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Abstract We present new scheduling techniques for systems of affine recurrence equations.
We show that it is possible to extend carlier results on afline scheduling to the casec when cach
variable of the system is scheduled independently of the others by an afline timing-function. This
new technique makes it possible to analyze systems of recurrence equations with variables in
different index spaces, and multi-step systolic algorithms. We illustrate our method on dynamic
programming and LU decomposition.
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et la décomposition LU.

Mots-clés : récurrences affines, architectures systoliques, synthése automatique,
fonctions de temps affines, programmation dynamique, décomposition LU

*Recherches partiellement supportées par le PRC C? et le projet ESPRIT BRA NANA.
'C. Mauras, P. Quinton and Yannick Saouter sont 4 PIRISA, Campus de Beaulieu, 35042 RENNES-CEDEX,
FRANCE. S. Rajopadhye est & I'Université d’Oregon, Eugene, OR 97403-1202, USA

CENTRE NATIONAL DE LA RECHERCHE SCIENTIFIQUE INSTITUT NATIONAL DE RECHERCHE
(L. A 227) EN INFORMATIQUE ET EN AUTOMATIQUE

UNIVERSITE DE RENNES 1 I.N.S. A. DE RENNES (LABORATOIRE DE RENNES)






1 Introduction

Systems of recurrence equations (RE) [8] are now a widely accepted starting specifi-
cation means for the derivation of parallel algorithms in the field of signal processing.
Methods to derive systolic architectures, and more generally, parallel implementations
of algorithms from RE have been presented by many authors, in the case of Uniform
Recurrence Equations (URE) (see among others[9, 10]). More recently, Rajopadhye and
Fujimoto considered extensions of URE to affine dependences, called ARE[13], and Quin-
ton and Van Dongen presented results on scheduling parameterized ARE (PARE) [11].
All these methods rely upon the notion of dependence vector, which make implicitly the
assumption that all variables are in the same index space. Thus, a preliminary heuristic
transformation is necessary to ensure that this condition is met.

In the following, we show that methods for defining affine schedules can be extended
to the case when the variables have different index space. In section 2, we introduce the
notion of ARE, and of PARE. Section 3 define variable dependent affine timing-functions,
and gives necessary and sufficient conditions that the coefficients of these timing-functions
must satisfy, for both the "non-rippling” and the "rippling” logic assumptions. In section
4, we apply thes notions to several well-known algorithms.

2 Parameterized affine recurrence equations and al-
gorithms

2.1 Systems of affine recurrence equations

Definition

In the following, Z denotes the set of integers. A system of affine recurrence equations
(ARE) is a finite collection of equations of the form '

ze€D—-U(z) = fIVI(z)),..] (1)
where :
e z is a point of Z",

e U and V are variable belonging to a finite set U.

D is the set of integral points of a convex polyhedron of Z", i.e. a set defined by
a finite number of linear inequalities on z (see [16] for notions related to convex
polyhedra). D is called the domain of the equation.

I is an affine mapping from Z" to Z' called indez mapping. I has the form

I(z)=Az+ B

where the constants M and B are integral matrices: M € Z! x Z", and B € Z'.
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e f is a single-valued function that depends strictly on its arguments; we assume that
the function f has complexity O(1).

e the ’..." means that there can be other arguments of the same form as V(/(z)).

e the domains of two equations having the same variable in the left-hand side are
disjoints. This hypothesis ensures that a variable is not defined twice.

Note that all equations need not be indexed in the same subspace, i.e., n is not necessarily
the same for all equations.

Example 1

In order to illustrate this definition we consider the following algorithm for optimally
parenthesizing a string of length n using dynamic programming (see [6, 12, 1]. The
cost for parenthesizing substring i through j (is ¢(7,7) and the cost for the outermost
parentheses is w(z, j).

0<i<j<n — ¢(i,j)= case
j—1>1— min {c(i k) + c(k,j)} + w(i,j) (3)
1<k<y

esac

The fan-in of operator min in equation (4) is not bounded. The above system is therefore
not an ARE. The following is an equivalent ARE obtained by serializing the minimization
in equation (4) starting by the middle:

0<i<j<n — ¢(i,j)= case

j=—i=1-wlj) (4)
j—i>1 - C(5,4, 1)+ w(i, ) (5)

esac

0<i<j<n — C(i3,k)= case
2k>j—-1—> 0 (6)
1 < k,2k < j — i — min{c(i,i+ k) + (i + k, 7),

c(i,j—k)+c(j - k,3),C(,5,k+ 1)} (7)

esac
(8)

2.2 Parameterized ARE

The notion of size parameter is a fundamental one when deriving parallel programs or
systolic arrays. Indeed, the notions of modularity and locality can only be defined in



relationship with the size of the problem. In [11], the notion of parameterized system
of recurrence equation was introduced. Here, we take a slightly different approach, and
introduce parameterized ARE as a special case of ARE.

Definition

A parameterized ARE (PARE) is an ARE whose equations have the form
z€D,peP - U(z,p) = fIV(I(2),p),.] (9)

where, for all equations, p = (p1,p2, ..., Pm) is a point of Z™ named the size parameter of
the system. We assume that P C Z™ is a convex set.

Note that the form of the right-hand side variable index in the definition of a PARE
does not make it possible to have dependences between variables having different size
parameter values. Therefore, a PARE is a collection of independent ARE.

Example 1 (continued)

The PARE for to dynamic programming algorithm is obtained by adding the parameter
n as index for all variables:

0<i<j<n,n2>20 — c(ij,n)= case

j—i=1-w(i,j,n) (10)
j—i1>1-C(,5,1,n)+ w(i, j,n) (11)
esac
0<i<j<n,n20 — C(i,7,k,n)= case
2k > j—i— 00 (12)

1 <k,2k<j—i— min{c(i, i+ k,n) + c(i + k, j, n),
(i, j—k,n)+e(j -k j,n),C(,5,k+1,n)} (13)
esac

(14)

2.3 Reduced dependence graph

Given an ARE, we say that a variable instance U(z) depends directly on V(y) if there
exists an equation

z€D—-U(z) = fIV(I(z)),--]

such that ¢ € D and y = I(z). We say that U(z) depends on V(y), and we denote

U(z) > V(y), iff there exists a finite sequence of directly dependent variable instances
Ui(z1), ... Ux(zk) such that U(z) = Uy(z,) and V(y) = Ui(zk).



The reduced dependence graph (RDG) of an ARE is the graph whose vertices are the
variables U € V of the system, and whose edges are tuples (U, V, D, I'), with origin vertex
U, extremity vertex, V, domain D and index I. There is such an edge for all pair U and
V of all equation z € D — U(z) = f[V(I(z)),...]-

We can define a composition of edges in the following way. Given two edges (U, V, D, I),
and (V, W, E, J) with common vertex V, their compositionis (U, W, DNI~'(E), JoI). The
composition of edges summarizes the information needed to find out dependent instances
of variables.

Finally, given a variable U, we define the domain Dy of U as the convex hull of the
set of points z such that U(z) is defined.

3 Affine variable-dependent timing functions

The scheduling problem is to find a function that associates each variable instance U(z)
with a given non negative instant of time ¢, in such a way that the arguments needed for
the calculation of U(z) are already calculated at time ¢. If such a mapping exists, the
system is said to be ezplicit or computable. In [15], it is shown that the computability is
in general undecidable for parameterized ARE.

A particular case of timing function is an affine timing function, that is to say, a timing
function which is affine in the index of the variables. This case is interesting, because it
is a good model for VLSI array. Here, we extend the usual definition to the case when
the variables do not have the same index space.

3.1 Affine timing-function of an ARE

Define for each variable U, a function ty from Z" to Z, where n is the index dimension
of U, of the form :
tu(z) = Apz1+ oo+ AMozn + au

where A}, ..., A, are integers dependent of U. In the following, we let Ay.z = Ayzy + ... +
UZn-
3.2 Finding affine timing-function

Assume that the evaluation of each function of the system takes at least one unit of time.
The following theorem gives a constructive means for obtaining the functions #y :

Theorem 1 The numbers ;\U, ay,U € V define a timing function iff:
e for all edge (U, V, D, I) of the RDG, we have:

— (i) for all vertex o of D, Ay.o — Av.(I(0)) + ay — ay >0,
— (i) for all ray p of D, Ay.p—Av.Ap>0



e for all variable U,

— (iii) for all vertex o of the domain Dy of U, Ay.o + ay > 0,
— (iv) for all ray p of Dy, Ay.p > 0.

Proof

. Let (U,V, D, I) be an edge of the RDG. Consider a vertex o of D. By definition
of a timing-function, and since o € D, ty(o) > tv(o). Therefore, Ay.oc—Av.(I(0))+
ay — ay > 0, which proves (7).

Let p be a ray of D. Note that, given any point = of D, there exist infinitely many
points in D of the form z + kp, where k € N. By definition of a timing-function,
tu(z) —ty(I(z)) > 0 and ty(z + kp) — tv(I(z + kp)) > 0. But,

(e + kp) — tv(I(@ + kp)) = tu(e) — tv(I(2)) + k(u.p — Av.A.p).

If we had Ay.p — Av.A.p < 0, there would obviously exist k such that ty(z + kp) —
tv(I(z + kp)) < 0, which is a contradiction. Therefore, Ay.p — Av.A.p > 0, which
proves (7i).

As ty is non-negative for all instances U(z), it should obviously be non-negative for

the vertices of the domain Dy, which proves (). Finally, (iv) can be proved by
using an argument similar to the demonstration of (7).

. We prove first that ty(z) > ty(y) whenever U(z) depends on V(y) by induction
on the length of the dependence path between U(z) and V(y). Consider two directly
dependent variable instances U(z) and V(y). By definition, there exists an equation

z€D-U(z) = fIV(I(2)),..]

such that ¢ € D and y = I(z). However, As ¢ € D, z is the sum of a convex
combination of the vertices of D and of a positive combination of rays of D. Thus

T = Z#im’ + Z Vipj
i 3
with 3", 4; =1 and v; > 0 for all 5. We have
t(z) = M.-(3opioi+ 3 vips) + au
i j
= Z pi(Av.oi) + Z vi(Au.p;) + au
i j
> Yo wAwI(o) +av) + 3 v;(Av.A(p))
3 7
= )\VJ(Z 1io; + Z vip;) + av
i j

= tv(y)



which proves the property.

On the other hand, for all U, ty(z) is obviously non negative because of conditions
(11i) and (iv). ]

3.3 Timing-functions under the rippling logic assumption

The above definition of timing-function maps directly the structure of the equations: it is
implicitly assumed that the evaluation of the system is to be performed on an architecture
where the combinational operators are separated by at least one delay. However, this
hypothesis exclude practical cases when one may wish to cascade several combinational
elements. The minimal condition to obtain a systolic implementation is that there is one
delay at least on any elementary cycle of the RDG (see [14, 3}).

For this new model, the following result gives a constructive means for obtaining the
functions ty :

Theorem 2 The numbers Ay, oy, U € V define a timing function iff:
e for any edge (U,V, D, I) of the RDG

— (i) for all vertex o of D, Ay.oc = Av.(I(0))+av —av >0
— (it) for allray pof D, Ay.p— Av.A.p 20

o (i) for all elementary cycle of the RDG with composition (U, U, D, I), for all vertex
oof D, \y.(6c — I(c)) > 0,

o for all variable U

~ (w) for all vertex o of the domain Dy, Ay.c + ay > 0,
— (v) for all ray p of Dy Ay.p 20

We omit the proof which is similar to that of Theorem 1.

The following remarks should be made. First of all, both Theorems provide a sct of
linear inequalities that the coefficients of the functicns ty should satisfy. The number
of such inequalities is finite, as the constraints derived by the rays can be reduced to a
finite set of extremal rays (see [16]). The problem can thus be solved by Integer Lincar
Programming. We do not consider here the problem of finding cptimal timing-functions:
this problem was tackled by several authors, among which [17, 5, 4]. Secondly, if Theorem
1 gives a solution, then the system is computable, but the converse is not true (see [15)).
Thirdly, is is simple to see that Theorem 2 has a solution iff Theorem 1 has one, although
the sets of solutions are not identical.



a

3.4 Affine timing-function for a PARE

Timing-functions for a PARE can be derived directly from the one of the corresponding
ARE, using both theorem. Indeed, the functions ¢ty of the ARE provide a parameterized
expression of the timing-functions of the instances of the PARE. It should be noted
however, that given a particular instance of PARE when p is fixed, there may exist
timing-functions which can not be obtained by this means. In general, what is sought
is a schedule which is modular, i.e. that has the same characteristics for all instances of
the algorithm. This is exactly what we provide here. Moreover, if we are interested in a
subset of problem instances, it suffices to add constraints on the value of the parameter.

3.5 Bounded delay timing-functions

As each variable in the system has its own timing-function, some of the solutions given
by Theorems 1 and 2 may be such that two arguments of the same equation may be
computed at instants of time which differ by an unbounded number. It is possible to
modify the conditions of both Theorems in order to exclude such situations. To do so, it
suffices to replace condition (i} of Theorem 1 or 2 by:

e (i’) for all ray Ay.p — Av.A.p = 0.

Theorem 3 When condition (i1) of Theorem 1 is replaced by (ii’), then all solutions are
such that for all edge (U,V,D,I) of the dependence graph, ty(z) — tv(I(z)) is bounded
when z € D.

Proof Obvious. | ]
This condition restricts the solution space of the timing-function, and is very often
useful in practice (see 2D-convolution above).

4 Examples

In the following section, we apply the above theory to three examples.

4.1 Dynamic programming

The usual way of handling this example is to replace the occurrence of ¢(¢, 3) by C(z,7,1),
in order to have all variables in the same space. In [12], it is shown that this system has
the timing-function t(¢,5,k) = j — ¢ — k.

Theorem 1 provides a way to handle this example without doing a substitution.

To do so, we need to find out the generating system of the domains D¢ and D.. The
domain D¢ has one vertex (1,3,1,3) and extremal rays (0,0,0,1), (0,2,1,2),(0,1,0,1),
and (1,1,0,1). The domain D, has one vertex (1,3,3) and extremal rays (1,1, 1), (0,0,1)
and (0,1,1).



Denote the timing-function of C by ALi + A:j + A2k + A&n + ac, and the timing-
function of ¢ by A2+ A%j + A2n + a.. To illustrate the application of Theorem 1, consider
the dependence between (C(i, j, k,n),c(i,7 + k,n)) in equation (13). Its domain is De¢.
Therefore, we must have:

AL+ + AL 430 Al 2224303 tac —a, > 1 (15)
DL+ =222 > 0 (16)

ML+ > 0 (17)

A HAL 4L - -2 > 0 (18)

M=% > 0 (19)

Inequality (15) comes from the vertex (1,3,1,3) of D¢. Inequalities (16 - 19) come
respectively from rays (0,2, 1,2), (0,1,0,1), (1,1,0,1), and (0,0,0,1).

Applying this to all dependence pairs, and adding the conditions (i) and (¢v) for
obtaining a positive timing-function gives a system of 23 inequalities. The single vertex
of this domain is AL = Ay = Al = -1, A2 = M2 =1, ), = M =0, ac = -1, and
a. = —2. It represents a possible solution, actually, the one that minimizes the total
amount of time. In other words, C(z,j, k,n) should be computed at time j — ¢ — k — 1,
and ¢(z,j,n) at time j — i — 2, which is, up to an additive constant, the solution provided
by [12]. Note that here, the timing-function is independant of n.

4.2 LU decomposition

Consider a square matrix A of size n. The LU-decomposition algorithm aims at finding
an upper triangular matrix U, and a lower triangular matrix L such that A = LU. The
most "natural” equations for LU decomposition are the following ones;

0<k<i<nk<ij<n — A(ij k n)= case
k=0 a(i,j) (20)
k>0— A(i, 5,k =1,n)— L(i,k,n) x U(k,j,n) (21)

esac
1<i<n1<j<i — L(i,jn)=A@,4,7-1,n)/U@, j,n) (22)
1<i<ni<j<n — U(ijn)=A(,5,i—1,n) (23)

Let ta(s, 5, k,n) = Ahi + A45 + Ak + Mn + aq4, to(s,5,n) = ALi + A2i+ An+ oy, and
tu(i,7,n) = A+ A4j + Ayn + ay. Consider as an example the dependance between
A(Z, 7, k,n), L(z, k,n) in equation (21). The domain of this equation is {0 < k¥ < : £
n,k <j < n}. This domain has one vertex (2,2, 1,2), and five rays (1,0,0,1), (0,1,0,1),
(1,1,0,1), (0,0,0,1), and (1,1,1,1). By applying the conditions of Theorem 1, we obtain
the following set of inequalities:

224 #2202 A3 120 o —-20, A —2)0 —aL>1 (24)
AL+ X =2, =-A1 >0 (25)
A=A >0 (26)



AL+ AL+ A5+ X - =2 - >0 (27)
A+ +X ==X >0 (28)
Ma=Az 20 (29)

Applying the same to all dependence pairs, provides a system with 10 variables and 38
inequalities. Once solved, this system has one vertex, which corresponds to the solution
ta(t, o kn) =i+ j+ k-2, t(s,5,n) =1+ 2j — 2, and ty(s,j,n) = 2t + 5 — 2. This
solution corresponds to the usual schedule when one wants to design a systolic array for
this algorithm.

4.3 2D-Convolution

The final example we consider aims at showing that our approach makes it possible to
compute directly the parameterized form for the timing-function, when it depends on
the parameter. Consider an image whose pixel intensity is denoted by z(z,7), and a
coefficient window w(k, 1), where {—p <7 < p, —p < j < p}. The equation for computing
the 2D-Convolution is:

14 14
0<i<N,O0<j <N — y(i,5,Np)= Y > wk,Dz(i+k,j+1). (30)
k=—pl=—p

After serialization of the )~ operator, introducing new intermediate variables Y and Z,
we get:

0<i<NOSj<N — y(i,5,N,p)=Y(i,j,p,N,p) (31)
0<i<NOLj<N,—-p—1<k<p — Y(ijk N,p)= case
k=-p-1:0 (32)
-p<k<p:Y(,jk—1,N,p)
+2(i, 5, k,p, N,p) (33)
esac

0<i1< N,0Lj<N,
-p<k<p-p-1<i<p — Z(i,j k1, N,p)= case
l=-p-1:0 (34)
~-p<I<p:Z(3,j,k,1-1,Np)
4wk, N, p)x(i+ &k, 5+ ,N,p) (35)

esac

Once applied to this system, Theorem 3 provides a convex set, defined by 34 inequalities,

with two vertices. After adding constraints on the coefficients of ¢y and tz, so that the
input data z(7,j) are treated sequentially for increasing value of ¢ and j, the solutions
are ty(4,5,k,N,p) =t +j+ k+3p+ 2, tz(3,5,k,,LN,p) =i+ j+k+1+2p+ 1, or
ty(3,5,k, Nyp) =1+ 7 +2k+4p+2,and tz(z,5,k, LN,p) =247 +2k+ 1+ 2p+ 1. The
first one is faster.



5 Conclusion

The natural recurrence equations for most of the algorithms involves variables with differ-
ent index spaces, which does not make it possible to use the notion of dependence vector.
We have shown here that one can overcome this problem by associating different afline
timing-functions to the variables, we have given necessary and sufficient conditions that
the coeflicients of these timing-functions must satisfy, for both the ”non-rippling” and
the "rippling” logic assumptions. This theory applies directly to many problems, such as
dynamic programming, LU decomposition, and 2D-convolution which are presented here,
and avoids in particular preliminary heuristic rewriting of the equations. An important
consequence of this work is the possibility to handle directly multi-step algorithms (see
).

The notion of system of parameéterized affine recurrence equation introduced in [11]
and used here is also of great importance, as it captures the notion of problem for which
a modular and uniform solution should be found. We have shown that it amounts to
consider a system of affine recurrence equations, the variables of which are indexed by the
parameters.

Finally, let us mention that all the examples treated here have been solved using the
ALPHA du CENTAUR environment presented in [7]. In particular, the calculation of
the generator systems of the convex sets was done using the ”"geometric engine” of this
environment, which is a package of routines for calculations on convex polyhedra.

Open problems that are not tackled here are the extension of usual projections meth-
ods for obtaining processor allocations for a given algorithms, and also extensions of
uniformizations techniques.
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It has been argued for a long time that parallelism in a programming language makes the programming task far more
difficult. This statement is undoubtedly true in the context of imperative languages because the programmer has to
mentally manage several threads of control. Let us remark however that even sequential imperative programming
entails an operational reasoning which is difficult to master. This suggests that the origin of the problem lies in the
imperative paradigm rather than in parallelism itself. We go even further: we believe that parallelism is a powerful
structuring facility that could profitably be exploited in program construction. We should make a distinction here
between logical parallelism and physical parallelism. Physical parallelism is related to the implementation: it
corresponds to the distribution of tasks on several processors. By logical parallelism, we mean the possibility of
describing a program as a composition of several independent tasks. Of course, a particular implementation can turn
logical parallelism into physical parallelism but these two notions have very different natures: the former is a
program structuring tool whereas the latter is an implementation technique. Unfortunately, the term parallelism is
often used without distinction for both of these concepts, which makes any discussion about parallelism very
confusing. In this paper we use the term parallelism for logical parallelism; we are not concerned with
implementation issues.

In fact the confusion between these two kinds of parallelism is part of the heritage of several decades of
imperative programming. Another aspect of this lack of discrimination is the pervasive use of the sequencing
operator ";" in imperative programming. This operator has been introduced because imperative programming
languages were supposed to be "abstract” models of traditional von Neumann machines. As a consequence, most ";"
in imperative programs reflect the need to model sequential machines, whereas few are really imposed by the logic of
the program.

For example let us consider the following program fragment:

ma ;= max_array(a);
mb := max_array(b);

m := max(ma,mb)

where max_array is supposed to be a user-defined function yielding the maximum element of an array. The first
occurrence of ;" is not related to the logic of the program (the first two statements could be exchanged without
altering the meaning of the program); it is imposed by the (supposed) underlying architecture. The second occurrence
of ";" however expresses a logical dependency between the first two statements and the last one (exchanging them
would alter the meaning of the program).

This distinction is related to the more general issue of the separation of correctness and efficiency concerns: it is
now admitted that correctness should be the primary concern in program development; it is only in a second stage
that provably correct solutions should be used to derive more efficient versions. To this respect let us quote [6]:
"The basic problem in programming is managing complexity. We cannot address that problem as long as we lump

together concerns about the core problem to be solved, the language in which the program is to be written, and the



hardware on which the program is to execute. Program development should begin by focusing attention on the
problem to be solved and postponing considerations of architecture and language constructs”. In order to achieve this
goal, one should be able to build in the first place an abstract version of the program in a high level language. In
particular, these abstract programs should be free of artificial sequentiality. Unfortunately, to our knowledge, there is
no available formalism allowing such an abstract description of programs. Let us take a simple example to illustrate

this point. The problem is to find the maximum element of a set. In an imperative language the set can be

represented as an array a/! :n] and a possible program is:

maxset;: m:=a[l];
ix=1;
*li<n —
i:=i+l;

m:= max(m, ali])]

While the condition i < n holds, index i is incremented and a new value of m is computed.

In a functional language, the set would be represented as a list and the program would be:
maxsety(l) = if tail(l) = nil then head(l) else max (head(l).maxsety(tail(l}))

In both cases the program imposes a strict ordering between the comparisons of the elements: the first element is
compared with the second, then their maximum is compared with the third, and so forth... In both formalisms one
could imagine a less constraining solution involving implicit parallelism. For example, in the functional language a

divide-and-conquer version of the above program would be:

maxsety(l) = if tail(l}) = nil then head(l) else
let (1;.15) = splis(l) in

max(maxsetz(l;), maxset;(l,))

where split (Iy,.... Iy) = (({},....dp;2) (Ip;2 4 1.-.-.0y)). Here again a (non-strict) ordering is imposcd on the
comparisons: for example the first and last elements of the list will not be compared (except in the case where they

are the maxima of their respective sublists).

In fact the maximum of a sct can be computed by performing the comparisons of the clements in any order. So

we would like an abstract algorithm of the form:

while there are at least two elements in the set

select two elements of the set, compare them and remaove the smaller one

This is almost a GAMMA program. In GAMMA such a statement can be written as follows:



maxsety (s) = IT(R,A)) (s) where
R(xy)=x<y
A(xy) = {y}

Function R specifies a property to be satisfied by the selected elements; these elements are replaced in the set by the
result of the application of function A. Nothing is said in this definition about the order of evaluation of the
comparisons; if several disjoint pairs of elements satisfy property R, the comparisons and replacements can even be
performed in parallel. An intuitive way of describing the meaning of a GAMMA program is the metaphor of the
chemical reaction: the set can be seen as a chemical solution, function R (called the reaction condition) is a property
to be satisfied by reacting elements and A (the action) describes the product of the reaction. The computation
terminates when a stable state is reached, that is to say when no elements of the set satisfy the reaction condition.
Let us now give a more formal presentation of GAMMA., The basic data structure in GAMMA (General
Abstract Model for Multiset mAnipulation) is the multiset, which is the same as a set except that it may contain
multiple occurrences of the same element [16); the multiset is sometimes referred to as a bag. The benefit of using
multisets is the possibility of describing compound data without any form of constraint or hierarchy between its
components. This is not the case for recursively defined data structures such as lists which impose an ordering on the
examination of elements (function maxset, above is an illustration of this constraint). The control structure
associated with multisets is the I' operator; as we have seen on the above example, I reflects the absence of hierarchy
in the data structure and entails some kind of chaotic model of execution. Its formal definition can be stated as

follows:

TRy AD..(RpAm)) (M)=
if Vie [1m], Vx)..x, €M, IR (x]...xp)
then M
else letxp,...x, € M, letie [I,m] such that R; (xj...x,) in
C(RIAD.ARp AR (M - (x],..xp)) + Aj(x]...%p)

The notation {..} is used to represent multisets. There is no ambiguity here since we never usc simple sets. The
basic operations on multisets are the following:

- union: the number of occurrences of an element in M; + M3 is the sum of its numbers of occurrences in M; and
Ms.

- difference: the number of occurrences of an element in M - My is the diffecrence between its numbers of
occurrences in M and My (if this difference is greater than or equal to zero, otherwise it is zero).

- product: M x N is the cartesian product of M and N.

- maximum: the number of occurrences of an element in M U N is the maximum of its numbers of occurrences in M
and N.

- minimum: the number of occurrences of an element in M /N is the minimum of its numbers of occurrences in



M andN.

- cardinal: card(M) yields the sum of the numbers of occurrences of all the elements of the multiset M.

We use 3x},..x, € M as a shorthand notation for 3 {x;,...x,] €M, which means that x;,...x, are different
elements of the multiset (even if some of them may possibly possess the same value); this is in contrast to

3x; € M,.., 3x, € M, where xj,...x,, are not necessarily different elements.

(R;.A;) are pairs of closed functions (functions whose definition does not involve global variables) specifying
reactions. The effect of a reaction (R;,A;) on a multiset M is to replace in M a subset of elements {xj,..,x,,} such
that R; (xj,...xp) is true by the elements of A; (x;,...x,). If no elements of M satisfy any rcaction condition (Vi €
[1m], ¥xj..%, €M, R;(x]...x,)) then the result is M; otherwisc the result is obtained by carrying out one
reaction (M - {x},..x,}) + Af(x],...x,)) and repeating the same process. The above definition implies that if one or
several reaction conditions hold for several subsets at the same time, the choice which is made among them is not
deterministic. The importance of the locality property of GAMMA cannot be overemphasized: if the reaction
condition holds for scveral disjoint subsets, the reactions can be carried out independently (and simultaneously). This
property is the basic reason why GAMMA programs do generally exhibit a lot of potential parallelism.

GAMMA programs can be composed using the traditional functional notation. Furthermore, functions R; and
A; can be defined by pattern matching on the form of their arguments; pattern matching can also be used to extract
elements from a multiset (for example m where {m} = I'((R,A))(G) is the extraction of the unique element of the
result multiset). It should be noticed that the arguments of R; and A; must be of the same form since A; is applied
to arguments satisfying R;. The notation used above to describe GAMMA programs may scem slightly awkward
since it requires two separate definitions for R; and A; which entails the duplication of the text of their formal

arguments. An alternative syntax could be:

replace (x]....x,) such that "text of the condition”

by "text of the action”

Nevertheless we shall keep the original syntax here because it emphasizes the functional nature of reaction conditions
and actions.

We discuss in next section the programming style entailed by the GAMMA formalism. Then we illustrate the
expressive power of the language with a variety of problems: numerical problems, sorting problems, string
processing problems, graph problems, gcometric problems, and process synchronization problems. The conclusion
contains a comparison with rclated work and a discussion of the role of a high Icvel language like GAMMA in the

program construclion process.

THE GAMMA STYLE OF PROGRAMMING

In this section we illustrate three programming styles through a simple example: the imperative style, the functional
style and the GAMMA style. Our objective is to emphasize the distinguishing propertics of GAMMA and to exhibit
" the basic programming mecthodology in GAMMA.,



Prime number generation

The goal is to produce the prime numbers less than a given N,

Imperativ ion

These solutions are based on standard sieve techniques, which rely on the fact that the (i+] )‘h prime number (with
i21) is the smallest integer exceeding the ith prime that is not divisible by the first i primes. Integers greater than
VN which have not been eliminated by divisions by integers less thanVV are prime. We present two solutions in a
traditional imperative language with guarded commands: a sequential program and a program with explicit

parallelism.

Sequential solution
Initially array ¢ contains 2 and all odd integers less than N, and eventually the first &_max elements of ¢ contain the

primes less than N, [X ] represents the smallest integer greater than X.

begin
var max: integer init [(N+1)/21;
t: array(1: max] of integer;
var k_max: integer init max;
var n: integer init 3;
var i integer init 2;
var current_odd: integer init 2;
var p, k, m: integer;
tf1] :=2;
sl i <max > i) :=n;i:=i+l; n:=n+2];
*[ t[current_odd] < W —
i:=current_odd+1; k :=1i;
p:=il{current_odd];
*f ISk max —
m:=1tfi];
[multiple(m.,p) — skip@ not(multiple(m,p)) — t[k] := m; k:= k+1];
ir=i+l
k
k_ max :=k;

current_odd := current_odd+1

end



To simplify this solution, we have used function multiple(x,y) which returms True if x is a multiple of y and False
otherwise. The invariant maintained by this program is: (Vi € [1: current_odd], t[i] € {primes less than N}). The
program is made of two embedded loops; iteration eliminates numbers between t/current_odd + 1] and t[k_max]
which are multiple of the prime ¢[current_odd]; t[current_odd] corresponds to the last detected prime, i is the index of
the element of the array currently being processed and k is the index of the last element in the current array which is
not a multiple of tfcurrent_odd].

This sequential program is rather hard to understand. It involves several state variables used to manage the
computation of primes and the necessary updatings of ¢. Shorter imperative programs can be proposed but they are
not significantly simpler and we have chosen to present this one because it is closer to the functional and GAMMA

solutions.

Parallel solution

This solution is expressed in CSP [15] and it is inspired by a program given in [15]. It is defined in terms of an array
of processes, sieve, in which each process first inputs a prime p from its predecessor, prints it, and then transmits to
its successor all the numbers received from its predecessor that are not multiples of p. There is no dynamic creation
of processes in CSP; so it is necessary to determine statically the exact number of processes necessary to carry out
the computation. In fact, [V ] + 2 processes are necessary: one process computes the even integers, [ VN Jprocesses
compute the primes less than [vN 7 and one process collects integers greater than /v ] and not eliminated. An extra

process named print is supposed to be available to gather the primes and to print them.

begin
sieve[0] ::
print ! 2; n: integer; n:= 3;
x[ n <N —sieve[l] ! n; n:= n+2]
I
sieve(i:l..[W1) ::
p: integer;
sieve(i-1) ? p;
print ! p;
[ m: integer; sieve(i-1) ? m —
[multiple(m,p) — skipo not(multiple(m,p)) — sieve(i+1)!m]
)
/]
sieve[ [WT1+1] ::
x[n: integer; sieve[ [VN ] ? n — print ! n]
end



Functional solutign
This recursive solution uses two auxiliary functions: int_between(m, n) which produces the list of integers (m..n)

and filter(p, x) which eliminates all niulﬁpleé of p from List x.

primes (N) = prime_numbers (irit_betweén (2,N))
Silter (p, y) = if multiple (head (y), p) then filter (p, tail (y))
| else cons ( head(y), filter(p, tail(y)))
int_between (m, n) = if m > n then il ’
else cons (m, int_bbet'w;en (m+1, n))
prime_numbers (1) = if null(l) then nil
else cons (head(l), prime_numbers( filter(head(l), tail(l)))

GAMMA solution
In GAMMA the solution consists in removing multiple elements from the multiset {2,....N}. The result multiset

contains exactly the prime numbers less than N: a prime number cannot be eliminated from the initial multiset and

eliminated elements are obviously not prime numbers.

prime_numbers(N) = I{(R, A)) ({2, ...,FN) ) where
R(x, y} = multiple(x, y) :
A(x, y) = {y}

Compared with the previous solutions, the GAMMA program is far more concise and easier to understand. The
reason is that many computational details are left unspecified in GAMMA. Both imperative solutions are more
intricate because they give a precise description of execution order (expressed through the ";" operator in the
sequential program and through explicit process communication in the parallel program) and memory management
(through the use of a collection of variables). The functional solution is also lower level because list construction
and decomposition have to be made explicit. In fact, one could say that the GAMMA program captures in a natural
way the basic strategy applied in the imperative and functional solutions, namely to eliminate multiple elements
from the set {2,....N}.

As a consequence of the absence of commitment to a particular execution order, the GAMMA program can be
implemented naturally in a parallel way [2]. This is also the casc for the parallel imperative program but the major
difference is that the programmer is responsible for parallelism management and he must have a precise knowledge of
the underlying architecture to write a program suitable for parallel execution. This is a case where conflicts may arise
between logical parallelism used as a programming technique and the physical parallelism necessary to exploit a
particular architecture. The functional solution can also be implemented in a parallel way: functions int_between,
filter and prime_numbers can be executed in a pipeline but the parallelism is far more constrained than in the
GAMMA program where all comparisons between different elements can potentially be performed simultaneously. It

should be clear that we do not claim here that a realistic parallel implementation of GAMMA is straightforward. In



fact any reasonable implementation of GAMMA must rely on sophisticated derivation techniques. What we claim is

that our high level of abstraction eliminates unfortunate sequential biases.

Program construction in GAMMA

The GAMMA model of computing puts forward a quite unusual approach to program design. A program is no longer
a sequence of instructions modifying a state, or a function applied to its arguments but rather a multiset transformer
operating on all the data at once. The development of GAMMA programs entails a choice in data representation and a

choice in the type of transformation applied to this data.

D. mposition

The unique data structure provided in GAMMA is the multiset. Elements of multisets may be basic or composed
values (even multisets) but there is no recursive data structure definition in GAMMA. So the first task to perform
when designing a program in GAMMA is to find a representation of data as a multiset of items. If the program has
to operate on basic valucs such as integers, a suitable decomposition of these values has to be found. For example
the prime_numbers program above decompdses its argument N into a multiset {2,...,N). Next section contains
another decomposition of integers in terms of prime factors. Complex data such as sequences, trees or graphs can be
represented as multisets in a straightforward way: for example, the components of a multiset representing a tree are
the nodes and the leaves of the tree associated with parenthood information, the components of a sequence multisct
are pairs (index,value) ... It is a distinguishing property of GAMMA to view all data structures as flat multisets: all
the components of a data structure are directly accessible, independently of their position in the structure. If the
position in the structure is relevant to the reaction, it has to be expressed via the reaction condition (R(x,y) =
leftson(x,y) for example, in a tree manipulating program). We can say that GAMMA has a topological view of data
types; this contrasts with the traditional recursive view of data types where a walk through the data is necessary to

access a particular component. This property has decp effects on the GAMMA programming style.

Relaxation

Rclaxation is a method used in mathematics to solve sysicms of equations by iteration; first an cstimate vector
solution is produced (guessed), and the crrors in the initial cstimation are decrcased and relaxed as calculation
continucs. The same method may be applied for solving many problecms with the GAMMA paradigm. The initial
multiset represents a (possibly rough) estimate of the solution and a serics of actions refine this estimate until a
proper solution is found. In the prime number gencrator example, the initial multiset {2, ..., N} can be scen as a
rough estimate of the sct of prime numbers less than N, and the computation refines the result by climinating the

anomalics (non primes).

D. Xpansion an ion
Programming by relaxation is suitable when the basic structure of the result is known. Let us now take a ncw
example to illustrate two other programming tcchniques: data cxpansion and reduction. The following GAMMA

program computes Fibonacci(n) where Fibonacci(n) =if n <1 then I else IF ibonacci(n-1)+Fibonacci(n-2):



fib(n) = m where v
{m} = sigma(gen({n}))
gen(N) = I'(R;. A}), (R, A3)) (N) where

Ryn)=n>1
Apn)={n-1,n-2)
R2(0) = true

Ax(0) = {1}

sigma(M) = I'(R, A)(M) where
R(x,y) = true
Alx,y) = {x + y}

The initial number n is decomposed into a number of ones which are then summed up to produce the expected result.
By data expansion, we mean the decomposition of values into a collection of items. Computation stops when the
multiset is a collection of indivisible elements. Data expansion involves unary reaction conditions and actions. In the
fib example above, gen performs a data expansion, indivisible elements are ones. Reduction corresponds to the case
where a multiset of items is reduced to a singleton by successive applications of the action. In the Fibonacci
example, the sigma operator proceeds by reduction: a multiset {1, ..., 1} is transformed into a singleton multiset by
a serics of sums,

Data expansion and data reduction are dual programming techniques: the former decomposes values into
collections of simpler components and the latter gathers individual elements to build more complex values. A
comparison of the GAMMA program with the original functional version of Fibonacci shows that data expansion
corresponds to the recursive function calls and reduction to function returns. On the other hand, rclaxation does not
transform the structure of the multiset but proceeds by successive refinements. The three programming techniques

described here are put into practice in the rest of the paper to solve a wide range of problems.

NUMERICAL PROBLEMS
Numcrical problems are often used to test the expressivencss of linguistic constructs. We have chosen two examples

here: the classical factorial problem and the prime factorization of an intcger.

Factorial

The following GAMMA program computes n/:

fact(n) = I(RA)) ({1, ... . n}) where
R(x,y) = true
A(x, y) = {xxy}

This very simple program is an illustration of the rcduction technique. It should be noticed that no constraint is put

on the order in which multiplications are performed. No imperative or functional solution exhibits such a freedom in

10



the execution order.

Prime factorization of an integer

A fundamental theorem of arithmetic states that every positive integer n can be written as a product of primes, and

that this decomposition is unique. This fact gives a one-to-one correspondance between positive integers and

multisets of prime numbers; for example if n = 22 %33 % 11, the corresponding multiset is {2, 2, 3, 3, 3, 11}.
Given a positive integer n, the set of prime numbers less than or equal to n, can be obtained using the program

primes presented earlier. The notation P® {(n, 0)} represents the set of triples (p;,n,0), where p; € P.

factorization(n) = Py (P( prime_numbers(n) ® {(n,0)})) where
Py(M)=TT1(R;, A)IM)
Py(M) = IT(Rp, Ap)) (M)
Ri((ng, np, k) = multiple(n, n})
Aj((ng, n3, k) = {(n}, nping, k+1)}
Ry((ny, np, k)) = true
Ax((ny, n3, k) = {ng....nj}  (multiset with k occurrences of n)

P} proceeds by relaxation to evaluate the coefficient associated with each prime number and P) removes unnecessary
information from the triples. The prime factorization of the greatest common divisor, the least common multiplier

and the product of two numbers can be computed very easily from their prime factorization:

gced (MN) =M NN
lem(M\N)=M UN
producttM\N) =M + N

SORTING PROBLEMS
We illustrate the relaxation principle through three instances of the gencral problem of sorting a collection of values

according to a particular criterion.

Multiset partitioning

Given two multisets of integers S and T, the problem consists in partitioning S +7 into two multisets §* and T’
such that S + T=S8"+T', card(S) = card(S’) and card(T) = card(T’), and every element of S’ is smaller than or equal to
every clement of 7°. This is a generalization to multiscts of the traditional set partitioning problem. The solution in
GAMMA consists in gathering all the clements into a multiset {(x,inS) / x € S} +{(x,inT) /| x € T} and exchanging
values (x,inS) and (y.inT) such that x > y until the solution is reached (inS and inT are tags representing the origin

of the value).

11



sp(S.T) = I(RA)) (S x {inS) + T x {inT})) where
R((xinS).(y,inT)) =x >y
A((x,inS) (y,inT)) = {(x,inT).(y,inS)}

Traditional solutions to this problem proceed sequentially by selecting the greatest element of § and the smallest
element of T and exchanging them until the former is smaller than or equal to the latter. In contrast, our solution

performs exchanges in a chaotic way and the tag associated with a value may switch several times.

Dutch national flag

This variation of the partitioning problem has been proposed by Dijkstra. The goal is to sort an array of elements
designated red, white or blue so that all the red elements appear before the white, which in tum appear before all the
blue elements [10]. We assume that the initial multiset contains at least one element of each colour. In GAMMA,
the array is represented by a multiset of pairs (index,colour) and the pfogram proceeds again by exchanging ill-sorted

clements until the solution is reached.

dnf(Array) = IT(R A)) (Array) where
R((ired),(jwhite)) =i> j
A((i,red),(jwhite)) = {(iwhite),(j,red)}
R((i,white).(j.blue)) =i > j
A((i,white),(j,blue)) = {(i,blue),(jwhite)}

Sorting
We consider now the general sorting problem: the goal is to organize the elements of an array in increasing order.
We use again a multiset of pairs (index,value) and the program exchanges ill-ordered values until all values are

well-ordered.

sort(Array) = I'(R,A)) (Array) where
R((iv)(jw)) = (i>])and (v <w)
A((iv)(jw)) = {(Ew)(jv)}

STRING PROCESSING PROBLEMS
A string can be seen as a linear sequence of characters. Strings are central in many applications of computer science
such as word processing systems for example. We present here threc well-known string processing examples: the

telegram problem, the longest upsequence problem and the majority element problem.
The telegram problem

The telegram analysis problem can be stated as follows [10]: it is required to process a stream of tclegrams, each

terminated by a string ZZZZ. Words are separated by one or more spaces. The resulting telegram must have a single
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space between words and no leading or trailing spaces.

Data items are represented as triples (v, i, s), where v is the value of the data item (a character or a space), i is the
index of this item and s is the shift to be used for accessing the next significant data itcm in the sequence. Initially, s
is equal 1o 1 for all triples. The first character has index I and a string ZZZZ is added in the front of the sequence to

avoid special treatment for the first telegram,

telegram_analysis (M) = T'((R;, A}), (Rp, A2).(R3, A3), (Ry, Ag)) (M+{(Z,-3,1)(Z,-2,1)(Z,-1,1)(Z2,0.1)})
where

Rj((space,ij, s]), (space, ip, s3)) = (i3 = i} + 57)

Aj((space, i], s1), (space, i3, s7)) = {(space, i}, 5] + 52 )}

Ro((vy, i1, 871),(v2,10,82)) = (ip =ij +5] and 57 > 1)

Ax((vy.ig, 57), (v2.in,52)) = {(v]. i}, 1), (va,ip + 1,51 + 59 -1)}

R3((Zi,1)(Zi+1,1)(Z,i+2,1),(Z,i+3,1),(space,i+4,k)) = True

A((Zi,1)(Z,i+]1,1)(Zi+2,1)(Z.i+3.1)(space,i+4 k)) =
UZi1)(Z,i+] 1) (Z2,i+2,1)(Z,i+3.k+1)}

Ryl(space,i-1,1)(Z,i,1)(Z,i+1,1)(Zi+2,1)(Z,i+3k)) = True

Ayl(space,i-1,1)(Z,i,1)(Z,i+1,1)(Z,i+2,1)(Z,i+3 k) =
((Zi-1I(Zi1)(2i+] 1) (Z,i+2.k+1)}

Each rcaction corresponds 1o a particular requirement of the specification: (Ry, Ay) and (Ry, Ay) are used for space
climination ((R ;,A ;) periorms the elimination at the price of increasing shifts and (R, A2) compacts the telegram)
and (R3,A3),(Ryq, Aq) for climination of the first and last spaces. According (o our classification, this program
performs a relaxation (the initial muitisct being a first approximation of the solution).

This problem which is presented in [10] as inherenatly scquential, is given here a solution with a high potential
for parallclism: climination of extra spaces and compaction may be carried out concurrently and can lead to a fair

amount of parallclism.

The longest upsequence problem
A subsequence is obtained from a sequence by deleting some (non necessarily adjacent) values. A sequence is called
an upsequence if its values are in non-decreasing order. The problem is to compute the length of the longest
upscquence of a sequence.

A scquence is represented as a set of triples (n, x, 1,)), where x is the value at index n and {, is the length of the
longest known upscquence ending at index a. We first give a GAMMA program which compultcs all the triples (n, x,

[,); Mg is a multiset of pairs representing the initial sequence:
lup(Mg) = T(R, A) ({(k, x4, 1) | (k. x) € Mg})  where

Ri(n, xp, 1,), (k, xp, lp)) =(n < kand x, <xpand l} <!, +1)
Alln, xpy. L), (ko xg, L)) = {(n, xp, D) (k, xp, Ly + 1))
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A second program max is required to find the maximum of the lengths {;.

max(M) = I(Rpyaxs Amax) (M) where
Rmax ((n' xn' In)v (kt xk' Ik)) = (lk SI’I)
Apax ((n, xp, 1p), (k, xp, 1)) = {(n, xp, 1)}

The GAMMA program evaluating the longest upsequence is the following:
lus(M) = Iy where {(k, xy, I)} = max(lup(Mp))
Program lup performs a relaxation and max is a reduction.

The majority element problem
The majority element of a multiset M is an element occurring more than card(M)/2 times in the multiset. We

propose first a solution to the problem of finding the majority element, assuming that such an element exists:

maj_elem(M) = I'(R, A)(M) where
R(x,y)=(x#y)
A(x,y) = {}

This solution can be seen as an abstract (and parallel) version of the "hands-in-the-pocket” presentation given in [14].
Let us now discharge the assumption of the existence of a majority element. We require a program yielding the
majority clement if it exists and L otherwise. Elements of the original multiset are represented by pairs (v, n),

where v is the value and » is the number of occurrences of v represented by the pair; initially n = 1 for all values.

maj_elem(M) = Pj(Pyo(Mx{1}),card(M)) where
Py(M) = T{(Ry, Ap)) (T\(R;, A]))(M))  where
Ry((vi.np). (va.n3)) =(vy =v3)
A((viinp) (v2.n2)) = {(vy.np + m))}
Ra¢(vy. np). (v2.n2)) = (n] 2n3)
Ax((vy, n1). (v, n3)) = {(v], n})}
Pp(Mcj = if n>cl2 then velse L
where {(v,n)} =M

This program is an elaborated version of the previous onc. The numbers of occurrences are necessary to decide
whether the resulting value is a majority element. Reaction (R;,A}) performs a rclaxation to evaluate the number of
occurrences of cvery value in the multiset and (R3,A2) is a reduction yielding an element whosc numbcr of

occurrences is maximum. This is yet another problem usually presented as inhercntly sequential which has a nice
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GAMMA solution with a high potential for concurrency.

GRAPH PROBLEMS
Many problems are naturally formulated in terms of graphs. We show in this section how three fundamental graph
problems can be dealt with in GAMMA: the connectivity problem, the shortest-path problem and the minimum

spanning tree problem.

Connectivity
An undirected graph is a collection of vertices (or nodes) and edges. Vertices are simple objects and edges are
connections between two vertices. A path from vertex x to y is a list of vertices in which successive vertices are
connected by edges in the graph. A graph is connected if there is a path from every node to every other node. The
problem we consider here is to decide whether a graph is connected or not. The idea of the GAMMA program is to
build bigger and bigger aggregates of connected nodes: the graph is connected if and only if all the nodes can
ultimately be gathered into one aggregate. This program is a typical example of application of the reduction strategy.
Graphs are represented as multisets of vertices and edges: a vertex x is denoted by the singleton {x} and an edge
connecting x to y is represented by a pair (x,y). We use the boolean function vertices to test whether an element of

the multiset is a set of vertices. The GAMMA program is the following:

connected (G) = singleton (IT(R} A1), (R2,A2)) (G)) where
Rjy(vw, (m,n)) = vertices(v) and vertices(w) and me vandne w
Aj(vyw, (m,n)) = {v +w}
Ra(v, (m,n)) = vertices(v) and me vandne v

Ax(vi(m,n)) = {v}

Function singleton tests whether the multiset is a singleton or not. Reaction (Rj,A;) consumes three elements of
the multiset: two sets of vertices v and w and an edge connecting one element of v 10 one element of w. It yiclds a
larger set of connected vertices v +w. Reaction (Rj,A7) is just a specialization of (R;,A;) which involves only one
vertex. It is used to remove edges of the graph that are no longer necessary. It is easy to see that if all the nodes of
the graph are connected they will eventually be gathered into one set of vertices and all edges will be removed by
(Rp,A5). If the graph is not connected, the nodes will never be gathered into one set and the resulting multiset cannot

be a singleton.

Shortest path

We consider now a weighted directed graph: a cost is associated with each edge and edges are "one-way". The length
of a path is the sum of the costs of its edges. The problem consists in finding the length of the shortest path from x
to y for all pairs of vertices (x,y). The initial multiset contains one triple (n,m,c) per pair of vertices (n,m) in the
graph. If an edge (n,m) is present in the initial graph, then c is the cost of the edge (n,m), otherwise the value of ¢ is

oo (oo satisfying the property V' n, n < o), The resulting multisct is composed of triples (n,m,c) where ¢ represents
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the length of the shortest path from 2 to m. If there is no path from n to m the value of ¢ is ©. The GAMMA

program is the following:

shortest_path(G) = IV(R.A)) (G) where

R((v}.v.c12)(v2.v3.623), (V]v3.c13)) = €13 > €12 + €23
A((viv2.c12)(v2.v3.623). (v1.v3.c13)) = {(v1v2.c12)(v2.v3.623), (VI.v3, c12 + 23))

The cost associated with a pair of vertices represents the length of the shortest known path between the two vertices.

The program performs a relaxation, decreasing costs until they represent the length of the shortest path.

Minimum spanning tree

We define the cost of a weighted graph as the sum of the weights of its edges. The problem is to find a minimum
spanning tree which is defined as a subgraph of minimum cost connecting all the vertices of the graph. The idea for
solving this problem in GAMMA is to proceed by reduction, building larger and larger local minimum spanning
trees until all the vertices are included into one single tree which is a minimal spanning tree of the graph. Initially
local minimum spanning trees are just individual vertices and two local spanning trees are aggregated using the
shortest edge between them. We represent a graph as a multiset of quadruples (V,ST.E,M). V is a sct of vertices
connected by the edges in ST; the graph represented by the edges in ST is a minimum spanning tree connecting the
vertices in V. E is the set of triples (n,m,c) such that n € V and there is an edge of cost ¢ connecting n and m; M is
a triple (n,m,c) of E of minimal cost such that m ¢ V. The initial multiset contains one element ({n} ,@.E,(n,m,c))

per vertex n of the graph. The following GAMMA program computes the minimum spanning tree of a graph:

min_sy(G) = ST where {(VST.EM)} = I'((RA))(G) where
R((V;.ST}1.Ep(npmp.cp))(V2.8T2.Ez.(np.mp,c2))) =my € Vo
A(V.ST1.Ej(ngmp.c1))(V3,85T2.Es.(ny.ms.c2))) =
{(V] +V3, 8T +8Ty +{(np.mj.c;)}, E; +Ep, min( V;+V3, Ej+E)))}

min(V.E) = (n,m,c) where {(nmc)} = I(R",A")) (I{(R"A’}) (V + E))-V) where
R'(n(n’.nc)) = True
A'(n(n',n,c)) = {n}
R"((ny.mj.cy). (np.mp,c2)) = ¢} <c2
A((np.mp.cp). (na.ma.c2)) = {(n;.mp.c})}

The program min(V E} performs a reduction: it eliminates edges connecting two clements of E (reaction (R°,A’)) and

then removes from the multiset all edges but one (reaction (R”,A”)): the residual clement of the multiset is an edge

of minimal cost.
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GEOMETRIC PROBLEMS
The problems we have studicd so far have involved numbers, texts or graphs; we describe in this section two
problems involving points: the convex hull problem and an image processing application. Both problems are handled

by rclaxation, starting with an approximation of the result.

Convex hull

The convex hull of a set of points in the plane is defined to be the smallest convex polygon containing them all. A
convex polygon has the property that any line connecting two points inside the polygon must lie entirely inside the
polygon [10). It is easy to show that the vertices of the convex hull of a sct of points P arc elcments of P. The
GAMMA program is based on the following property: a point of the original sct is a vertex of the convex hull if and
only if it is not strictly inside a triangle made of three other points of the sct. The initial multiset contains the

coordinates of all the points and computation proceeds by throwing out points that fall inside a triangle.

convex(Points) = T'((R,A)) (Points) where
R((i1j1)(i3d2)(i343)(i4dg)) = inside ((igdq), ((i141).(12d2).(i343))
A((ipd P (i202)013d3) (igdg)) = {(ipd ) (i2d2)(i343)}

Function inside takes a point and a triangle and returns true if the point falls inside the triangle. It involves intricate
tests and computations on the coordinates of the points. A gencralization of this function to any polygon is given in
(10].

An image processing application

A theory called mathematical morphology was proposed some years ago to solve problems in image processing
applications [20]. We describe the treatment in GAMMA of edge detection, a classical image processing problem,
along these lines. Each point of the image is originally associated with a grey intensity level; then an intensity
gradicnt is computed at each point and edges are defined as the points wherc the gradient is greater than a given
threshold T. The gradient at a point is computed relative to its neighbours: only points at a distance d less than D arc

considered for the computation of the gradient. The gradient at a point is defincd in the following way:

G(P) = maximum(neighbourhood) - minimum(neighbourhood)

where neighbourhood = {intensity(P’) | distance(P.P’) < D}

Functions maximum and minimum yicld respectively the maximum and the minimum of a multiset of values. The
GAMMA program uses a multiset of quadruples (P,l,min,max); P is a pair representing the coordinates of a point, [
is the intensity level of the point and min and max are the current values of minimum(neighbourhood) and
maximum(neighbourhood) of the point. The initial value of min and max is {. The evaluation consists in decreasing
min and increasing max until the limit values are rcached. A second GAMMA program removes from the multisct

the points where the gradient is less than the threshold.
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edges(Points) = select(T((R}1.A;).(R2,A2)) (Points)) where
R (P l.min,max),(P' I’ min’max’)) = (distance(P,P’)) < D and (I’ < min)
A((Pl,min,max)(P"l'min’max’)) = {(P Ll max),(P"l'min" max’)}
Ro((P Lmin,max),(P'l'min’,max’)) = (distance(P P’)) < D and (I' > max)
A((P.Iminmax),(P'l'min’ max’})) = {(Plminl’),(P"l',min’,max’)}
select(Points) = I'((R],A1),(R2.A2)) (Points) where
Ry((Plminmax})) = max - min < T
Aj((Plminmax)) = {}
Rj((Pl.min,max)) = max - min 2T
Aj((P.l,min,max)) = {(P,l)}

The treatment of a larger image processing application (namely the recognition of the tridimensional topography of
the vascular cerebral network) in GAMMA is described in [7].

PROCESS SYNCHRONIZATION

In this section, we present solutions in GAMMA to some problems usually chosen in concurrent programming as
typical challenges to test the expressiveness of synchronization constructs: the dining philosophers problem and a
resource allocation problem. Before describing these programs let us emphasize that we use GAMMA in a quite
different way in this section: we are not interested in the result of the evaluation (the problems we solve here
typically require non terminating programs) but rather in the possible values of the multiset during the computation.
In these examples, the multiset is seen as a representation of the state of the system. Furthermore, GAMMA being a
very high level formalism, it makes it possible to express very concise solutions to these problems. Of course these

solutions must rely on a correct implementation of the formalism (one possible implementation is described in [2]).

The dining philosophers

The formulation of the problem is the following: five philosophers spend their lives thinking and eating. They share
a common dining room where there is a circular table surrounded by five chairs, each belonging to one philosopher.
In the center of the table there is a bowl of spaghetti which is endlessly replenished, and the table is laid with five
forks. However the spaghetti is so hopelessly entangled that two forks are necessary simultaneously to eat.

The problem is to find a protocol ensuring two fundamental properties: (1) there is no deadlock in the system
and (2) there is no starvation (any hungry philosopher will be able to eat after a finite amount of time). Each
philosopher may only use his two adjacent forks, and may only eat for a finite amount of time.

The state of the system is represented by a multiset containing the available forks and the identities of cating
philosophers. The initial multiset {Fy), F}, F, F3, F4} contains five forks; imagine that philosopher P; is allowed
to eat with forks F; and F, then the new multiset will be: {Fy, P;, F3, F4}. When P; has finished eating he
returns his two forks so that another philosopher may use them. The following GAMMA program expresses this

protocol (® represents addition modulo 5):
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philosophers = F((k}. A1) (R2,A3)) ({Fg. F;, Fp,F3,Fy4}) where
Rj (Fi, Fip) = True
Al (Fy Figp) = {P}}
Ry (Pj) =True
APy = (Fi, Figl}

The GAMMA paradigm allows a direct expression of a deadlock-free solution because the basic synchronization
facility offered is precisely the atomic operation on a collection of items. The absence of starvation is guaranteed by
the assumption of fairness in the selection process. A parallel implementation of GAMMA exhibiting these
properties is described in [2].

Three solutions to this problem are presented in [3). First, philosophers try to collect independently their left and
right forks and this may lead to a deadlock situation because all philosophers may decide to take their left fork
simultaneously ... before trying to seize their right forks. A second solution allows a philosopher to seize atomically
two forks; this solution uses the monitor concept which offers nice synchronization facilities. However, this
solution does not guarantee the absence of starvation because the philosophers can conspire in order to prevent one of
their number from getting his two forks. This problem cannot be solved without introducing some asymmetry into

the protocol. This can be done by allowing only four philosophers around the table at a given time.

A resource allocation problem

Consider a computing system where n users Uj, ..., U, share a common pool of resources {7y, ..., rg}. Each user
can be in one of the three following states: passive, waiting for a resource and busy. Transitions between these three
states can occur as follows: passive — waiting — busy — passive .... The state of the system is represented by a
multiset containing the identities of free resources, the identities of busy users represented by pairs (user;, resource
aIIocatedj), the identities of waiting users represented by pairs (user;, waiting) and the identities of passive users

represented pairs (user;, passive). The following GAMMA program solves the problem:

resource_management = I' (R}, A}), (Ry, Ap), (R3, A3)) ({ry, .., Tk, (Uj, passive), ..., (Up, passive)})
where
R)((U;, passive)) = True
Aj((U;, passive)) = {(U;, waiting))
R((U}, waiting), rj) = True
A2((Uj, waiting), rj) = {(Uj, 1)}
R3((U;, rj)) =True
A3((U;, rj)) = {(U}, passive), r}-}

We use a single multiset to represent users and resources. It would be possible to extend GAMMA with appropriate

syntactic sugar to be able to usc a separate multiset for each user and for resources. This would allow us to keep the

programming closer to the logic of the problem, but would not change the spirit of the solution.
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CONCLUSION

We have shown in this paper that the multiset transformation paradigm can be used to provide elegant solutions to a
wide range of programming problems. We have exhibited three basic programming principles (namely relaxation,
expansion and reduction) that we have put into practice to build all the programs presented. It may be surprising at
first glance that such a simple formalism possesses enough expressive power to solve in a natural way such different
problems. We believe that the most fruitful approach to programming language design is to start with a few basic
principles and to exploit them as far as possible. In this respect, we cannot resist the temptation to quote
E.W.Dijkstra eighteen years ago: "Another lesson we should have learned from the recent past is that the
development of "richer” or "more powerful” programming languages was a mistake in the sense that these baroque
monstrosities, these conglomerations of idiosyncrasies, are really unmanageable, both mechanically and mentally. I

see a greal future for very systematic and very modest programming languages." [8).

Program derivation

It should be clear that GAMMA is not a programming language in the usual sense of the term. GAMMA programs
are executable but any straightforward implementation would be extremely incfficicnt. We sce GAMMA as a
convenient intermediate language betwecn specifications and programs: it is possible to express in GAMMA the idea
of an algorithm without any detail about the order of execution or the memory management. For example, you can
tell in GAMMA that your strategy to sort a sequence is to exchange values, that you want to find the convex hull by
removing the points inside a triangle, and so forth. Further program derivation may spccialize these abstract
programs by choosing a particular data representation and a particular exccution order. For example, sclection sort.
bubble sort or quicksort can be obtained from the abstract exchange sort program presented in this paper by applying
differcnt derivation strategics. Actually GAMMA is currently used in the context of program derivation 11 2|
GAMMA programs arc first derived from a specification in first order logic; then a sccond derivation step s
performed to obtain traditional programs (for scquential or parallcl machines) from this GAMMA program The
derivation is based on the notions of variant and invariant propertics [9,13]. Using an intermedinte fuene e 5
GAMMA makes the derivation easier because it allows a nice separation of concerns: the first step (the derivaiiong i
the GAMMA program) is rclated to the logic of the algorithm, whereas the second step cxpresses lower level choices
such as data representation or execution order. In order to show the relevance of GAMMA for program dcrivation, lct

us consider an informal specification of a sorting program:

M =sort(Mp) <=>

Viiv).(jw) eM i>j=>v2w and (1)
{i [(iv)e M} ={1, .., card(Mp)} and (2)
{v/(iv) € M} = My 3)

Let us choose (1) as the variant property: this implics that the program has to procced while the negation of (1)

holds:
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not(l) = 3(iv),(jw) €M, i>jand v<w

If we look at the definition of GAMMA, we can see that the reaction condition precisely states the condition to be
satisfied by some elements of the set for the computation to proceed. So the reaction condition can be derived from

the negation in a straightforward way:

R((iv)(jw)) =(i > jland (v<w)

According to the invariant (2) and (3), the indexes and values cannot be modified; so the only possible action

consists in exchanging values and indexes:

A((iv).(jw) = {(i,w).(.v)}

The termination of the derived program can be shown using a multiset ordering. The invariant can then be used to
derive an array implementation of the multiset (the set of indexes is constant and equal to {I,...,n}); the most
straightforward orders of execution lead to selection sort, insertion sort or bubble sort but quicksort or heapsort can
be derived as well (the latter involving a different data representation choice).

Another remarkable benefit of using GAMMA in the derivation is that GAMMA programs do not have any
sequential implementation bias. In fact it is often the case that problems which are usually considered as inherently
sequential turn out to have a parallel solution in GAMMA (and very often this is indeed the most natural solution).
The spanning tree problem, the set partitioning problem and the longest upsequence example are good illustrations of

this property.

Related works

It is interesting to note that even in the context of program construction many people have felt the need to describe
algorithms in an abstract way very much in the spirit of GAMMA. Let us quote for example Sedgewick in [19),
page 489:"The Ford-Fulkerson method described above can be summarized as follows: "start with zero flow
everywhere and increase the flow along any path from source to sink with no full forward edges or empty backward
edges, continuing until there are no such paths in the network.” But this is not an algorithm in the usual sense, since
the method for finding paths is not specified, and any path at all could be used." This is followed by the description
of a particular implementation of this idea for an algorithm. In the same way Goldberg and Tarjan have recently
presented a new algorithm for the maximum-flow problem by giving first an abstract version in the form of two
applicability conditions and associated actions [12].

The term "production systems" has been used rather loosely in artificial intclligence to denote systems described
in terms of a global database, a set of production rules and a control system [17]. The production rules operate on the
global database. Rules are associated with applicability conditions and the control system chooses the next rule to
apply. A global termination condition is used to stop the computation. The globality of the production rules and

termination conditions and the specification of control make these systems rather different from the GAMMA
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formalism. These systems include a control component because the need to express a control strategy is often crucial
in artificial intelligence applications. However very restricted forms of production systems called decomposable
production systems exhibit locality properties allowing certain freedom in the order of application of the rules [17).

Actually several formalisms bearing some similarities to GAMMA have been proposed recently, which seems to
denote a current trend towards high level languages of this form. In [6], Chandy and Misra describe a language, called
UNITY (for Unbounded Nondeterministic Iterative Transformations), and its associated proof system. A UNITY
program is essentially a declaration of variables and a set of multiple-assignment statements. Program execution
consists in selecting nondeterministically some assignment statement, executing it and repeating forever.
Nondeterministic selection is constrained by the following "fairness” rule: every statement is selected infinitely often.
The main objective of UNITY is the systematic development of programs which can be implemented on different
(distributed or centralized) architecturcs. Program development is carried out in two basic steps: first a correct
program is derived from specifications, then this program is adapted to the target architecture; this adaptation is
achieved by transformations of the original program in order to make control explicit. The multiple-assignment
statement is used to express the mapping onto synchronous shared-memory architectures and the mapping onto
asynchronous architectures is achieved by the partitioning of the statcments of the program.

The major differences between the GAMMA model and UNITY may be summarized as follows:

- UNITY is based on a static data structure, the array, which makes less natural the treatment of problems
involving data whose size may evolve dynamically.

- the multiple assignment statement, which is the basis of UNITY, entails an imperative style of programming.

- the notion of locality is not emphasized as it is in GAMMA. Computations which may be carried out in
parallel arc determined in a special design phase which aims at mapping the UNITY program onto a particular target
machine. This mapping phase transforms a UNITY program without explicit parallelism into an cxplicitly parallel
program; this phase is carricd out as rigorously as possible but still remains informal.

- the associated proof techniques arc more complex and program derivation is morce laborious cspecially when
dealing explicitly with paraliclism.

However we should mention that the goal of the proponents of UNITY was a bit different to ours since we do
not auempt 10 model within the GAMMA formalism the exccution of programs on various kinds of architcctures
(although GAMMA programs can also be mapped on various architectures).

A programming notation, called associons, has been proposed in [18]. Essentially, an associon is a tuple of
names defining a relation between entities represented by these names. The state of the computation can be changed
by the crcation of new associons representing new relations deduced from the alrcady existing ones. Such deductions
are described in a closure statement who«e execution may be decomposed into several simple activities which may be
run in parallel.

The spirit of the proposal is quite similar to the ideas which have led to the GAMMA model. However scveral
important diffcrences may be highlighted:

- the locality principle which is of prime importance in the GAMMA formalism is not emphasized in the
associons modcl. This comes essentially from the fact that negated presence conditions (which correspond to global

propertics on the set of tuples) arc allowed in the associon model.
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- unlike GAMMA, the associon model is deterministic; in order to ensure this property, the execution of an
action (creation of new associons) cannot invalidate another action; this entails a potential independence between
actions but introduces restrictions on the type of actions which are permitted.

- GAMMA is based on multisets while the associon model is based on sets. We find that the extra degree of
freedom provided by the use of multisets is very useful as far as program construction is concerned. Furthermore, this
freedom is necessary to satisfy the locality property (no global test is needed to check that a produced element is not
already present).

Let us also mention the Linda approach [5,11]. Linda contains a few simple commands operating on a tuple
space. Adding these tuple-space commands to an existing base language produces a parallel programming dialect.
Linda's model is based on generative communications. If two processes need to communicate, the producer adds a
tuple to a particular domain, and the consumer may read (destructively or not) this information from the tuple space.
Data and program objects are represented in a uniform way as passive or active tuples. Of course, several processes
may be active on the same tuple space, thus allowing parallel tuple processing. Linda is a very simple
communication model that can easily be incorporated into existing programming languages. As such, Linda is not a
computational model. However, in the same way as the GAMMA model, it shows clearly how advanced data
structuring facilities such as tuple spaces or multisets may greatly simplify the programming task.

Last but not least, fet us mention the Chemical Abstract Machine (or cham) proposed by Berry and Boudol {4] to
model asynchronous concurrent computations. The cham is an elaboration on the original GAMMA formalism
introducing the notion of subsolution enclosed in a membrane. It is shown that models of algebraic process calculi
can be defined in a very natural way using a cham. The fact that concurrency is the primitive built-in notion makes

proofs far easier than in the usual process semantics.
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