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Kalman filtering and Riccati equations for
descriptor systems

Ramine Nikoukhah', Alan S. Willsky?, and Bernard C. Levy’

Absract The theory of Kalman filtering is extended to the case of systems with descriptor dynamics. Explicit
expressions are obtained for this descriptor Kalman filter allowing for the possible singularity of the observation
noise covariance. Asymptotic behavior of the filter in the time-invariant case is studied; in particular, a method
for constructing the solution of the algebraic descriptor Riccati equation is presented.

Le filtre de Kalman et les équations de Riccati
pour les systéemes implicites

Résumé Dans ce rapport, nous généralisons la théorie du filtrage de Kalman au cas des systémes a4 dynamique
implicite." Nous obtenons des formules explicites pour ce filtre de Kalman implicite sans aucune hypothese de
non-singularité sur la covariance du bruit de I'observation. De plus, nous étudions la réponse asymptotique
du filtre dans le cas des systémes autonomes, en particulier, on présente une méthode pour la construction de
la solution de Péquation algébrique de Riccati. '
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1 Introduction
In this paper, we consider the estimation problem for the following system

Eppz(k+1) = Ape(k)+u(k), k=0,1,2,.. (1.1)
y(k+1) Crz(k+1)+r(k), £=0,1,2,.. (1.2)

where matrices Ej 4, and Ay are Iy x ng, and Cy is pi X ng; u and r are zero-mean, Gaussian vector sequences

with r
u(k) u(y) _{ Q@ Sk :

M [( @) () J‘ (& & )sws (13
where M(.) denotes the mean and §(k,j) = 1 if k = j and 0 otherwise. We suppose that an a priori estimate
of z(0) is available.

Since no particular assumption is made about the E} and A; matrices, (1.1) does not, in general, specify
completely the sequence z. This means that z cannot be thought of as a stochastic process. The point of view
that we have adopted in this paper, is to consider z as a sequence of unknown vectors and consider both (1.1)
and (1.2) as observations of this unknown sequence. We show that this point of view is consistent with the
usual formulation of the Kalman filter in the case of Gauss-Markov processes.

We start, in Section 2, by introducing the maximum likelihood estimation and its connection with Bayesian
estimation. In section 3, we derive the descriptor Kalman filter. The results are specialized to the time-
invariant case and asymptotic properties of the filter are studied in Section 4. The construction of the steady
state descriptor Kalman filter is examined in Section 5. As in the classical case, there exists a dual control
problem for the descriptor Kalman filter; this control problem is presented in Section 6.

2 Maximum Likelihood Estimation

2.1 Maximum likelihood versus Bayesian estimation

Let z be unknown constant parameter vector and let z be an observation of z. The if P(z|z) denotes the
probability density function of z parameterized by z, the maximum likelihood (ML) estimate & based on
observation z satisfies

p(z|&arL) > p(z]2) for all . (2.1)

In the linear Gaussian case, i.e. when
z=Lz+v (2.2)

where v is a zero-mean, Gaussian random vector with variance R, and L a full column-rank matrix, a7 can
be obtained by noting that

%ln(p(dx))h:@m_ = 0. (2.3)
Since v is Gaussian, so is z and
p(zlz) = aexp(—(z — Lz)TR™(z = Lz)/2) (2.9)
where « is a normalization constant. From (2.3) and (2.4), we can see that

Erpp = (LTRIL)'LTR 2. (2.5)



The error variance associated with this estimate is given by
Py = M[(z ~ &pr)(z — &mp)T) = (LTRTIL)™Y (2.6)

To see how the ML estimation method ties in with te Bayesian estimation method, consider the observation
(2.2) and suppose that z is not an unknown vector but a Gaussian random vector with known mean Z and
variance P,. Then the Bayesian estimate &g of £ based on observation z is

tp = Pg(LTR™ 'z + P;'z) (2.7)
where Pp is the covariance of the estimation error:
Pg = M[(z — &p)(z - 25)T) = (LTR™'L + P; 1)L (2.8)
Note that if we let
P;l =0, (2.9)

the maximum likelihood and the Bayesian estimates and estimation errors are identical.

The maximum likelihood estimation technique can also be used when an a priori estimate of z exists.
Specifically, any linear Gaussian Bayesian estimation problem can be formulated as a maximum likelihood
estimation problem. Consider the Bayesian problem stated above. This problem can be converted into a
maximum likelihood estimation problem if we consider the a priori statistics of z as an extra observation, i.e.
consider the following ML estimation problem

(£)=(1)+(2)

where w is a zero-mean, Gaussian random vector, independent of v and with variance P,. Applying expressions

(2.5) and (2.6) to this problem, we obtain the following
#pr = Pur(LTR™ 2 + P 13) (2.11)

where
Pyp = (LTR 'L+ P7YH ! (2.12)

which are exactly the Bayesian estimate and estimation error covariance (2.7), (2.8). Thus it is possible to
transform any linear Gaussian Bayesian estimation problem into an ML problem by transforming the a priori
statistics of z into an observation.

2.2 The case of perfect observation

In the previous section, we considered the case where R, 1.e. the variance of the observation noise, is positive
definite. If R is not invertible, it is clear that (2.5) and (2.6) cannot be used. In this case, there is a projection
of z which is known perfectly, and to obtain the ML estimate, we have to identify this projection.

Consider the ML estimation problem (2.2). Let T be a matrix such that

TRTT = ( g % ) (2.13)

where R is a positive definite matrix. Then (2.2) can be expressed as follows

(ZI)=<€1>“+<?}) (2.14)



where

( 2 ) =Tz, ( ﬁ; ) =TI, (2.15)

and ¥ is a zero-mean, Gaussian random vector with invertible variance R. Now let $ be an invertible matrix
such that

LS™'=(Ly 0) (2-16)

where Ly; has full column rank. Then if we let

( o1 ) = Sz, (2.17)

(2)=(m 2.)(2)+(3) (218)

Finally note that since L;; has full rank, it has a left inverse. Let L{lL denote a left inverse of Ly;, then by
premultiplying (2.18) by

(2.14) can be expressed as

1 0
= 2.19
v < _L'JILI.IL 1 ) (219)
we obtain the following
21\ _ [ Ln O T 0
(32)_<0 Lzz)(xz>+(5) (220
where
22 =2Z9 - L21L;1L21. (221)
The vector z, is the portion of  which is perfectly observed. Clearly,
(81)mr = LijFa, (2.22)
and z, can be estimated from the results of the previous section,
(B2)mrL = (P)mLL R 2, (2.23)
where _
(P)mr = (L3R L)t (2.24)
By combining (2.22) and (2.23), we see that
3} (L7t ) 0 ) ) ( 7 ) o5
( I )ML - ( 0 (ngR_1L22)_1ngR—l 2 ) (2.25)
The ML estimation error covariance Pasr and the ML estimate &psr are then given by
0 0
Py, = ~ , 2.26
v = (6o upiitm) (2326)
. a1 &
gmMr = sl(h ) : (2.27)
2 /ML

The above procedure allows us to compute the ML estimate when R is not invertible, however, it does not
allow us to express this estimate in a simple closed form expression. The following result which is proved
in Appendix A, allows us to express this estimate in terms of a limit which, even though it is not useful for
computing the ML estimate, it is useful for analysis.



Lemma 2.1 Consider the ML estimation problem (2.2) with R possibly singular, then

Pur = e@§+(LT(R+eQ)-‘L)-1 (2.28)
by = lm (LT(R+eQ) L)™' LT(R+Q)™)z (2.29)

where Q is any positive semi-definite matriz for which the R+ €Q is positive definite for ¢ > 0. In particular,
we can take Q= I.

Note that Pysy does not depend on the choice of @, however,

lim (L7(R+€Q)™' L) LT (R + Q)™

may reflecting the non-unicity in the choice of Ll'lL .
It is easy to verify that Pyr and Zasp can also be expressed as follows

Pur = lim = (0 I)(R+‘Q L) (°> (2.30)

. =0+ I

gur = lim (0 I)(R+‘Q L) é)z (2.31)
Which in the case there is no redundant perfect information, i.e., (L R) has full row rank or equivalently,

Lyy in (2.18) is square, simplify as follows (see Lemma 2.2)

—(o I)(:} g)_l(‘}) (2.32)
ML (o I)(If} g)—l(é)z. (2.33)

Expressions (2.32) and (2.33) are used in the next section for deriving a closed-form expression for the descriptor
Kalman filter.

Py

Lemma 2.2 let R be positive semi-definite and L a full column rank matriz. Then if [R L] has full row

rank, then
R L
LT o0

is invertible.

Proof Suppose
(= y)(LT 0):0 (2.34)
then
zR+yLT =0 (2.35)
and
L = 0. (2.36)



If we now take the conjugate transpose of (2.36) and multiply it on the left by y we get

yLTzT =0 (2.37)
which after substitution in (2.35) postmultiplied by zT yields

zRzT =0 : (2.38)

which since R is positive semi-definite gives xR = 0. But we also have zL = 0 and so z = 0. It also implies
that yLT = 0 which since L is full rank implies that y = 0. o

3 Descriptor Kalman filter

Consider the standard Kalman filtering problem for causal Gauss-Markov process:

z(k+1) Apz(k) +u(k), £=0,1,2,... (3.1)
yk+1) = CGa(k+1)+rk), £=0,1,2,.. (3.2)

where u and r are white Gaussian sequences with

w®) ) (u@) (% S :

M [( W) (5) ] -(& & )ows &)
The initial state z(0) is also Gaussian with mean &g, variance Py and independent of u and r. The Kalman
filter for this problem consists of sequentially computing the Bayesian estimate Zg(k) of the state z(k) based
on observations (3.2) up to time k — 1. The usual derivation of the Kalman filter equations is the construction
of the Bayesian estimate of the random process ¢ based on past information y. But the Kalman filter can also
be obtained using the ML formulation. In particular, we consider z to be an unknown sequence and convert all

the dynamics equations (3.1) and the a priori statistics of z(0) into observations. The ML estimation problem
is then '

0 = z(k+1)— Apzx(k) —u(k), £=0,1,2,.. (3.4)
yk+1) = Cee(k+1)+r(k), £=0,1,2,.. (3.5)
o = z(0)+v (3.6)

where v is a Gaussian random vector, independent of u and r, with variance Py. Here, all of the left hand sides
of (3.4)-(3.6) should be considered as measurements, with —u(k), r(k) and v playing the roles of measurement
noises. A question that arises at this point is whether £p(k) is equal to the ML estimate of z(k) based on
(3.6), (3.5) for 1 <k < j—1 and (3.4) for all k, or, (3.6), and (3.5) and (3.4) for 0 < k < j — 1. The answer
is that both of these ML estimates yield the same result. It is straightforward to check, using the results
of the previous section, that future dynamics, given observations up to the present time, do not supply any
information regarding the present state. To see this, consider the “one step in the future” dynamics equation
for z(j): \
0==z(j+1)— 4;2(j) — u(j). (3.7
Given observations (3.5) only up to time k = j— 1, (j+ 1) is completely unknown which clearly implies that

(3.7) cannot supply any information regarding the value of z(j). Since (3.7), with j replaced with j 4 1, does
not contain any information regarding z(j + 1) either, then by induction we can see that no future dynamic



contains information regarding (7). This, in fact, is closely related to the Markovian nature of the process z
in the original formulation of the problem.

This ML formulation of the optimal filtering problem (Kalman filter) can be extended to the descriptor
system (1.1)-(1.2). We consider z as an unknown sequence and convert all dynamics equations (1.1) and the
a priori information on z(0) into observations. The ML estimation problem is then

0 = Eppaz(k+1) - Apz(k) —u(k), £=0,1,2,.. (3.8)
yk+1) = Ciz(k+1)+r(k), k=0,1,2,.. (3.9)
Iy = z(0)+v (3.10)

where v is a Gaussian random vector, independent of u and r, with variance P;.

The difference here with the previous case is that (3.8) when k = j does indeed contain information about
z(j) when Ej4, is not invertible even if 2(j+1) is completely unknown. Specifically, (3.8) contains information
about the projection of A;jz(j) which lies in the null-space of Ej4;. In general, the situation is even more
complex because z(j + 1) is not completely unknown because of future dynamics. Thus, the optimal estimate
of z(j) based on observations (3.9), up to j — 1, and observations (3.8) up to j — 1, in general differs from
the optimal estimate of z(j) based on observations (3.9), up to j — 1, and observations (3.8), for all k. For
example consider the case where

E=B=0, A=C=1 (3.11)

with an a priori estimate Zo of z(0) with an associated positive-definite error variance Py. In this case, clearly
the only possibility is that z(j) = 0 for all j, however, based on the observations (3.8) up to j— 1 and
observations (3.9), up to j — 1, one can check that

i'ML(j) = y(j)a Jj=12, .. (3'12)

So in formulating the Kalman filter for descriptor systems, we have to decide what we mean by the filtered
estimate £(j) of z(j). If we choose to take into account all future dynamics, we do not get a causal filter
because the estimate of 2(j) could depend on A and E} for k > j. There is a priori no upper bound on how
far in the future we have to look.

Other reason for not considering the future dynamics is that when we consider the smoothing problem, we
like to have a forward and a backward Kalman filter from which the smoothed estimate can be constructed.
In that case, clearly considering all the dynamics for both filters would amount to counting the dynamics
equations twice. We shall consider the smoothing problem in a subsequent paper.

Definition 3.1 The filtered estimate £(j) of 2(j) in (1.1)-(1.2) is defined as the ML estimate of z(j) based
on observations (38.9) and dynamics (observations (3.8)) up to j— 1 and the a priori information, i.e. (3.10).

P; denotes the error variance associated with this estimate. The estimate #(0) = Zo with an error variance
Py.

Note that when CJ' ) does not have full column rank for some j, some projection of z(j) is completely

J

E
c. has full column rank for all j > 1.
j

J
unobserved and no finite error variance estimate of it can be constructed. Thus we shall assume from here on
that

Theorem 3.1 Let £(j) denote the filtered estimate of 2(j) and P; the associated error variance for descriptor
system (1.1)-(1.2). Then, the filtered estimate #(j + 1) of z(j + 1) and the associated error variance Pjy,



&

are respectively equal 1o the ML estimate of z(j + 1) and its associaled estimation error veriance based on the
Jollowing observations

yi+1) Ci12(j + 1) +7(j) (3.13)
Aj2(j) = Ejnz(j+1)+w()) (3.14)

where w(j) is @ Gaussian random vector independent of r(j + 1) with variance Aj]’jA}‘ +Qj.

The proof is given in Appendix B.
Theorem 3.1 implies that we can construct the estimate at time j + 1 from the estimate at time j and
¥(j +1). This gives us a recursive method for computing #(j) and is just the descriptor Kalman filter.

Corollary 3.1 If past and present observations and dynamics do not supply redundant perfect informations,

i.e. when .
AiP;AT+Q; Sj Ejn
st Rj Cjn

has full row rank, then the fillered estimate #(j+ 1) and the corresponding error variance P41 can be obtained
as follows:

-1
AiPAT+Q;  S; Ein ( A;2()) )

&(j+1) = (0 0 I) sT R; Cin y(ij+1) (3-15)
Ef,. a0 0
-1
APiA] +Q;  S;  Ejn 0
Piyi = —-(0 0 I) sT R; Cin 0 (3.16)
Ef}y Cln O I

Note that the condition of Theorem 3.1 may not be fulfilled even in the standard causal case, i.e. when
Ey = I if Ry is singular.
4 Time-invariant case
In this section, we study the asymptotic properties of the descriptor Kalman filter in the time-invariant case:

Ex(k+1) = Az(k)+u(k), £=0,1,2,.. (4.17)
y(k+1) = Cz(k+1)+r(k), £=0,1,2,... (4.18)

where matrices E and A are [ x n, and C is p X n; u and r are zero-mean, white, Gaussian sequences with

variance L
W[y (aY]=(& $)awa



4.1 Stability and convergence of the descriptor Kalman filter

Here, we extend the existing results concerning the stability and the convergence of the standard Kalman filter
to the descriptor case.

Definition 4.1 System (4.17)-(4.18) is called detectable if

sE~tA
C
has full column rank for all (s,1) # (0,0) such that |s| > |t|.
It is called stabilizable if
sE-tA Q S
¢ ST R
has full row rank for all (s,t) # (0,0) such that |s| > |t|.

Note that our definitions of stabilizability and detectability are consistent with classical definitions when £ = I

and R > 0.
If the system is detectable, we can always find a stable estimator filter. The optimal estimator, i.e. the
descriptor Kalman filter, however does not necessarily converge to a stable filter.

Theorem 4.1 Let (4.17)-(4.18) be detectable, then there ezisis a stable filter
zy(k + 1) = A,z,(k) + Koy(k + 1) (4.20)

such that
Jim M{(z(k) — z,(k))(2(k) - z,(k))7] < o0. (4:21)

Proof of Theorem 4.1: We start the proof by showing the following lemma:
Lemma 4.1 Let (4.17)-(4.18) be deteciable, then there ezists a left inverse (L, L,) of( lé ), i.e.

L.E+L.C=1, | (4.22)

such that L. A 1s siable.

Proof of Lemma 4.1: Since < g ) has full rank, there exist invertible matrices U and V such that
I 0
UEV = ( 0 Ey ) (4.23)
CV = (0 C) (4.24)
where C> has full column rank. If we denote
_( An A
UAV = ( g ) (4.25)



[

then detectability of (C, E, A) implies that

( SI—AII )
A1z

_has full column rank for |s/t| > 1 which means that (A11, A2;) is detectable in the classical sense. Thus, there

exists a matrix D such that A4;; 4+ DA, is stable. It is now straightforward to verify that if F is any matrix

satisfying
FCy = ( Db ) (4.26)
then
I D I 0
= 4.27
(00)(0E22>+F(002)I (4.27)
and
I D An A2 \ _ [ Au+DAn A+ DAz (4.28)
0 O Asy  Aga - 0 0
which is stable because A;; + DA, is stable. Thus by taking
I D
L, = V(O O)U (4.29)
L. = VFU (4.30)
the lemma is proved. g

Continuing the proof of the theorem, note that using the above lemma, we can express z(k + 1) as follows
z(k+1) =L Az(k) + L.y(k + 1) + L,u(k) — L.r(k + 1) (4.31)

where L. A is stable. If we now define

zo(k+1) = L Az, (k) + Ley(k +1) (432
we can easily see that
Jim M{(z(k) — 2, (k))(z(k) ~ z,(k))7] = P, (4.33)
where P, is the unique positive semi-definite solution of the Lyapunov equation
P, — (L AP(LA = (L. L.) ( 8¢ ) ( P ) . (434)
The theorem is thus proved. ]

Theorem 4.2 Let (4.17)-(4.18) be detectable. Then the algebraic descriplor Riccati equation

o e (50 3)va)" (2)]

has a positive semi-definite solutlion.

P = lim (4.35)

e—o+t




Proof of Theorem 4.2: We prove the existence of a positive semi-definite solution P to (4.35) by showing
that the descriptor Riccati recursion

( ET CT)(( APj,;:+Q i)+cI)ﬂ(g> -

with Py = 0 is monotone increasing and bounded.

To see the boundedness of Py, consider the stable filter (4.32) with z,(0) = Zo. It is then clear that the
associated error variance matrices P,(k) converge asymptotically to P, the unique solution of (4.34) and that
thanks to the optimality of the descriptor Kalman filter, P, < P,(k).

We show that P; is monotone increasing by induction. Clearly

(4.36)

Pj+1 = lim
e—ot

P> Py =0. (4.37)
Now suppose that
Pj .>.Pj—l) (4'38)
then
APAT +Q > AP, AT +Q, (4.39)
(( AP,AT+Q S - AP, AT+Q S -
\( T Q R)+e1) < (( J TST @ R Jtel) (4.40)
Piy1 2 P (4.41)
0

Theorem 4.3 Let (4.17)-(4.18) be detectable and stabilizable. Then for all initial condition Py, as k goes to
infinity, P, converges exponentially fast 1o the unique positive semi-definite solution of the algebraic descriptor
Riccati equation. Moreover, the descriptor Kalman filler converges to a stable filter.

Proof of Theorem 4.3: We have already shown that P; converges when Py = 0, so we start by extending
this result to the case of arbitrary Py. Then we prove that the convergence is exponential by showing that the
asymptotic filter is stable.

It is straightforward to verify that (4.36) can be expressed as

S LT
Pipr = (LiAP(LAT + (L K; )( S?T R ) ( KT ) (442)
j
where
(L K;)= lim
-1
AP; AT - AT -
[ e ((7500 2)ea) ()] ena (50 3)0a)”
(4.43)
The algebraic Riccati equation can now be expressed as
S LT
P=(LAPLA +(L K )( P ) ( XT ) (4.44)

10



where
(L K )= lim

€0+
APAT +Q S -t g\ APAT +Q S -1
[(ET cT)(( ST R)+er)' (c)} ( ET CT)(( ST R>+eI) .
(4.45)
It is not difficult also to see that
LE =1I-KC. (4.46)

We show that LA is stable using the fact that (4.44) has a positive semi-definite solution. Suppose LA is not
stable then there exist a scalar A > 1 and a complex row vector v such that

vLA = Av. (4.47)

From (4.44) we get that

(1-PPwP =v(L K) ( L ) ( IL{fT, )u" (4.48)

where (.)¥ denotes the conjugate-transpose. Since the right hand side of (4.48) is non-negative and its left
hand side, non-positive, we must have

S
v(L K)(SQT R):o. (4.49)
But then thanks to (4.46) and (4.47) we get that
ALE =vLA - MKC. (4.50)
From (4.49) and (4.50) follows that
. AE - A S
v(L A)( . SQT R):o (4.51)

which since (L K) # 0 (vL # 0 thanks to (4.47)) contradicts the stabilizability assumption. Thus LA is
stable. :

Now we must show that for any arbitrary positive semi-definite Py, the descriptor Riccati equation con-
verges. We shall first prove this result for the case where P, is positive-definite. From (4.42) we get that

Pj = (Lj-1ALj_2A..LoA)Po(Lj—1 ALj—2A...Lo A)T + non-negative terms. (4.52)
But P; is bounded thus thanks to the assumption that Pp is positive-definite, we get that
Gj = Lj_1ALj_3A..LoA (4.53)

is bounded. Now let P be a positive semi-definite solution of the algebraic descriptor Riccati equation (4.35),
then using expression (4.36) and after some algebra we can show that

Pj41 — P = (LA)(P; — P)(L; A)T. (4.54)

1



Thus,
Pjy1— P = (LAY (Py - P)GT41, (4.55)

but G; is bounded and LA is stable, which mean that P; converges to P.

To extend this result to the case where P, is only positive semi-definite, simply let P} represent the sequence
of matrices satisfying the descriptor Riccati equation with P} = 0 and PJ? the sequence of matrices satisfying
the same equation with P} > P and P > 0. Then P_,-1 <P < R,? (where P; denotes the sequence generated
by the descriptor Riccati equation with initial condition Py) and since Pj1 and Pj2 converge to P, so does F;.

Note that we have shown that P; converges to P from any arbitrary initial condition Py > 0, where P is
any positive semi-definite solution of the algebraic descriptor Riccati equation. This clearly implies that P is
unique.

Now we have to show that P; converges exponentially fast for any initial condition Py > 0. For this, we
shall show the result for the case where Py > 0 and the case where Py = 0. These results can then be extended
to the general case by an argument similar to the one used to show convergence.

Let P, be positive-definite, then G; is bounded. Thus, since LA is stable, from (4.55) we can deduce that
P; converges to P exponentially fast at a rate determined by the magnitude of the largest eigenvalue of LA.

Now let Py be zero. If for some j, P; becomes positive definite then exponential convergence follows
immediately from the result of the previous case. If P; never becomes positive definite, using the fact that P;
is monotone increasing, it can be deduced that :

Im (P;) CIm (Pj41), j20. (4.56)

Thus for some k > 0,
Im(P;)CIm(P:), j20. (4.57)

This means that there is a projection of z which is estimated perfectly, and a projection, which after the k**
step can only be estimated with a positive definite error variance. We can, without loss of generality assume

that )
. zP(j )
= ) 4.58
z(j) ( 29(5) ( )
where zP(j) is the perfectly observed projection and z9(j) the “non-perfectly observed projection”. In this
case,
0 0
P = ( o P! ) (4.59)
where P/ > 0 if j > k, and
0 0
P= ( 0 P ) (4.60)
where P? > 0. Also note that the dynamics of the descriptor Kalman filter L; A, for j > k, must be block
tri-diagonal:
MP o0
LiA= ( M}]"’ qu ) (4.61)

because 2P(j+1) can only be updated in terms of zP(j) and noise uncorrupted projection of y(j+1) otherwise,
it would not have a zero variance estimate. But we know that

Piyjsr = (LAY P, — P)[LiyjALpyjr A L AT (4.62)

12

~



which if we denote by M? the (2,2)-block of LA, yields
Plyjsn = Miyjqa (P = POIME My METT (4.63)

Note that P{ is positive definite, so
M{ MEy iy ME

is bounded, and since MY is stable, PJ? converges exponentially fast. s

Note the stabilizability assumption in particular implies that
E Q@ S
¢ sT R
has full row rank which implies that*

E Q+ APAT S
c sT R

has full row rank for all P; > 0. Thus, the descriptor Kalman filter can be expressed explicitly as indicated in
Corollary 3.1. The main results of this section are summerized in the next theorem:
Theorem 4.4 Let (4.17)-(4.18) be detectable and stabilizable. Then

1- the descriptor Kalman filter can be expressed as

-1
AP;AT+Q S E (A:E(])

#@j+1) = (0 0 I) sT R C yG+1) |, #0)=3 (4.64)
ET cT o 0
APAT+Q S E\ '/

Piyw = —=(0 0 1) ST R C o}, (4.65)
ET cT o I

2- the error variance matriz P; converges ezponentially to P the unique positive semi-definite solution of
the algebraic descriptor Riccali equation

APAT+Q S E\ ' /o
Pp=-(06 0 1) ST R C o], (4.66)
ET cT o I
3- the descriptor Kahnan filler converges 1o the stable steady state descriptor Kalman filter
APAT+Q S E\ 7' [ Az(j)
#j+1)=(0 0 I) sT R C yGi+1) |. (4.67)
ET cT o 0

Next section is concerned with the construction of the matrix P.

4In general if [X Y], Y > 0, has full row rank then [X,Y 4 Z], Z > 0, has full row rank because Ker Y C KerY + Z.
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5 Construction of the steady state filter

In this section, we show that the solution of the algebraic descriptor Riccati equation can be constructed using
the eigenvectors and generalized eigenvectors of the pencil:

E -Q -8 A 0 O
c -ST -r |, 0 0 o . (5.1)
0 AT o 0 ET 7T

We shall assume throughout this section that the system is detectable and stabilizable.
Lemma 5.1 The pencil (5.1) is reqular and has no eigenmode on the unit circle.

Before proving this lemma, let us introduce the following notation:

F=<§),K:(€),G=(SQT;). (5.2)

The pencil (5.1) can now be expressed as

(¢ &) (5 )} e

and the descriptor Riccati equation as

KPKT+G F\'(o0
P=-(0 1)( FT 0) (I> (5.4)
Proof of Lemma 5.1: All we need to show is that for all z on the unit circle,
F -G K 0
(0 I<T>+‘(o FT) (5:5)

is invertible. Note that thanks to the detectability assumption which can now be stated in terms of the new
notation as: “sF — tK has full column rank for (s,t) # (0,0) and |s] > |t|”, we can see that F' + zK has full
column rank for all z on the unit circle. Now suppose that (5.5) is not invertible, which means that there exist
u and v not simultaneously null such that

F+:K -G _
(u ’U)( 0 I{T+ZFT)—O' (5.6)

If we now let

from (5.6) follows that
uP+vG = 0 (5.8)
a7 = 0. (5.9)

If we now multiply (5.8) and (5.9) on the right by v# and u*f respectively and take the transpose-conjugate
of (5.9) and subtract from (5.8), we get
vGvH =0 (5.10)

which since G is symmetric positive semi-definite implies that vG = 0. Thus since T’ has full column rank,
(5.8) implies that u = 0. But we also have that v(I'! G) = 0 which thanks to the stabilizability assumption
implies that v = 0 contradicting the assumption that u and v are not simultaneously null. o

14



Lemma 5.2 The pencil (5.1) has ezactly n stable eigenmodes.

Proof of Lemma 5.2: Let

— F -G K o0
_ 0 KT 0 FT Y\ _ 0 sKT +tFT
= det(s(F —G)+t(K 0 ))_det(sF+tK —sG (5.11)
then i , . .
0 K 0 F _ 0 tKT + sF
p(t,s)_det(t(F —G)+S(K 0 ))_det(tF+sK -G ) (5.12)
Note that
I 0 0 sKT + tFT Ijt 0 _
0 tI sF+1tK -sG o I/
I 0 0 tkT +sFT \T [ I/s ©
( 0 sl ) ( tF+sK -G ) 0 I (5.13)
and so
tHPp(s, )17 = s"Pp(t, 8)s7", (5.14)
SO
tHP="p(s, 1) = 8P p(t, 5). (5.15)

If we denote the number of zero eigenmodes by 8¢, stable but non-zero eigenmodes by 6,, unstable eigenmodes
by 6, and infinite eigenmodes by 8, from (5.15) and the fact that there are no eigenmodes on the unit circle,
we conclude that

8, = by (5.16)
6o =69 = l+p—n. (5.17)
Finally noting that
So+6s+6utbo=n+l+p (5.18)
we get that the number of stable eigenmodes 6y + 6, = n. o

Theorem 5.1 Let the columns of

(£)

form a basis for the eigenspace of the pencil (5.1) associated with ils n stable eigenmodes, i.e.

E -@ -S X A 0 0 X
c -ST -R i j=l0 0 o0 i |J (5.19)
o AT o Y, 0 ET CT Y,

where J is stable. Then, P, the unique positive semi-definite solution of the algebraic Riccati equation (4.66)
is given by
P=X(ETY, +CTY:) . (5.20)

15



Proof of Theorem 5.1: Using notation (5.2) and by letting
-(h
v= (%) -

P = X(FY)™!. (5-22)

we must show that

Consider perturbing G as follows
G,=G+el (5.23)

and denote the matrix of eigenvectors and generalized eigenvectors associated with the stable eigenmodes of
the perturbed pencil by
X
Y.
and the matrix of eigenmodes by J,:
F -G, X\_(K o0 Xe
(0 %) (5%)=(5 &) (%) 620
It is well know that as € goes to zero, X, and Y, converge respectively to X and Y (J, may or may not converge
to J depending on the eigenstructure of J).
Now suppose that X, is invertible for € > 0. Then we like to show that Y. X! is real valued. Note that

the Jordan blocks of J, that correspond to complex eigenmodes, are in complex-conjugate pairs and thus J,
and J; (where (.)* denotes complex conjugate) are similar, i.e. there exists an invertible matrix W such that

Je=W-LIrw. (5.25)

Thus by using this fact and taking the complex conjugate of both sides of (5.24) and post-multiplication by

W, we obtain
F -G, X;W\N _(K 0 X;w
(5 %) (5w )=(5 &) (3w )~ (520
which implies that columns of
xX:w
YW

form a basis for the space spanned by the stable eigenvectors and generalized eigenvectors of the perturbed
pencil and thus, for some invertible matrix V, we must have

(%)= (%)

YXIU =YX = (Y XTY (5.28)

Thus, if X, is invertible, Y, X! is real valued.
Let us now show that X, is invertible. From (5.24) we get

which implies that

FX.-GY. = KXJ. (5.29)
KTY, = FTy... (5.30)
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If we premultiply (5.29) by Y7 we get
YEFX. =YHG Y. + YAKX.J.. (5.31)
Now if we take the conjugate-transpose of (5.30) and use it in (5.31) we get
YHFX, =YHG Y. +IRYEFXJ.. (5.32)

But (5.32) is a Lyapunov equation with J, strictly stable and so Y¥ F X, is Hermitian positive-semi definite.
So if we let v be any matrix such that X.v = 0, by pre and post-multiplying (5.32) by v¥ and v respectively,
we get

vHYHG Yov=0 (5.33)

which since G, is positive-definite, implies that Y;v = 0. But this is a contradiction because

has full column rank. Thus, X, for small enough ¢ > 0, is invertible. Note that X(0) = X is not necessarily
invertible.

Let us now show that FTY, is invertible. Suppose that FTY, is not invertible, in that case, from the
Lyapunov equation (5.32) we know that there exists an eigenvector w of J, such that

G.Yow=0. (5.34)
If we now multiply (5.29) on the right by w and use the fact that J,w = Aw for some X < 1, we get that
FXw=AMXw (5.35)

contradicting the detectability assumption.’ Thus, FTY, is invertible. Note in particular that since we have
not used the invertibility of G,, FTY(0) = FTY is also invertible.
Now, let us solve for J, in (5.30) and substitute it in (5.29) and factor Y, as follows

FXe=[Ge+ KX (FTY) KT}y, (5.36)
from which we get
(FTY)X ' = FT(G+ KX(FTY)*KT)"'F (5.37)
which implies that
X(FTY)™' = [FT(Ge + K X (FTY)"*KT)~'F]"V (5.38)
which in turn implies that
P(e) = X(FTY)! (5.39)
satisfies the perturbed algebraic descriptor Riccati equation
- KP(e)kT+G. F\™'( 0
Ple)=~(0 I)( ' ()FT 0) I (5.40)

Matrix X (FTY,)™! is real-valued and positive-definite: it is invertible because X, and FTY, are invertible; it

is real-valued because
: X (FTY) ' = (FTY.x7H)! (5.41)

5Detectability and stabilizability are generic properties and thus conserved under small enough perturbations.
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and we have already shown that Y, X! is real-valued; it is positive semi-definite because Y;7 F X, is positive

semi-definite and
X(FTY)™ = [(YEF) YAFX(YFF) ). (5.42)

Now let us show that the solution P(¢) of the perturbed algebraic descriptor Riccati equation (5.40)
converges to P as € goes to zero. For that consider the perturbed descriptor Riccati equation

Pra@==(0 1)( KBOE G © )_1(‘}) (5.43)

with Po(¢) = P. From the results of the previous section, we know that P; (¢) converges exponentially fast to
P(¢) as long as the perturbed system remains detectable and stabilizable. Thus there exists ¢ > 0 such that
for all ¢, 0 < € < €9, P;(€) converges exponentially fast to P(¢) with a rate A.. If we let

A= ogzlsn‘o Ae (5.44)

we can see that for 0 < € < €g, Pj(¢) converges to P(¢) at least with an exponential rate A. Thus, Pj(e)
converges uniformly to P(e). Also note that P;(e) is a continuous function of ¢. But the uniform limit of
continuous functions is continuous and so P(¢) is continuous which implies that

eli}& P(e) = P(0) = P. (5.45)

Finally, using (5.45) and the fact that X, and Y, converge to X and Y, and that FTY is invertible, from
(5.39), by taking limit as € goes to zero, we get that P = X(FTY)~1. a

6 Dual control problem

Consider the following optimal control problem:

Exji12(k+ 1) = Agz(k) + Brgru(k +1), z(0): given (6.1)
N
— 2(i uli Q; S; z(j)
=p o o) (§ 7)) &

Since z is not in general completely specified in terms of u, the minimization is done over the “bitrajectory”

{z,u} (see [3]).

This problem can be expressed as follows

Frp1&(k +1) = Kié(k), &(0): given (6.3)

with N
J = €()TG4E() (6.4)

j=1

where

Fo = (Ex -Bi) | (6.5)
K, = (Ak 0) (6.6)
Gy = ( gk; I*";: ) (6.7)
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Use dynamic programming approach (as in Bernhard et al., but more general). Let .

N .
Vi(€(s), - E(N)) = Y E(k)TGré(k) (6.8)
k=j
and
V(€)= » +g§3 - V;(€(4), - €(N)). (6.9)
It is clear that
Vu(E(N)) = E(N)TGNE(N) (6.10)
and that
Vi1 (€N = 1) = €V = DTGN-16(N = 1) + min€(N)TGE(N). (6.11)

To compute the minimum in (6.11), use the Lagrange multiplier technique: let
H =§N)TGNE(N) + AT (FNE(N) — Kn-14(N — 1)). (6.12)
Now by letting the partial of H with respect to §(N) to zero we get

GNEN)* + FFA =0 (6.13)

( ?‘;’ F(? ) ( 6(11\\,)‘ ) = ( KN—1€(()N— 1) ) (©19

Now assuming that Fy = [Ey — Bn] has full row rank which is a necessary assumption to avoid infinite costs
(inadmissable states) and assuming that [Gy F7] has full row rank (the equivalent of no perfect redundant
information for filtering problem) we get

and thus

gy =(1 0) ( f?g 1”;15 )—1 ( K}g_l )5(1\1-~ 1). (6.15)

Thus
Vi-1(§(N = 1)) = &N — 1)TGN_1£(N - 1)+

a0 kg (S Y (9 0) (& F) (W0 Jeov-n e

which after some algebra yields

-1
Vi (6(V)) = €N = 1)T (GN_l—( 0 KT_, )(gg %3 ) ( 1{13_1 ))g(zv_n. (6.17)

So in geheral
Vi (E(k)) = E(k)T Aré(k) (6.18)

where

. Av FT\'/7 o
Dpoy =Gy — (0 KT, )( F;: (;“ ) (Kk-l ), Any =Gpn (6.19)
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and

. A FENT' (0 -
fwr=(o 1)( 5 A K )&k, (6.20)
If we now let r -1
Pey=—(0 I)(F’c 0 ) (I) (6.21)
which yields
Ay = Gy + KT P Ky, (6.22)
we obtain the dual control filter
-1
x Qi+ ATPiAy S ET 0
( ”%8 ): ( T ) st Ry -BT 0 |ak-1) (6.23)
¢ E; -By 0 Ay
where P satisfies the descriptor Riccati equation
Qr + A;PkAk S EF \'/[o
Pii=-(0 0 1) St Ry -—-Bf 0 (6.24)
E, —-By 0 I
with final condition
Py =0. (6.25)

Clearly, the optimal cost J* = P,.

Note that the descriptor Riccati equation (6.24) is similar to the descriptor Riccati equation for the filtering
problem. Thus all of the results obtained for the time invariant filtering problem extends trivially to this case.
In particular, for the time-invariant, infinite horizon problem

Ez(k+1) = Az(k) + Bu(k +1),

J=§(r(j)T u(4)7 )<s€%‘ ISZ)(

we obtain the following result:

Theorem 6.1 Suppose
(sE—-1tA

|

and
sE—tA

Q
ST

z(0) : given (6.26)
zg; ) (6.27)

B)
)
S
R

have respectively full row and column ranks for all (s,t) # (0,0) and |s| > |t]. Then, the solution to the infinite

horizon problem is given by

. Q+ATPA s ET \'/o
zk)*\ _ (1 0 0 ! e
(U(k)‘)_(o I o)( SET _12 gT) (Z) (k-1) (6.28)
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N

where P is the unique positive semi-definite solution of the algebraic descriptor Riccati equation ...

Q+ATPA S5 ET \"'/o
P=—(0 0 1) sT R -BT | .| o].

E -B 0 I

 Moreover,

P = X(EY; - BY,)™!

X

Y

Y2
Jorm a basis for the eigenspace of the pencil

ET _@Q -5 AT 0 o
-BT _-sT _R |, 0 0 O
0 A 0 0 E -B

associated with its stable eigenmodes.

where the columns of

7 Conclusion

(6.29)

(6.30)

We have generalized, in this paper, the theory of Kalman filtering to the case of descriptor systems. In
particular, we have derived explicit expressions for. the filter and studied its a.symtotlc behavior. The square-

root implementation of this filter will be presented in a subsequent paper.

A Proof of Lemma 2.1 |

First note that the lemma holds when R is non-singular. Now suppose that R is singular and assume without
loss of generality that (2.2) has the following structure (as seen above this can always be achieved by a

coordinate transformation and premultiplication of (2.2) by some invertible matrix),

(5)=(% 2)(5)+(3)

where Ly; has full column rank and % has an invertible variance denoted by R. Let

_f{ Qu Q2
Q= ( Q21 Q2 )

0 0
r=(5 %)
and thanks to the assumption that @ > 0 and R + ¢Q is invertible, we can see that

Q11 > 0.

Then, since
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Expression (2.28) can now be expressed as follows

. Lun 0 \T/f0 o Qu Q o o0 )Y
Pyr = ¢l_!.r?+ (( (;1 Ln) ((0 R>+E(Q;: Q;: )) ( 61 L2 )>

- -1
= lim ( Ly 0 )T( €Qu _Qna ) ' ( L, © ) (A5)
ot 0 Ly €Q21 R+ €Qa 0 Ly ) '
To evaluate the above expression, we need the following identity:
-1
A D A"'+ EA-'F —EA-?
( c B > = ( YNY A-! (A-6)

where A= B—~CA~!D, E= A"'D and F = CA~}. The (1,1)-block entry of (A.8) can also be expressed as
(A—- DB~1C)~!. Using (A.6) with the alternate expression for its (1,1)-block entry, we get that

( €Qu _€Qra )-’ _
€Q21 R+ ¢€Qa -
( (eQui — QR+ eQu)'Qu)t -Qp wlz\R+ €Q23 ~ inlwn Qua)~! ) (A7)
—(R+€Q2 — €Qu Q1Y Q12) ' QuQ (R+€Qa2 — Q2 Q7' Q12)?

We can simplify the above expression by separating terms of order ¢ and higher. The result is

(an _€Q12 ) (Qn /e+ Qi Q2R'Q0Q7 -Qf QmR )+o(e). (A8)

€Qa1 R+ €eQa -R™1Qu Q7! R
Thus we get
. LQ% L11/€+L Ql'Q12R'QunQT Ly —LTiQiQuaR Ly, -1
P - 1 1191 1 11
ML ell’&(( ~LTR'QuQr} L1 . L,,R“L +o(¢)
- -1
= lim (LT1Q111L11/€+L~1 leR 'QuQit Ly -LTQ5 ' QuaR 1Ly, )
e—0+ -Lg;R Q21Qu Ly LzzR—ngz
def . X/e+V Y\
= c‘.‘.%a(( YT 2 ) (A.9)

where X and Z are both positive-definite since Ly, and L, have full rank. Applying the identity (A.8) to
(A.9) we get

— - X! —gX"IY(Z._cyTX—IY)—l 2
Pur = el-l.lgl'v ( ~€e(Z - eYTX-Y)- YT x-! (Z - eYTX-1Y)-? + o(e€®)
, 0 o0
= ( 0 2! ) (A.10)
Thus,
Prc=( o - (A.11)
MEZN 0 (LLR L)t ) ‘
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By a similar argument, expression (2.29) yields

. [ (LhHhen' L) LT e ) 0 ) ) AL
ZML—( 0 (L;ZR—ILzz)'!L;ZR'I z (A.12)

By noting that (L], @1y L11)~*LT, Q! is a left inverse of Ly, we can see that (A.12) is consistent with (2.25)
and thus the lemma is proved. 0

Note that the non-unicity in the expression (A.3) which is due to the fact that Q;; can be any positive-
definite matrix, is related to the non-unicity of the left inverse of Li; when Ly, is not square, i.e., when
redundant, perfect observations are available.

B Proof of Theorem 3.1

Let
xR = (207 2T ... 2(k)7T )T (B.1)
a7 = (2 w7 ... y®)T )T (B.2)
BT = (w07 w()T ... u@k-1)T)T (B.3)
)T = (T 20T ... rk-1T)T, (B.4)

and consider the problem of estimating x(k) based on the following observations

Sex(k) = Beu(k) (B.5)
n(k) = Cix(k)+ p(k) _ (B.6)
where
( -A B
—-A; E;
Y = R (B.7)
\ A B
I
Cy
G = ) (B.8)
Ck

This estimation problem is well-posed because ( g: ) has full column rank (that thanks to the assumption

that ( g: ) has full column rank).

It is easy to see that

k) = (0 .. 0 I)x®k) (B.9)



0

0 (B.10)
I

P = (0 . 0 I)P

where %(k) denote the ML estimate of x(k) based on observations (B.5) and (B.6) and Py the corresponding
estimation error variance.
From the results of the previous section, we know that

s =tmz@(F @)((F 3 )+a) () (B.1)

where : X
-1 -
Zu(e) = [( =7 T ) (( ?f g’: )+c1) ( 2’: )] (B.12)
and where
[ Po
Ry
R, = R, (B.13)
\ Rg-1 )
(Qo
Qr = & (B.14)
\ Qi1
[0 So
s = |00 S (B.15)
\ Sk-1
Note that
S; 0
Sim = ((0 .0 ~4; ) Ej+1) (8.16)
C; 0 ’
Ciy1 = ( 0 C,~+1) (B.17)
R; 0
Rjy1 = ( 0’ Rj+1.)° (B.19)
And thus

-1
Q; S; “lr s
Zjy1(e) = [( e Ca )<( s?:,l Rj:l )-HI) ( C;:xl )] -
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0 .0 O 0 -t
Zi(e)™ ' + ( : : : ) ( : )
o .. 0 91(6) Qg(f) (B.20)

( 0o .. © QQ(C)T ) 93(6)
where
~1
_ Q; S A
Q) = (AT o )(( s}L RJ,- )+eI) ( 0 ) (B.21)
-1 :
.S, E;
Q) = (AT o )(( gf RJ,- )+d) (Cjii ) (B.22)
-1
= T T Qi Sj Ej41
Qa(f) = ( Ej+l Cj+1 )(( Sf RJ >+€I) ( CJ+1 )- (B.23)
If we denote the (j, j)-block e.ntry of Z;(e) by P;(¢) and use the matrix identity (A.6), and the matrix identity
(A+ BCD) ' = A~' — A"'B(C~'+ DA™'B)"'DA™} (B.24)
after some algebra, (B.20) yields
Zjpa(e) =
* *
-1
( 0 . 0 The(Ef Clu )(( A’P’(%‘;’ +Q; '}S‘z’] )+cI) ( A ) )Zj(c) T (e)
i
(B.25)
where #’s denote “don’t care entries” and ,
-1
, —( BT T AjPi()A; +Q; S; Ej
TJH(‘) = ( E.i+1 c'j+1 ) (( SjT Rj +el Cj+1 . (B-26)

It is not difficult to see that Z;(¢) and thus P;(¢) are increasing in € > 0,% and since Pj(¢) goes to Pj as ¢
goes to zero, we have

Pj(€) = Pj + eA + o(€?) (B.27)
where A > 0.
Finally, noting that
%G+ = tim Zaa(e) (T, Ty ) ([ % 9% 4o T o+ (B.28)
emot 11 i+1 Vil ST Rj+1 /" .

we get that

-1 -1
y s o T T Qi Sj+1 I+ AjAA;r E_H-l
Bj+1)= lim [( Eler Ci) (( 5,'&+1 Rj ) e ( 0 I Ci+1

-2
6The derivative of Z;(¢), Z;(¢) = eZ;(e) [( T 7)) (( g} 7‘2 )+c1) ( 3’1 )] Z;(€) > 0, when ¢ > 0.
2
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-1 .
T T Qj+1 Sjn1 I+ AjAAT Ajz;
(27, Cla )(( 5,511 Rin )+e< 0 I y(j +1) (B.29)

. . AAT -1/ 5 -
Pjqr = lim [( Zfa Cin )(( gi‘ﬂ 241 )+€( I+%’AA’ I )) ( it )] (B.30)

€ i+l Rj+1 C.i+1

The Theorem is now proved because (B.29) and (B.30) are consistent with (2.29) and (2.28).
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