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Abstract

In this paper we provide a consistency result for the MLE for partially observed diffu-
sion processes with small noise intensities. We prove that if the underlying deterministic
system enjoys an identifiability property, then any MLE is close to the true parameter
if the noise intensities are small enough. The proof uses large deviations limits obtained
by PDE vanishing viscosity methods. A deterministic method of parameter estimation is
formulated. We also specialize our results to a binary detection problem, and compare
deterministic and stochastic notions of identifiability.

Key words: Parameter estimation, nonlinear filtering, large deviations.
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Résumé

On démontre la consistance du maximum de vraisemblance pour I'estimation de para-
meétres dans les processus de diffusion partiellement observés, dans le cas de petits bruits.
Si le systéme déterministe sous-jacent est identifiable, alors tout estimateur du maximum
de vraisemblance est proche de la vraie valeur du parameétre inconnu, pourvu que les bruits
soient assez petits. La démonstration utilise des résultats de grandes déviations, qui sont
obtenus par des techniques d’EDP (vanishing viscosity). On applique ce résultat & un

probleme de détection séquentielle, et on compare les notions déterministe et stochastique
d’identifiabilité.

Mots~Clés: Estimation de paramétres, filtrage non-linéaire, grandes déviations.
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1 Introduction

In this paper we provide a consistency result for the Maximum Likelihood Estimator
(MLE) for partially observed diffusions with small noise.

The problem of computing the MLE for partially observed diffusions has received re-
cent attention. Dembo and Zeitouni [7] have investigated the EM algorithm, and Campillo
and Le Gland [2] have compared this algorithm with a direct maximization approach. Of
course, the goal of such efforts is to compute a good estimate of the unknown parameter.
The success or otherwise of such algorithms depends on whether the MLE itself is a good
approximation to the unknown parameter. The purpose of this paper is to address this
question of consistency when the diffusion and observation noise intensities are “small”.

Our result was in part inspired by some large deviations limit results for nonlinear
filtering in Hijab [11], James and Baras [12], James [13]. The theory of large deviations
for diffusions with small noise is presented in Freidlin and Wentzell [10]. We exploit the
fact that, on finite time intervals, the diffusion X with observations Y are “close” to a
deterministic process z* with observations y*. We formulate a deterministic method of
parameter estimation for this deterministic process.

We prove that if the underlying deterministic system is identifiable and if c is the true
parameter, then any MLE 6¢ is close to a if € > 0 is small enough. Our proof uses PDE
vanishing viscosity methods and Laplace’s asymptotic method.

As an application of our results, we study a binary sequential detection problem,
discussed in Baras and La Vigna [1], when the noise intensities are small. Deterministic
and stochastic notions of identifiability are compared in the context of threshold decision
policies.



2 Maximum Likelihood Estimation
On a measurable space (Q2, F) we consider

- for each € > 0, a family M*® = {P,., 6 € ©} of probability measures,

- a pair of stochastic processes X = {X;,0 <t < T}andY = {¥;,0<t < T}
taking values in R™ and R respectively,

such that under Py,

dX, = bo(X,)dt + AW,  Xo~ pg*(z)dz ,

dY, = he(Xy)dt +dVP* |, Yo=0,
where {Wf’e ,0<t<T}and {Vto" , 0 <t < T} are independent Wiener processes, with

covariance matrices e/, and £I; respectively, and X, is a random variable independent
of the Wiener processes, with density of the form

pi(z) 2 o exp{~153(2)} (21)

The set of parameters © C R? is compact, and the coefficients satisfy the following
hypotheses

(i) for all8 € ©, by € CH(R™ R™), and hy € CZ(R™ RY),

(1) for all 8 € ©, S¢ is convez, locally Lipschitz continuous, and for some
e R™, S8(z8) =0, S(z) > 0 if z # Z5. Assume also

C1+ Cilzf? 2 S3(z) = Cale| - C
forallz e R" ,0 € 0.

Further, the functions by, hy and S§ depend continuously on the parameter 8 in the sense
that

(1i) for each § > 0, R > 0, there exists v > 0 such that |6’ — 8| < v implies

sup Ibg!(.’l)) — bg(m)l <6, sup |h91($) - hg(z)l <é,
zeR™ zeR™

sup |57 () ~ Sg(z)| < 6 .
z€B(0,R)



There is no loss in generality in assuming that Q is the canonical space C([0,T]; R™*¢),
in which case X and Y are the canonical processes on C([0,T}; R™) and C([0,T}; R?)
respectively, and Py, is the probability law of (X,Y).

It is assumed that only Y is observed. Let Yr denote the o-algebra generated by
the process Y on C([0,7]; R%). The probability measures in M* are mutually absolutely
continuous, and the log-likelihood function for estimating the parameter 6 in the statistical
model M* given Yr, can be expressed (note the minus sign) as

—£:(8) = elogE} (2% | ¥r) .
Here PJ,E is a probability measure equivalent to Py, with Radon-Nikodym derivative

A dP, 0,c

8ec & - l T * _1 T 2
2 & TR = e | hsxyav, -4 [ he(X)Pds

so that under Pg,e
dX; = bo(X;)dt + dW/*,  Xo ~ py*(z)dz ,
where {Wf”E ,t >0} and {Y;, t > 0} are independent Wiener processes, with covariance

matrices €[, and el respectively, and the random variable X, is independent of the
Wiener processes, see (2].

The mazimum likelihood estimate (MLE) of the parameter 8 in the statistical model
M, is defined on the canonical space C([0,T]; R*) by

8¢ € argmin £(0) .
9€0

The likelihood function can be computed through the solution of the Zakai equation
dp*“(z,t) = (L5 p"|(w, t) dt + %hé(m)po"(rv, t)dy,, (22)

where Ly . is the adjoint operator of the infinitesimal generator Lg . of the diffusion process
X under the probability measure Py,

# ™. 3
327,'62:,' + Zb"am" )

=1

m
Lo, 21}

1,5=1

Indeed
() = —elog /Rm p*(z,T) dz . (2.3)

The filtering problem is discussed in detail in Liptser and Shiryayev [15]. The following
lemma is proved in the Appendix.



Lemma 2.1 The log-likelihood function —£¢(8) depends continuously on the parameter
0 €0Oa.s.

Let now 6 be fixed. When ¢ | 0, the following weak convergence result holds on
C([0,T]; R™+d):

10
PO,: e=> 6(30,110) ,

where (z%,y%) is given by the deterministic differential system
:L‘f = bo(xf) ) xg = 5:8
(=%)

0.

yto = ho(xto) v Yo
In particular, forall6 €©,6 >0

e}o0

Py (sup Ve —9l|>6) =0, (2.4)
0<t<T
see Freidlin and Wentzell [10].

Remark 2.2 As long as ¢ > 0, the probability measures in M* are mutually absolutely
continuous, which allows us to define the log-likelihood function —£¢(8). On the other
hand, asymptotically when € | 0, these probability measures look more and more mutually
singular, which, together with an identifiability property of the underlying deterministic
system, indicates that the MLE may be consistent. Actually, this result will be proved
below.

The purpose of the next Section is to consider the problem of estimating the unknown
parameter 8 in the deterministic model M? = {(£?), 8 € ©}.



3 Deterministic Parameter Estimation

Consider the family M? = {(X?), 6 € ©} of deterministic differential systems
&y = bo(zy), =%
(z?

to = ho(mto) ’ yo = 0.

(3.1)

Note that for all § € ©, (£%) describes the weak limit as ¢ | 0 of the family of probability
measures { Py, € > 0}.

The problem is to estimate the unknown parameter 8 on the basis of an observation
record, which is supposed to be the output of some deterministic differential systems in
MPO. Introduce the following definition:

Definition 3.1 The model M® is identifiable on [0, T] if for all 6’ # 6 in O, there exists
t € [0,T] such that

v # -

In other words, the mapping § — {yf,0 < t < T} is injective. The deterministic
parameter estimation problem consists of inverting this mapping. This can be expressed
in terms of the following variational problem.

Define the following functional on C([0,T]; R™)

t .
JAE) & &)+ 4 [ 1€ - ba(E) P ds

(3.2)
t ¢
+3 [l — hoe)Pds — & [ gz ds,
if ¢ is absolutely continuous, J2(¢,t) = + 0o otherwise. For all z € R™ set
Wi(z,t) = 1nf{J9(§, )&= :v} . (3.3)

The value function W¢(z,t) is continuous in (z,t) and is the unique viscosity solution of
the Hamilton-Jacobi equation {12]

2 Wele,t) + H(e,t, DW=z, 1)) =0, Wi(z,0) = 53(z), (3.4)
where the Hamiltonian HY(z,t, ) is defined by
a
Hi(z,t,3) & max {X(bo() + w) = 3ul} = $15 — ho(@)* + 3147

(3.5)
= B5(2)A + FIA[2 + hj(@)iE — Slhe(2)]? -

5



For definitions and an introduction to viscosity solutions of Hamilton-Jacobi equations,
the reader is refered to Crandall and Lions [3], Crandall, Evans and Lions [5].

Consider the following functional, defined on @ by
ta(6) £ inf Wi(z,T)=inf{J2T) : €€ C(0,T]; R™)} . (3.6)

A deterministic estimate (DPE) of the unknown parameter 6 in the model M? on the
basis of the observation record {yg*, 0 <t < T} is defined by

0,e M, & argmin £, (6) . (3.7)
fco

The main result of this section is the following:

Theorem 3.2 If the model M° is identifiable, then for alla € ©

My = {a} .

Thus, under the identifiability hypothesis, the DPE is uniquely defined and the unknown

parameter can, in principle, be computed exactly from (3.4), (3.6), (3.7). Before proving

Theorem 3.2, we give a lemma which ensures that argmin {,(f) # @, and also provides
f0co

useful estimates.

Lemma 3.3 Foralla € ©
(i) there are constants C > 0, C' > 0 such that, for allz € R™, 6 € ©
Cilzl* + C > W3(2,T) 2 Cle| - C" ,

(1t) for all R > 0, § > 0 there exists v > 0 such that |§' — 8] < v implies

sup |W¢ (2, T) - Wi(z,T)| <6,
z€B(0,R)

(i) the mapping 6 — €,(8) is continuous.

PROOF. In the sequel, every constant independent of 8,a € © and (z,t) € R™ x {0,T)
will be denoted by C or C'. For any absolutely continuous function & € C([0,7]; R™)
and any A > 0, we have

el <lel+5 [lerar+a [ Epar



and by Gronwall’s lemma,

6 < (16 + & [ 1efar) expi(t - 5)/A} (38)

Since sup sup |hg(z)| < C it follows that, for all a € ©
8€© zcR™

and hence for all a,8 € ©
Wi(z,t)> -C, (z,t) e R™ x [0,T] .

Let L4(€,€,t) denote the Lagrangian in (3.2). It is easy to prove the following estimates

%/,t € rar < | 1 — bo(6)Pdr + 3 /,t b (é-)[* dr < /,t Laérsén)dr+C

L[ -t )Par < [P+ [b(e)Par < [P ar+.

In particular

L[ 6P ds—C < a6 < i) + [ 1P+ C

Proof of (i): Setting £ =z on [0,T], givesfor 0 <t < T
Wa(z,t) < Jo(€,1) < Sg(x)+C < Clz|* + C .

Choose A > 0 such that N = T'/A is an integer and 4eC;A < % Forn=1,...,N the
Dynamic Programming principle implies

nd .
Wa(z,nA) = inf {W(&n_m, (n-1)4)+ /(n_m Lo(€or&s8)ds : bna = z} :

Given § > 0, recursively select £ € C([0,T); R™) for n = N,...,1 as follows: {§, = =,
f‘nz;l = 611:13 and

ni . 6
Wg(f?n—l)A) (n - I)A) + (n-1)a LZ(E?) f:’ S)ds < Wg(g::Aa nA) + -N_
(3.9)
]
< GG +C+ 5 -

Then

nl . Py
1 n|2 < n |2 —
4./(n—1)AI€SI ds—Cllé'nAI +C+ N

7



and from (3.8)

n n nA ~n n 6
[enal? < (‘f(ﬂ—l)!k‘2 + Aj(l;—l)A |fr|2d7) e < e |Eh-nal® +36nal* +3(C + W)/Cx )
which implies
o )
|Enal® < 2e [€pnnyal® + (C + ﬁ)/cl . (3.10)

Define ¢ € C([0,T]); R™) by & = &p fort € [(n — 1)A,nA],n=1,...,N. Then &b =z
and by iterating (3.10) we obtain

2> < CV |G + OV .
Now also, by iterating (3.9)
J5(E,T) < Wi(2,T) + 6, (3.11)
and consequently
Wi(e,T) > Jo(€°,T) - 6§ > S3(£3) - C > Clz| - C',
which proves (i).

Proof of (ii): Let R > 0,6 > 0 and z € B(0, R). Choose £ as in (3.11). Then, from the

above estimates,
T .
/ €82 ds < Cr .
0

Using (3.8) we deduce that if z € B(0, R), then there exists R’ > 0 such that ¢ € B(0, R')
for all 6 € ©. Therefore

Wzl(z7 T) - Wg(m’ T)

IA

J9 (€0, T) - Ji(e®, T) + 16

, T . T,
SS(E) - SYE +1 [ 160 - bu(e)Pds— 3 [ 1E8 — (€D ds

T T
+3 [l — he (€D ds = § [ 195 — ha(€d)ds + 45 .
Now, if |§' — 6| is small enough

|S8'(€5) — Sa(ed)| < 46,

T T
31 [l = ko€ da = [ 145 — ha(gd)Pds) < 36

8



Also

T . T
/0 €9 - bo'(ff)|2 ds — /0 |€¢ - ba(ff)lz ds

1
2

< {/OT If.fl""ds}ll2 {fOT |bar(€5) — ba(£3)I ﬂls}1

T
+3 [ 1ow(€D) - bole)] 16w (€9) + bo(€D)] ds < 35 ,
if |6 — 6| is small enough. Hence, there exists 4 > 0 such that |¢' — 8| < « implies
W (2, T) - W(z,T) < 6.

/2

Reversing the role of 8’ and 8 proves (ii).
Finally, (iii) follows from (i)-(ii) and Lemma A.2. 0o

PROOF OF THEOREM 3.2. From (3.2), (3.3) and (3.6) we have

T
A o
JET) 2 a4 [ 195 s,

for all € © and & € C([0,T); R™), so that £,(f) > c,. From (3.1) we have
Ja(=z*T) = cqa ,
so that for all § € ©, £,(a) = co < £a(0). Therefore a € M,.

Assume that § € M,. Then £,(8) = €,(a) and
ta(®) = inf{J2ET) : €€ C(I0,T); R™)} = LET),
for some £ € C([0,T]; R™), since Jg(-,T) is lower semi—continuous. Then from (3.2)
() Si&) =0,
(i) & =), 0<s<T,

(i) it=hs), 0<s<T.

From (i) & = zﬁ , and therefore by (ii) and (3.1) £, = mf , 0< s <T. Then (iii) and
(3.1) imply _ _

§o=hsald) =4z, 0<s<T.
Now since the model MO is identifiable, this equality forces § = a, which proves the
theorem. 0



Remark 3.4 The notion of identifiability is reminiscent of a notion of observability for
nonlinear systems, which also has a variational characterization, see James [13] [14].

10



4 Consistency Result for MLE

The main result of this paper is the following:

Theorem 4.1 For alla € ©

(i) any MLE sequence {8% , ¢ > 0} converges in P, ,—probability to the deterministic set
M,: for allé >0

P (d(Bc, M,) > §) 220,

(i) if the deterministic model M° is identifiable, then any MLE sequence {5‘, e > 0}
converges in P, .~probability to the “true” parameter: for all § > 0

P (|6 —a]>6) 0.

The proof of this theorem depends on a technical extension of large deviations limit
results for nonlinear filtering contained in James and Baras [12], James [13]. We need to
show that certain limits are uniform in the parameter § € ©. The key technical lemma is
the following:

Lemma 4.2 The sequence {£(8),c > 0} converges in P, -probability uniformly in
6 €O toly(0): for alls >0

Py (sup |£5(8) — €.(6)| > 6) <> 0 .
€O

We next prove Theorem 4.1 using Lemma 4.2; the remainder of this section is con-
cerned with proving Lemma 4.2.

PROOF OF THEOREM 4.1. By Lemma A.1 for all § > 0 there exists v > 0 such that
{328 1£5(8) — £a(8)] < 7} C {d(6°, M,) < 6} .
Therefore, by Lemma 4.2
P, (d(6°, M,) > 6) < Pa,e(igg 1£5(8) — £a(6)] > v) <5 0,

which proves (i).

The proof of (ii) follows at once from (i) and Theorem 3.2. O

11



As in James and Baras [12], James [13], we employ the vanishing viscosity method of
Evans and Ishii [8]. We proceed by a logarithmic change of variables used by Fleming

and Mitter [9]. Define
WP (z,t) = —¢log p®*(z,t) .

(4.1)

The Y,~measurable random variable W?*(z,t) + hj(z)Y; can be extended to a continuous
function defined on the whole canonical space Qy = {n € C([0,T]; R¢) : no = 0}, which

we denote by u®*[n](z,t), see [9] and [12]. For any fized n € Qg

u?*[n] € C*(R™ x [0,T]; R)

is the unique solution of the Hamilton—Jacobi-Bellman equation

2 Welal(a,) — 3edulal(a,t) + HO[nl(z, Du®* (e, 1)) = 0

ube [7](z,0) = S'g(z) —elog Cy,.
where the Hamiltonian H%¢[n](z,t,)) is defined by
HO[n)(z,t,2) £ g3(z, me)A + AP ~ VO(z,m) ,
VO (z,7) £ V(z,n) + Len® Aho(z) + edivge(z,n) ,

V9(z,n) 2 1|ho(2)? + byn* Dhe(=) — 1(Dho(2))* nn* Dha(z)

g6(z,7) 2 be(z) — n* Dho(z) .

Next, for € €1 let
¥![n] € C(R™ x [0,T]; R)

denote the unique viscosity solution of the Hamilton-Jacobi equation

6 £

2 Plal(e,) + Hlnl(e,t, Duflnl(z, 1)) =0, w¥[n](z,0) = Si(z)
where the Hamiltonian H®[n)(z,t, A) is defined by

Ho[n)(2,t,\) £ g3z, m)A + LA = Vo(z,7me) -

Lemma 4.3 We have
lim u**[r)(a,¢) = w/lnl@,1)

(4.2)

(4.3)

(4.4)

(4.5)

uniformly in 8 € © and t € [(0,T] and uniformly on compact subsets of n € §dp and

z e R™.

12



PROOF. The following estimates are obtained as in James and Baras [12], James [13],
using methods introduced in Evans and Ishii [8], Crandall and Lions [4]. Let R > 0 and
K C 2y be compact. Then if ¢ > 0 is sufficiently small, we have

ub<[n)(z,t)] < C
|Du?*[n)(z,t)] < C

< [n)(z, £) - w®*[n)(z, )| < C(Valt — 5|7 + |t — s])

for some constant C > 0 and for all 6 €O, t € [0,T], n € K and z € B(0,R). By
the Arzela-Ascoli theorem, there is a subsequence ¢, | 0 such that u®*t[n] converges
uniformly on B(0, R) x [0,T] to a continuous function w. This function satisfies the
Hamilton-Jacobi equation (4.4), and by uniqueness, w = u’[5] (Crandall and Lions [3]).
Hence u®<[n] — uf[n] as ¢ | 0.

Now u®[n)] is a continuous function of 7 € K, 8 € © (see the proof of Lemma 3.3 (ii)).
Using this fact and the uniform estimate above we conclude that the convergence is
uniform. 0

Now
Wg"(m,t) = uo"[Y](z,t) — hg(z)Y:

and
Wa(z,t) = u’[y°)(=,t) — hi(z)y; -

Lemma 4.4 We have
li}g W (z,t) = Wi(z,1)

in P, .—probability uniformly in 6 € ©, t € [0,T] and uniformly on compact subsets of
z e R™.

PROOF. Let p denote a metric on C(R™ x [0,T], R) corresponding to uniform conver-
gence on compact subsets. By (2.4), it is enough to show that for each § > 0

P .(sup p(u®*[Y],uf[y%]) > 8) <5 0 .
€0
Choose 8 > 0 such that ||p — y°|| < 8 implies
sup p(u’[n], ’[y*]) < 36 -
e
From Lemma 4.3, if |7 — y®|| < # and 0 < € < g then

sup p(u®*[n], w’[n]) < 36 .
e

13



Therefore, if 0 < € < g then

Py c(sup p(u**[Y],u*[y°]) > 6)
€O
< Pa,e(gggp(u""[Y],u"[Y]) > 165 |V — 4% < B)

+Puo(sup p(u[Y], 57 > 365 1Y - 471l < B)

+P. (IY = 4% > B) € Par(lY — 3%l > 8) 25 0,

by (2.4).
PROOF OF LEMMA 4.2. Recall from (2.3) and (3.6) that
1

©£(0) = —z-:log/R exp{—ZWo"(z,T)} dz a.s.

«(8) = inf Wi(z,T).

la(8) = inf Wo(z,T)
From the proof of Lemma 2.1 we see that

W (z,T) > Clz| - C', as.
for all ¢ > 0, § € ©, where C’ is random and satisfies the following estimate
C'<GCllY —y**P +C, .

From Lemma A.3, there exists g > 0, > 0 and ¢ > 0 such that 0 < e < ¢

supp(W, W2)< B and ||Y —y°|<c
66

implies
sup [£(0) — £.(8)| < 6 .
)

Therefore, for 0 < ¢ < g

FPoe(sup [£5(6) — £4(6)] > 6)
80
< Pa,e(sug p(Wo WE) > 8) + Po(IY — || > ¢) 250,
oe

by (2.4) and Lemma 4.4.

14



5 Binary Sequential Detection

In this section we discuss some aspects of a binary detection problem studied by Baras
and LaVigna [1], when the noise intensities are small.

Let © = {0,1} and let X and Y be the signal and the observation processes described
in Section 2. For ¢ > 0 fixed, we consider the two hypotheses Hy and H;. Under Hy the law
of (X,Y) is Py, whilst under H; the law of (X,Y) is P;.. The problem is to determine
which hypothesis is true, that is to detect the signal. In this section, = C([0, o), R™+4).

A key technical assumption, essentially an identifiability condition, used in Baras and
LaVigna [1] is the following

/0 hoe(t) — hi(t)2dt = 00 as. (5.1)

where R N
h@,e(t) = Ee,e(hO(Xt) | yt) ’

and
Y. Eo(Y,, 0<s<t).

The deterministic analogue of (5.1) is
[Tl - i de = oo (5.2)
Clearly, (5.2) implies that the model M° defined by (3.1) is identifiable. In fact, if
e Linf{T>0: /0T|g,° — 3 Pdt >0},

then M° is identifiable on each interval [0,T] with T > o.

The following result is a consequence of Theorem 4.1.

Theorem 5.1 Assume (5.2) holds and T > 0. Define the MLE g for the interval [0,T7.
Then, for a = 0,1

In [1], Baras and LaVigna use a threshold decision policy to decide which of the
hypotheses is valid. Define the likelihood ratio

2 exp 2 { [l = o0 a¥i - [ Whacl0 - lrou(0)Plat}

15



Note that as ¢ | 0,

T
—%/0 l#¢ — #|°dt under Hy ,
elog A7 <
T
+%/{; |99 — 9}|°dt under H, .

A threshold policy u® = (7¢,6°) consists of a {},,t > 0}-stopping time 7° and a
Y-e—measurable {0, 1}-valued random variable §° defined by

7 2 inf{T > 0 : A} & (e*/%,¢%%)}

NE if As = e,
5 =

0 if As =e%*,

for some constants a < 0 < b. If § = 1 we decide that hypothesis H, is valid (i.e. that
6 = 1), whilst if 5 = 0 we decide Hq (i.e. § = 0). Of course, our decision may be in error.
Define an error probability for the policy u¢

e(u) & Py (65 = 1)+ Pr(6°=0).

Theorem 5.2 If (5.1) holds, then

e(u?) 22 0.

ProoF. Under assumption (5.1), Baras and LaVigna [1] prove that

T° <00 as.

and ; / ( b/ )
. 1 —e%¢ . e*/c(e’* -1
Po‘e(é = 1) = —eb/e ey Pl,e(ﬁ = 0) = —__eb/c mpry”
Since a < 0 < b, the conclusion follows. )

Thus, assuming (5.1), the probability of making an incorrect decision converges to
zero as € | 0, and so (5.1) can be viewed as an identifiability criterion for the statistical

model MC = {PO,C y Pl,e}'
We can define a deterministic threshold policy u = (7, §) as follows. Define
1 [To_ o s [T o2
FT‘—‘E/0 lyt — Yt dt_E/O Iyt “ytl dt .

16



Let a < 0 < b and set

r=inf{T >0: Fr ¢ (a,b)},

1 if F,=b,
6 =

0 if F,=a.

Theorem 5.3 Assume that (5.2) holds. Then for any threshold policy u = (7,6) with
a<0<b, we have T < 00 and

6§=1 if and only +f H; is valid
6=0 if and only if Hy is valid .
PRrOOF. Under H; , s =y} and for T > 0
T 2
Fr=4[ - alde>0.
0

By (5.2), there exists T; > 0 such that Fp, = b. Consequently 7 < T; and 6 = 1.
Similarly, under Ho , 3 = y; and for T > 0

T
Fr=-4 [ 1 -gPa<o.

We conclude again 7 < oo and § = 0. a

Thus a deterministic threshold policy always makes the correct decision under the
(stronger) identifiability condition (5.2).

To compute u¢ (approximately), Baras and LaVigna [1] use a numerical solution of
the Zakai equation. The above suggests an approximation when ¢ | 0 is small. Now

Fr = Fr(y°,y4y) .

Compute approximations §°, 3! to y°, y! by numerically integrating the differential system
(8.1). Set

F; = Fp(3%44Y),

where Y is the noisy observation record. Now define, fora < 0 < b

7€ = inf{T >0 : Fi ¢ (a,)},
_ 1 if F.=b,
& = )

0 if Fi=a.

17



If the integration is sufficiently accurate, then we expect for a = 0,1
Poc (8 =6) 0.

Note that |a], b can be increased to increase the level of confidence.

Remark 5.4 In practice, the initial condition z, is not known, so that one would have
to estimate z, also, for instance using an observer.

18
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A Appendix

This Appendix contains some technical results used in the paper, and a proof of Lemma
2.1.

Lemma A.1 Let A C R? be compact. For any ¢ € C(A,R) define the set
M(4) £ argmin ¢(}) .
A€A
Let f,g € C(A,R). Then for all o > 0 there exists § > 0 such that

sup |f(A)—g(M)] < B implies YA€ M(g), dIAM(f))<ca.
€

PROOF. If not, there exists & > 0 and a sequence {g;, ¢ > 0} such that
sup |f(A) —gi(A)| = 0 asi— o0,
A€A

and R _
d(Xi, M(f)) 2 a for some A; € M(g;) .

Since A is compact, we can assume that \; — A* € A as i — co. Consequently
A, M(f) 2 o (A1)
Let A\(f) € M(f). Then

) = FG(N) + [5(0) = SO + [0:R) = BN + () - as(R)]
< SO +10:(3) = SO + 1K) = gi(B)]
< FOS)) + 2sup | £() = gi(N)]
A€A

Sending ¢ — co we obtain f(A\*) < f():(f)) That is A* € M(f) which contradicts (A.1).
O

Lemma A.2 Let A C R? be compact, and F* € C(R™,R) be such that

(a) there are constants C > 0, C' > 0 such that, for allz € R™, A€ A

FMz) > Clz| - C',
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(b) for all R > 0, 6§ > 0 there exists v > 0 such that |X — | < v implies

sup |F(z2)- F¥(2)| < 6.
:€B(0,R)

2

Define m* éllltfm F*(z). Then

(i) there exists a constant R > 0 such that, for all A € A

argmin F*(2) C B(0, R) ,

zeRm™

A

(i) the mapping A — m* is continuous.

PROOF. For any A € A let 2* € argmin F*(z). The existence of z* follows from the
zeRm™

continuity of F* and the coercivity hypothesis (a). Moreover
m* = F}2*) > C|2* - C',

and thus forall A € A

Fix A\g € A. By (b) for each § > 0 there exists v > 0 such that |A — Ag| < « implies
m* < FA(2%) = mY 4 [FAz%) — F(2) <m* + 6.
Then |A — Ag| < v implies

Ao J
2> € B(0,R), with R%2 % ,

which proves (i).

By (b) again, this implies
mh < FR(A) = mb 4 [F(2%) = FA(2)
< mit sup |FN(z) - FAR)| < md 46,
z€B(0,R)

and the proof of the lemma is now complete. a

The next lemma is a variant of Laplace’s asymptotic method.
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Lemma A.3 Let A C R? be compact, and F*,G* € C(R™,R) be such that

(a) there are constants C > 0, C' > 0 such that, forallz € R™, A€ A

FAM2)>Clz|-C', GMz)2>Clz|-C",

(b) for all R > 0, 6 > 0 there exists v > 0 such that |\ — A| < v implies

sup |[Fz)- FY(2)| <8, sup |GMz)-G¥(2)|<56.
2€B(0,R) 2€B(0,R)

Let p denote a metric on C(R™,R) corresponding to uniform convergence on compact
sets.

Then, for all § > 0 there ezists B > 0, €9 > 0 (depending on G) such that 0 < € < &
and
sup p(F*,G*) < 8,
A€A

implies

sup

Sup e log /Rm exp{—%F’\(z)} dz + zélgm GMz)| < 6.

PROOF. Define N

m*(F)2 inf FNz), m)G)2 inf GXz).

2zeR™

Lower bound: It follows from Lemma A.2 that the mappings A — m*(F) and A — m*(G)
are continuous. Further, there is a constant R > 0 such that

argmin G*(z) ¢ B(0, E) )
zeRm™ 2

for all A € A. Thus we can choose 0 < 8 < §/12 such that sup p(F*,G*) < B implies
AeA

sup [m*(F) - m*(G)| < 36,
reA

and

argmin F*(z) C B(0, R)
zeRm™

for all A € A. Set A
B} & {z € R™ : FMz) - m\(F) < 16} .

Increasing R if necessary, By C B(0, R) for all A € A by the uniform coercivity hypothesis

().
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Now (2,A) — G*(z) is uniformly continuous on B(0, R) x A, so there exists 7 > 0 such
that
|z~ 2|+ A= XN|<r implies |G*z)-G¥(Z) <26,
and also, since 0 < 8 < %5
|F*(2) — F¥(2)| <256+ 36 =16,
for any 2,2’ € B(0, R) and any A\, )\ € A.
Let 2* € argmin F*(z). Then 2* € B(0, R) and

zER™
|z — 2z*| < r implies |F*(z) - m*(F)| < 36,
for all A € A. That is B(2*,7) C B} for all A € A. Therefore
0o >vp>u(B)>v, >0,
where p denotes the Lebesgue measure in R™, and v, (resp. vg) denotes the Lebesgue

measure of a ball of radius r (resp. R) in R™.

Now

a*(e) = /Rm exp{—%F*(z)}dz

> [ exp{-2F )} dz 2 w(BY) exp{~<(m*(F) + 36)}
and

eloga*(e) > elogv, — m*(F) - 16

> elogv, —m*(G) - 26 > —-m*G) -6,

provided 0 < € < ¢; for some ¢, independent of A € A.

Upper bound: Let 0 < v < 1. The uniform coercivity hypothesis (a) implies

Me) < [ exp{-——2F2)} exp{~ZF(2)}dz

< exp{—1 ; Vm’\(F)} /Rm exp{-gF’\(z)} dz
< exp{—1 ; Vm’\(F)} exp{%} /Rm exp{—§|z|}dz
< exp{~ 2 EmA(F)} exp(*} ()"
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for all € > 0. Therefore -

eloga*(e) < —(1 — v)m*(F) 4 vC' + me(loge — log vC)

IA

—mMG) + Y1 - v)6 + vm*(G) + vC’' + me(loge — logvC) .

Choose v so small that ym*(G) + vC' < 16. Next, choose 0 < €0 < &; such that
me(loge — logvC) < 36 for 0 < £ < &9. Then we have:

eloga*(e) < —m*(G)+ 6

provided 0 < ¢ < €. o

We turn now to the

PrROOF OF LEMMA 2.1. From Sections 2 and 4 we have
1
£(0) = —¢log ./R ¢®*(z,T) exp{;h;(z)YT} dz as.,

where for a.e. w € 2, ¢®¢ € C*(R™ x [0, T]) and solves the “robust” Zakai equation
8 s € ~u e 1s £ £
aqo, (x7t - %eAqa, (:L’,t) + g()(m»t)qu’ (z7t) + Evo, (z’t)qo' (:L‘,t) =0,

¢**(2,0) = po*(z) ,
with ) )
VOe(z,t) £ V0(z,t) + LeY; Ahg(z) + edivgo(z, t)

2

79(2,1) £ L|he(e)[? + 83Y; Dho(z) — 1(Dho(=))* Y; ¥;* Dha(x) ,

Go(z,t) £ be(z) — Y;* Dhg(z) ;

see Davis [6]. Fix ¢ > 0 and w € Q2 such that the above holds. Now |g(z,t)| < C and
[Vé¢(z,t)| < C in R™ x [0,T). Then

1
2 4(21) ~ 2Ag*(2,1) + 55(2,)Dg(2,1) = 20" (2,8) <0,
and by the maximum principle, for all (z,t) € R™ x [0, T

CT, 4. 1 )
0 < ¢*(z,t) < exp{—s—}pﬁ’ (2) < exp{~—(Cala| - C3 - CT)},

l.e.

W (z,t) > CyJz| - Cy - CT
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where C is random and satisfies the following estimate

C < Cp sup |V — g8 > + Ca .
0<t<T

Therefore, by the Lebesgue dominated convergence theorem, it is enough to show that if
6 — 6y in © as k — oo, then ¢***(z,T) — ¢%*(z,T) for each = € R™. The difference

22 g%c — g%~ satisfies
a 1 ~% 1- O ,c
az(x,t) — 3€Az2(z,t) + g, (z,t)D2(z,t) + ;V “(z,t)z(z,t)
— = ) =G *D 8o,c _ _1_ Vag,t __ 1/60,¢ 8o,
= [gok(x’ ) g9o(x’t)] q (:l:,t) E[ (:l:,t) Vv (z’t)] q (x»t) )
and hence

0 1 1
gz(x,t) - %eAz(:c,t) + o, (z,t)D2(z,t) — ECz(a:,t) < Caop(0k,00)(1 + E) ,
where p(6x,680,) — 0 as k — oo. Then by the maximum principle
CT CcT 1
2(z,t) < exp{=—} 2(2,0) + T exp{=—} Coo (0, 60)(1 + ) -

Now c 1
2(2,0) < — exp{~—(Cafz| - Cy)} IS5 (z) — St ()| -

Consequently, sending £k — oo we obtain

lim sup {qe""(:v,T) - q°°"(m,T)} <0.

k— o0

Similarly, we obtain the reverse inequality and conclude. ]
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