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Multi-Scale Autoregressive Processes
Part I: Schur-Levinson parametrizations

Michéle Basseville!, Albert Benveniste!
IRISA, Campus de Beaulieu
35042 RENNES CEDEX, FRANCE

Alan S. Willsky?
Laboratory for Information and Decision Systems, and
Department of Electrical Engineering and Computer Science
Massachusetts Institute of Technology

Cambridge, Massachusetts 02139, USA

Abstract

In® many applications (e.g. recognition of geophysical and biomedical sig-
nals and multiscale analysis of images), it is of interest to analyze and recog-
nize phenomena occuring at different scales. The recently introduced wavelet

transforms provide a time-and-scale decomposition of signals that offers the

possibility of such analysis. At present, however, there is no corresponding sta-
tistical framework to support the development of optimal, multiscale statistical

signal processing algorithms. In this paper we describe such a framework. The

theory of multiscale signal representations leads naturally to models of signals
on trees, and this provides the framework for our investigation. In particular,
in this paper we describe the class of isotropic processes on homogenous trees
and develop a theory of autoregressive models in this context. This leads to
generalizations of Schur and Levinson recursions, associated properties of the
resulting reflection coefficients, and the initial pieces in a system theory for
multiscale modeling.
EDICS: 5.2, 5.2.1, 6.1.4.

Keywords: Multiresolution signal analysis, statistical models, Schur-Levinson

parametrizations.
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1 Introduction

The investigation of multi-scale representations of signals and the development of
multiscale algorithms has been and remains a topic of much interest in many con-
texts. In some cases, such as in the use of fractal models for signals and images
[4, 30] the motivation has directly been the fact that the phenomenon of inter-
est exhibits patterns of importance at multiple scales. A second motivation has
been the possibility of developing highly parallel and iterative algorithms based on
such representations. Multigrid methods for solving partial differential equations
[9, 24, 31, 33] or for performing Monte Carlo experiments [14] are a good example.
A third motivation stems from so-called “sensor fusion” problems in which one is in-
terested in combining together measurements with very different spatial resolutions.
Geophysical problems, for example, often have this character. Finally, renormal-
ization group ideas, from statistical physics, now find application in methods for
improving convergence in large-scale simulated annealing algorithms for Markov
random field estimation [19].

One of the more recent areas of investigation in multi-scale analysis has been
the development of a theory of multi-scale representations of signals [27, 29] and the
closely related topic of wé.velet transforms [15, 21, 26, 16, 23, 17, 22]. These methods
have drawn considerable attention in several disciplines including signal processing
because they appear to be a natural way to perform a time-scale decomposition
of signals and because examples that have been given of such transforms seem to
indicate that it should be possible to develop efficient optimal processing algorithms
based on these representations. The development of such optimal algorithms—e.g.
for the reconstruction of noise-degraded signals or for the detection and localization
of transient signals of different duration—requires, of course, the development of
a corresponding theory of stochastic processes and their estimation. The research
presented in this and several other papers and reports [13, 5, 14] has the development
of this theory as its objective.

In the next section we introduce multi-scale representations of signals and wavelet




transforms and from these we motivate the investigation of stochastic processes on
dyadic trees. In that section we also introduce the class of isotropic processes on
dyadic trees and set the stage for introducing dynamic models on trees by describing
their structure and introducing a rudimentary transform theory. In Section 2 we
also introduce the class of autoregressive (AR) models on trees. As we will see, the
geometry and structure of a dyadic tree is such that the dimension of an AR model
increases with the order of the model. Thus an nth order AR model is characterized
by more than n coefficients whose interdependence is specified by a complex relation’
- and the passage from order n to order n + 1 is far from simple. In contrast, as we
will show, we obtain a far simpler picture if we consider the generalization of lattice
structures.

In particular, in Section 3 we introduce forward and backward prediction error
processes on dyadic trees, and, as for time series, we develop Levinson-like recursions
for these processes as the order of prediction increases. While the basic structure of
our analysis is very much the same as for time series, there are significant new issues
that must be addressed for processes on dyadic trees. In particular, we will see that
the dimension of the prediction error processes increases with the order of predic-
tion (due essentially to the fact that the number of nodes at a given distance from
a specified node increases geometrically with distance). This requires significant
care in computing the projections, required in the Levinson’s recursions, of error
vectors of one order on those of the preceding order. The result is an apparently
complicated set of expressions. However, as we explore in Section 4, the constraints
of isotropy lead to significant simplifications in the required projections. Indeed, we
will show that all of these apparently different vector projections collapse into pro-
jections onto scalar averages (or barycenters) of the prediction error vectors. Thus,
as for time series, only one reflection coefficient is needed to specify the Levinson
recursion at each stage, and in Section 4 we also develop Schur-like recursions for
the computation of these reflection coefficients. As we will see, the constraints that
the reflection coefficients must satisfy are somewhat different than for the case of

time series.



The actual construction of whitening and shaping (or modeling) filters for the
oniginal process requires, of course, the full error processes and not just their
barycenters. In Part 1I of this paper ([1]) we build on the results of Sections 3
and 4 to construct and analyze whitening and modeling isttice flters for AR pro-
cesses. In particular, we will see that the constraints on ihe rcefiection coeflicients
are again necessary and sufficient for stability, and we also use our analysis to study
in detail the Wold decomposition for isotropic processes. One important result here
is that all isotropic AR processes can he modeled using our Schur/Levinson/lattice

construction.




2 Multiscale Representations and Stochastic

Processes on Homogenous Trees

2.1 Multiscale Representations and Wavelet Transforms

The multi-scale representation [28, 29] of a continuous signal f(z) consists of a
sequence of approximations of that signal at finer and finer scales where the ap-

proximation of f(x) at the mth scale is given by

fm(z) = io f(m,n)¢(2"z — n) (2.1)

n=—00

As m — oo the approximation consists of a sum of many highly compressed,
weighted, and shifted versions of the function ¢(z) whose choice is far from ar-
bitrary. In particular in order for the (m + 1)st approximation to be a refinement

of the mth, we require that ¢(z) be exactly representable at the next scale:
#(z) = ¥ hin)#(2z ~ n) (2.2)

Furthermore in order for (2.1) to be an orthogonal series, ¢(t) and its integer trans-
lates must form an orthogonal set. As shown in [16], h(n) must satisfy several
conditions for this and several other properties of the representation to hold. In
particular h(n) must be the impulse response of a quadrature mirror filter {16, 35).

The simplest example of such a ¢, k pair is the Haar approximation with

1 05z«

0 otherwise

¢(z) = { (2.3)

0 otherwise

h(n) = { 1 n=0 (2.4)

Multiscale representations are closely related to wavelet transforms. Such a

transform is based on a single function ¥(z) that has the property that the full set



of its scaled translates {2"‘/ 2p(2mx — n)} form a complete orthonormal basis for

L?. In [16] it is shown that ¢ and 3 are related via an equation of the form
P(z) = ; g9(n)é(2z — n) (2.5)
where g(n) and h(n) form a conjugate mirror filter pair [35], and that
frmi1(z) = fm(2) + Xn: d(m,n)$(2"z — n) (2.6)

fm(z) is simply the partial orthonormal expansion of f(z), up to scale m, with
respect to the basis defined by 3. For example if ¢ and h are as in eq. (2.3), eq.
(2.4), then
1 0<z <1/2 :
P(z)=¢ -1 1/2<z <1 (2.7)

0 otherwise

1 n=0
gn)=49 -1 n=1 (2.8)

0 otherwise

and {2"‘/21/)(2’":1: - n)} is the Haar basis.

From the preceding remarks we see that we have a dynamical relationship be-
tween the coefficients f(m,n) at one scale and those at the next. Indeed this
relationship defines a lattice on the points (m,n), where (m + 1,k) is connected
to (m,n) if f(m,n) influences f(m + 1,k). In particular the Haar representation
naturally defines a dyadic tree structure on the points (m,n) in which each point
has two descendents corresponding to the two subdivisions of the support interval of
#(2™z — n), namely those of ¢(2(™*+Vz —2n) and ¢$(20"+Vz —2n —1). This observa-
tion provides the motivation for the development of models for stochastic processes
on dyadic trees as the basis for a statistical theory of multiresolution stochastic

processes.

10



2.2 Homogenous Trees

Homogenous trees, and their structure, have been the subject of some work [2, 3,
12, 18, 11] in the past on which we build and which we now briefly review. A
homogenous tree T of order q is an infinite acyclic, undirected, connected graph
such that every node of 7 has exactly (g + 1) branches to other nodes. Note that
g = 1 corresponds to the usual integers with the obvious branches from one integer
to its two neighbors. The case of ¢ = 2, illustrated in Figure 1, corresponds, as we
will see, to the dyadic tree on which we focus throughout the paper. In 2-D signal
processing it would be natural to consider the case of ¢ = 4 leading to a pyramidal
structure for our indexing of processes.

The tree 7 has a natural notion of distance: d(s,t) is the number of branches
along the shortest path between the nodes of s,t € T (by abuse of notation we use T
to denote both the tree and its collection of nodes). One can then define the notion
of an isometry on 7 which is simply a one-to-one map of 7 onto itself that preserves
distances. For the case of ¢ = 1, the group of all possible isometries corresponds
to translations of the integers (¢ — t + k) the reflection operation (¢t — —t) and
concatenations of these. For ¢ > 2 the group of isometries of 7 is significantly larger

and more complex. One extremely important result is the following [18]:

Lemma 2.1 (Extension of Isometries) Let T be a homogenous tree of order g,
let A and A’ be two subsets of nodes, and let f be a local isometry from A to A',
t.e. fis bijection from A onto A’ such that

d(f(s), f(t)) = d(s,t) for all s,t € A (2.9)

Then there ezists an isometry f of T which equals f when restricted to A. Fur-
thermore, if f; and f, are two such extensions of f, their restrictions to segments

joining any two points of A are identical.

Another important concept is the notion of a boundary point [3, 11] of a tree.
Consider the set of infinite sequences of 7 where any such sequence consists of a

sequence of distinct nodes t,¢,,... where d(t;,t;4;) = 1. A boundary point is an

11



equivalence class of such sequences where two sequences are equivalent if they differ
by a finite number of nodes. For ¢ = 1, there are only two such boundary points
corresponding to sequences increasing towards +oo or decreasing toward —oo. For
q = 2 the set of boundary points is uncountable. In this case let us choose one
boundary point which we will denote by —oo.

Once we have distinguished this boundary point we can identify a partial order
on 7. In particular note that from any node ¢ there is a unique path in the equiv-
alence class defined by —oo (i.e. a unique path from t “toward” —oo). Then if we
take any two nodes s and ¢, their paths to —oo must differ by only a finite number
of points and thus must meet at some node which we denote by s At (see Figure

1). We then can define a notion of the relative distance of two nodes to —oo

8(s,t) =d(s,s At)—d(t,sAt) (2.10)

so that
s 2t (“sis at least as close to —oo as t”) if 8(s,t) <0 (2.11)
s <t (“sis closer to —oo than t”) if §(s,t) < 0 (2.12)

This also yields an equivalence relation on nodes of 7:
sx<Xte d(s,t)=0 (2.13)

For example, the points s, v, and u in Figure 1 are all cquivalent. The equivalence
classes of such nodes are referred to as horocycles.

These equivalence classes can best be visualized as in Figure 2 by redrawing the
tree, in essence by picking the tree up at —oo and letting the tree “hang” from this
boundary point. In this case the horocycles appear as points on the same horizontal
level and s < t means that s lies on a horizontal level above or at the level of . Note
that in this way we make explicit the dyadic structure of the tree. With regard to
multiscale signal representations, a shift on the tree toward —oo corresponds to a
shift from a finer to a coarser scale and points on the same horocycle correspond

to the points at different translational shifts in the signal representation at a single

12



scale. Note also that we now have a simple interpretation for the nondenumerability
of the set of boundary points: they correspond to dyadic representations of all real

numbers.

2.3 Shifts and Transforms on 7

The structure of Figure 2 provides the basis for our development of dynamical
models on trees since it identifies a “time-like” direction corresponding to shifts
toward or away from —oo. In order to define such dynamics we will need the
counterpart of the shift operators z and z~! in order to define shifts or moves in the
tree. Because of the structure of the tree the description of these operators is a bit
more complex and in fact we introduce notation for five operators representing the

following elementary moves on the tree, which are also illustrated in Figure 3
o 0 the identity operator (no move)
e 7! the backward shift (move one step toward —oo)
o a the left forward shift (move one step away from —oo toward the left)
o [ the right forward shift (move one step away from —oo toward the right)
e 4 the interchange operator (move to the nearest point in the same horocycle)

Note that 0 and § are isometries; a and § are one-to-one but not onto; v~! is onto
but not one-to-one; and these operators satisfy the following relations (where the

convention is that the left-most operator is applied first):

ay =71 =0 (2.14)
byt =471 (2.15)
2=0 (2.16)

Bé =« (2.17)

13




Arbitrary moves on the tree can then be encoded via finite strings or words using
these symbols as the alphabet and the formulas (2.14)-(2.17). For example, referring
to Figure 3

sp =ty |, sp=1tv38 |, s3=ty 3«
sq =ty 38Ba , s5 =ty 36af? (2.18)

It is also possible to code all points on the tree via their shifts from a specified,

arbitrary point ¢y taken as origin. Specifically define the language
L=(")Uu( ") é{a,B8) Ufa, B} (2.19)

where I* denotes arbitrary scquences of symbols in K including the empty scquence
which we identify with the operator 0. Then any point ¢ € 7 can be written as {ow,
where w € L. Note that the moves in £ are of three types: a pure shift back toward
~00 ((y7')*); a pure descent away from —oo ({a,$}*); and a shift up followed by
a descent down another branch of the tree ((y7')*6{a,3}*). Our use of § in the
last category of moves ensures that the subsequent downward shift is on a different
branch than the preceding ascent. This emphasizes an issue that arises in defining
dynamics on trees. Speéiﬁcally we will avoid writing strings of the form y '« or

Yo either equals ¢t or t§ depending upon whether t is the

~~13. For example ty~
left or right immediate descendant of another node. By using é in our language we
avoid this issue. One price we pay is that £ is not a semigroup since vw need not be
in £ for v,w € L. However, for futurc reference we note that, using (2.14)-(2.17),

wéd and wy~! are both in £ for any w € L.

It is straightforward to define a length |w| for each word in £, corresponding to

the number of shifts required in the move specified by w. Note that
W l=lel=18=1

oj=0 , [§]=2 (2.20)

Thus |[y™"| = n, |wes| = the number of a’s and B’s in w5 € {a, B}", and [y dw,p| =

n+ 2+ [wag|.* This notion of length will be useful in defining the order of dynamic

4Note another consequence of the ambiguity in v~ !a: its “length” should either be 0 or 2.
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models on 7. We will also be interested exclusively in causal models, i.e. in models
in which the output at some scale (horocycle) does not depend on finer scales. For
this reason we are most interested in moves that either involve pure ascents on the
tree, i.e. all elements of {y~!}*, or elements v ""fw,g of {y~1}*6{a, B}" in which the
descent is no longer than the ascent, i.e. |w,p| < n. We use the notation w <X 0 to
indicate that w is such a causal move. Note that we include moves in this causal
set that are not strictly causal in that they shift a node to another on the same
horocycle. We use the notation w < 0 for such a move. The reasons for this will
become clear when we examine autoregressive models.

Also, on occasion we will find it useful to use a simplified notation for particular

moves. Specifically, we define §(*) recursively, starting with §(!) = § and

If t =ty 'a, then t6( = ty~16(""Va
If t = ty~18, then t6 = ty~16("-1g (2.21)

What 6™ does is to map t to another point on the same horocycle in the following
manner: we move up the tree n steps and then descend n steps; the first step in the
descent is the opposite of the one taken on the ascent, while the remaining steps
are the same. That is if t = ty"*'w, 3 then t6(" = ty~"*'6w,5. For example,
referring to Figure 3, sg = t6(4).

With the notation we have defined we can now define transforms as a way in
which to encode convolutions much as z-transforms do for temporal systems. In
particular we consider systems that are specified via noncommutative formal power

series [8] of the form:

S=) sy -w (2.22)

If the input to this system is u,,t € T, then the output is given by the generalized

convolution:

(Su)e =3 suwun (2.23)

w€Ll
For future reference we use the notation S(0) to denote the coefficient of the empty

word in S. Also it will be necessary for us to consider particular shifted versions of
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VS =) Syqyr - w (2.24)
w€Ll
WS = 3 sy - w (2.25)
weL

where we use (2.14)-(2.17) and (2.21) to write wy™! and wé* as elements of L.
Notice that, because of the relations (2.14)-(2.17), the operators S — [S] and

S — 8[S] can not be thought of as multiplication operators on formal power series.

2.4 Isotropic Processes on Homogenous Trees

Consider a zero-mean stochastic process Y;,t € 7 indexed by nodes on the tree. We
say that such a process is 3otropic if the covariance between Y at any two points
depends only on the distance between the points, i.e. if there exists a sequence
r.,n=0,1,2,... so that

EYY,] = rag,s) (2.26)

An alternate way to think of an isotropic process is that its statistics are invariant
under tree isometries. That is, if f : 7 — 7T is an isometry and if Y; is an isotropic
process, then Z, = Yy has the same statistics as Y;. For time series this simply
states that Y_,; and Y;4x have the same statistics as Y;. For dyadic trees the richness
of the group of isometries makes isotropy a much stranger property.

Isotropic processes have been the subject of some study [2, 3, 18] in the past,
and in particular a spectral theorem has been developed that is the counterpart
of Bochner’s theorem for stationary time series. In particular Bochner’s theorem
states that a sequence r,,n = 0,1,... is the covariance function of a stationary time
series if and only if there exists a nonnegative, symmetric spectral measure S(dw)

so that

1

T, = g[:ej“’"S(dw)

= %/:cos(wn)S(dw)

16



If we perform the change of variables z = cosw and note that cos (nw) = C,(cos w),

where C,(z) is the nth Chebychev polynomial, we have

= 11 C(x)(dz) (2.27)

where p(dz) is a nonnegative measure on [—1,1] (also referred to as the spectral

measure) given by

1 1
p(dz) = ;(1 ~ 2%)725(dw) (2.28)
For example, for the white noise sequence with r, = 0,
u(de) = (1 — 223 (2.29)
™

The analogous theorem for isotropic processes on dyadic trees requires the in-

troduction of the Dunau polynomials {2, 18]:

Pf)=1 , P(z)=< (2:30)
2
zP,(z) == ,,+1($) + = Pn 1(z) (2.31)
Theorem 2.1 [2, 3]: A sequence r,,n =0,1,2,... i3 the covariance function of an

130tropic process on a dyadic tree if and only if there ezists a nonnegative measure
p on [—=1,1] so that
- / () u(dz) (2.32)

The simplest isotropic process on the tree is again white noise, i.e. a collection
of uncorrelated random variables indexed by 7, with r, = 6,9, and the spectral

measure £ in (2.32) in this case is [18]

(8 — 9:1:)

1 — x2

u(dz) = §-x[ ofi.22](®) da (2.33)

where x 4() is the characteristic function of the set A. A key point here is that the
support of this spectral measure is smaller than the interval [—1,1]. This appears

to be a direct consequence of the large size of the boundary of the tree, which also
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leads to the existence of a far larger class of singular processes than one finds for
time series. While Theorem 2.1 does provide a necessary and sufficient condition
for a sequence 7, to be the covariance of an isotropic process, it doesn’t provide an
explicit and direct criterion in terms of the sequence values. For time series we have
such a criterion based on the fact that r, must be a positive semi-definite sequence.
It is not difficult to see that r, must also be positive semidefinite for processes on
dyadic trees: form a time series by taking any sequence Y;,Y;,,. .. where the ¢; are
all distinct and d(¢;,t;41) = 1; the covariance fuction of this series is r,. However,
thanks to the geometry of the tree and the richness of the group of isometries of T,
there are many additional constraints on r,. For example, consider the three nodes

v, u, and s At in Figure 1, and let

XT = [Y,,Y., Y. (2.34)
Then
To T2 T2
EXXT=|r, ro r, |20 (2.35)
rg T2 To

which is a constraint that is not imposed on covariance functions of time series.
Collecting all of the constraints on r,, into a useful form is not an easy task. However,
as we develop in this paper, in analogy with the situation for time series, there is
an alternative method for characterizing valid covariance sequences based on the
generation of a sequence of reflection coefficients which must satisfy a far simpler
set of constraints which once again differ somewhat from those in the time series

setting.

2.5 Models for Stochastic Processes on Trees

As for time series it is of considerable interest to develop white-noise-driven models
for processes on trees. The most general input-output form for such a model is
simply
Y= c,.W, (2.36)
seT
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where W, is a white noise process with unit variance. In general the output of this
system is not isotropic and it is of interest to find models that do produce isotropic

processes. One class introduced in [3] has the form

Y=Y casyWs (2.37)
s€T

To show that this is isotropic, let (s,t) and (s',t') be two pairs of points such that
d(s,t) = d(s’,t'). By Lemma 2.1 there exists an isometry f so that f(s) = ¢,
f(t) =t. Then

E[YoYe] = Y cam)Ci(t )
= Y Ca(sr,f(w))Ca(t', ("))
= D C((s) S CAF(D. ()

= Y cisuCditw) = E [V,Y] (2.38)

The class of systems of the form of (2.37) are the generalization of the class of
zero-phase LTI systems (i.e. systems with impulse responses of the form A(¢,s) =
h(|t — s])). On the other hand, we know that for time series any LTI stable system,
and in particular any causal, stable system, yields a stationary output when driven
by white noise. A major objective of this paper is to find the class of causal models
on trees that produce isotropic processes when driven by white noise. Such a class
of models will then also provide us with the counterpart of the Wold decomposition
of a time series as a weighted sum of “past” values of a white noise process.

A logical starting point for such an investigation is the class of models introduced
in Section 2.3

Yi=(SW) , S=Yuecsw w (2.39)

However, it is not true that Y; is isotropic for an arbitrary choice of S. For example
if S =1+4ay™, it is straighforward to check that Y; is not isotropic. Thus we must

look for a subset of this class of models. As we will see the correct model set is the
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class of autoregressive (AR) processes, where an AR process of order p has the form

Yi= ) auYw +oW; (2.40)
e
where W, is a white noise with unit variance.

The form of (2.40) deserves some comment. First note that the constraints
placed on w in the summation of (2.40) state that Y; is a linear combination of the
white noise W; and the values, Y;,,, of Y at nodes that are both at distances at most
p from t (i.e. |/w| < p) and also on the same or previous horocycles (w < 0). Thus
the model (2.40) is not strictly “causal” and is indeed an implicit specification since
values of Y on the same horocycle depend on each other through (2.40) (see the
second-order example to follow).

A question that then arises is: why not look instead at models in which Y;
depends only on its “strict” past, i.e. on points of the form ty~". As shown in
Appendix A, the additional constraints required of isotropic processes makes this

class quite small. Specifically consider an isotropic process Y, that does have this

strict dependence:
o0
},g == Z anWt.y—n (2.41)

In Appendix A we show that the coeff’ilc=i(:3nts a, must be of the form
a, = oa" (2.42)
so that the only process with strict past dependence as in (2.41) is the AR(1) process
Y, = a¥,-1 + oW, (2.43)
Consider next the AR(2) process, which specializing (2.40), has the form

K = al}';,,_x + agY,.,_z + G3K5 + UWg (244)

Note first that this is indeed an implicit specification, since if we evaluate (2.44) at

té rather than t we see that

Yis = a1Yi1 + aYip2 + asY; + o Wis (2.45)
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We can, of course, solve the pair (2.44), (2.45) to obtain the explicit formulae

Y, = (1 )Yt,y 1 4 (1 %2 >K7-2+0‘/, (2.46)
: H a a .
I L (= LIRS
yhoat ,
N + a3 Wi} (2.48)

- The structure of the representation (2.46)—(2.47) reveals that AR processes may be
produced by propagating downward “wavefronts” of computations for those values
of Y at one horocycle that all depend on the same values of Y at the preceding
horocycle and the same set of values of W. Such vector representations may be of
interest in some contexts such as in [13] in which we use similar but nonisotropic
models to analyze some estimation problems. On the other hand, note that V; is
correlated with Vs and is uncorrelated with other values of V and thus is not an
isotropic process (since E [V;V,-2,] # E [V;Vs]). In what follows in this paper and
in Part IT we develop an alternate explicit représentation for AR processes in which
we again will encounter vector processes capturing the wavefront character of the
computations but in which the driving noise will in fact be isotropic and white.

Another impbrta,nt_point to note is that the second-order AR(2) model has four
coeflicients—three q’é‘f and o, while for time series there would only be two a’s.
Indeed a simple caleulation shows that our AR(p) model has (27 — 1) a’s and one &
in contrast to the p a’s and one o for time series. On the other hand, the coefficients
in our AR model are not independent and indeed there exist nonlinear relationships
among the coefficients. For example for the second-order model (2.44) az # 0 if
a; # 0 since we know that the only isotropic process with strict past dependence
is AR(1). In Appendix B we show that the coefficients a;, a;, and a3 in (2.44) are
related by a 4th-order polynomial relation.

Because of the complex relationship among the a,’s in (2.40), the represen-
tation is not a completely satisfactory parameterization of this class of models.

As we will see in subsequent sections, an alternate parametrization, provided by

-
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a generalization of Schur and Levinson recursions, provides us with a much better
parametrization. In particular this parametrization involves a sequence of reflection

coefficients for AR processes on trees where exactly one new reflection coefficient is

added as the AR order is increased by one.
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3 TForward and Backward Prediction Errors and
Levinson Recursions for Isotropic Processes on

Trees

As outlined in the preceding section the direct parametrization of isotropic AR
models in terms of their coefficients {a,} is not completely satisfactory since the
number of coefficients grows exponentially with the order p, and at the same time
there is a growing number of nonlinear constraints among the coefficients. In this
and the following section we develop an alternate characterization involving one new
coefficient when the order is increased by one. This development is based on the
construction of “prediction” filters of increasing order, in analogy with the proce-
dures developed for time series [6, 7] that lead to lattice filter models and whitening
filters for AR processes. As is the case for time series, the single new parameter
introduced at each stage, which we will also refer to as a reflection coefficient, is
not subject to complex constraints involving reflection coefficients of other orders.
‘Therefore, in contrast to the case of time series for which either the reflection coef-
ficient representation or the direct parametrization in terms of AR coeflicients are
“canonic” (i.e. there are as many degrees of freedom as there are coefficients), the
reflection coefficient representation for processes on trees appears to be the only
natural canonic representation. Also, as for time series, we will see that cach re-
flection coefficient is subject to bounds on its value which capture the constraint
that r, must be a valid covariance function of an isotropic process. Since this is
a more severe and complex constraint on r, than arises for tiine series, one would
expect that the resulting bounds on the reflection coefficients would be somewhat
different. This is the case, although somewhat surprisingly the constraints involve
only a very simple modification to those for time series.

As for time series the recursion relations that yield the reflection coefficients
arise from the development of forward and backward prediction error filters for

Y:. One crucial difference with time series is that the dimension of the output of
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these prediction error filters increases with increasing filter order. This is a direct
consequence of the structure of the AR model (2.40) and the fact that unlike the real
line, the number of points at distance p from a node on a tree increases geometrically
with p. For example, from (2.44)-(2.43) we see that Y; and Y}; are closely coupled in
the AR(2) model, and thus their prediction might best be considered simultaneously.
For higher orders the coupling involves (a linearly growing number of) additional
Y’s. In this section we set up the proper definitions of these vectors of forward and
backward prediction variables, and develop Levinson-like recursions for these as the
order of prediction increases. Thanks to the constraints of isotropy we will see in
the next section that the required projections in the Levinson recursions involve

only one new coeflicient as the filter order is increased by one.

3.1 Forward and Backward Prediction Errors

Let Y} be an isotropic process on a tree, and let H{- - -} denote the linear span of the
random variables indicated between the braces. As developed in (7], the basic idea
behind the construction of prediction models of increasing orders for time series is
the construction of the past of a point t : Y, = H{Y,_k|0 < k < n} and the
consideration of the sequences of spaces as n increases. In analogy with this, we

define the past of the node t on our tree:
Vin EH{Yy: w20, |w| < n) (3.1)

Omne way to think of the past for time series is to take the set of all points within a
distance n of ¢ and then to discard the future points. This is ezactly what (3.1) is:
Y. » contains all points V, on previous horocycles (s < t) and on the same horocycle
(s < t) as long as d(s,t) < n. A critical point to note is that in going from Y, ._; to
Vi.n we add new points on the same horocycle as t if n is even but not if n is odd
(see the example to follow and Figures 4 — 7).

In analogy with the time series case, the backward innovations or prediction

errors, which we denote by F;,, are defined as the variables spanning the new

24



information in ), which are orthogonal to ), ,_;:

Vin = Vin-10 Fen (3.2)

so that F; , is the orthogonal complement of V;,._; in );,, which we also denote by
Fin = Yin © Ven-1. Define the backward prediction errors for the “new” elements

of the “past” introduced at the nth step, i.e. for w <0 and |w| = n, define
Ja
E.n(w) = Y'tw - E (},twlyt,n—l) (33)

where E(z|)) denotes the linear least-squares estimate of z based on data spanning
Y. Then
Fin = H{Fin(w): |w| =n,w <0} (3.4)

For time series the forward innovations is the difference between Y; and its esti-

mate based on the past of Y;_;. In a similar fashion define the forward innovations
Et.n(w) g )/tw - E(},twlyt'y—l,n—l) (35)

where w ranges over a set of words such that tw is on the same horocycle as t and
at a distance at most n — 1 from ¢ (so that Y, -1,_; is the past of that point as

well), i.e. |w| < n and w < 0. Define
Eon 2 H{Eya(w) : |w| < n and w < 0} (3.6)
Let E,, denote the column vector of the E,,(w). A simple calculation shows that
dim E, , = 2l*%] (3.7)

where [z] denotes the largest integer < z. The elements of E, ,, are ordered according
to a dyadic representation of the words w for which |w| < n, w < 0. Specifically

any such w other than 0 must have the form
w = §6K) ... gli2) (i) : (3.8)
with

1§i1<i2<~--<z‘k<[-§] (3.9)
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and with |w| = 2i;. For example the points tw for w = 0,6,6?®, and 6?6 are
ordered in the Figure 7° according to the left-to-right arrow. Thus the words w of
interest are in one-to-one correspondence with the numbers 0 and Zle 2%, which
provides us with our ordering.

In a similar fashion, let F,, denote the column vector of the Fi,(w). In this

case

dim F,,, = 2[3] (3.10)

The elements of F, , are ordered as follows. Note that any word w for which |w| =n
and w < 0 can be written as w = v~ %@ for some k > 0 and @ < 0. For example, as
illustrated in Figure 7, for n = 5 the set of such w’s is (y~16(?, y~16(2§, =35, and
v~%). We order the w’s as follows: first we group them in order of increasing k and

then for fixed k we use the same ordering as for E,, on the .

Example 3.1 In order to illustrate the geometry of the problem, consider the
cases n = 1,2,3,4,5. The first two are illustrated in Figure 4 and the last three are
in Figures 5 -7 respectively. In each figure the points comprising E;, are marked

with dots, while those forming F}, are indicated by squares.
n =1 (See Figure 4): To begin we have
Yo = H {Yt}
The only word w for which jw| =1 and w X0 is w = v~. Therefore

F, = Fz,l(’Y_l)
= Yo - E(Yua )

Also
yt‘y",O = H{Yh"}

5In the figure these points appear to be ordered left-to right along the horocycle. This, however,
is due only to the fact that ¢t was taken at the left of the horocycle.
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and the only word w for which |w| < 1 and w < 0 is w = 0. Thus

E,;, = E. (0)
= Yi— E(YilYiy)

n = 2 (See Figure 4): Here
Vi = H{Y, Y}
In this case |w| = 2 and w < 0 implies that w = § or y~2. Thus
Fi(6)
( Fia(v7?) )

(Yw —  E(YylY;, Yipr) )
Yiy-e — E(Yyy-2|Y,Yiy-1)

Fia

Similarly,
Vi-ig = H{Yiy-1, Y2}
and 0 is the only word satisfying |w]| < 2 and w < 0. Hence

E:,'z = Et,z(o)
= Y - E(Yi|Yyy-1,Y-2)

n = 3 (See Figure 5) In this case

yt,2 = H {)/h },t'y" 3 }/t‘y-za )/té}

Fia — ( Fo5(17'6) )
Fis(v™?)

_ ( }/t—y-l& - E(}/t’y—lé‘lyta )/t'y—l)}/t'y"za K&) )
)/t’y"3 - E(}/t'y—:’ I)/tv }/t‘y“ ) }/21‘21 y'tﬁ)

Also
yt'y—l 2 = H {},1'7—1 ’ y't'y""; }/11—3 s }/t'y—lﬁ}
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and there are two words, namely 0 and §, satisfying |w| < 3 and w < 0.

E 0
Ey; = ( + ())
E,; (6§)
(n — E(Y\|Yy1,Ye-2,Yi0m3, Yiymrs) )
Yis — E(YtSIYt*/"aYt'r—Q’Yt'v”"’Yt‘v"ﬁ)

n = 4 (See Figure 6)

yt,3 = H {Y;7 }/t'y-l, Y't‘y‘2a K&a }/t’y"s’ Yt‘y"&}

F,4(63)
F, 4(5(2)5)
Fra(v72%8)
Foa(v™)

Fa =

yt’y“,B = H {}/t'y—1 ) Yt‘y—z, )/t—y—:’ ) }/t'y“ s )/t-y"‘S, }/t'y"QS}

E, 40
Eyq = ( ) )
E, 4(8)
n =5 (See Figure 7)
ytA = H {Ka )fi‘y'l ’ K‘Y" s Yst, }/t‘y‘% K‘Y"S, }/t’y-‘ ) Y;’y—%’ Yt’y“&a; },t'y-16ﬁ}
Frs(y169)
F5(v'696)

Fis(77%6)
Fis(v7%)

yt'y“,4 = H {Y;*y'l ’ }/t'y-2) }/t'y-:’ ) )/t'y“lé', },t'y-“ ) },2-7-26, Y;'r's’ ’ }/t’y—aé', }/t'y"&x, Yt’y-26ﬂ}
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E,5(0)

E,5(6)

' Et,5(5(2))
E, 5(6™¢)

Let us make a few comments about the structure of these prediction error vec-
tors. Note first that for n odd, dim F;, = dim E,,, while for n even dim F;, =
2dim E, ,. Indeed for n even F;, includes some points on the same horocycle as t
(namely tw for |w| = n, w < 0)—e.g. for n = 2, F;3(6) is an element of F;;. These
are the points that are on the backward-expanding boundary of the “past”. At the
next stage, however, these points become part of E; ,—e.g. for n = 3, E,3(6) is an
element of E;;. This captures the fact mentioned previously that as the order of
an AR model increases, an increasing number of points on the same horocycle are
coupled.

As a second point, note that we have already provided a simple interpretation
(3.2) of F,, as an orthogonal complement. As for time series, this will be crucial
in the development of our recursions. We will also need similar representations for

& It is straightforward to check that for n odd

yt,n S yt’y"l,n—l = gt,n (311)

(this can be checked for n = 1 and 3 from Example 3.1, while for n even

yt,n S yt'y-l n—-1= gt,n + gté('?),n (312)

note that the right-hand side of (3.12) is not, however, an orthogonal sum, see Part
I1. For example for n = 2 this can be checked from the calculations in Example 3.1
plus the fact that

Ei52 =Yis — EYi5]Yiy-1, Yip-2]

Finally, it is important to note that the process E; , (for n fixed) is not in general
an isotropic process (we will provide a counterexample shortly). However, if Y; is

AR(p) and n > p, then, after an appropriate normalization E,, is white noise. This
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is in contrast to the case of time series in which case the prediction errors for al:
order models are stationary (and become white if n > p). In the case of processes
on trees E, , has statistics that are iz general invariant with respect to some of the

isometries of 7 but not all of them.

3.2 Calculation of Prediction: Errors by Levinson Recur-

sions on the Order

We are now in a position to develop recursions in n for the F,,(w) and E;,(w).
Our approach follows that for time series except that we must deal with the more
complex geometry of the tree. In particular because of this geometry and the
changing dimensions of F,, and E.,, it is necessary to distinguish the cases of n

even and n odd.

n even
Consider first Fy,(w) for |w| = n, w < 0. There are two natural subclasses for

these words w. In particular either w < 0 of w < 0.

Case 1: Suppose that w < 0. Then w = 4~ 1@ for some @& < 0 with |@| = n - 1.
We then can perform the following computation, using (3.3) and properties

of orthogonal projections:
Fon(w) = Fou(t77'®) = Yipm1q — E(Yiy-10|Von-1)
= )/t’y”ﬁ/ -F (}/t’y-ltblyt'y"’.n—Z) - F (K'y"d)lyt,n-—l o yt—y—l,n—Z)
Using (3.3) (applied at ty=!, n — 1) and (3.11) (applied at the odd integer

n — 1), we then can compute

E.n(w) = -Ft'y‘l,n—-l(ib) —-FE (}/t-y""tblEt,n—l)
= Ft‘v“,n—l(ﬁ)) — E(Fry-1 n1 (@)  Etn-1) (3.13)
where the last equality follows from the orthogonality of E; ., and Yiy-1

(from (3.11)). Equation (3.13) then provides us with a recursion for F;,(w)

in terms of variables evaluated at words @ of shorter length
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Case 2: Suppose that w =< 0. Then, since |w| = n, it is not difficult to see that
w = §(3)ip for some i satisfying || < n, @ < 0 (for example, for n = 4, the
only w satisfying |w| = n and w < 0 are §* and §¥§—see Example 3.1). As

in Case 1 we have that

E,n(w) = Yw(%)a, -E (}/zﬁ(i")a;ly"‘l_ly"—2) -E (Y;g(:})wlyt,n—l S yt'y—l,n-2)
(3.14)

Now for n even we can show that

yt'y—l n-2 = ytg(g),y—l n=2

For example for n = 4 these both equal {Y;,-1, Y,,~2,Y: -3, Y, -15}. Using this
together with (3.5) and the orthogonality of E; ,_; and )1 ,_; we can reduce
(3.14) to

Fon(w) = Eyg,_(®) = E (E,qp),_,(®)|Epno) (3.15)
which again expresses each F;,(w) in terms of prediction errors evaluated at
shorter words. As an additional comment, note that the number of words
satisfying Case 1 is the same as the number for Case 2 (i.e. one-half dim F; ,,).

Consider next E;,(w) for |w| < n and w < 0. In this case we compute

Et,n(w) = }ftw e E(leyt‘y"l.n—Z) - E(}/twlyt'y‘l,n—l o yh",n—?)
= E,1(w) - E(E . 1(w)|Fy-1,n_1) (3.16)

where the last equality follows from (3.2).
n odd

Let us first consider the special case of n = 1 which will provide the starting

point for our recursions. From Example 3.1

E,l = Yt'y—l -F (}/t'y"l |Y;)
= },t‘y_l —_— kl‘Yt = E‘Y",O - klEt,O (317)
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where k, is the first reflection coefficieni, exactly as for time series

,
b= 2oV (3.18)
E [72 ] 7o

ty—?

Similarly

Eyy = Y- E(YiYy)
= }/t — kl}/‘.\,—l — Eg'() - let'y-‘,O (319)

Consider next the computation of F; ,.(w) for n > 3 and odd. Note that for n odd

it is impossible for w to satisfy |w| = n and w < 0. Therefore the condition
o} = n and w <0

is equivalent to

w=~"'0 , |[W|=n-1, w0

Therefore, proceeding as before,

F't.n(w) = Y't‘y—‘ﬁ; - E(}ft'y“ﬂllyt'y",n—2) - E(Y't'y—lﬂ;,yt’y—‘ n-1 o yt’y",n—?)
= F,t»y—l,n—l(ib) - E (Ft‘y—’,n—l(ﬂ))lEt,n—l’ Et6(2'7_‘) n—l) (320)

where the last equality follows from (3.12) applied at the cven integer n — 1.
Consider next the computation of E, ,(w) for n > 3 and odd, and for |w| < n,
w < 0. There are two cases (each corresponding to one-half the components of

E, ) depending upon whether |w| is n — 1 or smaller.

Case 1: Suppose that [w]| < n — 1. In this case exactly the samnc type of argument
yields
E‘»n(w) = Ehn-—l(w) - E(Et,n—l(w)IFt‘y".n—l) (321)

-1

Case 2: Suppose that |w| = n — 1. In this case w = §(*7 )& where @& < 0 and

computations analogous to those performed previously yield
Eun(w) = E s, (@)~ E (Ew(%._l)m_l(w)|pt.,_,,n_l) (3.22)
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where in this case we use the fact that

yt'y—’ n-2 = y

~1
t6(n1_)‘y"1 n—-2

For example for n = 5 these both equal

{)/t'y" ) }/t'yda I/t'y“"a },t'y"‘ y K’y"&a K‘y""&}

We have now identified six formulas—(3.13), (3.15), (3.16), (3.20), (3.21), and
(3.22)—for the order-by-order recursive computation of the forward and backward
prediction errors. Of course we must still address the issue of computing the pro-
Jjections defined in these formulas. As we make explicit in the next subsection the
richness of the group of isometries and the constraints of isotropy provide the basis
for a significant simplification of these projections by showing that we need only to
compute projections onto the local averages or barycenters of the prediction errors.
Moreover, scalar recursions for these barycenters provide us both with a straight-
forward method for calculating the sequence of reflection coefficients and with a
generalization of the Schur recursions.

Finally, as mentioned previously E,,n is not, in general, an isotropic process
unless Y; is AR(p) and n > p, in which case it is white noise. To illustrate this,
consider the computations of E [E;,Es,] and E [E;, E,,-2,] which should be equal
if E;, is isotropic. From (3.18), (3.19) we find that

2

r
ElE 1 E1) =12 — 4
To
while 2
ri  Trmre —ror
E[Et,lEta,—z,l] =Ty — 1 + 1( 172 - 0 3)
o r2

In general these expressions are not equal so that E,; is not isotropic. However,
from the calculations in Appendix A we see that these expressions are equal and
indeed E,, is white noise if Y; is AR(1). A stronger result that will be proved in
the Part II of this paper is that E,,, suitably normalized, is isotropic for alln > p
if and only if Y; is AR(p).
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4 Prediction Error Barycenters, Reflection Co-
efficients, and Schur Recursions for Isotropic

Processes on Trees

As previewed in the introduction, the various projections (3.13), (3.15), (3.16),
(3.20), (3.21), and (3.22) required in the Levinson recursions are more complex than
their time series counterparts. Fortunately, thanks to the constraints of isotropy,
these projections can be simplified considerably and indeed can all be computed
in terms of projections onto scalar processes representing the barycenters of the
vector prediction errors. In this section we prove this result and use it as the basis
for a set of scalar Levinson recursions for the barycenter processes. Each stage of
this recursion involves a single reflection coefficient, and we present a generalization
of the Schur recursions which provide a procedure for computing the reflection

coefficient sequence from the given isotropic covariance sequence.

4.1 Projections onto £ and F and their Barycenters

Let us define the average values of the components of the prediction errors:

e = 2771 S E, () (4.1)

w|<n,wx0
[wl<n,

fon = 27 ¥ Fa(w) (4.2)

Jw|=n,w=<0

The following result is critical

Lemma 4.1 The siz collections of projections necessary for the order recursive
computation of the prediction errors for all required words w and @ can be reduced
to a total of four projections onto the barycenters of the prediction error vectors. In

particular,

For n even: For any word w' such that |w'| = n—1 and for any word w” such that

[w”| < n and w" < 0, we have that ‘

E(Fomip1(W)|Epo) = E(Egg,  (0")|Egn-i) (4.3)
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= E(Fiy-1,0-1(wo)len1) (4.4)
= E(Eup,_,(0)etn) (4.5)

(refer to (8.15),(3.15)) where wo 13 any of the w'. Also for any w such that

lw| < n and w < 0, we have that
E (Etn1(w)|Fry-1 n-1) = E (Etn-1(0)] frr-1 1) (4.6)

(refer to (3.16)).

For n odd: For any w' and w" satisfying the constraints |-| < n and - <X 0 we have
that

E(Buns(@)lFiiat) = E(Byagsy  (@)Fuoinn)  (47)

= E(Et,n—l(o)lft’r“.n—l) (4'8)

(refer to (3.21),(3.22)). In addition for any @ < 0 such that |W|=n—1

_ 1
E (E’y-l,n-l(w)lEt.n—hEts(ngl),n_l> =FK (Fry-l,n—l(wo)|‘2' (et,n—l + ew(a;_l),n_l)>
(4.9)

(refer to (3.20)) where wy 18 any of the w.

These results rely heavily on the structure of the dyadic tree, the isometry
extension lemma, and the isotropy of Y. As an illustration consider the cases n = 4
and 5 illustrated in Figures 8 and 9. Consider n = 4 first. Note that the distance
relationships of each of the elements of Fi,-1 3 and of Ey) ; to E;3 are the same.
Furthermore all three of these vectors contain errors in estimates based on YV;y-1 2.
Hence because of this symmetry and the isotropy of Y, the projections of any of
the elements of Fy,-13 or E,x 3 onto E,3 must be the same, as stated in (4.3).
Furthermore, the two elements of E;3; have identical geometric relationship with
respect to the elements of the other two error vectors. Hence the projections onto
E,;3 must weight its two elements equally, i.e. the projection must depend only on

the average of the two, e;3, as stated in (4.4), (4.5). Similarly, the two elements of
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F,,-1 3 have identical geomeiric relations tu cach of the elements of E; 3, so that (4.6)
must hold. Similar geometric arguments apply to Figure 9 and (4.7)-(4.9) evaluated
at n = 5. Perhaps the only one deserving comment is (4.9). Note, however, in this
case that each of the elements of F,,-1 4 has the same geometric relationship to all
of the elements of E;4 and E,z2) 4 and therefore the projection onto the combined

span of these elements must weight the elements of E; ; and E,4z) 4 equally and thus

is a function of (Ct,n—l + ew(ﬁ;—’),,,_,) /2.

Proof of Lemma 4.1: As we have just illustrated the ideas behind each of the
statements in the lemma are the same and thus we will focus explicitly only on
the demonstration of (4.4). The other formulas are then obtained by analogous
arguments.

The demonstration of (4.4) depends on the following three lemmas which are

proved in Appendix C by exploiting symmetry and the isometry extension lemma.
Lemma 4.2 The best linear estimate
Gin = E(Fiy-1 no1(w)| Etn1) (4.10)
for n even is the same for all |[w| =n —1,w < 0.
Lemma 4.3 The cross-covariance
Hyn = E (Fry-1,0-1(w)Etna(w')) (4.11)
i3 the same for all jw| =n — 1,w <0 and all |W'| <n and v’ =< 0.

Lemma 4.4 The covariance g, of E,, has the following structure. Let X(ay,...,aq)
denote a 2¢ x 2¢ covariance matriz, depending upon scalars oy, ..., aq and with the

following recursively-defined structure:

E(ao) = ap (4.12)
E(Cl’m Tty ad—l) agUqy
L(agy -, aq) = (4.13)
adUd—l Z(QOa"'aad—l)
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where Uy 1s a 29 x 2¢ matriz all of whose values are 1 (i.e. Uy = 1417 where 1,13 a

2¢.dimenstonal vector of 1’s). Then there ezist numbers ag,ay, ... » Qnly 80 that
Ygn=3 (ao, . ,a[%]) (4.14)

From Lemma 4.2 we see that we need only show that G, , depends only on e; ;.
However, from Lemma 4.4 it is a simple calculation to verify that 1[2_2__1 ) is an eigen-

vector of Xg, . Then, consider any X € & n—1 of the form

X =Y MAEa(v) (4.15)

lw'j<n
w!'x0

where

Y Awr=0 (4.16)

lw’|<n
w'=x0

Then, since e;,_; is also as in (4.15) but with all A,, equal, we have that

2["T_11E (Xet,n—l) = (’\w; 1y Ty ’\w’[n_,]) 2E,'nl2[2§‘—’] =0 (417)

2'72

Thus we have an orthogonal decomposition of &, ,_; into the space spanned by X
as in (4.15), (4.16) and the one-dimensional subspace spanned by e;,_;. However,

thanks to Lemma 4.3, for any X satisfying (4.15), (4.16)
E[Fi1 00 (w)X) = (Z Aw,) H,n,=0 (4.18)
Thus the projection (4.10) is equal to the projection onto e, ,_;, proving our result.

Remark: Lemma 4.4 allows us to say a great deal about the structure of g .
In particular it is straightforward to verify that the eigenvectors of g, are the

discrete Haar basis. For example in dimension 8 the eigenvectors are the columns
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of the matrix

(715' 0 0 0%0212ﬁ§'
-5 0 0 0 3 0 3% 35
0 I 0 0—%02-5;ﬁ5
0 0 0 0 } -3 55
0 0 % 0 0 3 —5%
0 0 o%o—g—ﬁ;ﬁ;
|0 0 0 - 0 -3 -3 >

Also, as shown in Section 4.1 and in Appendix D, the structure of g, allows us
to develop an extremely eflicient procedure for calculating 2;5'1,{2. Indeed this pro-
cedure involves a set of scalar computations and a recursive construction similar to
the iterative construction of %(ap,a,...,aq), with a total complexity of O(!logl),
where | = ["T"]

Finally, let us note an extremely important consequence of Lemma 4.1. Recall
that the Levinson recursions developed in the Section 3 involved projections of each
of the components of the vector prediction errors onto entire vectors of prediction
error vectors. What Lemma 4.1 says most obviously is that we need only project
onto the barycenters of prediction error vectors. For example, from (4.3)-(4.5) we

see that for any |[w'| =n — 1,
E (Fiyt n1 ()| Etnet) = B (Fiyi poy (w')e1no1)

However, what this lemma also states is that this projection does not in fact depend

on the specific choice of w', so that it equals its barycenter. That is

E (-Ft'y—‘,n—l(wINEt,n—l) =F (ft-y‘l,n—l let,n—l)

Thus the required projections can be reduced completely to projections of scalars
onto scalars. In the next two subsections we develop these purely scalar recursions,
introducing the associated reflection coefficient sequence. In Part II, these results

allow us to develop lattice structures for the full prediction crror processes.
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4.2 Scalar Recursions for the Barycenters

As just indicated, an immediate consequence of Lemma 4.1, the definitions of the
barycenters, and the computations in Section 3.2 is the following set of recursions

for the barycenters themselves:

For n even:
€tn = €Etn-1— E(et,n—-llft’y—l,n—l) (4'20)
1 1
ft,n = 5 (ft'y"’,n—l + 616(9),11—1) - EE (ft'y‘l,n—l + 315(9),7;_1]6""—1) (421)

For n odd, n > 1:

1 1
6,,,1 = § (et,n_l + et6(2ii),n—-l> —_ ’iE (et,n_l + eté_(gi_l)'n_llft,y—l’n_l) (4.22)
1
fin = fiyrina—E (ftv-l,n—l|§ (et,n—l + 6,5(2-}1),,1_1>) (4.23)

while for n = 1,

feq = Fiy e = Eyy (4.24)

and thus (3.17)—(3.19) provide the necessary formulas.

It remains now to compute explicitly the projections indicated in (4.20)-(4.23).
As the following result states, we only need compute one number, k,, at each stage
of the recursion, where k, is the correlation coefficient between a variable being
estimated and the variable on which the estimate is based. We’ve already seen this
for n = 1 in (3.17)—(3.19), which yields also the first of the sequence k, which we

refer to as the reflection coefficient sequence.

Theorem 4.1 For n even:

€tn = €tn-1— knft’y".n—-l (425)
1
ft,n = § (ft‘y"‘,n-l + etﬁ(g),n—l) - knet,n-l (426)
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where

k, = COT(C:,n—laf!"/_]y"—l)
= cor (6,5”3),,,_1’ elv"-l)
= cor (e ,_y» ferinar) (4.27)

and cor (z,y) = E(zy)/ [E(z?)E(y?))'"*.

For n odd:
1
€tn = 5 <et,n—1 + 6!6(25_’);1—1) - knft’y—l,n-—l (428)
1

ft,n - ft’y—‘,n—l - '2_kn (et,n—l + 626(2;}1),71—1> (429)

where
1
k, = cor (5 (e,,n_l + ezs“'lfl),nq) ,f,,,_x,n_l) (4.30)

Keys to proving this result are the following two lemmas, the first of which
is proven in Appendix C and the second of which can be proven in an analogous

manner:

Lemma 4.5 For n odd:

A o

B (e ag, ) =B () = E(fin,) 20 (4.31)

1 .
Lemma 4.6 For n even 2 (e,,n + ew(,‘v;)’n) and fu-1 n, have the same variance.

Proof of Theorem 4.1 We begin with the case of n even. Since n — 1 is odd,
Lemma 4.5 yields

JaN

E (612,71-1) =FE (6?5(9)',1_1) =F (ft?y—l,n—l) =05 (4.32)

From (4.20)-(4.21) we than see that (4.25)-(4.27) are correct if

E[etyn_lft,y—l'n_l} = E [6t6(?),n—16t'n-1]

A
E [cté(g)m_]f!’r“,n—-l] = gn-1 (433)
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so that

k, = 2ot (4.34)

"ol
However, the first equality in (4.33) follows directly from Lemma 4.1 while the
second equality results from the first with ¢ replaced by t6(3) and the fact that

Fry-tn-1 = Fyg@)-1.0, (4.35)

For n odd the result directly follows from Lemma 4.6 and (4.22),(4.23).

Corollary: The variances of the barycenters satisfy the following recursions. For

n even
oly = E(e,)=(1-k)a2, (4.36)
1+k,
Ofn = E(ffm) = ( 5~ k,ﬁ) o3, (4.37)
where k, must satisfy
For n odd
ota=0l,=0=(1-k)o}., (4.39)
where
-1<k. <1 (4.40)

Proof: Equation (4.36) follows directly from (4.25) and (4.27) and the standard
formulas for the estimation variance. Equation (4.37) follows in a similar way from
(4.26) and (4.27) where the only slightly more complex feature is the use of (4.27)
to evaluate the mean-squared value of the term in parentheses in (4.26). Equation
(4.39) follows in a similar way from (4.28)-(4.30) and Lemma 4.6. The constraints
(4.38) and (4.40) are immediate consequences of the nonnegativity of the various
variances. Equality in one of these constraints yields the case of singular processes,
i.e. processes for which some of the barycenter error processes are identically zero,

corresponding to perfect prediction.
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As we had indicated previously, the constraint of isotropy represents a signif-
icantly more scvere constraint on the covariance sequence ry,. It is interesting to
note that these udditional constraints manifest themselves in the simple modifica-
tion (4.38) of the constraint on ky, for n even over the form (4.40) that one also finds
in the corresponding theory for time series. Also, as in the case of time series the
satisfaction of (4.38) or (4.40) with equality corresponds to the class of deterministic
or singular processes for which perfect prediction is possible. We will have more to
say about these and related observations in the Part II.

4.3 Schur Recursions and Computation of the Reflection
Coecfficients

As with the usual Levinson recursions for time series, we can use the recursions
(4.28)--(4.28) and (4.28)=(4.29) for the barycenter error processes together with the
deflnitions (4.27) and (4.30) of the reflection coefficients and the recursions (4.36),
(4.37) and (4.39) to obtain explicit recursions for the computation of the k, sequence
directly from the given isotropic covariance sequence. We leave this straightforwerd
computation to the reader and focus here on an alternative computational procedure
generalizing the so-called Schur recursions [26] [34] for the cross-spectral densities
between & given time series and its forward and backward prediction errors. In.
considering the genernlization of these recursions to isotropic processes on trees,
we must replace the z-transform power series for cross-spectral densities by corre-.
sponding formal power series of the type introduced in Section 2. Specifically for.
n 2 0 define P, and Q,, as:

P, & cov(Yuern) & T E(Yiewn) v (4.41)
w0
Qn & cov(¥fin) E T E(¥ifium): . (4.42)
w0
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where we begin with P) and @, specified in terms of the correlation function r, of
Y:
Po = Qo = Z Tly| * W (443)

w=0
Recalling the definitions (2.24), (2.25) of v[S] and §*)[S] for S a formal power series
and letting S(0) denote the coefficient of w = 0, we have the following generalization

of the Schur recursions :

Theorem 4.2 The following Schur recursions on formal power series yield the se-
quence of reflection coefficients.

For n even

Pn = Pn—l - kn7[Qn—l] (444)
Qn = -;-(ﬂQn-l] +6D[P,_1]) = knPacs (4.45)
uhere [Quos(0) + 6B [P, ](0)
_ Y&n-1){0) + n-1
k, = 25,.(0) (4.46)
For n odd
Po = 5 (Paoy 4 65PI(PLs]) = kit Q@uod] (4.47)
Qn = 7[Qn-] —kn% (Pact + 6379, y]) (4.48)
where B
.= 27[Qn—1](0) (4.49)

P_1(0) + 659 [P,_1](0)

Proof: Note first that for n = 1, (4.47), (4.48) agree with (3.17)-(3.19) since
Py = §O[Py), ¥[Q0)(0) = ry, and Py(0) = ro. Next, since the proofs for n even and
odd are essentially the same, we describe only the case of n even. To begin, write

the recursions (4.25,4.26) for tw instead of t. Then, premultiplying these recursions
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by Y;, taking expectations, and summing over w, we get the recursions (4.44, 4.45).
To derive the new expression (4.46) for the reflection coefficient, we note simply

that from the definition of Q,, we must have Q,(0) = 0. Evaluating (4.45) at 0
then directly yields (4.46).
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5 Conclusion

In the first part of this paper we have described a new framework for modeling and
analyzing signals at multiple scales. Motivated by the structure of the computations
involved in the theory of multiscale signal representations and wavelet transforms,
we have examined the class of isotropic processes on a homogenous tree of order
2. Thanks to the geometry of this tree, an isotropic process possesses many sym-
metries and constraints. These make the class of isotropic autoregressive processes
somewhat difficult to describe if we look only at the usual AR coeflicient represen-
tation. In this paper we have presented the first half of the development of the
generalization of lattice structures which provides a much better parametrization
of AR processes on dyadic trees. In particular we have developed Levinson recur-
sions for forward and backward prediction error processes, where the “forward” and
“backward” directions refer to finer or coarser scales, respectively. Because of the
geometry of the tree these prediction errors are vector of processes of dimension in-
creasing with the order of prediction. However, thanks to the symmetries required
of isotropic processes, the required computation in these vector recursions can be
directly related to those in the scalar recursions for the barycenters of the prediction
error vectors. In this paper we have developed these scalar Levinson recursions and
the corresponding Schur recursions for the computation of the required reflection
coefficient sequence. In Part IT ([1]) we develop lattice structures for both whitening
and modeling filters for isotropic processes and use these results to obtain a detailed
analysis of AR processes and of the Wold decomposition of isotropic processes on
trees.
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Appendices

A AR(1) and isotropic processes with strict past

dependence

We wish to show that AR(1) processes are the only isotropic processes with strict
past dependence. To do this let us introduce the notation | — 00,t] to denote the
path from ¢ back towards —oo, i.e. the set {ty~"|n > 0}, and consider a process of

the form

Y, = Z ad(t,s)Ws (Al)

3€]-00,1]
where W, in unit variance white noise.
We now consider the conditions under which (A.1) is stationary. Let ¢; and ¢,
be any two nodes, let t = t; Aty, and define the distances ny = d(t;,t), ny = d(ts, ).
Note that d(t;,t;) = ny + n,. Also let r(ty,t;) = E(Y;,Y;,). Then from (A.1), the

fact that W, is white, and the definition of ¢, n;, and n,, we have

r (tl , t2) = Z Z ad(tl,sl)ad(tg,sz)E (WM W32)

31€]—00,t1] 32€]—00,t2}

= Z ad(tl,s)ad(tz,a)
$€]-00,1]

= Z Uny+mbny4m
m>0

For Y, to be isotropic we must have that

r (tl, t2)

r (d(t1,12))
= r(n; +ny)

Therefore for n; > 0, n; > 0 we must have that

r (nl + n2) = Z Qny+mBny4m (A2)

m2>0
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In particular for n > 2 we can deduce from (A.2) that we have the following two

relationships

r(2n) = r(n+n)
= Z a:-*-m
m>0

= r(2n-2)~d?_, (A.3)

r(2n) | = r((n+1)+(n-1))

= Z Am4n418m4n-1

m>0
= 7(2n —2) - ay_20a, (A4)
from which we deduce that
ApQn_q = a:_l y N 2 2
or equivalently
—“DT =constant , n>1

an—

Thus a,, = oa", so that

Y= Y ocat®™w,

8€]—00,i]

from which we immediately see that Y, satisfies

Y, =aY-1 + oW,
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B The Relation Among the Parameters of AR(2)

Consider the second-order model (2.44) where W, is unit variance white noise. We

would like to show that the coefficients ay, a2, and a3 are related by a fourth-order

poylnomial relation that must be satisfied if Y} is isotropic. To begin note that from

(2.44) we obtain the relation

E(Y,W,) = &:E(Y;sWi) + o

while from (2.45) we find

E(YusW,) = a; E(Y, W)

from which we deduce that |as| # 1 and

Qo
W,) =
E(Yt t) aag_ag
as
E(YusW,) = Um

(B.1)

(B.2)

(B.3)

Next consider multiplying (2.44) by each of the following: Y;, Yis, Y1, Yy,
We take expectations using (B.1), (B.2) and the fact that E(Y;,-1W;) = E(Y,,~-W,) =
0 (since we are solving the AR equations “causally”—see (2.46), (2.47)). Assum-

ing that Y is isotropic, we obtain the following four linear equations in the three

unknowns rg, 7, 79!

J Ty = aTo + azry + azn

ry = ain + azrg + asr;

\

For this system to have a solution the coefficients a,, a;, az must satisfy

55

o = 017‘1+€127'2+as7‘2+0;g'-'f;§

T, = a1n + QaqTy + asTg + U—rj—yaoa_as

-1 a, a+az -1
a, ay+az-—1 0 0
az a az—1 0
as a; a;—1 -—a3

(B.4)




which is a fourth-order polynomial relation. It is straightforward to check that these
are the only constraints on the a; in order for Y to be isotropic (multiply (2.44) by
any Y;,, w <0, |w| > 2 and take expectations—one obtains a unique expression for

each r,, n > 3 in terms of the preceding values of r).
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C Properties of the Statistics of the Forward and

Backward Residuals

In this appendix we prove some of the results on the structure of the statistics of
the prediction errors E;, and F;, and their barycenters. The keys to the proofs of
all of these results—and to the others stated in Section 4 without proof—are the

constraints of isotropy and the construction of specific isometries.

C.1 Proof of Lemma 4.2

Let
Gin(w) & E(Fiyrt por(w) B (C.1)

where n is even and |w| =n — 1, w 2 0. We wish to show that G¢,(w) is identical

for all such w. By definition
Gin(w) = E([Yiy-10 — E (Yer-10 [ Viy-1,n-2)] | Etin-1) (C.2)
Define the set of nodes
Tin = {s = tu; o] < n,v 0} (C3)

The points ty~'w in (C.2) correspond to the points s = tv in 7;, with |v| = n. Let
w', w"” be any two words satisfying |w| = n — 1, w < 0. Suppose that we can find a

local isometry ¢: 7;, — 7, such that

') = ol
Pty 'w") = tyTw
$t) = ¢
¢(Tin-1) = Tin (C.4)

By the isometry extension lemma ¢ can be extended to an isometry on 7.
Consider Gy n(w’) and G4 .n(w”) which are linear projections onto respectively,

Ein-1 and Ey) 1. Since the processes Y; and Yy(;) have the same statistics, these

57




two projection operators are identical. Furthermore, from (C.4) we see that ¢(t) =t
and Ey()n-1 = Eyn_1, so that we can conclude that G, ,(w') = Gy (w")..

Thus it remains to show that we can construct such local isometries for any
such w’ and w”. To do this, let us briefly reexamine the nature of local isometries
that interchange points on a given horocycle. Consider the situation depicted in
Figure 10 . One way to think of constructing an isometry interchanging ¢ and
t6 is to pivot the tree at ty~! and “flip” or rotate everything below this point.
Similarly by pivoting at ty~2 we interchange t and t§(®, while pivoting at ty~3
leads to an interchange of ¢ and t6(®. Note several points about these isometries.
First, by composing several of them we can interchange any two points on the same
horocycle. Second, each of these isometries leave fixed all nodes above and including
the pivot node. Thirdly, each of these isometries leaves globally invariant the set
of nodes extending from the pivot node down to the portion of the horocycle in
question that is descendent from the pivot. For example, each of the three pivot
isometries described in the Figure 10 map the set of nodes drawn in this figure onto
itself.

Next, let us recall that the notion of horocycle depends explicitly on the choice
of the point —oo. From the preceding discussion we will have completed the proof

if we can show that there exists an alternate choice, say —co, such that
1. the extreme points tw in T;, with |w| = n are on the same horocycle, and

2. the point t is “above” -i.e. closer to —do than- all of the pivot points involved

in interchanging the above mentioned extreme points of 7 ,.

It is easily checked that these conditions are satisfied by any choice of —do so that
the path from ty~"/? toward —co passes through ¢. This is illustrated in Figure
11 for n = 4. In Figure 11(b) we have redrawn the tree of Figure 11(a) in a more
symmetric fashion so that the nature of the flips performed by these isometries is

more apparent.



C.2 Proof of Lemma 4.3 |

Set
Hg,m(w,w’) = E[E‘y-‘,n—l(w)Et,n—l(wl)] (CS)

where n is even jw| = n — 1, w X 0 and |w'| < n, w’ < 0. We wish to show that
H;,(w,w’) is identical for all such w,w’ pairs. An argument analogous to that in
the preceding subsection shows that this will be true if we can construct two classes

of isometries:

1. For any w,, w, satisfying jw] =n — 1, w < 0, ¢(tw,) = tw,, ¢(twy) = tw,, ¢
leaves T, invariant and leaves fixed any point of the form tw’, with |w’| < n,

w' =< 0.

2. For any wj, w} satisfying |w'| < n, w’ < 0, Y(ty w}) = ty  w), Y(t7~ wh) =
ty~'wi, ¢ leaves T,,-1,_, invariant and leaves fixed any point of the form

ty~ 1w, with lw|=n -1, w < 0.

It is straightforward to check that the isometries constructed in the proof of
Lemma 4.2 form a class satisfying 1. The construction of the second class of isome-
tries is analogous to that used in the preceding section. However in this case the
points to be interchanged are already on the same horocycle (relative to the original
choice of —o0) and the points to be kept fixed are closer to —oco than any of the
required pivot points (see Figure 12 for the case n = 4). Thus the existence of the

required isometries is immediate.

C.3 Proof of Lemma 4.4

As in Section C.2, let w,, denote the 20%5*) words such that |w|] < n, w x< 0, and for

any two such words let
Jen(wi, w;) = E[Eqn(w;)Eyn(w;)] (C.6)

Let ny = |w;| and n; = |w,|. Consider first the case when n; # n,. What we

must show in this case is that J; ,(w;, w;) is the same for all pairs w;, w; with these
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respective lengths. By an argument analogous to the ones used previously, this will
be true if for any two pairs (w;, w;), (w}, w}) with |w;| = |w]| = ny, |w;| = |w}] = n,
we can find a local isometry ¢ of 7, so that ¢ leaves 7,1 ,_, invariant and performs
the interchanges

tw; « tw), tw; > tw)]

Direct calculations shows that the class of isometries 3 defined in the previous
subsection contains the required isometry.
Suppose now that |w;| = |w;] = ni1, and let s = d(tw;,tw;). An analogous

argument shows that
Jen(wi,w;) = Jpn(0, wy), where |wi| = s (C.7)

Again an appropriate element of the class of isometries ¢ yields an isometry leaving

7i4-1 n_1 invariant and performing the interchange
tw; & t, tw; > twy (C.8)

This finishes the proof of Lemma 4.4.

C.4 Proof of Lemmas 4.5 and 4.6

The proofs of the two equalities in (4.31) and the equality stated in Lemma 4.6 are
all quite similar. We focus here explicitly only on showing that for n odd e;, and
fiy-1,n have the same variance. This will be true if we can construct an isometry that
interchanges the set of nodes associated with E,, with the set of nodes associated
with Fy,-1 , while leaving the set of nodes 7,-1,.; invariant. As in the proof of
Lemma 4.2 the key here is to make a choice for an alternate boundary point —do
so that all of the relevant nodes are on the same horocycle with respect to this
choice. The following construction does this. Consider the node ty="%. There
are three directions defined from this node: one toward the original choice of —o0,
one toward ¢, and a third direction. Take —co be any boundary point so that the

path to it from ty‘L;d is along this third direction. Then the pivot about t'y‘n%'l
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with respect to —co performs the required interchange and leaves the set of nodes
Tiy-1 n_1 invariant. This is illustrated in Figure 13 for n = 5, where for simplicity of

presentation we have displayed the tree in a symmetric fashion as in Figure 11(b).
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D Calculation of 2‘1/2(ao ey Q)

We shall first make use of the following formula: for S and T symmetric matrices,

-1/2
ST 1{X+Y X-Y
T § T2\ X-Y X+4Y

where

X = (S+T)?
Y = (§-T)'°

(D.1)

(D.2)

From (4.13) and (D.1,D.2) we see that the computation of 2-"?(ag...,ax) can

be performed by a simple construction from the inverse square roots of

Ly = X(ao,... k1) + arUko1 = (oo + ax, ..., 041 + k)
.

Il

2(00, e ,ak_l) - akUk_l = E(CYO = OlkyooeeyQp_1 — C!k)

If we introduce the following notation

X+Y X-Y
Bloc (X,¥) == | = T
2\ X-Y X+Y
then ©~2(qaq,...,q;) can be calculated via the following recursion:
ag'l? if k=0

212 (g yoeey Q)=
(G0, {Bmc@;”{zﬂﬂ)ifk21

which involves a sequence of scalar calculations.
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2 successive horocycles:

Figure 1: The dyadic homogeneous tree
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to coarser scales to finer scales

>

translational shift

Figure 2: Showing the scale structure

Figure 3: Encoding the moves on the tree
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ty

Figure 4: Illustrating E,, (dots) and F;, (squares) for n = 1,2

Figure 5: Illustrating E, ; (dots) and F, 3 (squares)
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Figure 6: Illustrating E, 4 (dots) and F, (squares)

—_— >

Figure 7: Illustrating E, 5 (dots) and F, 5 (squares)
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Figure 8: Illustrating E, 3 (dots), Fi,-13 (squares), E ) 3 (triangles), and Yiy-1,
(circles)

Figure 9: Illustrating E,4 (dots), E,x2 4 (triangles), Fi,-14 (squares), and Yj,-1 3
(circles) :

68



Figure 11: (a) Illustrating (i) the nodes involved in T 4; (ii) the extreme points
of T;4 (enclosed in boxes); (iii) the alternate choice of —co so that these extreme
points are on the same horocycle and so that ¢ is closer to —co than the closest
pivot point ty~2 (see the proof of Lemma 4.2 in section C.1); (b) A redrawing of
the tree of part (a) in a more symmetric fashion '
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ty’

Figure 12: Illustrating (i) the node ¢ together with the nodes comprising 7;.,-1 3; (i)
the nodes (in squares) on the same horocycle to be interchanged by the isometry ¢
* needed in the proof of lemma 4.3 (see Section 3.2); and (iii) the nodes (in circles)

- to be left fixed by ¢
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Figure 13: Illustrating E, s (dots), F,,-1 5 (squares), and the choice for —do required
in the proof of Lemma 4.5 (section C.4). The required pivot, relative to —co, to
interchange the dots and squares is at ty~3
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Abstract

In® Part I [1] of this two-part paper we introduced a class of stochastic pro-
cesses defined on dyadic homogenous trees. The motivation for the study of
these processes comes from our desire to develop a theory for multiresolution
descriptions of stochastic processes in one and multiple dimensions based on
the idea underlying the recently-introduced theory of wavelet transforms. In
[1] we described how this objective leads to the study of processes on trees and
began the development of a theory of autoregressive (AR) models for isotropic
processes on trees. In this second part we complete that investigation by devel-
oping lattice structures for the whitening and modeling of isotropic processes
on trees. We also present a result relating the stability properties of these
models to the reflection coefficient sequence introduced in [1]. In addition this
framework allows us to obtain a detailed analysis of the Wold decomposition of
processes on trees. One interesting aspect of this is that there is a significantly
larger class of singular processes on dyadic trees than on the real line.
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1 Introduction

In Part I [1] of this two-part paper we introduced the class of isotropic processes
on homogeneous dyadic trees, and began the analysis of the corresponding class of
autoregressive (AR) processes. As developed in [1], the motivation for the study
of these processes comes from our desire to provide a statistical framework for
multiscale signal processing based on the structure of the recently introduced class
of wavelet transforms [4].

In {1}, we introduced and described the geometry of homogenous dyadic trees and
a natural notion of “past” and “future”, where a move into the “past” (“future”)
corresponds to moving to a coarser (finer) scale description of a signal. The class
of isotropic processes on trees was also introduced in [1], and, with our notions
of past and future, we defined the class of autoregressive (AR) isotropic processes
and began the study of their parametrization. The major result of {1] was to
establish that the only suitable parametrization of isotropic processes on the dyadic
tree is obtained via reflection coefficients following the generalization of the Schur-
Levinson parametrization techniques for usual time series. In this second part, we
further investigate the properties of isotropic processes in terms of their reflection
coefficients. In particular, in this paper we use the analysis in [1] both to construct
lattice structures for the whitening and modeling of AR processes on dyadic treeé'
and to analyze in detail these models and the properties of isotropic processes.

This paper relies heavily on the framework and results of [1], and we refer the
reader to that paper for reference. In the next section we provide a brief summa,ry;
of some of the basic notation and constructs from [1]. Section 3 is then devoted
to the presentation of whitening and modeling filters for AR isotropic processe,s.!
Unnormalized as well as normalized versions of these filters are given. In particular,
the normalized modeling filter appears as a tree structured scattering system. Then,
in Section 4, several properties of isotropic processes are analyzed in terms of the
reflection coefficient sequence. Specifically AR processes are characterized as being

the processes with only finitely many non-zero reflection coefficients, purely non-
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deterministic processes are characterized in a fairly simple way, a stability result
for the modeling filters is presented, and finally it is shown that every finite set of
reflection coefficients properly define a unique AR process provided they belong to
an easily defined domain. Finally, future issues, both practical and theoretical, are
discussed in the conclusion. Many of the results presented here, while paralleling
those for time series, are more complex than their time series counterparts due to
the significant increase in geometric complexity in going from a homogeneous tree
of order 1—i.e. the usual discrete-time index set—to the dyadic tree, which is of
order 2. For example, as introduced in [1] and described in detail in Section 4, the
prediction error processes associated with lattice filters on dyadic trees are vector

processes of dimension that increases with filter order.
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2 Dyadic Trees, Isotropic Processes, and Predic-

tion Error Recursions

In this section we review some of the basic concepts and constructs described in [1].
We refer the reader to (1] for details.

A homogeneous dyadic tree T, as illustrated in Figure 1, has a natural notion of
distance d(s,t) between any two nodes s,t € T. By choosing a particular boundary
point, denoted by —oo, we can redraw 7 as in Figure 2. Here all of the points that
are at the same “distance from —o0o0” appear on the same level or horocycle. For
multiscale processing we can think of each horocycle as corresponding to describing
signals at a particular scale, with finer scales being farther from —oo. Also, as
illustrated in the figure the choice of —oco leads naturally to a backward (fine-to-
coarse) shift, y~!, and two forward (coarse-to-fine) shifts a and 8. Also it is useful
to introduce the operator §. As indicated in Figure 2, the transformation é which
interchanges nodes ¢ and 6 for all € 7, can be thought of locally as an interchange
pivoted at the immediate ancestor ¢y~!. Higher order operators §(") correspond to
interchanges pivoted that are more distant ancestors of t (i.e. ty™™,n > 1). The
node t6(® and t6® are indicated in the figure.

As developed in [1], all nodes in 7 can be coded in terms of shifts from a

specified, arbitrary node t,. Specifically, let
£=(r1) Uy ) 6{a, B U {a, B)" (2.1)
Then T = {t,w|w € L}. The order |w| of any move w € L is defined as
lwl = d(t, wt) (2.2)

A move w is causal, denoted by w < 0, if wt is on the same or a coarser horocycle
than that on which ¢ is located.

A zero-mean stochastic process Y;,t € 7T, indexed by nodes on the tree is
isotropic if the correlation between Y at any two nodes depends only on the distance

between those nodes, i.e.

E[YgY,] = Td(g',) (2.3)
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Equivalently Y, is isotropic if Z, = Y} () has the same statistics as Y, for any isometry
f : T — T, ie. any one-to-one and onto map of 7 onto itself that preserves

distances. An AR model of order p has the form

Yi= Y auYiu +oW, (2.4)
o
where W, is unit variance white noise. Our interest here is in developing AR models
for isotropic processes, and as discussed in [1], the constraints of isotropy imply
rather complex constraints on the a,, coefficients in (2.4). Note also that the number
of these coefficients essentially doubles as the order increases by 1.

In (1] we began the process of developing an alternate description of isotropic
AR processes in terms of generalizations of the Levinson and Schur recursions for
stationary time series. Because of the structure of the dyadic trees—in particular the
fact that the number of nodes at a given distance from a specified node increases
geometrically with distance—the development of these recursions and the lattice
filters to be described here involve prediction error vectors of dimensions increasing

with the order of prediction. Specifically, define the nth order past of Y at node ¢
Vim & H{Yiw: w0 20, Jw| < n} (2.5)

where H{-- -} denotes the linear span of a set of random variables. Then the nth

order backward prediction errors at node ¢ are given by
Fin=H{Fin(w):|w| =n,w =20} (2.6)

where
F n(w) = Yiw — E (Yiw|Vin-1) (2.7)

We also let F,, denote the full 2(3]-dimensional vector of F,,(w), where [z] =
largest integer < z and where the ordering of the w in (2.6) used in constructing
Fin is described in [1]. Similarly we have the nth order forward prediction errors

at node t
Ein 2 H{En(w) : |w| < n and w x 0} (2.8)
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where

Ein(w) £ Yoo = E (YaulVig-1,0-1) (29)
The ordering of the w in (2.8) to construct the 215 ]_dimensional vector E,, is
described in [1].

In [1) we began the analysis of the recursive computation of these prediction
errors as the order, n, increases. What we found was that as in the usual Levinson
recursions for time series the forward and backward prediction errors of one order
could be expressed in terms of projections onto prediction error vectors of the pre-
ceding order. Most importantly, the constraint of isotropy allowed us to show that
the required projections onto multidimensional spaces such as F;,, and &, ,, reduced
in fact to projections onto specific scalar random variables, namely the barycenters
of the prediction error vectors:

€tn = - 1%F] Y. Eiu(w) (2.10)

|Jw|<n,wx0

Il
N
A
s
™
IS
2
&

ftn (2.11)

Indeed these projections can be expressed in terms of a single reflection coefficient,
kn. Furthermore, as shown in [1], there exist a set of scalar Levinson recursions for

the barycenter error processes. In particular for n even

€tnm = €tn-1— knft'y—‘,n—l (212)
. .
ft.'n = 'é' (ft'y'»‘l,n—l + 616(9),71—1) - knet,n—l (2'13)
where
k, = cor (€t n_1, fiy=1,n-1) (2.14)
and cor (z,y) = E(zy)/ [E(z?)E(y?)]"*. For n odd, n > 1:
1
Ct’n = § (e,,n_l + et&‘%l),n—l) - knft'y_l ;n—1 (2-15)
1
ft,n = ft’y",n—l - §kn <et,n—1 + 8!6(25_1),71—1) (216)
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with
1
k, = cor (§ (e,',‘_l +teyq n—l)'n_l) ,f,,,_x‘n_l) (2.17)

Also for n =1, e, = E;5, fin = Fi,1, and

Fh, = Yopa-kY, (2.18)
Et,l = },g - k])fh—l (219)
where v
b= 2ot _n (2.20)
E [Yt'v"] ro
In addition the variances of the prediction errors satisfy the following: for n even
o2, = E(e,)=(1-k)a2, (2.21)
14k,
ot = E(f2)= (_2— — k,{) o2, (2.22)
For n odd
ol, = a},n =0l = (1 - k:) a}m_l (2.23)

where (2.23) holds for n = 1 as well, with 6%, = . By using these equations it is
possible to derive a recursive procedure for computing the k, that is the counter-
part of the recursions in the standard Levinson algorithm for time series. We also
have Schur recursions which provide an alternative mechanism for computing the

reflection coefficient sequence. Specifically, define the formal power series:

P, & cov(Vyen) 2 Y EYiewn) w (2.24)
w=0

Qn £ cov(Yy fim) £ Y EYifiun) - w (2.25)
w=0

and recall the following operators on formal power series we introduced in [1]: given

S=st-w

weLl
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we set

7S] = Z Swy-1 W

weLl
6(")[5] = z Systh) W
wel
Then for n even
Pn = Pn-—l - kn7[Qn—l] (226)
Q@ = 5 (1Quil +8PIP]) — kePrcy (2.27)
where [@a1](0) + SB [P, (0)
_ Yi&n- + 0'%/|Fay
kn = 2P,_,(0) (2.28)
while for n odd
Po = 5 (Pac + 65(PL]) — kuy(@uc] (2.29)
Qn = 7(@n] —kn% (Pacy + 6CT[P,_y)) (2.30)
k, = 21(Qn11(0) (2.31)
P,_(0) + 6% P,_,](0)
where
PQ = Qo = Z le| cw (2.32)
w=0

We also note here that, as for time series, there are constraints on the reflection
coefficients, which, thanks to the conditions required for isotropy, are slightly more
complex for isotropic processes on dyadic trees:
1
for n even, -3 <k,<1 (2.33)
fornodd, -1<%,<1 (2.34)

As we develop in this paper, these results lead to lattice structures for AR processes

on dyadic trees in which only one new reflection coefficients is introduced as the
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order increases by one. Furthermore the constraints (2.33), (2.34) on these coeffi-
cients are quite simple and are decoupled from one another. Thus the lattice filter

parametrization of AR processes is far superior to the direct AR model (2.4)
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3 Vector Levinson Recursions and Modeling and

Whitening Filters

In [1] we showed that the recursive computation of the components of the prediction
error vectors E, , and F;, involved projections onto the barycenter error processes.
In addition we developed scalar Levinson recursions for the barycenters. In this
section we combine these results in order to develop whitening and modeling filters
for Y;. As we will see, in order to produce true whitening filters, it will be necessary
to perform a further normalization of the innovations. However, the formulas for

E,, and F,, are simpler, and consequently we begin with them.

3.1 Filters Involving the Unnormalized Residuals

To begin, let us introduce a variation on notation used to describe the structure of
the covariance matrix of the prediction error E,, which we denoted in [1] by Zg .
In particular we let 1, denote a unit vector all of whose components are the same:

1
dim1

1, = 1 (3.1)

We also define the matrix
U. =117 (3.2)

which has a single nonzero eigenvalue of 1. Equations (3.1), (3.2) define a family
of vectors and matrices of different dimensions. The dimension used in any of the
expressions to follow is that required for the expression to make sense. We also note

the following identities:

uuU, = U, (3.3)
. Tr 1
fr = I_F_\/W;F(w) (3.4)
1f =1.f* = U.F (3.5)

where F' = {F(w)} is a vector indexed by words w ordered as described in [1], where

f is its barycenter, and where f* is a normalized version of its barycenter.
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The results of Section 4 of [1] lead directly to the following recursions for the

prediction error vectors:

Theorem 3.1 The prediction error vectors E,, and F,, satisfy the following re-

cursions, where the k, are the reflection coefficients for the process Y:

For n even:

Et,n = Et,n—l - antF;'y-i n—1 (36)
E,n = I: 16(9)’"—1 } - kn [ ] Et,n—l (3.7)
F‘t—y",n-l =
For n odd, n > 1:
Et,n—l .
Et,n = E - anvF't‘y-’,n—l (3'8)
t6<27—_1),n—1
Et,n.—l
Flt,n = 'Ft'y—l,n—l - ant (39)
E (n—l)
t68'" 7 ‘n—-1

while forn = 1 F} | and Ey; are scalars satisfying (2.18), (2.19). Here the reflection
coefficient sequence k,, 13 calculated from the correlation function, r,, of Y; according

to esther the Levinson or Schur recursions described in Section 2.

Proof: Equations (2.18), (2.19) for n = 1 are exactly (3.17), (3.19) in [1]. As
indicated previously, the remainder of this result is also a direct consequence of the
analysis in Sections 3 and 4 of [1]. For example, from (3.16), Lemma 4.1 (4.6) of

(1], and (3.5) of this paper, we have the following chain of equalities for n even:

Et,n = Et,n—l - E(Et,n—1|E'y—l,n—l)
= Et,n—l - ’\lft‘y—l,n—-l
= Et,n—l has /\UtF‘t’y‘l,n—l (310)
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where ) is a constant to be determined. If we premultiply this equality by (dim E; ,_,) 17,

we obtain the formula for the barycenter of E;,_;, and from (2.12) we see that

A = k,. The other formulae are obtained in an analogous fashion.

The form of these whitening filters deserves some comment. Note first that the
stages of the filter are of growing dimension, reflecting the growing dimension of
the F,, and F;, as n increases. Nevertheless each stage is characterized by a single
reflection coefficient. Thus, while the dimension of the innovations vector of order n
is on the order of 2%, only n coefficients are needed to specify the whitening filter for
its generation. This, of course, is a direct consequence of the constraint of isotropy
and the richness of the group of isometries of the tree.

In [1] we obtained recursions (2.21)-(2.23) for the variances of the barycenters
of the prediction vectors. Theorem 3.1 above provides us with the recursions for the
covariances and correlations for the entire prediction error vectors. We summarize

these and other facts about these covariances in the following.

Corollary: Let £g,, Xr, denote the covariances of E,, and F,,, respectively.
Then

1. For n even

(a) The eigenvalue of T, associated with the eigenvector [1,...,1] is

pen = 237102 (3.11)

en

where o is the variance of ;.

(b) The eigenvalue of T, associated with the eigenvector [1,...,1] is
BFp = 2%0},71 (3.12)
where a}'n is the variance of f; .

2. For n odd,
LEgn=Yp,=2%, (3.13)
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and the eigenvalue .1ssociated with the eigenvector [1,...,1]} is

n-1

Bn = BEn = UFn = ZTU: (3.14)
where o is the variance of both e;,, and f; .

3. For n even

E n E n AnU
Tw 2 Tpn = cov b = 7" (3.15)
i AU Zga

SEn = Tao1 - k202_ U (3.16)
A o= (ka—k2) 02, (3.17)
4. Fornodd,n>1
YEn-1 AnaU
To=| EmTt T k263U (3.18)
/\n-lU EE,n—l '
5. Forn=1
Si=(1-k) o (3.19)

Proof: Equations (3.11), (3.12), and (3.14) follow directly from the definition of

the barycenter. For example, for n even
2%~16t,n = ]-TEt,n (3‘20)

from which (3.11) follows immediately. Equation (3.13) is a consequence of Lemma
4.1 of [1]. To verify (3.15) let us first evaluate (3.6) at both ¢ and t§(3):

E n E n— U—
Eté(g),n Eté(g),n-—l U.

The first equality in (3.15) is then a direct consequence of Lemma 4.1 of [1] (compare

(3.7) and (3.21)). The form given in the right-most expression in (3.15) is also
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immediate: the equality of the diagonal blocks is due to:1sotropy, while the form of
the 0ﬁ'~d1agona.l blocks aga.ln follows from Lemma 4.1 of [1]. The specific expression

for g 1 in (3:16) follows dlrectly from the second equallty in (3.10), while (3.17)
follows ffom (8. 21) and the fact that ‘

[E,,, 1(0)E (0] Skt

.
A 'y )_»}I'!i
R T T

(3.22)

i Seye

N whlch in turn follows from Lemma 4 1 a.nd (4 27) of [1] F ma.lly, (3 18) follows from

(3 15) and (3 8) and (3 19) is, 1mmed1ate from (2 18) (2 20)

Just as thh txme senes,

‘/ox\z "

the whltemng ﬁlter spec1ﬁca.t10n leads dlrectly to a

. . oo N
‘,,( ST ey e wray D ey ot

o 2O LR i ol Ei,n 15 Wil *
GrE Fah REHEERR = S'(kn) >E¢.6(9)’{x e (3.23)
Anncie o I gy o\ iy -
s Lt s ¢ L, , . oA ]
whiérgt 1 ot S : i
‘; D onh i 1 ! i F R 0.’ ant i ! ‘
R L M it
S(ky) = (3.24)
| N i [N . L -y—k U I (k — k2) U
st e et Lk U O (P kBT e
76 For n odd S 1 S S F O, YUY Ry o Lo 105
COra B fe i SLETY rTH RARSVEY 3 ,:f f"’-”
Tabnd SO JRs by s iamig
3.25
€4 PAREDF 0 AN Tl SAGIE S ( )
Te SOy g gy ot
AT SV ST boadsigine
‘ . G
b B
ISt i ERREREA Lo (3.26)
8 iy ' =k, U, (I k2U) BRI
et
' 4In fact we ‘$hould properly wnte S (Ic,,,n) since the dlmenswn of the blocks depends on n; nev-
[vr ndiy certheless:weichosed;to write S(kw) to simplify the notation;-this will:be-done: ‘evetywhere in the

sequel.
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while for n = 1:

% = ! k1 Ei a Eia
( Fia ) - ( —ky 1-—k ) ( Yoot ) = 5(k1) ( Yoo ) (3.27)

These equations can be verified by solving (3.6)-(3.9) and (2.18)-(2.20) to obtain
expressions for E’s of order n — 1 and F’s of order n in terms of E’s of order n and
F’s of order n—1. Note should also be made of the dimensions of the various signals
and matrices in Theorem 3.2. In particular, for n even the two components on the
left-hand side of (3.23) are of dimensions 2(*/?)~1 and 2(*/?), respectively, while all
three of the vectors on the right-hand side of (3.23) are of dimension 2(*/2)- and
each of the square blocks in (3.24) is 2(*/2)-1_dimensional. For n odd, n > 1, both
components of the right-hand side of (3.25) are 2("~2)/2_dimensional as is the F ,—
block on the left-hand side. The two E-blocks on the left-hand side, however, are
2(n~3)/2_dimensional, and the four square blocks in (3.26) are 2(*~1¥2_dimensional.
We have included dotted lines in (3.23)-(3.26) to emphasize how these mappings
operate. Note also that the first section (3.27) of the modeling filter involves only
scalar quantities.

As is the case for time series, the lattice modeling filter of Theorem 3.2 has a
scattering layer structure. An important difference here is that the growing dimen-
sion of the prediction errors leads to a tree-like structure for the scattering diagram,
and because of this, we find that groups of values of Y are calculated together in
this structure. In particular, from Theorem 3.2 we can deduce that if we consider
a modeling filter of odd length N, then this modeling filter can be viewed as a map
from the 2(V-1)/2_dimensional input vector E, x to the 2(¥-1/2_dimensional set of
outputs {Y;, | |lw| £ N,w x 0}. For N even, the modeling filter maps the two
2(N/2)-1_dimensional input vectors E, n, E, sn2 y to the 2(¥/?)_dimensional set of
outputs {Y;, | |w| £ N,w < 0}. The case of N = 6 is illustrated in Figure 3. In this
case the input vectors E;¢ and Ea ¢, produce the outputs Y3, for w <0, {w| < 6
(as well as the backward errors Fig and Fs) ¢, which aren’t actually needed for

the recursion). The E-vectors of various orders propagate from left to right, while
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the F'’s propagate from right to left. The small black squares represent v~} opera-
tions and the blocks labeled “1”, “2”, etc. perform the computations described in
Theorem 3.2. The details of the operation of this system, however, requires further
explanation.

Let us first look at the situation for n odd, in which case each block labeled
“n” performs the calculations given by (3.25) (or (3.27) for n = 1). For example,
the inputs to the top “3” block in the figure (which has been shaded) are E, 3 and
F,,-1 2, while the outputs are E, 3, E;s2 and F,3. Note that this block is connected
to the right to systems generating both Y; and Y5, but apparently we do not need
a corresponding “3” block at té in addition to the one at t. To understand this,
consider writing (3.25) at t6(*) rather than at :

Eté(&;_l),n-—l
E n— E n—1
tn—1 = S(kn) 6077 ) n (3.28)
.......... F't&(z!_—l).y-lm_l
L F‘“g(nf—l),n J

where we have used the fact that for any k, %) is its own inverse. Note that
the first two components of the output in (3.28) are simply a permutation of the
first two in (3.25). The last outputs in these equations and both inputs apparently
differ. However it is easily checked that the outputs F;, and Ft gogl) | are identical
up to a permutation of the ordering of components, as are the input pair E,, and
Ez €5 and the input pair F;,-1 ,_; and Ft §5F -1 (this latter fact is proved
in “cigarillos’ lemma” of appendix A and expressed via the “cigarillos” -dotted
connections— of Figure 3). Thus there is actually no need to have a “3” block at t6
as there was at ¢, or more generally an “n” block at t6(*F") as well as at ¢.

For n even, the blocks labeled “n” perform the calculations as specified by (3.23).
For example, the inputs to the top “2” box in the figure are E, 3, Ey,, and Fyy-1 4,
while the outputs are E,; and F, ;. Again it is important to examine the analogous

computation at a related point. Specifically, consider evaluating (3.23) at the point
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t8§(3):

Et6(9),n—1 Ets(’?),n
......... = S(ka) | Eun (3.29)
F't6(§),n F;6(§')1—1,n—1

Note first that the first outputs of (3.23) and (3.29), namely, F;,_; and Ew(g)'"_l
are in fact distinct, and thus it is necessary to implement the computation (3.29).
For example, the second “2” block (also shaded) in Figure 3 computes as one of
its outputs Eys,. Next note that the other outputs, F;, and Fus(?),n’ of (3.23) and

! operation

(3.29) are not identical. However, these signals must pass through a y~
before entering the corresponding “n + 1” block, and we have already seen in our
analysis of the odd case that F.,-1 , and F, §B)y1 , BTE identical up to a permutation
. Thus only one of these is needed for a block at level n+ 1. This is indicated in the
figure by a connecting, dotted bar between the y~! block immediately to the left of
pairs of even numbered blocks, with only one of these identical signals continuing
backward to the corresponding n + 1 block. For example the two left-going output
signals of the shaded “2” blocks, F;, and Fi5; are merged in this way after the y~!
operation on each.

Examining next the right-hand sides of (3.23) and (3.29) we see that the first two
inputs are identical except for a flip in the order. This is captured in the figure, as
can be seen for n = 2, where the two inputs entering from the left of the second “2”
block are the same as those for the first “2” block, except in reverse position. It is
also not difficult to check that the last inputs F,-1 ,_; and F‘té(i")'y—‘,n—l are identical
up to a permutation of components. While these signals do enter individual blocks
we have again indicated that they are the same by a connecting dotted bar between
the 7~! blocks immediately to the right of pairs of even numbered blocks. For the
case of n = 2, the two left-going input signals of the shaded “2” blocks, Fi,-1; and
Fi5.,-1, are identical and are connected by such a dotted bar.

Figures 4 and 5 describe in more explicit terms the data flow and memory
structure for the system of order 6. Specifically suppose that we have finished the

computations required at the horocycle indicated with squares in Figure 4. As
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indicated in the tree at the top of this figure (via a shaded bar connecting the
squares), sets of 4 nodes at this level are coupled together (more generally for an
nth-order model 21*3*] points are coupled together). The state for this set of four
nodes is indicated above the nodes: we have stored the scalar values of Y, Fj, and
F; at each node, we have stored the 2-vectors F; and F; for each of two pairs
of these nodes, and we have stored a single 4-vector Fy for the set of 4 nodes.
Given these quantities and the two 4-vector Es inputs for each of the two sets of
4 descendent nodes (indicated with circles, with a connecting bar for each set),
the model performs two parallel computations (which are identical in structure) to
produce the required variables to be stored at each of the two sets of descendant
nodes. Figure 5 illustrates in more detail how these computations are distributed
and performed. Here at each level the variables required as inputs are indicated

“1”  Futhermore

with “?” while those produced as outputs are indicated with
those inputs corresponding to the stored state are indicated above each layer of
the computation, while below each figure we indicate the inputs received externally
(?Es) or from previous layers (all other ?E’s). We also indicate below each layer
the outputs produced, some of which (the !F’s at layers 2-6 and the !Y’s at level
1) form components of the state at the next horocycle while others of which (the
!E’s) are used as inputs by succeeding layers. For example at the top level Fy is
stored and two Eg vectors are received as the only external inputs. This layer, as
shown in Figure 3, has two actual sets of outputs. One of these, the Fy vectors, is
not needed for the subsequent computation and indeed is typically not computed
in lattice implementations. The other outputs produced are the Fs vectors which
will not be stored as part of the state at the next horocycle but which do show up
as inputs to the layer 5 blocks.

We have also included node indices in part of Figure 5 to make it easier to connect
the computational structure of the figure with the computations described in (3.23)-
(3.27). For example, the lower left-hand portion of layer 1 (distinguished by shaded
circles and squares) corresponds to the pair of computations corresponding to (3.27)

evaluated at t and at ¢t6. Also, at higher layers, we encounter vector error processes,

93




and as we have seen, these vectors are not distinct or, in fact, needed at all nodes.
For example, consider the portion of the layer 5 computations indicated by shaded
squares. This describes the computation of (3.25) for n = 5, which requires a single

-1 and produces one Fy vector

E; input at node ¢, a single stored Fy—vector at t+y
at node t and two E; vectors at ¢t and t§(2). In this case, as we have pointed out,
a single Fy—vector needs to be stored for the pair of square nodes connected by the
solid bar in the figure. We have indicated its index, ¢y~!, in the center of the bar.
Similarly, the index, ¢, of the single Es and Fs vectors is indicated in the center
of the lower solid bar, while the indices, ¢ and t§(?), for the two E;-vectors are
indicated above the appropriate portion of the solid bar. Note that the apparent
redundancies, indicated by the shaded bars in Figure 4, are not present in Figure
5, as in this figure we have shown just those variables required to be stored and
cbmputed from horocycle to horocycle

As we will see, understanding the structure of the filter described in Figures 3-5

greatly facilitates our analysis of stability.

3.2 Levinson Recursions for the Normalized Residuals

The prediction errors E, , and F,, do not quite define isotropic processes. In par-
ticular the components of these vectors representing prediction error vectors at a
set of nodes are correlated. Furthermore for n even we have seen that E;, and
E 3 ,_, are correlated (see (3.15)). These observations provide the motivation
for the normalized recursions developed in this section. In this development we
use the superscript * to denote normalized versions of random vectors. Specifically
X* = X;'2X where X, is the covariance of X and £/ is its symmetric, positive
definite square root.

We now can state and prove the following:

Theorem 3.3 For n odd the covariance matriz ¥, defined in (3.18) is invertible
if and only if —1 < k, < 1. For n even, T, as defined in (3.15), is invertible if
and only if —1/2 < k, < 1. Under these conditions the whitening recursions of
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Theorem 3.1 can be normalized, yielding the following recursions for the normalized

restduals:

For n even

E.. \ (B ) U.
( t, ) = O(ky) ( ] tin—-1 —k, ( ) F};_x'n_l} (3.30)
Exw, | Etb“}),n—l ), U.

_ E* . \ U.
Ft‘,n = (-)(kn) ( 602 n_1 ‘k‘n( )Et‘in—l

(3.31)
'F:y—‘,n—-l )

where ©71(k,) is the matriz square root satisfying®

I—KU, (ko — k2. |
0~ k,) = (3.32)
(k, — kHU. I - KU,

For n odd, n > 1

e )
E;, = O(k,) ( E" ' ) - k,,U.E’;_,,,,_l] (3.33)
té("“f-l),n—l
[ *
= - Et,n—l
E,n = @(kﬂ) F‘It‘y"l'n—l - anxﬁ (3.34)
L P s N
where
0-%(k,) = I — k2U. (3.35)
fOI‘ n=1
1
E;, = (¥ ~ kaY3) (3.36)
’ Ji-® "
. 1 . .
Fio= = = (Y5 — ki¥y) (3.37)

SAgain to be precise we should write ©(k,,n) rather than ©(k,). For simplicity we use the less
cumbersome notation.




Remark: Note that for n even we normalize E;, and E, g, together as one
vector, while for n odd, E, , is normalized individually. This is consistent with the
nature of their statistics as described in (3.15)-(3.19) and with the fact that for n

even dim F},, = 2dim E, ,,, while for n odd dim F; , = dim E, ,,.

Proof: Let us first derive (3.30)-(3.37) assuming the invertibility of X, for each n.
This result is a relatively straightforward computation given (3.11)-(3.19). For n
even we begin with (3.7) and (3.21) and premultiply each by '
diag ( T2, =7)

Since 1, is an eigenvector of L,,_;, ¥,_; and therefore 2;1/12 commute with U,. This
immediately yields (3.30) and (3.31) where the matrix O(k,) is simply the inverse
of the square root of the covariance of the term in brackets in (3.30) and in (3.31)
(the equality of these covariances follows from (3.15)). Equation (3.32) then follows
from (3.11) and (3.15). The case of n odd involves an analogous set of steps, and
the n = 1 case is immediate.

The preceding analysis provides us both with the conditions for the invertibility

of £, and with a recursive procedure for calculating X '/? (see Appendix D of [1]

for an alternate efficient procedure). For n even we have

T = O(k,) diag ( M, £717) (338)
while for n odd, n > 1
-2 = Q(k,)B; M (3.39)
and forn =1
577 = [(1 - ko] (3.40)

Note first that from (3.40) we see that |k;| must be less than 1 for £7'/? to exist.
For n > 1 and odd, note that the only nonunity eigenvalues of I — kZU, is 1 — k2,
and thus ©(k,) exists for n odd if and only if |k,| < 1. Also in this case we can
readily compute O(k,) using the following formula. For any & > —1

(I+kU) T =T+ (\/1i‘1€ - 1) U. (3.41)
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For n even, we make use of the result that for S and T symmetric

~1/2
-Y
S T _1 X4+Y X (3.42)
T S 2\ X-Y X+VY

where
X = (S+T)_l/2
Y = (§-T) 2 (3.43)

Using (3.42), (3.43) we see from (3.32) that to calculate ©(k,) for n even we must
calculate

(1+ (ko —262) U.) "
and

(I = k,U)™?

which exist if and only if —1/2 < k, < 1, completing our proof.

If k, = —1/2 or 1 for n even or k, = +1 for n odd, the resulting error processes
are not full rank. This is the simplest example of a singular process, for which perfect
prediction of a linear combination of Y’s on a given horocycle can be obtained
using only a finite set of values of Y on “past” horocycles. In Section 4 we will
characterize the full class of singular processes in terms of its infinite reflection
coefficent sequence.

Now that we have a normalized form for the residual vectors, we can also describe
the normalized version of the modeling filters which provide the basis for generating
isotropic Y;’s specified by a finite number of reflection coefficients and driven by

white noise

Theorem 3.4 A normalized modeling filter for the isotropic process Y; ezists if and
onlyif =1 < k, <1 forn odd and —1/2 < k, < 1 for n even. In this case this filter

has the following form. For n even we have

Et‘,n—l Et,n )‘
= E(kn) Etﬁ(g),n (3-44)
'F;:n Flt.'ly‘l,n-l
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where®

I+a(k)U.  b(k,)U. k,U.
o(k,) & ~kay,  I+4o(k)U. bk
d(k,)U. ~kU, I+ a(k.)U.
with
a(k) = —__"1+22'°“\/1_k ~1
b(k) = ___V1+22k_1,/1_k
(k) = V1 +2k2— 1+ &)
dk) = —c(k)—k

The matriz S(k,) is referred to as the scattering matrix, and it satisfies

% (k) ST (kp) =1

Forn odd, n#1

Et,n—l
E;,
Etts(%_l),n—l = E(kn) - .
I’-‘;’n ty—in-1

where the scattering matriz
(I-kU) kU
(k) 2
—kU. (I -k2U)?

satisfies

S (k) ET (k) = I

6Again we abuse notation and write X(kn) rather than Z(kp,n)
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(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)



Forn=1:

v\ E;,
( F ) =x) ( Y ) (334

2(k1)=( 1=k -k ) (3.55)

Ny

S(k)ET (k) =1 (3.56)

and

also satisfies

T
Proof: We begin by solving (3.30) for (E’,‘};_l E:g“:) n_l> then by substituting
this into (3.31) we obtain

E;,n—l ( Et,n )
Evw, ) | =2E) [\ Eya, (3.57)

Fl&

where
| 0" (k) k(U) |
S (k,) 2 ‘ (3.58)
—k U, T kn — k2)U.
_O(k")(—knv‘ O)G-I(kn) e(kn)(( " kiém )

To obtain the desired relation, we simply drop the calculation of E:6(9),n—1 from
(3.57). To do this explicitly we consider $(k,) as a matrix with three block-columns
and four block-rows (one each for Ej,_ ; and E::S(g),n—l and two for F,). Thus
what we wish to do is to drop the second block-row. A careful calculation using the
relations derived previously yields (3.45)—(3.49). That 3(k,) satisfies (3.50) follows
immediately from the fact that the vectors on both sides of (3.44) have identity
covariances. The result for n odd, n > 1 is obtained in a similar fashion, and the

case of n = 1 is immediate.
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4 Reflection Coefficients and the Properties of

Processes and Models

The analysis in {1] and in the preceding sections provides us with a framework in
which we can say a great deal about stochastic processes and dynamic systems on
trees. In the first subsection we provide a complete characterization of isotropic
autoregressive processes, and is Subsection 4.2 we characterize purely nondetermin-
istic processes. In Subsection 4.3 we relate the stability of the lattice models on
trees to the reflection coefficients, while in Subsection 4.4 we show that all lat-
tice filters with appropriately-constrained reflection coefficients yield AR processes,
showing the one-to-one correspondence between these filters and processes. In each
case there are similarities to the analysis for stationary time series. However, the
more complex structure of the dyadic tree leads to some important and substantive

differences.

4.1 Characterization of Autoregressive Processes.

A well-known and essentially trivial result for time series is that if Y; is a pth order
autoregressive process, then the reflection coefficients k, = 0 for n > p+1. Further-
more the pth-order forward and backward prediction errors—which are also identical
to the nth order prediction errors for n > p + 1-—form white noise sequences. The
following result, whihc states the counterpart of this result for isotropic processes
on trees, requires some prefatory comment. Specifically, thanks to the vector nature
of our models—i.e. the fact that a group of Y’s on a given horocycle are generated
together from a group of the E’s—the prediction error processes whose whiteness
we consider consist of sampled versions of the (normalized) E and F processes, with
one “sample” taken per “group.” In particular from our discussion at the end of
Section 3.1 and from the definition (2.8), (2.9) of E, ,, we find that the components
of E,, and E,, , are permutations of one another if w < 0 and |w| < n — 1. Thus

we need only consider one of these vectors for each group on each horocycle. Note
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that this means that we are choosing only one out of 2[*F'] error vectors, but each
vector is exactly of dimension 2*7 so that we do have the correct number of total
degrees of freedom—one per node on the tree.

Turning to the backward residuals, we find from the discussion in Section 3.1 and
the definition (2.6), (2.7) of F,, that the components of F, and Fi,, , for w < 0 and
|lw| £ n—1 are permutations of one another. On the other hand, as pointed out (for
w = 6(2)) in Section 3.1, if n is even, so that it is possible to find w < 0 with |w| = n,
F,, and F,, do not have identical sets of components. Furthermore, it is easily
checked that these vectors are not uncorrelated. However, as is also pointed out in
Section 3.1, the signals Fy,-1, and Fiy,,-1 , do have identical component sets, and it
is only these “delayed” signals that play a role in the modeling filter. Thus for our
purposes here we need choose only one vector from the set { Fi,,|w < 0, |w| < n}. In
this case we are choosing one 2#)-dimensional vector from a set of 2(3] such vectors,
again producing the correct number of degrees of freedom.

Finally, as we have noted in Section 3.2, it is necessary to normalize the pre-
diction error processes. For the backward prediction errors, this simply means that
we will consider the Fy, rather than the F;,. Similarly for n odd we consider
the E; . However for n even our normalization involves the combined normaliza-
tion of E¢, and E ), (e.g. referring to Figure 3, the two inputs Ey¢ and Ey) 6
are normalized together). Thus for n even, instead of choosing one vector from

{Etw,n Pw X 0) |w| Sn—l} {E

By - WX0,Jw| <n—1} we choose one vector

(of twice the dimension) from

=

Etw,n
lw =< 0,|lw|<n-1
Et#?)w,n

Proposition 4.1 IfY; is an AR(p) isotropic process, then the reflection coefficients
k., =0 for n > p+1. Furthermore, the forward and backward normalized prediction
error vectors of order p and greater form standard white noise processes (1.e. with

unity covariance). More precisely, let t, be an arbitrary node on the tree, and
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consider an infinite sequence of predecessors and successors to ty:
T = {toy~*[k 2 0} U{toa"|k > 1}
Then for any n > p, the set of backward prediction error vectors
- . n
{Frsonls €T5 > 5}
forms a standard white noise process. Similarly, for n > p and odd, the set
» . n
{Ejsqls €T, > ‘2'}

forms a standard white noise process, while for n > p and even, the set

-
( Ea&(f),n )
E.,a(:)s(‘}),n

forms a standard white noise process.

n

.9€T,1>2

The construction of T and the choices of points forming the sets of prediction
errors in Proposition 4.1 represents one particular way of choosing one prediction

error vector from each of the sets described before the statement of the Proposition.

Proof of Proposition 4.1: We focus explicitly on the E’s, as an analogous proof
holds for the F's. Note first that, thanks to the normalization, all of the E* variables
do have unity covariance. Also, thanks to the sampling done in forming the E*
sets, 1t is straightforward to check that the whiteness will be proven if we can show
that for n > p (and either even or odd) the unnormalized prediction error E,,, is
uncorrelated with Ey, , (denoted E,, L E,, ) for w < 0 and for w < 0, |w| > n.
Showing that this is true for w < 0 is essentially the same as the proof in the

time series case. Specifically, if k, = 0 for n > p, then,

Et,2m = Et,?m—l if 2m > P (41)
Et2m :
Eiomsr = b2 ] if2m >p
EtS("') 2m
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so that, n > p,
Et‘n ..L yt’y'l,oo (4.2)

by definition of the forward prediction errors. Hence from (2.9) we see that for
n2p,

Eip L Egyp for w <0 (4.3)
Hence it remains to prove that
n
2

This proof, which involves the construction of isometries much as in several of the

Et,n, 1 Etﬁ(J),n for ] > (44)

proofs in [1], is sketched in Appendix C.

For a time series model the constraint of causality severely restricts the support
of its impulse response. For example any AR time series model has an AR impulse
response whose support is the nonnegative integers. For processes on trees, however,
there is considerable flexibility in the possible choice of support for a causal impulse
response. However, as the following states, the constraints of isotropy allow us to

determine precisely the support for AR models.

Proposition 4.2 Let Y, be an AR(p) isotropic process. Let us write the formal
power series P, defined in (2.24) as
P,=) pu-w (4.5)
w€l
w=<0
Ifp=0,p,=0tfw#0. Ifp=1, p, =0 unless w = v~F for some k > 0. If

p > 2, then py, = 0 for all words of the form w = v *6wyg with

Wap € {a, B} and |wyg| > [g] -1 (4.6)

In other words, P, has its support in a cylinder of radius [’23] around the path {y~*}
toward —oo. From this we also have that the modeling filter of an AR(p) process
has its support in the same cylinder of radius [5] around [t,~o0) = {tv*|k > 0}.
Conversely, any process such that the modeling filter has its support contained in

the cylinder of radius [%] is necessarily an AR(p) process.
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Comment: the proof of this result is straightforward, although tedious, and is
left to the reader. Concerning point 2, Figure 6 illustrates the cylinders for low order
AR processes. Note that Proposition 4.2 is a generalization of the result in Appendix
A of [1] which states that if an isotropic process has its support concentrated on
[t, —00), then it is necessarily AR(1).

4.2 Characterization of Regular (or Purely Nondetermin-

istic) Processes.

Definition 4.1 We shall say that an isotropic process Y, is regular or purely non-

deterministic if
0?>0 (4.7)

holds, where

o Lint | (X putin) B (S b)) I 48

wx0 wx0
and the infimum ranges over all collections of scalars (pw)ws<o where only finitely

many of the p,, are nonzero and the condition 3" p2 =1 is satisfied. -

In other words, no nonzero linear combination of the values of Y; on any given
horocycle can be predicted exactly with the aid of knowledge of Y in the strict
past, Vi,-1 o and the associated prediction error is uniformly bounded from below.
We shall now characterize regular processes in a fairly simple way using reflection

coeflicients.
Theorem 4.1 (i) The following formulae hold for every isotropic process:

0'2 = h’I'n io'glf /\inf (22n+1) (49)

Ainf (Z2n41) = ro(1 ~ kF) [[(1 — k2,,;) min {1 + kop — 2k3,,1 — kz,,} (4.10)

p=1
where Ainr(A) denotes the smallest eigenvalue of the matriz A, and Ts,4, 13 defined
in (3.18).
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(i1) An isotropic process Y, is regular if and only if its reflection coefficient

sequence i3 such that |kyny1] < 1,—1 < kop < +1, and, furthermore,

f: (kgn—l + |k2,,|) < oo (4.11)

n=

—

Comment: The corresponding characterization of regular processes in the case of

time series is (cf. for instance [2]):

o0
|kl <1Vn, Y kZ<oo (4.12)

n=1

Proof: Note first that the singularity of the process if |kyn41| = lorif k, = —1/2 or
1 follows directly from the resulting degeneracy of the prediction error covariance
(Theorem 3.3). Condition (4.11) is an immediate consequence of point (i), since
for k small min(1 — k,1 + k — 2k?) ~ 1 — |k|. Thus we shall only prove (i). First,
let us prove (4.9) by showing that o2 is both > and < the right hand side of
(4.9). To every (pw)ws=o as in Definition 4.1 we associate a sequence of vectors (M,,)
of increasing dimension. Specifically, we begin by forming an infinite-dimensional
vector by ordering the p,, according to the ordering on the w < 0 defined in Section
3.1 of [1]. For each n we then take the vector M, to be the truncated version of
this infinite vector by keeping only the initial segment consisting of those p.,,’s such
that w is involved in the definition of E;3,4,. We then set M, = W%::ﬁ if M, # 0,
and equal to some arbitrary unit vector otherwise (here, || ... || denotes the usual
Euclidian norm).
We obviously have
M, = M, for n large enough (4.13)

Hence, thanks to the limit theorem for square integrable martingales ([5], [6]), we

can write, for the considered family (u,,):

” Z ﬂwy'tw —-FE (E ﬂwKw'yt'y—l ,oo) ”2

wx0 wx0

106



=t S Yo B (S gVl I

wx0 wx0

. T
= nango M, %M,

> liminf A (Sanss) (4.14)

where the second equality uses (4.13), and the inequality is due to the fact that M,
is a unit vector. Since the last expression in (4.14) does not involve the considered
family (p.,), we immediately get the inequality > in (4.9). Now, fix € > 0 and
select n, large enough so that Ajnr (Z2n,41) — € is smaller than the right-hand side of
(4.9). Then, take for M,  a unit eigenvector of X, 41 associated with its smallest
eigenvalue. We then obtain following inequalities which, since € is arbitrary, yields

the inequality < in (4.9):

ligg}f Ainf (Zzns1) + €

> Ainf (Z2n,41)

= M£22n°+1Mno

= |l Z MoYiw — E (Z F‘qutw|yt'y“,00> ”2
wx0 wx0

> o

where (p2) is the family associated with M,,,.
It remains to prove (4.10). Using (3.38)-(3.40), we can write

1
-2
Z:2n--l

_1 2—,?_ 0
22n2+1 = e(k2n+l)®(k2n) ( 20 ' )

But the three matrices on the right handside of this formula all have the Haar
system as eigenvectors (cf. (4.19) of [1]). Hence we can diagonalize all of these

matrices simultaneously:

-1
o a(mh) o
A (22n2<}-1> =A (@;n-i-l) A(©3,) 0 A (22_"12.—1>
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holds, where A(A) denotes the diagonal matrix of the eigenvalues of A. Using the
definition of ©~1(k,) in (3.32), (3.35), we can deduce that

A1) =
A(Zpm) O )

diag(1 — k2 ,,,1...1) diag(1 + kg, — 2k2,,1 — k3, 1...1
&( 2n+1 ) diag( 2 2 2 ) ( 0 A(Sans)

so that, by expanding the product and using (3.36), we finally get (4.10). This
finishes the proof of the theorem.

Note that the condition (4.11) is much more easily violated by a valid reflection co-
efficient sequence than the corresponding expression (4.12) for time series, pointing
to the fact that there are apparently a far richer class of singular processes on trees
than on the real line. This is apparently related to the characterization of spectral
measures for isotropic processes and to the large size of the boundary of the dyadic

tree (see the comments concerning (2.33) in [1]).

4.3 A stability criterion

A well-known result for all-pole lattice filters is that such a filter is stable if and
only if all of the reflection coefficients have magnitude less than 1. In this section we
state and prove Theorem 4.2, which is the counterpart of this result for the lattice
filters introduced in this paper. Before stating this result, let us clarify what we
mean by “stability”. Figures 3-5 depict (for a 6th—order example) the structure of
the unnormalized filter. This filter describes how the computation of Y; propagates
from horocycle to horocycle, with Ey,n (for n odd) or (Eyn, Exg) ) (for n even) as
input and the corresponding block of Y’s on the same horocycle as output. It is

the stability of this filter that we wish to study.
Theorem 4.2 Under the conditions

—1<k,<1 nodd 1<n<N (4.15)

1
—§<k,.<1 neen 1<n<N (4.16)
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the Nth-order unnormalized modeling filter specified by (3.28)-(9.27) is stable, so
that a bounded input E, y (for N odd) or (E‘-N’Eté(‘}),N) (for N even) yields a
bounded output Y;. Similarly the normalized modeling filter specified in theorem §.4
i3 also stable under these conditions so that a bounded input E;y (for N odd) or
(Et,N’Ew%} N)" (for N even) yields a bounded output Y;*.

Proof: Let us first show that by taking advantage of the structure of the filter
computations we can simplify the required analysis and can, in fact, reduce it to a
question of stability analysis for a standard temporal system. To begin, in Figure 7
we have depicted one of the two parallel computations depicted in Figure 5, where
we have used notation that emphasizes the sequential nature of the computations.
Here the indices “m” and “m — 1” index horocycles so that the “m — 1”7 quantities
are stored and the “m” quantities are computed from the input (E¢;(m), Eg2(m))
which is distinguished by a solid box at level 6 in the figure (note that the reverse-
going output from this final level, Fs (m) is distinguished by a dashed box). The
subscripts for the signals in Figure 7 code the various error and output processes at
each level. The first subscript for the E- and F-vectors indicate the order of the
error vector, while the second subscript (and the only subscript for the Y’s) indexes
the vectors along a segment of a horocycle. The precise correspondence between the
normalized version of quantities in Figure 7 and those in Figure 5 can be directly
determined by matching up signals and node indices in Figure  with signals and

horocycles index (m and m — 1) in Figure 7. For example

Y:, Yis, Yis), Yiss = Yai(m), Yo(m), Ya(m), Yy(m)
Yir-1, Y00, Yi(m —1),Y5(m - 1)
Fia, Fipn g & Fa(m), Fa(m)
Ei4,Esny «— (Eq(m), Ep(m))

As we emphasized in Section 3.1, and as illustrated graphically in Figures 3-
5 and 7, each stage of the computation is pyramidal in structure. For example,

the state of a set of nodes at a given horocycle, together with the inputs, provide
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the state at two descendent sets of nodes at the next horocycle. Since the com-
putations in generating each of these descendent sets are identical in structure, we
need follow only one of these paths in order to examine stability. For example, for
our 6th-order example, we need only establish stability of the dynamics from input
(E6i(m), Ega(m)) to (Yi(m), Yz(m), Ya(m), Yy(m)). However we can take this con-
siderably farther. In particular, because of the pyramidal symmetries, we need only
consider the stability of the map from (Es;(m), Eg2(m)) to Yi(m) as the structure
of the map to Y3(m), Y3(m), and Y,(m) are identical. More generally, starting from
any node tp on the tree, we need only consider the stability of the dynamics involved
in generating {Y;,an|n > 0}, since the dynamics for any other path from horocycle
to horocycle has identical structure.

Using the notation of Figure 7, we now see that we must examine the stability
of the system illustrated in Figure 8 for the 6th order case, where the small solid
squares now denote standard z~! operations (i.e. z7!z(m) = z(m — 1)). Here the
S(k,) matrices are exactly as defined in Theorem 3.2. We can now apply standard
time domain methods to this system.”

Note first that under conditions (4.15)-(4.16), the O(k,) matrices defined in
Theorem 3.3 and the covariance matrices ¥,, are invertible so that we can equiva-
lently study the stability of the normalized form of the modeling filter. Note also
that checking that a system function H(z) has all its poles strictly inside the unit
circle is equivalent to checking the same condition for the system function H(z?).
Thus to test for stability we can modify the system of Figure 8 by adding a unit
delay in every left-to-right-going path, and by replacing the S(k;) blocks by the
scattering matrices £(k;) of Theorem 3.4. For example, in the 6th order case we
can equivalently check the stablity of the system in Figure 9. Recall that for an
Nth-order filter we proved in theorem 3.4 that

(k)TS(k)=1I, i=1,...,N (4.17)

"We would like to acknowledge Bernard C. Levy for suggesting this line of proof
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for any set of coefficients k,, ..., kx that are reflection coefficients of some isotropic

process. But the entries of the matrices £(k;)TE(k;) — I,¢ = 1,..., N are rational

functions of the k,’s that have no poles inside the domain specified by the conditions

(4.15), (4.16). Hence we may use the lemma C.2 of appendix C to extend the

property (4.17) to the whole domain specified by the conditions (4.15), (4.16).
Using (4.17) and the notation of Figure 9 we have that

I&mI + lim(m)l? = ll€era(m = DI* + [Ini_a(m — DI (4.18)

where we have the boundary conditions

Engr(m) = u(m) (4.19)
n(m) = &(m-1) (4.20)

To study stability we set u(m) = 0 and define the following positive-definite function
of the state of the system

N
V(m) = 2 16(m)|* + llmiza(m)|? (4.21)

1=1

Then from (4.18)-(4.21) we obtain
V(m) = V(m - 1) = —|lan(m)||* (4.22)

It can be readily checked that the system is observable from ny(m), as long as (4.15)
and (4.16) are satisfied, so that V(m) is a Lyapunov function proving asymptotic

stability.

4.4 Every finite family of reflection coefficients defines an
isotropic AR process

Our analysis to this point has shown how to construct a sequence of reflection

coefficients {k,} from an isotropic covariance sequence {r,}. Furthermore we have

seen that the {k,}’s have particular bounds and that if {r,} comes from an AR(p)

process, only the first p of the reflection coefficients are nonzero. The following
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result states that the converse holds, i.e. that any finite k, sequence satisfying the
required constraints corresponds to a unique AR covariance sequence. This result
substantiates our previous statement that the reflection coefficients provide a good

parameterization of AR processes.

Theorem 4.3 Given a finite sequence of reflection coefficients k,, 1 < n < p such
that

1
—= <k, <1 forn even
2 f (4.23)
~-1<k, <1 forn odd
there exists a unique isotropic covariance sequence which has as its reflection coef-

ficient sequence the given k, followed by all zeroes.

Proof: Consider the modeling filter of order p specified by the given set of reflec-
tion coefficients. What we must show is that the output of this filter, y;, is well
defined (i.e. has finite covariance) and isotropic when the input is a standard white
noise process. That it is well-defined follows from the stability result in Theorem
4.2. Thus we need only show that y, is isotropic. More specifically, let (s,t) and
(s'yt') be any two pairs of points such that d(s,t) = d(s’,t). The theorem will be

proved if we can show that the function

$: K= (k")IS"SP — E(y:y,) - E(yt'ys’) (424)

is identically zero for all k,’s satisfying the condition (4.23). But the formulae
for the modeling filter (Theorem 3.2) show that ® is a rational function of K
which is analytic inside the domain specified by the conditions (4.23). Also ® is
identically zero for all sequences K arising from valid isotropic covariances via the
Schur recursions (2.26)-(2.31). Then the theorem is an immediate consequence of

the Lemma C.2 of Appendix C.



5 Conclusion

In {1] and this paper we have described a new framework for modeling and ana-
lyzing signals at multiple scales. Motivated by the structure of the computations
involved in the theory of multiscale signal representations and wavelet transforms,
we have examined the class of isotropic processes on a homogenous tree of order 2.
Thanks to the geometry of this tree, an isotropic process possesses many symmetries
and constraints. These make the class of isotropic autoregressive processes some-
what difficult to describe if we look only at the usual AR coefficient representation.
However, as we have developed, the generalization of lattice structures provides a
much better parametrization of AR processes in terms of a sequence of reflection
coeflicients.

In developing this theory we have seen that it is necessary to consider forward
and backward prediction errors of dimension that grows geometrically with filter
order. Nevertheless, thanks to isotropy, only one reflection coeficient is required
for each stage of the whitening and modeling filters for an isotropic process. Indeed
as shown in [1], isotropy allowed us to develop a generalization of the Levinson and
Schur scalar recursions for the local averages or barycenters of the prediction er-
rors, which also yield the reflection coefficients. In this paper we have justified our
claim that the reflection coeflicients are a good parametrization for AR processes
and isotropic processes in general. In particular we have developed whitening and
modeling filters for AR processes that can be completely specified in terms of these
coefficients. In addition we have shown that there is a one-to-one correspondence
between finite reflection coefficient sequences and AR processes, have character-
ized the stability of lattice filters in terms of the reflection coefficients and have
shown how the regularity of an isotropic process can be characterized in terms of
its reflection coefficient sequence.

It is our belief that the theory developed in this paper provides an extremely
useful framework for the development of multiscale statistical signal processing al-

gorithms. In particular we expect this framework and its multidimensional coun-
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terparts to be useful in analyzing signals displaying fractal-like or self-similar char-
acteristics, i.e. random signals whose behavior is similar at multiple scales. When
restricted to a given level of resolution, a sample of an isotropic process can be
drawn like an ordinary signal. We show in Figure 10 a sample of an AR(3) process
with k; = k; = k3 = 0.99. The next figure shows approximations of this signal at
successively coarser scalcs using the multiresolution analysis via wavelets of Mallat-
Daubcchies, as presented in [4] (see also the formula (2.1) and subsequent discussion
in [1] for a brief explanation of this). These approximations display the self-similar
statistical characteristics we expect of this class of models.

There are several promising directions for further research building on our for-
malism. In particular, as discussed in [3], stochastic process modcls on dyadic trees
seem to form a useful setting for the development of algorithms for fusing data from
sensors with several different resolutions. A second natural subject for investiga-
tion is the use of our formalism to analyze, recognize and classify the sclf-similar
properties of signals by first performing a wavelet decomposition, producing a set
of samples indexed by a dyadic tree and then by viewing this as a rcalization of an
isotropic process from which a scquence of reflection coefficients can be estimated.
In addition, several system-theoretic topics can be identified. In particular, the class
of isotropic processes studied here is less than completely satisfactory. For exam-
ple, for stationary time series we know that the forward and backward prediction
errors of all orders are stationary. On the other hand the analogous statement is
not true for isotropic processes on trees, lcading to the question of finding a larger
class of proccsses that contains these prediction errors: this point is investigated in
[7] where the fundamentals of a system theory on the dyadic tree are investigated.
Also, as pointed out in [1] the dyadic tree structure is most naturally associated
with the Haar wavelet transform, while more general transforms lead to processes
defined on weighted lattices. Work on each of these topics is proceeding and will

be reported in the near future.

ACKNOWLEDGEMENT: the authors would like to express their thanks to Ofer
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fruitful discussions and stimulating suggestions.
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Appendices

A Cigarillos’ lemma
We shall use the following notation
wY; =Y
where w is a word. Note that we have
vYiy = Yiww = wvY;

Furthermore, in the sequel, [¢] denotes the greatest integer smaller than ¢, and we
shall write for short 6l9 instead of §(9). Using these notations, we have the following

result:

Lemma A.1 For each n, the following formulae hold:

Yy 'F, = 6['"'3;]7“17,,,1 up to a permutation
Proof: Recall that, for w <0, |w|=n

E,n(w) = }/tw - E(}/tw I yt,n—l)
whence
7_1E,n(w) = Y't’y“lw - E(},t'y—lw | yt‘y—l,n—l)
and

VU oy (@)=Y ) | - E (Y,Anﬂm | yw["—m-l,n_l)

so that, to prove the lemma, it is enough to show the following formulae:

lw| = n,w' = sy = lw'| =n (A1)
|w] Sn—l,w'zé[n'}l']w = |lw]<n-1 (A.2)
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Proof of (A.1): Set w = ~'6() 1 42k =n. Then
w = 7—15([33‘1‘]")+ 5 (A.3)

where z, = maz(z,0). To prove (A.1) it suffices to verify that

n-—1
k> -1
> 5]

holds in (A.3), which amounts to verify that n > ["T‘l] +k, and this is a consequence
of the inequalities k < [%] and n > [%] + ["T‘l .

Proof of (A.2): Again set w = y~'6®) 142k < n—1. Then w' = 6°w. Now if
k> [251] — 1 holds, then (A.2) follows. Otherwise I+2 ([252] —1) =2 [%52] -1 <
n — 1 also proves (A.2).
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B Proof of Equation 4.4

Take any j > 7. Suppose that we can find as an isometry ¥ : 7 — 7T so that
1. ¥(t)=t
2. ¥ maps the set {ty"'w|w X, |w| < n — 1} onto itself.

3. U maps the points {60} U {t6)y=1w|w < 0,|w| < n—1} onto a set of points
each of which is < ty~1.

Let Y,¥ = Yy(;) and define EY similarly. Then, thanks to isotropy, Y'¥ has the same
statistics as Y. Thus from (4.2)

EY LYY, (B.1)
However thanks to properties (1) and (2) of ¥
Ein = E,
while thanks to property (3) and (2.9)
Eyor0 € H{Yibo1, lw < 0} (B-2)

Equations (B.1) and (B.2) then imply (4.4).

The required isometry is of the pivot type used in the proofs in Appendix C of
[1]. As illustrated in Figure 13, the pivot for this isometry is the point #y~(1+7%/2)
and the direction of “rotation” is as indicated in the figure. It is straightforward to

check that this isometry has the required properties.
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C Some Useful Lemmas

The first lemma is an immediate consequence of the Schur recursions (2.26)-(2.31):

Lemma C.1 Consider the transformation ¥ which maps an isotropic covariance
sequence {r,} to the corresponding reflection coefficient sequence. The Jacobian of

this transformation satisfies the following:

Okn  _ 0 forn<m (C.1)
Orm
Oksy, 1
= 2
It = T Pya(0) 7 (€2)
Okamyr 1 #0 (C.3)

Orzngr 271 (Pea(0) + 6 [P2a] (0))
where the P, are the Schur series defined in (2.26).

Next we write K 2 (kn)1<n<p to denote a vector in RP, and we let S denote the

set of such vectors so that

-1< k2n+1 < +1

1
—— < kyy < +1
2 2 +

Lemma C.2 Consider a function ® from RP into R satisfying the following prop-

erties:

1. ®(K) =0 if K 13 the reflection coefficient sequence of an isotropic process,

2. ® 13 analytic inside S.

Then, =01 S.

Proof: Since @ is analytic in S, it is sufficient to show that & is zero on a set with
nonempty interior in §. Since we know that ®(K) = 0 if K is in the image of the
map ¥ introduced in Lemma C.1, it is sufficient for us to show that the image of ¥

has a nonempty interior.
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Thanks to the form of the Schur recursion formulae (2.26)-(2.31), we know that
¥ is also a rational function and, thanks to Lemma C.1, its Jacobian is triangular
and always invertible. Thus it is sufficient to show that the set of finite sequences
{ra]0 £ n < N} that can be extended to a covariance function of an isotropic
process has a nonempty interior. However, this property is characterized by a finite

family of conditions of the form
R(roy...,75) 20 (C4)

where R(rq, ...,r,) denotes a matrix whose elements are chosen from the ro,...,r,.
The set of (p+1)-tuples satisfying these conditions with strict inequality is nonempty
(for instance, r, = &, is the covariance sequence of white noise) and as a conse-
quence the set of rg,...,r, satisfying (C.4) has a nonempty interior. This finishes

the proof of the lemma.
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2 successive horocycles:

Figure 1: A homogenous dyadic tree, with a choice for the boundary point, —oo,
indicated.
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Figure 2: Redrawing the dyadic tree with a particular choice of boundary point

—0Q.
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Figure 3: Illustrating the scattering/lattice structure of the modeling filter of Theo-
rem 3.2 for a 6th-order model. Each block labeled “n” performs the computation in
(3.23) (for n even), (3.25) (for n odd, n > 1), or (3.27) (for n = 1). The small solid
squares denote 7! operations, and the dotted connections between such squares
(the cigarillos ) indicate signals (at the outputs of these squares), that are identi-
cal up to a permutation of components. As indicated at the top of the figure, the
signals flowing through this system are the E and F error processes of successive
orders, with the E’s flowing left-to-right and the F’s right-to-left.
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Figure 4: Illustrating the propagation of state information for the filter in Figure
3. The stored information (indicated above the top portion of the figure) for a
set of four nodes at the horocycle indicated by squares is used, together with the
input Eg vectors, to compute the two corresponding sets of information at the two
descendent groups of four points at the next horocycle.
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Figure 5: Illustrating the detailed computational flow for the propagation of state
information for the filter described in Figures 3 and 4.
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Figure 6: Illustrating the cylinder of radius 0 (support of AR(1)—dark solid line);
cylinder of radius 1 (support of AR(2), AR(3)-dark solid and gray shaded lines);
and cylinder of radius 2 (support of AR(4), AR(5)-dark solid, gray shaded, and
dashed lines).
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(7Es1(m))
Fq1(m1)

(Eq(m) 95, (m)!Fs (m) (Es2(m))

F31(m-1

7E4)(m) !Fq1(m) TEs2(m) !'Fa2(m)

(*E3(m) ({Es(m))

W21(m1) F2A(m 1)
W c&) c&)
7E31(m) !F3;(m) 7E3x(m) !F3o(m)

(' Ezy(m)) (‘Ex2(m)) ('‘Ez3(m) ({E24(m))
F11(m1) 7F 12(m 1)

?E21(m) 7E22(m) 7E23(m) TE24(m)
!F21(m) 1F 22(m) !F23(m) F24(m)
(‘Eq1(m)) (Eizm))  (Ey(m))  ('E14(m))

7Y (m1) 7Y 2(mr1)

7E11(m) 7E12(m) TE13(m) 7E)4(m)
'F11(m) IF 12(m) 'F 13(m) IF14(m)
1Y (m) 1Y2(m) 1Y3(m) Yaq(m)

Figure 7: Illustrating one of the two parallel, sequential computatlons for the model

of Figures 3-5.
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(Eg1{m), Ego{m)) Es){m) (Eqr{m), Egp{m)) E31{m) (E2i(m), Exp{m)) Ejz(m) Yi(m)
Sks) S{ks) | S{ka) S{k) | §{ka) Sik)

Fe1(m) Fs1(m) Fa1(m) F31(m) Fa;(m}) Fy1{m)

Figure 8: Illustrating one computational path from horocycle to horocycle. It
is this standard time domain system whose stability is equivalent to that of the
unnormalized modeling filter.

uWm) = &7{m) Ee(m) Es(m) &4{m) E{m) EAm) E1(m)
Z{ke) Z{ks) Z{ks) Z{ks) z{ky) (ki)
Ne{ m) Ns{m) Na(m) nym) nZAm} ni(m) Mol m)

Figure 9: Equivalent system whose stability is investigated in the proof of Theorem
4.2.
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Figure 10: A sample of an AR(3) process at a given horocycle.
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Figure 11: The Mallat-Daubechies multiresolution approximation of the signal of
Figure 10.
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Figure 12: The Mallat-Daubechies multiresolution approximation of the signal of
Figure 10, continued.
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Figure 13: Illustrating the isometry used in Appendix A for the case n = 5 and
J = 3. Here the pivot point is ty~3, so that the part of the tree toward ¢ from
ty~3 is left unchanged. The “rotation” exchanges the points ¢y~* and ¢y~2§ and
maps their successors accordingly. The set of nodes indicated with O, which is in
this case both {#y 'w|w < 0,|w| < n — 1} and {t&7 'w|w <0, |w| < n — 1} is left
invariant by this isometry. Also the point t6® is mapped onto one of the immediate
successors of ty~36, both of which are < ty~!.

134



Pl

PI

PI

Pl

PI

PI

Pl

Pl

LISTE DES DERNIERES PUBLICATIONS INTERNES PARUES A L'IRISA

518

519

520

921

522

523

524

525

MULTISCALE SYSTEM THEORY
Albert BENVENISTE, Ramine NIKOUKHAH, Alan S. WILLSKY
Février 1990, 30 Pages.

PANDORE : A SYSTEM TO MANAGE DATA DISTRIBUTION
Frangoise ANDRE, Jean-Louis PAZAT, Henry THOMAS
Février 1990, 14 Pages.

SCHEDULING AFFINE PARAMETERIZED RECURRENCES BY
MEANS OF VARIABLE DEPENDENT TIMING FUNCTIONS
Christophe MAURAS, Patrice QUINTON,

Sanjay RAJOPADHYE, Yannick SAOUTER

Février 1990, 14 Pages.

COMPUTABILITY OF RECURRENCE EQUATIONS
Yannick SAOUTER, Patrice QUINTON
Février 1990, 28 Pages.

PROGRAMMING BY MULTISET TRANSFORMATION
Jean-Pierre BANATRE, Daniel LE METAYER
Mars 1990, 26 Pages.

GOTHIC MEMORY MANAGEMENT : A MULTIPROCESSOR SHARED
SINGLE LEVEL STORE

Béatrice MICHEL

Mars 1990, 20 Pages.

ORDER NOTIONS AND ATOMIC MULTICAST IN DISTRIBUTED
SYSTEMS : A SHORT SURVEY

Michel RAYNAL

Mars 1990, 18 Pages.

MULTI-SCALE AUTOREGRESSIVE PROCESSES
Michéle BASSEVILLE, Albert BENVENISTE
Mars 1990, 136 Pages.

Imprimé en France
par
I" Institut National de Recherche en Informatique et en Automatique




ISSN 0249 - 6399



