1 t% + fg —'tztg
—laty  —taty 13+t
0O We note that
EET = -T2 = (tTt)I — tt7

An important consequence of Proposition 2 is that the essential matrix E has two equal singular values
[GVL83]. Tn detail, let U be a rotation matrix such that Ut = (1,0,0)7 (t can be assumed of unit length
since we know that it can be recovered only up to a scale factor). Then ‘

0 0 0
UTT'U T =1—(Ut)(Ut)T = [0 1 0| =A
0 0 1

~thus
UEE'UT = UTRR'TUT = A

The matrices E and A thus have the same singular values. 1t is interesting to note that the reverse is true.
More precisely we have the theorem?: '

2The proof ol this theorem was found by Huang and Faugeras, and independently by Maybank. The molivation for the
theorem came from a conversation with Braccini (University of Genoa).
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Theorem 1 A real 3 X 3 matriz E can be decomposed as the product TR of an antisymmetric matriz T
and a rotation matriz R if and only if it has one singular value equal to 0 and the other two singular values
equal to each other. :

Proof : We have just proved the only if part. Let us prove the if part. If E has one singular value equal
to zero and two singular values equal to o # 0, then there exists a rotation matrix U such that:

0 0 0
EET=UT|0 o 0 |U
0 0 o?
Thus _
(6"'UE)s"'UE) = A (3)
Let F = 0~1UE, and let f7,f), and f] be the row vectors of F'. From equation (3) we have:
76, = 0 and therefore fi =0
(4)
ff, = fifs=1 and £7f3 = 0

Matrix F is therefore “almost” orthogonal. It is easy to construct an orthogonal matrix F/ such that
’
FF'T = A. Indeed, we can choose the row vectors fl'T,sz, and féT of F such that:

fi = HAL
£, = f
fi, = f3
We can therefore write:
F = AF’
We notice that matrix A can be written:
0 0 O 1 0 0
A=|0 0 -1 0 0 1|=17R'
01 0 0 -1 0

where T’ is an antisymmetric matrix and R/ is a rotation matrix. We have now:
c"'UE = F = AF' = T'R'F

thus
: E=U"(¢T)R'F = (UT (cT)U)UTR'F)
The result follows since UT(oT')U is antisymmetric, and UTR'F’ is a rotation matrix. O

We derive the conditions on the coefficients of EE" that imply (and are implied by) the equality of its
two nonzero singnlar values. We define the coefficients a, b, ¢ of the characteristic polynomial of EET by’

det(EET = A1) = =23 + ad? + bA + ¢

Since ¢ = det(EE") = det?(E), we have ¢ = 0. Therefore the conditioii we seek is equivalent’'to writing that
the quadratic equation —\% 4 4\ + b has two equal roots:

@ +4b=0

8



If we define q;,b; by

a1 b3 b _
EET = | b3 a2 b ' o (5)
b2 b1 as
then it is easy to show that:
a = ay++ ay+as
b = bf + b% +«b§ — a1a9 — G203 — G301
therefore: | .
(1,2 +4b=0= (0,1 + aq -+ (1.3)2 + 4(()% -+ b% + b§ — 102 — 203 — a3a1) (6)

We combine (6) and Theorem 1 to obtain the following result.

Proposition 3 A 3 x3 matriz E with row vectors €] can be decomposed as the product TR of an antisym-

metric matriz T and « rotation matriz R if and only if

ef(ezAes) = 0 (7)
(el +ed+el)’ = 4(ller Aea’ + llez Aes] + |les Aelf?) (8)
Proof : Equation (7) is equivalent to det(E) = 0. On expressing the «;’s and the b,’s of (5) as functions

of the e; equation (6) yields

(ef + € +e3)’ +4((ese1)” + (ege1)” + (] e)” — efe] — efef — efe]) = 0

from which (8) follows. O

Even though Proposition 3 has a nice interpretation in terms of the row vectors of matrix E, it can also
be expressed differently:

Proposition 4 A 3 x 3 matriz E with row vectors e can be decomposed as the product TR of an antisym-

metric matriz T and a rotation matriz R if and only if
det(E) =0 (9)
Py = L T2 e TA2Y
fE) = 3 Tr(EE")* - Tr((EE")*) =0 : (10)
Proof : The proof is simple; one notices that

THEET)? - 2Iv((EET)?) = —(a® + 4b)



4 Algebraic geometry approach

It is clear from section 3 that the properties of essential matrices can be described by polynomial equations.
Following this line, Demazure has used the powerful tools of algebraic geometry to study the manifold M
of all ‘essential matrices [Dem88]. Here M is regarded as a submanifold of P8 by identifying matrices that
differ by a non-zero scalar multiple, thus P® is a quotient of the 9 dimensional space of all 3 x 3 matrices.
The manifold M is the range of an application which associates to each pair (R,t) the essential matrix
E = TR.. Demazure does not restrict R and t to be real, but R must be orthogonal, that is, RR" = 1.

He shows that a rank 2 matrix is an essential matrix if and only if it satisfies a certain set of 9 homogeneous
polynomial equations of degree 3. He then shows that the intersection of M with a codimension 5 subspace of
P® contains exactly 10 distinct points (a subspace of codimension n is one defined by n linear constraints). It
follows that M has degree 10, and that there are, in general, exactly 10 essentially different camera motions
compatible with 5 given image correspondences.

We derive the 9 equations defining M and obtain two interesting new results. The first one is the
solution to a puzzle, the second one is a result on the number of ambiguous motions when a large number
of matches is available. '

4.1 The equations of M

Using Proposition 2 we can write:
. :
—2-Tr(EET)I -EET = tt7

We multiply on the right by E and use Proposition 1 to obtain:

%Tr(EET)E —EETE =0 (11)
The components of (11) yield 9 homogeneous polynomial equations of degree 3 which must be satisfied by
the coefficients of E. Conversely, any rank 2 matrix which satisfies (11) is an essential matrix [Dem§8].
Demazure shows that the equations of (11) are linearly independent, and that they define the algebraic
manifold M of essential matrices. :

We remark that the condition det(E) = 0 follows from (11). Suppose, if possible, that E is a matrix
satisfying (11), such that det(E) # 0. Then E is invertible, thus (11) yields 1/2Ty(EET)I = EET. It follows
that 3/2Tr(EET) = Tr(EET), thus T(EET) = 0. On substituting Try(EET) = 0 into (11) and taking
determinants we obtain det(E)3 = 0, contradicting the hypothesis that det(E) # 0. '

4.2 Resolving an apparent contradiction

There is an apparent contradiction since in proposition 4 we characterized the real points of the manifold
M with two real equations (9) and (10), and in (11) we have 9 equations which also characterize the real
(as well as the complex) points of M. This contradiction is resolved by demonstrating that a rcal matrix
satisfies (11) if and only if it satisfies (9) and (10). We begin with a definition. Let

. 1
F(E) = 5'.rr(}z;}z:T)E —EETE
We note that Tr(F(E)F(E)") is the sum of the squares of the entries of the left-hand side of (11). We show

that: _
Tr(F(E)F(E)T) = —%T}'(EET JTX(F(E)ET) + 3det(E)? (12)

10



We write: 1 :
F(E) = (ETr(EET)I -EET)E

Letting A = EET, we can write two equations:

FE)ET = (-;-Tr('rA) - A)A

1
FEFE) = ZTr(A)2A ~ Tr(A)A? + A3
Taking the trace of the first equation, we obtain:
’ T 1, ‘ .
THEE)ET) = 377 -7, (13)
where 7y = Tr(A), 7 = Tr(A?). Taking the trace of the second equation, we obtain:
NT L 3 L
Tr(F(E)F(E)') = 77 T + 73 (14)
where 73 = Tr(A®%). We recall Newton’s formula:

1
T3 = ———2-7'13 + gT‘[T’z + 3det(A) ’ (15)
On combining equations (13), (14), (15), we obtain (12).-
It follows from (12) and the definition: of f(E) given in (10) that

T(F(E)F(E)") = —%Tr(EET) f(E) + 3det(E)?

If E is a real essential matrix, then F(E) = 0,det(E) = 0, and therefore f(E) = 0. Reciprocally, if
Sf(E) = det(E) = 0 and E is real, we have }_ F;;(E)? = 0. Since the F};’s are real, each one of them is equal
to 0 and F(E) = 0, therefore E-is an essential matrix [Dem88]. This resolves the contradiction.

4.3 Properties of M

It can be shown that the dimension-of the manifold M of essential matrices.is 5, since an essential matrix
depends on five parameters, three arising from the rotation and two arising from the direction of the
translation. The magnitude of the translation does not appear because it contributes only a scale factor,
which has no effect since M is embedded in P8. _

The degree of M is harder-to obtain.. It is, by definition, the number of intersections of M with a linear
manifold of codimension 5.- A-linear manifold.-of codimension 5 can he considered as the intersection of 5
hyperplanes with equations

m'E m’ =0 ' ' (16)

Therefore, the degree of M is precisely the answer to the question of how many solutions we obtain from 5
.point matches, Demazure shows that the answer is 10. We prove the same result with a different approach
in section 5.

We remark that not every hyperplane in P® satisfies an equation like (16), however, each linear manifold
of codimension 5 can be defined by the intersection of 5 hyperplanes defined by equations like (16), for
appropriate choices of m and m’. This is because the number of degrees of freedom is 4 for each equation
(2 each for m and m’), giving a total of 20 degrees of freedom. This is precisely the same as the number of
degrees of freedom of a projective space of dimension 3 (codimension 5) in P® [SR49].
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4.4 Ten real solutions

We can build on a result by Demazure to obtain sets of 10 real camera motions compatible with 5 image
correspondences. We choose the points in the two retinas to be

a = a =1

b b = £

c = cd =1,

d = ¢ v

e = d (17)

where the vectors f; form a standard basis. Then, according to Demazure ([Dem88]), there are 10 real camera
motions compatible with these pairs. Altliough this example provides 10 distinct real camera motions, many
of the reconstructed points are at infinity. This is because the matched points are very symmetric. But we
can argue that by continuity, if we perturb the coordinates of the retina points “slightly”, we should still find
10 distinct real solutions with the possibility that none of the reconstructed points are at infinity. Indeed,
we have been able to generate an arbitrarily large number of 10-tuples of solutions by slightly perturbing
the points of (17). An example is given in section 6.4.

4.5 Degenerate cases

A very interesting result that can be obtained using essential matrices is that of Longuet-Higgins, Maybank,
and Horn [Lon87,May85,Hor87]. The question they solved is that of determining how many different motions
(essential matrices) were possible given an arbitrary number of point matches. This is the same as asking
how many essential matrices E; can satisfy: ‘

m'E;m’ =0 (18)

for pairs m < m’ where m, m’ range over open subsets of the retinal plane. Our solution requires the
following two propositions. '

Proposition 5 Let E be an essential matriz and let B be an arbitrary matriz. Then EmABm = 0 for all
m if and only if B = AE for some scalar \.

Proof : If B = AE then Em A Bm = 0 for all m. Conversely, let E = TR. Then
EmABm=(m B t)Rm — (m"BTRm)t = 0
for all m. The vectors Rm and t are, in general, linearly independent thus, for all m,
m BTt=0 and m ' B"Rm =0

hence BTt = 0, and BTR is antisymmetric. It follows that RTB is antisymmetric, thus R(R"B)RT =BR'
is antisymmetric. Let B = T'R, where T/ is antisymmetric. Then

tTT'R=t"B=BTt)T =0

We obtain t 7T’ = 0, hence T/ = AT for some scalar A. The result follows. 0O

Proposition 6 Let Eq, Ey, Ejz be essential matrices such that m'E;m' = 0 for i = 1,2,3, where m — m’,
and m, m’ both range over open subsels of P2. Then E,, E,, E3 are linearly dependent. '
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Proof : The result holds if two of the E; are dependent, thus we suppose that no two of the E; are
dependent. Define a transformation 3 between open subsets of p? by £m’ = m. The points Eim’, E;m/,
E3sm’ are orthogonal to m, and by proposition 5 no two of Eym’, E;m’, Egm’ are parallel, in general. We
thus obtain
fm'=E;m’'A E;m’ = Eym’ A Ezm’ : (19)

for almost all m’, thus T is defined by polynomial equations of degree 2 in m’. Suppose that the equations
defining & have a commen factor of degree 1. Then m « m’ is linear, thus there exists an invertible matrix
A such that m = Am’. We obtain mTATE;m’ = 0 for all m’, thus the ATE; are antisymmetric. Let
ATE; = T, for i = 1,2,3, and let t; be the vector corresponding to the antisymmetric matrix ‘T;.

“Then ¥ is undefined at each t;. By hypothesis, the equations defining ¥ have a common factor of degree
1. The t; are zeros of this common factor, thus they are collinear, and thus the T; are linearly dependent.
Hence the E; are linearly dependent as required. »

If the equations defining ¥ do not have a common factor of degree 1 then m < m’ is quadratic. It
follows from the symmetry between m and m’ that & has an inverse, thus ¥ is an example of a quadratic
transformation, as defined in [SK52] (see also Section B). Let n’ be a fixed point of P2 such that ¥ is
defined at n’. Then E;n’, Eon’, Egn’ are linearly dependent, thus there exist coefficients a1, az, as, possibly
depending on n’, such that

alE]n' + (I,QEQII, -+ (L3E3n, =0

Define the matrix G by
G=uE, + oEq + asE5

and define a transformation ® from P2 to P2 by
¢m'=Em'AGm’' = E;m’ A (2B + a3E3)m’

The vectors Eym’ AEy;m’ and Eym’ A Esm’ are parallel, thus either ® = L or & = 0. The case $ = & does’
not apply since ®n’ = 0, En’ # 0, thus & = 0. It follows that Eim’ and (a3E; + a3E3)m’ are parallel for
all m’, thus by proposition 5, Ey and a3E; + a3E; are linearly dependent. 0O

It is a consequence of Proposition 6 that the question of determining the maximum number of essential
matrices compatible with a given set of image correspondences is equivalent to asking how many intersection
points a general line can have with AM. Since we saw that the equations of M are of degree 3, the number -
of intersections of a line with M is at most 3, which corresponds to the result obtained by the previous
authors. '

5 Projective geometry approach

We now describe the second and older approach to Chasles’ problem incorporating the rigidity constraint.
This problem was solved in 1913 by Erwin K ruppa [Krn13] who found that there were in gencral at most
11 solutions, real or complex. This appears to contradict Demazure’s result, given in section 4, who proved
that the number of solutions is 10. In what follows we derive Kruppa’s equations and show that in fact
there are in general 10 solutions. The interest of Kruppa’s method as compared to Demazure’s is that it
allows us to construct the solutions explicitly.

Leta~ a',b—bic=c d—~d,e—ebeb pairs of corresponding image points, and let x, x’ be the

unknown epipoles. Let [,,1;, ... be the epipolar lines < X, a>,<x, b>,.... After a change of projective
coordinates, we can always consider that the points a, b,c,d have coordinates:
1 0 0 1 .
a=1{0 b = 1 c = 0 d = 1 (20)

0 0 1 1
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Figure 5: The situation in the image plane at the first time instant

Let the image w of the absolute conic in the first retinal plane II (see appendix B) have the equation:

3
Zﬂ.,’k’y,‘yk =0 with il = Qg

=1

We use the same notation for the second retinal plane I’ by adding ’ whenever required.

The idea is to consider the intersections of the epipolar lines with the lines < a,b > and < a’,b’ >,
and to write down the conditions that these intersections are homographically related. In effect, < a,b >,
< a’,b’ > provide a convenient set of coordinates for the two pencils of epipolar lines. We know 7 epipolar
lines in each retinal plane, 5 from the image points and 2 from the tangents to the image of the absolute
conic.

5.1 Intersections of the epipolar lines with < a,b >

Let the epipolar lines l,,{,, l.,l4,l intersect < a,b > at a,b, &,d, & respectively, as depicted in figure
5. The intersections €, d, & of the epipolar lines < x, ¢ >, < x,d >, < x,e > with the line at infinity
< a,b >. W and ¥V are the intersections of the tangents « and » drawn from the epipole x to the image w
of the absolute conic .

The coordinates of a,b, €,d, & as points of < a,b > are given by

a=(1,0)7 b=(0,1)7
c= (:.’L‘]‘,.’L‘g.)T (—i = (.'L‘-I - T3,T9 — .’L'3)T

P . . N T
e = (vi1e3 — x3e1,290€3 — ¥3€2)

In order to find the intersection with < a,b > of the two tangents v and v to w drawn from x we need the
following result. Suppose we are given a conic w with equation y Ay = 0. Then the line < x,y > joining
any two points x, y is tangent to w if and only if [SK52, chapter 5]:

(xTAy)? = (x" Ax)(y T Ay) (21)
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- Figure 6: The situation in:the image plane at the second time instant

It follows from (21), after some, algebra, that the coordinates y1,y2 on < a,b > of the intersections @
-and ¥ of the tangents v and v.from: x to w satisfy the. following equation:

Auy? + 2414 Y0 + Ayt = 0 (22)

in which the coefficients A;; are quadratic functions of x:

. 2 . .
Apr = 6192} 4 G3122 4 26,2425
2 2 .
Aoy = 12y + 62323 + 2632123
_ A = 63'1,% — 6122129 — 12123 — bpx023

and the coefficients é; and 6;; are quadratic functions of the ¢;;. Specifically,
61 = ayaa13 — aqpag;

with 62 and é3 obtained by circular permutations of t]'l.e-im[ices; and
v612 = (L122. ~ (11022

with 623 and é3; obtained by circular permutations of the indices.

.. We now have to e*cp; ess that there exists a.homography between < a, b > and < a’,b’ > 'such that
ara,bAb,eAe dAd, enRé&,and (4,v) A (i,v). Since a homography on a projective line is

determined by. 1hxee point couespondences and since we have seven, we obtain four equations. Since we

. have four unknowns, two for the (projective) coordinates of x and two for those of x’ we should be able to

. . . . . . . . o=
solve the problem. The situation in: the second image plane is shown in figure 6. The intersections €, d , &
of the epipolar lines < x/, ¢/ >, < x/, d" >, < x', € > with the line at infinity < a/, b*>. @ and 7 are the
intersections of the tangents v’ and v’ drawn.from the epipole x’ to the image w’ of the ahsolute conic Q.

5.2 Writing the equations

The homographic correspondence H between < a,b > and < a’,b’ > satxsﬁcq aAa andb R Db’ the]efme
it has a very simple form:

P

PYa

ayy
Bya



where a, 3, p are nonzero unknowns. We rewrite this equation as:

a 0
Py'=[0 ﬂ]y=Hy (23)
Applying this to the points é, d, and & we have:
Azy = “om p(el - z4) = alzy - z3)
Azht = Pra pu(zh — z3) = Bz —23)
v(zleh — 25€¢]) = o(rie3 — 23€1)
v(ahes — ahey) = B(z2es — 23e2)

Where A, g, v are nonzero unknowns. Taking ratios we eliminate a,B,A, 1 and v:

/ ! /
Ty~ 2 T 1 — I3 T
TSI X =X — (24)
Ty — Ty T, Xy — T3 Zq
NN NN W
T1€3 — L36 % Ty _ Ti1€3— T3l % Z2 (25')-'
alel —zhel, T x! T zpez3—zT3€s T :
Lola 3€2 1 L2€3 3¢€2 1
Applying H to the pairs (1, V) and (@/,¥') we start from:
;12 Y LAY ' 12 _
Ay + 241,410 + Ay = 0
Using the definition of H (equation (23)), we obtain:
ot AG 4 20840y + BPAYRYE = 0
which should have the same roots as equation (22). This implies that:
O‘A11 = Cl’zfl’ll
0/12-2 = ,321432'
oAy = (\'[31‘1’12
Where. o is a nonzero unknown. Again, we can eliminate o, v, and f:
Az Al ah o
An oAy n (26)
A.]Q D) 12 ¥
A T ALyt ;
22)(__2:_2_'2.)(._’2. ) (‘2’7)

An Ty .'12 Ty

We have thus obtained our four equations. In [Krul3] Kruppa obtains all four equations directly from
cross-ratios (see section B). Our derivation is Jonger, but otherwise exactly equivalent.
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5.3 Slmpllfymg the equations
We can simplify equations (24) to (27) by applying the changes of variables ¢, @' defined by

x=0u= (UQU3,U31L1,U1’U,2)T

’ [ - rot o INT
x' = &'u’ = (uyus, usul, uyuy)

On applying ® and @’ to (24) and (25) we obtain, after cancelling ujupus and wjujug,

’ /
Uz — Uy _ Ug — Uy . (28)
’ [

uzez — uje;  uje; — uje)

U3€e3z — Ug€9 B ’U,geé - 'M’2€’2
On applying @ and &’ to (26) we obtain, after cancelling u?usus and uujusj,
512?1% + 613’&% + 261uzus _
S3uquy — 612u§ — §1uquz — Saurus
loud + 513u2 + 287 ugul, (30)
1 oyt 7 (4 ! ongl 0y
Shufuly, — 8ulf — 6l ubul — Shujuf

On applying ® and @’ to (27) and cancelling ujuduz and wjuful we obtam

51211,:23 + 5231& + 286515 u3
53'114 Ug — 51211.:23 - 5] UqUz — (52’11,1’11,3
Souf + 5§3u’12 + 265 ufuf 31
aujuh — 8 ud — S unul — Shulul : (31)
3Up Uy U7 Uiy — OqUyUg

5.4 Finding the solutions in one retinal plane

We must now find a way of eliminating u’ from (28) - (31). We notice that (28) and (29) together define a
transformation T from the plane (uj,uz,us3) to the plane (u},u),us). After some algebra, it can be shown
that ¥ is given by:
ehleu)a[1uls — e5[eunls(1luls
v = Zu = | ehfen]s[lu}y — ejfeu)[1u]s (32)
e feu]1[1u]s — ehleuo[lu)y

in which we have used:
[eu]y = eauq — e3us [lu]y = ug — us3

The terms [eu]s, [lu}, and [eus,[lu)s are obtained by circular permutations. ¥, and also & and @' are
quadratic transformations; such transformations are the simplest generalization of the collineations (see
section B).

If we now use (32) to substitute for uf,u), w5 in (30) and (31), we obtain two polynomial equations of
degree 6 in uy,ug,u3, which we denote by A(u) =0, B(u) = 0. Each equation represents a sextic curve in
the plane (u1,usg,us), and the solutions for ®(x) are among the points of intersection of these two sextics.

Algebraic geometry [SK52] tells us that the number of intersections of two algebraic curves of degrees
m and n is mn, therefore we may have here as many as 36 solutions, real or complex. We are now going to
see that not all these solutions are possible, and that 26 can be eliminated, leaving only 10.
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5.5 - Eliminating impossible solutions
There are three sources of impossible solutions:

1. those which make the products ujusus and wjujuy by which we simplified our equations to obtain
equations (30) and (31) equal to 0.

2. the points m such that £m = (0,0,0)". Such points are called the fundamental points of T ([SK52,
Chapter 9] and section B).

3. if we denote by D and I’ the denominators in equations (30) and (31), then the points of intersection
of the curves D = 0 and £7!(D’) = 0 are impossible solutions.

Let us consider each case in turn.

Case 1 In order for the product ujusuz to be equal to 0, at least one of the factors has to be equal to
0. If we assume uz = 0, then we realize using for example a system for symbolic computation (in our case
MAPLE) that in the equation of A, the coefficients of the terms in u$, v}, and -u} are equal to zero. This
indicates that the point (1,0,0) is on A and has order 3 (see appendix A1). In addition, the point (0, 1,0)
is on A with order 1, since the coefficient of u§ is zero. Similarly, it can he shown that (1,0,0) is of order 1
~.and (0,1,0) is of order 3 on B. It can also be verified that the point (0,0, 1) is of order 1 on both curves.
We thus have the following table:

(1,0,0) (0,1,0) (0,0,1)
A3 1 1
B 1 3 1

These three points are included in the intersection of A and B but do not, in general, yield solutions to
the motion problem. Counting the orders, we see that we have eliminated 3 x 1+ 3 x 1+ 1x 1 = 7 solutions.

- Case 2 ‘We have to find the fundamental points of the quadratic transformation £. There are three such
points in general [SK52, chapter 9] which we can easily discover.
- Let us define two linear applications X and Y by:

[1u]y eileu)s
Xu = | [1u), Yu=| éefeu,
[1u]s esleu)s
The matrices of X, Y are
0 1 -1 0 elea  —ejes
X=|-1 0 1 Y = | —ehey 0 eoe3
1 -1 0 esey  —ehes 0

and we have:;
Yu=XuA Yu

The fundamental points are therefore those points u such that Yu = 0 or Xu = 0 or such that Xu and Yu
are parallel.

The case Xu =0 corresponds to the fundamental point d= (1,1,1)7, the case Yu = 0 corresponds to
‘the fundamental point (1/e1,1/e5,1/e3)7, and the third case is solved as follows. Let P be a point such that

Xﬁ = /\Yﬁ
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This is equivalent to:

(X-AY)p=0

The values of A for which the determinant of X — \Y is equal to 0 are A = 0 (corresponding to X),
A = oo (corresponding to Y), and a third value, Ag, which can be computed, for example using MAPLE.
For this value, it can be verified that the rank of X — AY is, in general, 2 and that P is represented by any
vector in the null space. Notice that the coordinates of P can be explicitely computed as functions of the:
coordinates of e and e’.

Using again the power of symbolic processing, it is easy to show that the three points d,€, and P are
points of order 2 on A and B. '

A
B

SR - <
NN ol
N DO 3|

"These three points are included in the intersection of A and B, but they do not, in general, yield solutions
to the motion problem. Counting the orders, we see that we have eliminated 12 solutions (this corresponds
to the case of figure 10).

Case 3 The curve D is a conic, and £~1(D') is a quartic in u, since D’(u’) is of degree 2 in u’ and u’ = Lu
is of degree 2 in u. These two curves have in general 8 intersections among which are included, as can be
verified, the points (1,0,0) and (0,1,0) which have already been removed in case 1). Since each of the
remaining 6 points is of order 1 on A and B, we have obtained six more solutions to eliminate. :

On adding the impossible solutions obtained in cases 1,2 and 3 we obtain a total of 25, thus there remain
11 intersections of A and B to consider.

5.6 Kruppa’s spurious solution

It turns out that A and B not only intersect at (0,0,1), but that they are tangential at (0,0,1), since the
coefficients of u} in A(u) and B(u) are equal. Again, this can be verified, in fact discovered would be the
right-word, using MAPLE. The equation of the common tangent at (0,0,1) is the coefficient of u3, a linear
polynomial in u; and wus. : )

1t follows that (0,0,1) must count twice in the intersection and not once (this corresponds to the case
of figure 9); this eliminates one further solution, thus the number of solutions is reduced from 36 to 10, real

or complex, in agreement with Demazure’s result.

6 Computer implementation of Kruppa’s method

We have an implementation of Kruppa’s method in MAPLE that can find all the real ri gid motions com-
patible with 5 given image correspondences. The implementation follows the structure of Kruppa’s method
closely, as illustrated in Figure 7.

6.1 The implementation

We simulate a camera configuration such as the one represented in figure 1. We choose 5 points p; in space
and a rigid motion R, t. We then compute the image coordinates of the p; in the two retinal planes, and
apply a linear transformation to each retinal plane such that relations (20) are satisfied. We then find the
equations of w and w’ in the transformed planes. We use the quadratic transformations & and L&’ as shown
in Figure 3 to obtain the two sextic polynomial constraints on u, A =0, B=0.
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quadratic

Figure 7: Block diagram of Kruppa’s method

We eliminate uz from A, B by computing the resultant, R(A, B), which is a homogeneous polynomial
in uy, upy of degree 35. Normally, R(A, B) would have degree 36. The degree is 35 in this case because A
and B intersect at (0,0,1).

The 35 roots of R(A, B) correspond to the 35 intersections of A and B excluding (0,0,1). As explained
in section 5.5, we know 26 of the intersections of A, B, hence we know 25 of the roots of R(A;B). The factor
of R(A, B) corresponding to these roots is described in section 6.2. We divide out this factor of R(A,B) to
obtain a polynomial of degree 10 in uy, ug, C.

We find the 10 solutions of C(u;,u;) = 0, and for each solution we find the associated value of uz. Then
®u and £@'u yield the coordinates of the two epipoles in the transformed retinal planes. On applying linear
transformations we obtain the epipoles x, x’ in the original retinal planes. Each pair x, x’ corresponds to a
unique essential matrix E in M and E corresponds to a pair R,t and R/, t of rigid motions in which R, R’
differ by a rotation of 180° about the axis t. We obtain R,t and R’ t from x, x’ using the method described
in section 6.3.

We check to see if each camera motion Rt is physically feasible in that all the reconstructed points are
in front of the camera in both positions. If the reconstructed points have coordinates p;, p; with respect
to the first and second camera positions respectively, then this is equivalent to showing that there exists a
vector n such that n7p; > 0, nTp; > 0 for' 1 <4 < 5. The image plane can then he placed normal to n..
Feasibility is easily ehecked using the linear programmin g routines included in MAPLE.

We use rational numbers as far as possible, since this eliminates the rounding errors associated with real
numbers. We are forced to switch to real numbers only in order to find the roots of C'(uy,ug). Hereis an
example of a polynomial C(uy, ug): '

——14498440799382031552996164385823829445312901164585110982089724065259581626379%%0-F
]846913778033290293477488083098492]7411128727619802792461137606190158844207633u1ug—+
168433327724228445?324151473311925152563541433777632963271483194648714284047009%%1@ -
24427098149339043141459891722203904911600557159986882512793434428682338733253738u§u?ﬁ-
63397105152646554594325265942738311478943744974390668059471392570469189409708382u{ug-—
66]51900614213127592772967699668516337828354201756170648550776930882551225154496u?ug-+
298285290699118620729616306904775914787444753959159216636811439208479217684449282@1@ -~
3904560778519106865353130510371494328962126741245973466076501192834224843200512u{ug—-
808621896460637264694457561633024483115]06410882501572723905296052700194564096u?u%-+
229346556720403191339947215738208465290131961576188304798361255541787487305728?ﬁ1@ -
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13141657256468899620669682070871427278101139616 988962559826955187185776721920u]°

It should be noted that all integer coefficients of the polynomial C have no common divisor !

Points in retina 1 Points in retina 2

a=[ 1000 2000 1000 ¥ a’=[1100 1900 900 ]”

b=[1414 -1414 1414 )7 | b'=[ 1314 -1514 1314 ]7

c=[-1732 0 1732 )7 ¢! =[ -1832 100 1632 )7

d=1[2000 1000 3000 |* |d'=][-1100 —900 1900 )"

e=[ ~1000 —1000 2000 )" [ e =[ 2100 1100 2900 )"

Table 1: Coordinates of matched points yielding 10 real solutions

6.2 Factoring the resultant of A and B
We write A and B as polynomials in. us with coefficients «;, b; that are polynomials of degree & in:wuy, ug.

We obtain:

A
B

alug + a,gug + ...+ ag
b11t:5,+bgu‘§+...+b6

1]

The resultant R(A, B) obtained by eliminating uz is a homogeneous polynomial in-uq, ug of degree 35, the
roots of which give the ratios of u; to up at the intersections of 4 and B, excluding the:intersection ‘at
(0,0,1).The resultant R(4, B) contains a factor of degree 25 arising from the known intersections of A and

B.
It follows from case 1) and case 2) of section 5.5 that R(A, B) is divisible, as a polynomial in uy, uy, by

cach of

(Ul - U )4

(eruy ~ egug)!

(Pata = Pruz)”
The factor of R(A, B) arising from case 3) of section 5.5 divides the resultant R(.D,S™H(D")) obtained by
eliminating u3 from D and £71(D’). We have

cou3 + cytiz + c2
chus 4+ chud + ...+ ¢

D
STY(D)

i
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Thus R(D,Z~Y(D")) is a polynomial of degree 8 in uy,us which is divisible by uyu,, since D and =YD
intersect at (0,1,0) (where u; = 0), and at (1,0,0) (where uy.= 0). Define Q by

Quiuz = R(D,Z7(D’))

Then @ is a homogeneous polynomial of degree 6 in u; and u; which divides R(A, B).

An additional factor of R(A,B) arises from the tangency of A and B described in section 5.6. The
coefficients ay, b are proportional, thus R(4, B) is divisible by a;.

On dividing R(A, B) by all the above factors we are left with. a polynomial of degree 10 in uy, uy, the
roots of which yield the 10 solutions to the motion problem.

6.3 Recovering rigid motion from the epipoles

We have seen that Kruppa’s method yields pairs of epipoles x, x’ compatible with a given set of 5 image
correspondences. In this section we describe a method for recovering the rigid motion R, t from x, x'. In
addition to x, x’ we require one pair a ~ a’ of correspornding points. : ‘

-It follows from the definitions of R, t and-x, x’ that

x=1 and x'=-RTt

Let S be a rotation through 180° such that St = RT¢. To fix ideas, let the axis of S be the bisector of t and
RTt. Let U = RS. It follows from the construction of S that U has a known axis t. The angle of rotation
f of U is unknown. .

We have a + &', thus a’"Ea = 0, where E = TR is the essential matrix associated with R, t. It follows
that a’TTRSSa = 0, thus '

: (@TT)U(Sa) = 0 (33)

The vectors a’TT and Sa are both known, thus (33) yields an equation
ccos(f) + Fsin(f) =0 (34)

where o, 3 are known coefficients. There is no constant term in (34) because a’TT is normal to the axis of
U. We solve (34) for 6., Two solutions are obtained, differing by 180°, corresponding to the fact the second
camera can be rotated in two ways about t. Having found 6 and hence U, we recover R, using the equatjon

R = US. '
6.4 Experimental results

In our experiments we look for sets of 5 pairs of image correspondences with 10 real solutions for which noue
of the reconstructed points are a{ infinity. When referring to the number of solutions we always mean the
number of pairs of epipales or equivalently the number of essential matrices obtained.

We begin with a set of image correspondences a « a’, b —~ b/, ¢ = ¢, d~d e~ €, inwhicha, b,
c aud &', b’, ¢’ are two triads of mutually orthogonal vectors, and d = e’, e = d’. As stated in section A,
these image correspondences are known to he compatible with 10 distinct rigid motions. We then subject
the image points to a small perturbation. If the perturbation is sufficiently small then we still have 10 real
solutions, and if it'is at the same time sufficiently general then none of the reconstructed points is at infinity.

We then check to see how many of the solutions are feasible. Each solution gives rise to two rigid motions
R, t and R/, t in which R, R’ djffer by a rotation of 180° about t. The solution is feasible if eitlver R, tor
R/, t yield 3D reconstuctions in which all the points are in lront of the camera for both cantera positions.

We give two examples of our results. In the first we have 10 real solutions, 3 of which are feasible and
in the second we have 8 real solutions all of which are feasible, These ‘results have been obtained from the
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- points shown in tables 1 and 3. The points in table 1 corréépond to a perturbed Demazure’s configuration
(see Section 4.4). Indeed, we have:

a'b= aTc =b'c=0
alaxb'bzc'e
Also, a’, b/, ¢’ are almost equal to a, b, c, respectively and:

d=~e
ex~d

This configuration of points yields 10 distinct real solutions among which 3 are feasible (table 2).
In the second example, we apply a rigid motion to the camera (a 60.00145558 degrees rotation with
respect to the yz axis, and a translation equal to (0.01, 0.01, —1)T. The resulting points are shown in table
3. In this table, the coordinates of the points appear as real number, in fact the internal representation is
rational to allow exact computions in the field of rationals. This is achieved by representing the rotation
rationally through quaternions. Our MAPLE program yields 8 real distinct solutions, all of them feasible.

The results are shown in table 4.
In both examples, the recovered R -and t yield very small values (less than 10~%) of the error criterion:
d’ d

a T a’ b T b’ c T ¢’ ! e T
bt (AR )| 4 | (EAR— )+ [ (AR + | (EAR——)+ | (tAR
A ) ey AR e A B!+ ey A Rgal + ep ¢

eI
'l

ki the second example, all 8 solutions have a rotation of ronghly 60 degrees about roughly the yz-axis, but
differ in translation. The real solution is the 7th.

Il

7 Conclusions ~

We have presented two very different approaches to the problem of finding the camera motions compatible
with a given set of image correspondences, one method based on essential matrices and algebraic geometry,
the other method based on epipoles and projective geometry. Both approaches yield the result that there
are, in general, exactly 10 camera motions compatible with 5 given image coirespondences. The significance
of the figure 5 is that it is the least number of image correspondences compatible with only a finite number
of camera motions. The figure 10.is a fundamental measure of the complexity of the problem of finding the
camera motions, analogous to the degree of an algebraic curve. In this context 10 is high, indicating that
the problem is difficalt. ._

We have seen that in certain cases the 10 solutions can all yield real valued rotations and translations,
however, we have carried out many experiments with our implementation of Kruppa's method that yield
only 2, 4, 6, or 8 real solutions. It appears that in many cases 4 real solutions are obtained, in line with
the evidence of [Hor87]. Horn reports that the 4 real solutions often include only one feasible solution in
whicir all the data points are in front of the camera. A concise and accessible description of the sets of image
correspondences compatible with exactly one feasible camera motion would he of great interest, however
such a description may be hard to obtain.

It would also be of interest to explore more thoroughly the connections between the use of essential
matrices and the use of epipoles for finding the camera motion. A notable feature of the second approach is
that it is symmetric in the treatment of the two retinal planes, up to equations (30) and (31). In the first
approach an asymmetry is introduced from the beginning since one must factor an essential matrix E cither
as E=TR or as E = RT.
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- Fhe original motivation for this work:is to. characterise the stability of the problem of finding camera
motion. The results obtained so far suggest two possible sources of instability, depending on the form
of the manifold M of essential matrices. The image correspondences determine linear subspaces of the
8 dimensional projective space containing the manifold M of essential matrices. Solutions to the motjon
problem then arise from the intersections of M with these linear subspaces. The fact that as many as 10
solutions can arise from 5 image correspondences suggests either that M has a complicated shape with high
curvature leading to multiple intersections in “unexpected” places, or that MM has low curvature and is “near
“parallel” to the linear subspaces. The currently available evidence leads us to favour the second view.

Stability and instability can also be considered in the context of Kruppa’s method. The intersections of
the two sextic plane curves may be unstable either because each sextic is individually unstable, or because
the sextics are near parallel at their points of intersection.

Acknowledgements -

We acknowledge the role of Thomas Buchanan who introduced us to the German literature on photogram-

" metry and motion and opened our eyes, as well as J.0. Eklundh, to the beauty of projective geometry. We

also acknowledge the help of the MAPLE language for symbolic computation without which the experimen-
tal part of this work would have been totally impossible. The second author was employed by the Marcony
Company during the writing of this paper.



References

[Cha55]

[Dems8s§]

[GVL83]

[Hes63)

[Hor87)

(Krul3]

[Lon81)

[Lon&7]

[Lonss]

[May85)

[May87]

[SK52]

M. Chasles.
Question No. 296.
Nouwv. Ann. Maih., 14:50, 1855.

M. Demazure.

Sur deuz problémes de reconsiruction.
Technical Report, INRIA, 1988.
Technical Report No. 882.

G.H. Golub and C.F. Van Loan.
Matriz Computations.
Johns Hopkins University Press, 1983.

O. Hesse.

Die cubische Gleichung, von welcher die Losung des Problems der Homographie von M. Chasles
abhangt.

J. reine angew. Math., 62:188-192, 1863.

B.K.P. Horn.
Closed-form Solution of Absolute Orientation using Unit Quaternions.
Journal of the Optical Society A, 4(4):629-642, April 1987.

E. Kruppa.
Zur Ermittlung eines Objektes aus zwei Perspektiven mit innerer Orientierung,.
Sitz.-Ber. Akad. Wiss., Wien, math. naturw. K., Abt, Ila., 122:1939-1948, 1913.

H.C. Longuet-Higgins.
A computer algorithm for reconstructing a scene from two perspective projections.
Naiure, 293:133-135, 1981.

H.C. Longuet-Higgins.

Mental Processes: Studies in Cognitive Science, chapter Configurations that defeat the eight-point
algorithm, pages 395-397.

MIT Press, Cambridge, MA-London, 1987.

H.C. Longuet-Higgins.
Multiple interpretations of a pair of images of a surface.
Proc. Roy. Soc. Lond. A., 1988.

S.J. Maybank.
The angular velocity associated with the optical flow field due to a rigid moving body.
Proc. Roy. Soc. Lond. A, 401:317-326, 1985.

S.J. Maybank.
A theoretical study of optical flow.
PhD thesis, University of London, Birkbeck College, November 1987,

J.G. Semple and G.T. Kneebone.
Algebraic Projective Geometry.

25



Oxford: Clarendon Press, 1952.
Reprinted 1979.

[SR49] J.G. Semple and L. Roth.
Introduction to Algebraic Geometry.
Oxford: Clarendon Press, 1949.
Reprinted 1987.

[Stu69] R. Sturm.
Das Problem der Projektivitat und seine Anwendung auf die Flachen zweiten Grades.

Math. Ann., 1:533-574, 1869.



C,

M

Cy
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Figure 9: Two curves tangent at regular points

A Some results from algebraic geometry

We summarise some of ‘the results from algebraic geometry required in this paper. Tor further information
the reader may consult [SK52] or [SR49]. :
A.1 Plane curves

A plane curve is given: by-the zeros of a-homogeneous polynomial equatmn /(x in three vanablos The
polynomial f(x) has a Taylor expansion g : B R TIERTAR

fa+h)= f(a)+ h.Vf(a)+...

at-each point a-of P2, If the terms of the Taylor expansion at a vanish up.to and including the rth term.
then f(x) is said lo have order » at a. ‘Thus a is a point of the curve defined by f(x). il and onlv il > 1

If » > 2 then f(x) is said to have a singularity of order » at a.: S . : .

‘Bezout’s theorem states that if f(x), g(x) are plane curves of degrees.m and N, lespcctlve\ly euc.h ‘that
neither is contained in the other, then f(x) and g(x) intersect at exactly mn points. It is important to
count-the number of intersections correctly. For example, if f(x) and g(x) are tangent at a point thew this
counts 2 towards the total of mn intersections. If f(x) has a singularity of order h at a point, and g{x) has
a sing Q,ulmity of order k at the same point, then this counts hk towards the total of intersections. Figure 8
shows the intersection of two curves at.a regular point, figure 9 shows the intersection of two curves tangwt.
at a regular point, and. figure 10 shows the: intersection of two curves at a point of order 2.



Figure 10: Intersection of two curves at points of order 2

A.2 The degree of an algebraic manifold

An algebraic manifold A in projective space P™ is the set of common zeros of a family of polynomials
defined on P™. The dimension n of N is the dimension of the tangent space to A at a general point.
Intuitively, the dimension of A is equal to the minimal number of parameters required to define M. A plane
curve is an example of an algebraic manifold of dimension 1. The manifold M of essential matrices is an
algebraic manifold of dimension 5, since the rotations contribute 3 parameters and the translations, which
arve only defined up to scale, contribute 2 parameters.

The degree of a plane curve is equal to the degree of the polynomial defining the curve. The degree
also has a geometric interpretation as the number of intersections of a general line with the curve. The
geometrical definition of degrec extends to algebraic manifolds. Let A be an algebraic manifold in P™. A
gencral linear subspace in P™ of dimension m — n intersects A at a finite number d of points, and this
number d is defined to be the degree of AV,

A.3 Resultants

The resultant of two polynomials arises naturally in connection with the problem -of eliminating a common
variable. Let f(a) and g(x) be two arbitrary polvnomials of degrees m and n respectively, and let

()
g(u)

apr™ 4+ aya™ "t L+ a,
boa™ 4+ bya™ " L 4 by (35)

]

The resultant 2(f,¢) of [ and g is the determinant of order m. + n:

Fap a1 ... (ly, 0 ... 017 >
0 ay ... €poy dy ... 0
> m
R(fig)y=det | 0 0 iy,

bo by ... by 0
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The fundamental property of R(f,g) is that it is equal to 0 if and only if ap = bo = 0 or f(z) and g(z)
have a non-constant common factor.

Let f(x), g(x) be homogeneous polynomials of degrees m and n respectively in x = (%1,22,23)T, and
let # = 23. Then the coefficients a;, b; of (35) are polynomials in z,,2; and R(f,g) is a homogeneous
polynomial in 3, 25 of degree mn. The roots of R(f,g) = 0 correspond to the intersections of f,g.

B Projective geometry

We summarise the projective geometry required by Kruppa’s method. For further information the reader
may consult [SK52].

B.1 Projective spaces

A point of n dimensional projective space, P?, is represented by an n 4 1l-tuple of coordinates x =
(%1,...%p41), where at least one of the x; is non-zero. Two n + 1-tuples (21,...%n+1) and (Y1,... Ynt1)
represent the same point if and only if there exists a non-zero scalar A such that z; = Ay; for 1 < i< n+1.
A (n+1) x (n+ 1) matrix A such that dét (A) is different from 0 defines a linear transformation or
collineation from P™ into itself. The matrix associated with a given collineation is defined up to a nonzero
scale factor, which we usually denote by: '
py = Ax

A projective basis is a set of n + 1 points of P™ which are linearly independent. For example, the set
e = (0,...,1,...,0), where 1 is in the ith position, is a projective basis, called the standard projective
hasis. Any point x of P™ can he described as a linear combination of the standard basis: '

n41

X = Zw,’e,'

i=1

The space P! is known as the projective line. Its standard projective basis is e; = (1,0), and ez = (0, 1).
A point on the line is described by a parameter @, —0o < o < 4008

X = ey + ey

The point represented by e is called the point at infinity of the line P*. It is defined by the linear equation
29 = 0. The reason for this terminology is that if we think of the projective line as containing the usual affine
line under the correspondence ov — «ey + eg; then the parameter a gives us a one to one correspondence
between the projective and affine lines for all values of a different from co. The values a = +oc correspond
to the point ey outside the affine line but which is the limit of points of the affine line with Jarge values of
a. '

Let a,b,c,d be four points of P! with coordinates (e, 1), (ap, 1), (ae, 1), (@q,l), J'esl')e(:th(ely. Then
the cross-ratio {a,b;e,d} is defined to be

((Ya. - Q'C')(O‘b - Ctg)
(o — ac)(aa — aq)

{a,bjc,d} =

The significance of the cross-ratio is that it is invariant under invertible linear transformations of P'. In
particular, {a, b;c,d} is independent of the choice of coordinates in P*.
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Fiﬂguréy"l'i:’(,‘rosér'z‘i.tid of four lines: {'11',12;13, L} = {PI,PQ;P:?,P‘p} o

.y ‘?

e - ¢ T £

The space P? is known as the projective plane. A point x in P? is defined by three numbers, not all
zero, (@1, 2, ¢3). In P2 there are other objects than just points, for example lines. A'line.is also defined

‘by'a triplet of numbers (ui, s, u3), hot all zeto. The equation of this line is then:

Zu,-rc?,' =0 o (36)
1=]

in the standdrd projective basis (1, e;, es) of PL. Among all possible lines, the one whose equation is
w3 = 0 is called the line at infinity /.. of P2, Each line of equation (36) intersects lo, at.the point with
_coordinates (=uy, uy, 0) which'is its point at infinity. v '; ‘
' There are two further points of interest on’ lx, called the circular points i and j with coordinates
(1, i, 0), where i = /=1. They are the intersection of the conic curve w of equation 2% + :vlﬁ + :z:% With leg.
Their role is very important because they essentially define the metric of the affline plane embedded in 7’2
~ Before we go into this, we need to generalize the notion of cross-ratio introduced*for féir points of P
to four lines of P2 intersecting at.a point. Given four lines Iy, I3, ,I3, lg of P2, intersecting at a point; thieir
ci‘oss-ra.(;ib {ti, 1313, 14} is defined as the cross-ratio {P1, P2;P3, pa} of their four points of*intersection
with any line I (see figure 1 1), and this is of course independent of the choice of /.
Now, the angle & between two lines {y and /5 can be defined by considering their point of intersection
‘a and the two lines i, and j, joining a to the circular points i-and j (sce figure 12). The angle is given by
Laguerre’s formula:

5 ’ . PR . e T  |
Cyx ey ! I T T crk IR

o T
= :_ ]Og({/l, ['2; iu"ja})
The set of lines in P? passi ng through a:fixed point forms a 1 dimensional projective space known as a
pencil of lines. Collineations of P2 transform points, lines, and pencils of lines into points, lines, and peneils
of lines, and preserve crossratios. : - .
The space P3 is known a.s;thé projective space. A point x in P2 is'defined by four numbers, (a1, g, w3, Tq),
not all zero. In P3, there are other objects than just points and lines, for example planes. A plane is also



h

Figure 12: The angle ce between [;-and /; is given by Laguerre’s. formula: a = %;log({.l'l,lg;’id,‘jaz}'_)'
defined as a four-tuple of numbers (1, us, uz, ug), not all zero. The equation of this plane is then:
4
> uizi=0 (37)

in the standard projective basis (er;. e, e3, eq) of P2, Among all possible planes, the one whose equation
is 24 = 0 is called the plane at infinity 7o, of P3. Each plane of equation (37) intersects the plane at infinity
along a line which is its line at infinity.

A Qpemal conic §) of 7y, defined by the two equatnom

1
02 e
Zmi =24 =0

r=1

plays a special role in P? and is called the absolute conic. Just.as the circular points define the metric of
the affine plane embedded in; P2; the;absoluterconic ) defines the metric of the affine! 3-space embedded-in

P,

‘Before we.go into this, we need to generalize the notion of cross-ratio .introduced for four points.of:7

and four lines of P? intersecting at a-point to four planes of P2 intersecting at a line. Given four planes. .
71, Ty, T3, w4 of P2, intersecting at a line £, their cross-ratio {7y, o373, m4} istdefined as the cross-ratio .

{l1, ly;l3, U4} of their four lines of intersection with any plane = .(see figure. 13), and th)s is of éourse;'

independent of the choice of . : b e el

Now, the angle « between two.planes m; and 7o can be defined by considering their ]me of intersection [
and the two planes i; and j; going through / and tangent to the absolute conic Q (see figure 14). The angle
is again a simple function of the cross-ratio {my,my;4;, ji }:

1 .o
= Elog({ﬁlﬁr?;"'la]l})

Similarly, in.7P? the:set of planes containing a-fixed line forms a pencil of planes. Collineations:of: P>

transform. points, lines, planes, and pencils of planes into points, lines, planes and pencils of planes; and

preserve crossratios.
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Figure 13: Crossratio of four planes: {my,7y; 73,74} = {l1,02;13,14}

Figure 14: The angle between the two pl(m(,s Ty and 7 is asimple function of the crossratio (7'],/«7 1,,J¢)
where zl and j; are the two tangent p]an(-q from [ to the absolute conic Q ’ : A
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sA-quadratic:transformation is-an invertible transformation: between projective planes-defined by polyno-
‘ mxa]s of degree two. If . x:-+:I%.is-a quadratic transformation then coordinates in the two pro;ectlve planes
can always be chosen such that - L e e e ,
cEx = (2223, BaTT, T1T2) |

A quadratic transformation:is-undefined at exactly thrée non-collinear points, known-as fundamental points.
The fundamental points of T are (1, 0;0),:(0, 1,0),{0,0, 1). Aiquadratic transformation has an.inverse which
is also a quadratic transformation. ¥ is self-inverse. ' ‘ . :



axis of translation

Solution axis of rotation rotation angle feasibility
number

1| [—416 —801 —430)" | 171.11 deg [ 420 338 —842 )" no

2 [ -.788 .558 -.261 ;l]"':"” ""____;;9.46 deg same yes

3 [ 696 4 ot )" 179.23 deg [ 325 —s531 -.783 ] no

4 [ 534 -.586 SIQ ]‘7" 1 185.74 deg aame no

5 | [-s814 —578 061\]’ ' 179.89 deg [~611 -726 149 )" | 1o

6 [ 451 -—-555 ”‘;699 ]1\ o} 33.75 aeg ; same no

7 [ -542 588 -.600 " 172,62 éeg' [ 48T 215 829 ]”v' no

8 |[~684 —724 —084 )" | 17077 deg bsamev o no

9 | [-561 -202 —774 )" 1‘77:.0.1 deg | [.545 276 .7192]" no

10 [ 818 —.392 422 ]T 4.45 deg same no

11 [ 693 ~.028 —720 1" | 174.93 deg [ 626 219 748 )" no

12 [ ~.111 984 —.187 ]T 167.29 deg same yes

13 [ .10 ~.983 .145]" 175.48 deg | [ —.742 138 656 1“1 no

14 [-—.69‘:1 030 719 ]I 175.30 deg same no

15 [ .077:{ 170 —982]" | .176.57 deg | [ -068 —.160 985 1 no

16 [ -.374 .148 915] d 3.75,_,deg | 'sa'.n:é\u no

17 [415 798 .:;138*]."1': | m133de | | ,-_.4419.'-.“1:11 897 1" no

18 [ 791 -.555 .."256 ]l:r e L 16787 deg same yes

19 [ 248 279 —.928]" 176.85 deg | [ -.216 -.276 936 ]" | o
R R L N T R R I T N T I

20 [ —261 352 798" | 4.8 dew e ho

Table 2: 10 real solutions, 3 feasible

34



Points in‘retina 1

- Points:in retina 2 |

|ioa = {=1000 2000 1000 |*

ol = [ 2232 134 ':~1001§]T

‘b=[ 1414 -1414 1414

b’ =] 518 —1931 1415 )"

Ce=[-1732 0 1732 ]"

¢'=] -866 1500 1733 |"

- “d =[ 2000 - 1000 3000 ]©

d'=1] 1866 —1232 3001 |"

le'= [*~1000: 1000 2000 ]**

@ =+~ 13661366 2001 |"

Table 3: Coordinates of matched points yielding 8 real solutions




Solution axis of rotation rotation angle
number axis of translation
real [0 0 9999999995 ]’ 60.00145558 deg
solution [ .009999000150 009999000150 —.9999000150 |*
1 [ -.002487442670 —.001059610836 9999963465 |© | 59.92096991 deg
[ 8307803010 -.2844253432 — 4784415488 ]*
2 [ 0003116759826 ~.0003594703083 9999998852 |° | 60.00521800 deg
[ 3624612636 6367204572 —.6805945131 ]*
3 [ -.0002900346149 —.0001179140196 .9999999503 ]* | 60.00822116 deg
[ -.3121126741 4608137271 .8308046626 ]*
4 [ 001856860760 .001817904860 .9999966218 | 60.08204432 deg
[ 4880338263 .6438541693 .5893002565 |*
5 [ 5500156220  10~5 0001613512601 .9999999872 |* [ 60.00124982 deg
[ 1993944775 1011375165 9746861263 |
6 [ .0003638641453 0002492030755 9999999031 | 59.98720079 deg

[ .6760324163 05249643690 .7349995214 |*

-3

[ .1402940577 % 10-° 3065684964 % 10-9 1.000000000 ]
[ -.009999002189 —.009999000005 9999000151 |*

60.00145558 deg

[ .00008888119202 —.0001711784862 9999999803 |
[ —1341471213 - 3176202417 9386809529 |”

60.00003843 deg

Table 4: 8 real solutions, 8 feasible

36




B.2 The role of the absolute conic in Kruppa’s method

One of the key points in Kruppa’s method is the introduction of the rigidity constraint in a natural way using
the device of the absolute conic © defined in the previous section. The effectiveness of Kruppa’s method
depends on the fact that the images w, w’ of Q determine and are determined by the camera calibration. To
prove this, we show first that w (and w’) is independent of the camera position. Let a camera (c, I) undergo
a rigid motion W, where c is the optical center and II the retinal plane. The new position of the camera
is (W(c), W(II)). Let w; and w; be the images of Q in II and W(II) respectively. Then ws, regarded as a
conic in W(II), is the image of W(Q) = Q, thus w; = w2 as required. It follows that w is determined by
the camera calibration since we can put the camera in any convenient position and calculate w by using the
known camera calibration and the known position of §2.

We prove the converse. ie that w determines the camera calibration. Let 7, s be two projection rays
meeting the retinal plane at m;, n; and meeting the plane at infinity at mz n, respectively. Let . and ¢
be the two intersections of < mg, n; > with . Then the angle between r and s is given by the Laguerre
formula -21; log({mg, n2; ¢,¢}). The cross-ratio {mz, nz;,¢} is preserved under the projection M to the retinal
plane, thus the angle between r and s is given by:

% log({mi, ny; M(s), M)

Now M(:) and M(c) are the intersection points of < my, n; > with w thus w determines the angle between
r and s, thus the camera calibration.

Imprimé en France
ar
I Institut National de Recherche en Informatique et en Automatique






