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Abstract

We show that processes defined by equational identities together with condi-
tional rewrite rules in Plotkin style can be given a purely algebraic description.
A category of algebraic structures allowing for the specific nature of those lan-
guages is defined and its categorical properties are investigated. In particular
it is shown how to derive new models from old by adding constraints either on
the algebraic structures or on the categories in which their algebras lives.

1 Introduction

A programming language can be construe as the algebraic structure of the closed
rational trees corresponding to a finitary signature; a denotational semantics is then
a structural translation of that language to an algebraic structure corresponding to
a family of semantical domains (e.g. continuous lattices). This means we are given
an interpretation of that programming language into a generic continuous lattice
and therefore into any particular one. This is a general situation, whenever we have
a translation a : §) — S of an algebraic structure into another one, we can deduce
an interpretation of S; into any particular model for S, : the meaning of an expres-
sion of &, is given by the value of its a-translation in the particular model chosen
for S;. We thus obtain at the semantical level, a correspondance in the opposite
direction taking a model for S, into a model for §;. This schema is a general fea-
ture of various functorial semantics known as the Structure-Semantics duality. This
well-established duality enables one to devote most of one energy to the structural
part and to get in a systematic way results for the corresponding models. Such a
functorial semantics can therefore be reduced to the study of a category of algebraic
structures and relative interpretations between them. A morphism a : § — S,
between two algebraic structures is there called a relative interpretation of S; into
S; since it corresponds to the models of S having (modulo ) a S;-shape. Since
those relative interpretations may be composed they give rise to a hierarchy of more




and more abstract meanings of a program.

We aim at giving such a functorial description for the behaviour of processes defined
by conditional rewrite rules as advocated by Plotkin [Plo81]. That is we want to
define a category of algebraic structures that allow for the specific nature of those
languages. Let us recall the characteristic features of those process calculi. We first
have a recursive term algebra that gives the syntax of the language. In order to avoid
cumbersome considerations on syntax, we may suppose at this stage that some laws
(as commutativity or associativity) hold for certains operators of the language. A
program is then, up to those identities, a closed expression of the language. A set of
conditional rewrite rules describes the behaviour of a program as the set of the ele-
mentary transitions it can perform. This allow us to define a run of a program as a
sequence of such elementary transitions. From the runs of a program we can extract
some properties we consider as relevant. A choice of such properties corresponds
to an abstract view of a program behaviour and leads to an equivalence relation
among the programs : two programs are equivalent when their runs satisfy the same
properties. A process is then defined as a class of equivalent programs. We obtain a
whole category of process calculi by considering various notions of observability for
the program behaviour.

We shall now see how such a category of process calculi can be described in a purely
algebraic manner. As it is well-known the syntax may be described as the algebraic
structure of the rational terms built on the signature ¥ which is made of the graded
operators of the language. As those operator symbols are freely interpreted in that
model, we shall call it the "Herbrand model”. If equational identities are to be
considered, we simply take the quotient of the Herbrand model corresponding to
those equations. We still remain in the realms of (finitary) algebraic theory over
sets that we shall describe as (finitary) monads over the category of sets. As for the
operational models these are Y-algebras (or (X, E)-algebras if equations are to be
considered) equipped with a structure of transition systems that reflects the opera-
tional specifications. In order to characterize those operational models as algebraic
structures we proceed in two stages. Firstly, we describe the algebraic structure of
the proof trees for the deductif system which is made of the operational specifica-
tions. We then apply a "projection” that replaces each proof tree by the transition
it proves. We obtain in this way, a monad defined on a category of transition sys-
tems whose algebras are exactly the operational models. This monad is a lift of
the Herbrand model which means that if we forget about the additional structure
of transition systems we recover the Herbrand model. This leads us to consider
as algebraic structures those monads that are lifts of (finitary) algebraic structures
over sets to categories of sets with some additional structures. We nevertheless shall
make some completeness assumptions on those categories of sets with structure in
order to ensure some completeness properties for the category of models itself.



Our approach is similar to a recent work by J. Meseguer [Mes90] in which we can
find, as well, a mixed presentation of equational identities and rewrite rules. Never-
theless, though the notion of concurrent rewriting introduced by Meseguer proved to
unify a wide variety of models for concurrent programs, it cannot take into account
processes defined by conditional rewrite rules. This is so because the rewritings it
considers are context free contrary to the conditional rewritings in Plotkin style for
which the contexts play a central role. Actually this latter formalism merely con-
sists in a definition of the transitions a context can perform in terms of the potential
transitions of its components by inhibiting some of them and synchronizing some
others. In this way those two notions of rewritings are complementary, and it is not
obvious to unify them. Such a unification would amount to an axiomatisation of a
general notion of rewriting within an (not necessarily free) algebra e.g. in the line of
[Rao84]. The method advocated by Meseguer relies on the correspondance between
deductive systems and categories introduced by Lambek [Lam69] (see also [Sza78])
and should be compared for instance to [Ben75], [Eyt80] and [RS87]. The context
free assumption cannot be relaxed : for example in [RS87] where a 2-categorical
treatment is given we see that it corresponds to an axiom of 2-categories. For that
reason I had to proceed differently though the algebraic description of processes still
arise quite naturally from the deductive system of the operational specifications.

The remaining of the paper is organized as follows. In section (2) we survey the
results on monads that are necessary for the understanding of the remaining of the
paper. In section (3) it is shown how the operational models can be described as
algebras over a category of transitions systems. Our category of models is then in-
troduced in section (4). It consists in a category of monads that are lifts of algebraic
structure over sets to some categories of sets with structures. The completness prop-
erty we assume for those categories of sets with structure ensure some completness
property for the category of models. We use this property to show how quotients
may be defined in that category. Section (5) is the conclusion.

2 Algebraic structures as monads

In this paragraph, we survey some results on monad theory (see e.g. [Man76] or
[BW85] for a more detailed account) and show that this formalism is well suited
for the description of algebraic structures appearing in computer science. As an
introductory example let us consider a (finitary) signature i.e. a set ¥ of operator
symbols with arity a : ¥ — N. We let ¥, stands for the n-ary operator symbols of
Y. We recall that such a signature can be viewed as a set functor ¥ : Set — Set
defined on sets and mappings by

YA= I_I AY) and Te = U )
feT JEET




Since we have a distinguished coproduct structure on sets given by the disjoint
unions, we can give a more concrete representation of £ A as

A= ][] A"= | {f} x A” = {fla1,...,an] : f € E, and aq; € A}
f€Tn f€En

And with that representation we have

So(flan- - aa)) = flp(ar), ..., p(an)]

for any mapping ¢. Now a Y-algebra is a pair (D, §) in which D is non empty set
(the domain of the algebra) together with a family é = {é; ; f € £} of mappings
6 : D°Y) — D associated to each operator symbol of £. A morphism ¢ between
two such algebras (D, §) and (D',8') is a mapping preserving the interpretations of
each operator symbol f € ¥, in both algebras :

So(éf(ala <. ,an)) = 5}(‘p(al)3 ... a‘p(an))

i.e. a X-algebra can be construe as a mapping

§=1]6:%D—D

J€ELR

and an algebra morphism ¢ : (A,a) — (B, b) as a mapping between the underlying
sets such that

YA A
Ecpl [99 poa=>boXyp
b
B B

The free ¥-algebra corresponding to a set X of generators is obtained as the least
set Y such that
X+2¥YCY

i.e. it is the least set, denoted T'(E, X), for which
lLzeX = <z>eT(%X)
2. f€%, and t1,...,ta € T(5,X) = fltr,...,ta] € T(S, X)

where < z > stands for the atomic term reduced to the generator (or variable) z € X.
We can extend the definition of T'(¥, —) on mappings so as to obtain a functor (we
shall write T for T(X, —) as long as only one signature is concerned); for this we let,
for any mapping ¢ : X — Y, Ty be inductively defined by :



1. To(<z>) =<p(z)>
2. T(p(f[tl, ceey tn]) = f[T(P(tl), e 9T‘p(tn)]

which means that to apply Ty to a term amounts to apply ¢ to each of its variables.
If (D, 6) is any X-algebra, we notice that a term ¢t € T'D is a syntactical expression
that refers to a specific element of the domain D; the mapping é6* : TD — D that
takes such a term to its corresponding value in D is inductively defined by :

1. 6*(<x>) ==z and,
2.VfeZ, &(fltr,---,ta]) = 8(f[6*(t1),-..,8%(tn)])

Those two equations means respectively that this evaluation mapping respects the
atomic structures and the substitution operation. More precisely, we define an
embedding of generators as the mapping np : D — TD that takes each generator
z € D to the corresponding atomic term <z >€ TD and a substitution operation
up : TTD — TD through the following statements

pp{<t>) = t
pp(fltr, -, ta]) = flpp(tr), ... up(ta)]

and the two previous equations are easily seen equivalent to
1. " onp = 1p and,
2. 6*opup = 6° o Té" respectively;

which says that the evaluation commutes with the substitution and that the eval-
uation of an atomic structure gives the corresponding generator. Such a triple
T = (T,n,p) is a monad and a mapping a : TD — D that satisfy both previous
equations is said to be an algebra for that monad. We see that a T-algebra for the
preceding monad of terms is the same data as a ¥-algebra : the elements of XD
can be identified with the elements of TD having the form f[<z;>,...,<z,>] for
f € £, and z; € D and therefore any T-algebra (D, §) gives rise, by restriction, to
a X-algebra ¥D - TD £, D whose inductive extension is none other than 6. More-
over this correspondance can be extended to an isomorphism of categories povided
that the T-algebras morphisms from (D, §) to (D, §') are defined as those mappings
¢ : D — D for which p 0§ = 6 o Tp. Now we give the general definitions :

Definition 1 A monad on a category C is a triple (T,n, 1) in which T is an endo-
functor of C and n: I - T and p: T*> = T are both natural transformations called
respectively the embedding of the generators and the substitution operation
making the following diagrams commute




TTT TT T TT T
| N
7 —F T T

Those commuting diagrams state that the substitution operation is associative and
that the embedding of the generators is neutral with regard to this substitution op-
eration. A T-algebra is a pair (A,a) that consists in a C-object A and an arrow
a:TA — A called respectively the domain and structure map of the algebra
making the following diagram commute

A #a

A TA TTA TA
1, a Ta a

a
A TA A

Those commuting diagrams state that the value of an atomic structure is given by
the corresponding generator and that the evaluation commutes with the substitution
operation. A T-algebra morphism from (A, a) to (B,b) is any arrowp : A — B in
C such that

a
TA A
Tcp[ lip poa=boTy
b
TB B

The T-algebras and their morphisms form a category CT called the Eilenberg-Moore
category for the monad T. This category comes equipped with a forgetful functor UT :
CT - C that takes an algebra (A, a) to its underlying domain A and a morphism ¢
to itself (considered as an arrow in C).

Let us give a few example of monads which are not used in the sequel of the paper
but illustrate the preceding definitions.

Example 2 The monad of lists

It consists in the triple (L,n, p) in which the list constructor L takes a set X to the
free monoid X* and a mapping ¢ : X — Y to its alphabetic extension p* : X* — Y™
1

p'(e)=€¢ and @ (<z>em)=<p(z)>ep°(m)

l¢ stands for the empty word and e for the concatenation in both monoids; z is an element of
X and m an element of X*.



The embedding of generators nx : X — X* takes each variable x € X to the word
of length 1 reduced to that letter; and the substitution operation px : (X*)* — X~
takes a list of words < mq,...,m, > of X* to their concatenation mye...em,.
An L-algebra is equivalent to a monoid. More precisely if (M, =) is an L-algebra,
7 : M* — M appears as some generalized product on M and we can associate to it
the monoid (M,e,0) given by e = 7(¢) and x oy = w(<z,y>). We check that the
associativity of o and the fact that e is a neutral element follows from the azioms for
L-algebras. Conversely, we can turn any monoid (M, e,0) into an L-algebra (M, )
with w(€) = e and 7(z e m) = z o w(m). We check that = is indeed an L-algebra
structure on M and that both correspondance are inverse to each other.

Example 3 The monad of the right actions of a monoid
Let M = (M,e,e) be a monoid, we consider the monad T = (T,n,u) on Set for
which the functor T is defined on sets and mappings by TX = X x M and Tf =

f x 1ps respectively and the natural transformation n and p are given by

nx « X - XxM : T — <z,e>
px ¢ (XxM)xM-o>XxM : <«<zm>n> — <z,men>

A T-algebra is a deterministic transition system with transitions labelled in A. Ac-
tually, it is a set Q of states together with a transition mapping 6 : Q@ x M — Q
making the following diagrams commute

Q—1 . oxM (QxMyxM-L2. ogxM

lQ \5 (SXIM' '5
6

Q Qx M Q

If we let z 5 y € § stands for §(z,m) = y the two previous commuting diagrams
correspond to the equations

1.z 5 z€6 and
2.z 5 ycdandy BHz2e6 = zT8:2¢6

A morphism between two such transition systems is a mapping f : Q — Q' between
their respective sets of states such that

oxM—2 ¢
fxM / lf x5y€5=>f(a:)'—">f(y)€6'
OxM—2 ¢




Example 4 The powerset monads

Any adjunction situation 1,€: F 41U : X — C gives rise to a monad T = (T, n, )
on C with T = UF, n: I — UF be the unit of the adjunction and p = UeF
where € : FU — I is the co-unit of the adjunction. For instance the algebra of
terms we gave as an introductory example corresponds to the adjunction situation
n,e: F AU : X-Alg — Set in which U is the forgetful functor and F' corresponds
to the definition of the free X-algebras. For another example, let X be a set and
P(X) ={Y ; Y C X} be the powerset of X equipped with its natural structure
of upper semi lattice. We extend P into a functor by letting Py be the additive
extension of p. In this way we obtain a functor P : Ens — USL from the category
of sets to the category of upper semi lattices and continuous mappings. We check
that P is left adjoint to the forgetful functor and that the resulting monad (P,n,u)
is given by : P =UP ; nx(z) = {z} and px(e) = Uge. F

For a a regular cardinal, we get an analogous monad P, by restricting oneself to the
subset of cardinality less than a (for instance the finite sets if a = w).

A P,-algebra (A, V) is a semi-lattice :

A—M2 .pa  PpALA oA
1 \% P,V \%
A
\%
A P.A A
V{a} =a associativity of V

and their morphisms are monotonic mappings. As for P we get the complete upper
semi-lattices and the continuous mappings.

The following result state the existence of free T-algebras.

Proposition 5 The forgetful functor UT : CT — C has a left adjoint FT given by
FTA = (TA,pa) on objects and FTp = Ty on arrows. The unit of the adjunction is
n, and the component of the co-unit €T at a T-algebra (A,a) isa: (TA,pa) — (A, a)
which indeed is a T-algebra morphism. Moreover we have UTeTFT = ;i ie. the
monad that results from that adjunction is none other than the monad T we started
from.

Let V be an object of C, (T'V, uy) is called the free T-algebra over V. Thanks to
the previous proposition it actually verify the following universal property : given a
domain D, a valuation v : V — D and an interpretation (i.e. a T-algebra structure
6 on D) there exists a unique arrow v such that both following diagrams commute



nv Hv

Vv TV TTV TV
> Vg Tv; v§
D rp —-2& D

When the base category C is the category of sets, for any t € TV, v5(t) gives the
value of ¢ in the valued interpretation (D, é;v). In the general case the following
identity is readily verified

v=60Tv:TVATD4 D

An important issue in monad theory is to know whether a given category X can be
viewed as some category of algebras. This is always defined in relation to some ”for-
getful functor” : a functor U : X — C is said to be monadic (resp. weakly monadic)
if it has a left adjoint F' (i.e. free structures exists) and if moreover X" is isomorphic
(resp. equivalent) to the Eilenberg-Moore category for the monad resulting from
that adjunction.

A monad describe an algebraic structure. A monad morphism corresponds to some
translation of an algebraic structure into another one; such a translation must pre-
serve the atomic structures and the substitution operations :

Definition 6 Let T = (T,n,u) and T = (T',n',u') be both monads on a same
category C, a morphism from T into T' is a natural transformation a : T - T’
making the following diagrams commute.

I 0 T r7—H T
, (84 ax a
n ,
TI Tl TI N T/

where aa = oT o Ta = T'a o aT is the horizontal composition of natural transfor-
mations.

We therefore obtain a category Mon(C) of monads corresponding to a fixed base
category C for which we can describe a structure-semantics duality. For one hand if
o : T — S is any monad morphism in Mon(C), we obtain by composition with a a
correspondance between the category of algebras in the opposite direction :

(A,a) — (A, TAZ%HSAS A)

a,S__)T:
c*.C C {fo




and moreover this functor respects the underlying sets, i.e. commutes with the
forgetful functors. Conversely, if U : ¢35 — CT commutes with the forgetful func-
tors, we let o4 be the T-algebra structure on SA corresponding to the free algebra
(SA, 13); and the family of arrows

{aA_TA—’—‘»TSA 4 SA ; Ae€lC]}

proves to be a monad morphism from T to S. And this correspondance is the inverse
of the correspondance taking a to C*. To end with, we just mention a few facts
that concern the changing of the base category. If T and S are monads on C and D
respectively, a generalized monad morphism (U, «) : (C,T) — (D,S) consists
in a functor U from C to D together with a natural transformation

U
C D
Tl « lS a:SoU —UoT
4
C D
U

for which both following diagrams commute

SU _~ SU SSU SUT UTT
U la uSU [ UuT
UnT\ UT SU = uT
The composition of such morphisms (€, T) 2% (D,s) Y& (£, R) is given by (V o

U, VaopBU): (C,T) — (&,R). Of course, the category Mon(C) (more precisely its
dual) is recovered as the fibre corresponding to C, i.e. by restricting oneself to the
morphisms having the form (1¢,a) : (C, T) — (C,T’). More details are to be found
in [Str72], we just mention here that there exists a bijective correspondance between
the natural transformations a : SU — UT for which (U, a) is a generalized monad
morphism from (C,T) to (D S) and the lifts of U to the categorles of algebras these
are functors U : CT — DS such that

Us

DS
IUS USoUz=UoUT

cT

U

Note : if U = 1¢ (hence C = D) and a : S — T is a monad morphism, then (1¢), is
none other than the functor C* previously defined.
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3 The operational model

In this section we introduce the operational models corresponding to a set of condi-
tional rewrite rules in Plotkin style and show that these models can be characterized
as the algebras for a monad over a category of transition systems.

3.1 Structural operational specifications

The behaviour of programs is given by a set of structural rules describing the el-
ementary transitions a program can perform. As an example, let us consider the
restriction of CCS [Mil80] defined as follows. We have a set A = AU {7} of action
names where 7 stands for a so called invisible action and A is equipped with an
involutive mapping of synchronization () : A — A; the complementary actions a and
@ are those taking place in a communication (delivering and reception of a message).
The language we consider is given by the signature ¥ = £, U £, U X, that consists
in a constant standing for the inaction Lo = {nil}, together with unary operators

of prefixing and restriction for each action in A
1 ={a-;a €A U{(-)\a; a € A}

and two binary operators corresponding to the non deterministic choice and the par-
allel composition : £, = {+;]|}. A program is identified with a closed rational tree
built over that signature and its behaviour is given through the following structural
rules. '

. => atSt
t3St = t+uSt
uSu = t+udd
t St = tfu-Dt|u
udu = tfuD

t S et udu = tfuD it
tht et bta = t\, 2t \,

An operational model (X, a,£) is a set X equipped with a T-algebra structure « :
TX — X and a structure of transition systems £ C X X A x X satisfying the
following conditions

.. = afaz)zECE
tHr el = alz+y) Dz et
yoy el = alzt+y) >y €¢
5z €l = a(zly) >a(zly) €¢
y>y €€ = afzly) > afzly) €€

xix'eé et ySy et = a($|y)l*a($’|yl)€f
s haet et bta = ofz\d) D a(z'\.) €L

1

p—



which means that each operational rule is satisfied when we interpret it in the triple
(X, a,€). Such a triple will be called a premodel. More generally we shall consider
the format of rules introduced by Robert de Simone [dS84] : for each symbol operator
f € £, we have a set Ry of rules schema having the form

bs ' . a .
(pc’ —’pi y ¢ € Ir) - f[pOa--'apn—l] — Cr[qo,l“-aQn—l] ?.f ¢r(baa)
where q; =p; if jE I, and ¢;=p; if €I
such a rule schema corresponds to a triple r = <I,, ¢,,C, > where
e I, C {0,...,n — 1} gives the components p; involved by the rule, -

e ¢, is a relation between the actions of the components and the resulting action
for fipo,-..,pn_1] and,

e C, is a context with holes labelled in n = {0,...,n — 1} i.e. it is an element
of Tn where T is the term functor for the signature X.

R= Ujes Ry stands for the whole set of rules.

Let (X, a,£) be a premodel. Since each termt € T X refers, thanks to a, to a specific
element of X; each transition between two such terms stands for a transition between
element of X. If this transition is in ¢ we say that (X, a,£) validates the formal
transition between terms. That is we define a validation relation by

(X, b))t St = o) Dat) ek

An operational model is then a premodel that validates the conclusion of a rule
whenever its premisses are fulfilled.

Definition 7 A premodel (X, , &) is an operational model if for each intanciation
ofaruler € R :

(l‘,’ 2") .'13: ’ Z S Ir) = f[xO, e ,xn—I] _a’ Cr[yO’ “ee ’yn—l] Zf ¢r(ba a)
where y;=z; 1f 3¢ 1, and yjza:; iof g€l

we have (X,a,&) = flro,---,Tnc1] = Crlyo,-- -, Yn-1] whenever z; 2 1, € £ for
t € I, and ¢,(b,a).

We write SOS in short for Structural Operational Specification to stand for the
deductive system corresponding to the operational rules. We can prove by induction
on the structure of the proofs that the operational models are the premodels that
validates the provable formal transitions on terms :




Proposition 8 A premodel (X, a,£) is an operational model if, and only if, for any
formal transitiont =t € TX x Ax TX one has

SOS,tFt 3t = (X,a,8)tS¢t (1)

where SOS, ¢ F t 2 t' means that the transition t >t € TX x Ax TX is provable
in the deductive system obtained by adding to SOS the transitions of £ as additional
azioms (more precisely we add the aziom <z >-><z > for each transition z > z’

iné).

For instance the premodel in which we could find three elements z,z’ and y such
that z > 2 € € and a(z + y) = = ¢ ¢ is rejected as an operational model since
the transition z + y — z_ is provable

SOS,z Sz Fz+ySa
with the valid (w.r.t. £) assumption z - z’ and still is not valid itself :
(X,,6) ez +ySa

In the remaining of this section we show that the operational models are the algebras
for a monad over a category of transition systems.

3.2 The proof trees

This fact will easily follows from a few elementary properties of the deductive sys-
tem SOS we shall now survey. We mainly show that SOS corresponds to an alge-
braic structure D (for Deduction) on a category K whose objects (X, a, ') are sets
equipped with a T-algebra structure a and a set of assumptions on X which is a
partial mapping

' N —>XxAxX

taking some transition names to actual transitions between elements of X. A mor-
phism < f,o>: (X, a,T') — (Y, 3,A) in that category is a morphism of T-algebras
¢ : (X,a) — (Y, B) together with a mapping f : Nt — N4 such that

(pxlaxp)ol=Aof

r

Nr XxAxX

f Y X1laXep
A

NA Y xAxY
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Let (X,a,I') be an object in K, the proof of a transition between elements of X
under assumptions I' can be described as a proof tree. The set of such proof trees
AR-P(N, X) is the set of terms T(Zx, N) corresponding to the signature Lx given
by

1. each element in X is a null-ary operator for Lx,

2. if r =< I,,4,,C, > is a rule schema corresponding to an operator symbol
f € E, and if a is an arbitrary action, then (r : @) is an n-ary constructor of
proof trees.

and whose variables A corresponds to transition names. Consequently, for each set
X we have a monad (AR-P(—, X),€_ »,IM_ ) whose embedding of generators

€v.x : N — AR-P(N, X)

takes a transition name (also called assumption) to the elementary proof reduced to
that assumption, and whose substitution operation

My x : AR-P(AR-P(V, X), X) — AR-P(V, X)

takes a proof tree A whose assumptions are themselves proof trees A,,..., A, into
the proof tree obtained by replacing in A each occurrence of a proof tree A; by its
value.

Of course most proof trees do actually proves no transitions. For every T-algebra
(X,a) and set of assumptions I' : A/ — X x A x X, we define a partial mapping

Dro: AR-P(NV,X) — X x Ax X

that takes each proof tree to the transition it proves (if any) 2. Dr, is defined
inductively as follows :

1. Dro(z) = L for z € X, i.e. an element of X proves no transition,
2. Dro(<n>)=T, forn €N,
3. Dro((r:a)(Aoy ..., Any) =

if  Viel, Dro(A)=pi5p, and ¢,(ba)
Vigl, Ai=p€X

then fa(po,...,Pa-1) = (Cr)algos - Gn-1)

_Jpi st j€lI

where ¢; = P; si jel

else L

2We write Dr,o(A) = L when Dr 4 is not defined for A, i.e. when A doesnot correspond to any
proof.
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For o a T-algebra on X and f € T'n an n-ary operator, f, stands for the derived
operator for f w.r.t. a. It is the mapping f, : X® — X given by fa(v) = (aoTv)(f).
We shall write T,a - A:p % p' when Dro(A) =p 5 p and T,a + p -5 p' when
such a proof tree A exists.

Proposition 9 (fonctoriality)
If<f,o>:(X,a,T) — (Y, 3,A) is @ morphism in K then

FakFA:p3p entails A,BFA<f, 0> 0(p) > o(p)
where A < f, > is the image of A through the mapping
AR-P(f,¢): AR-P(AN},X) — AR-P(N,,Y)

that replace the occurrences of variables n € Np by those of f(n) € Na and the
occurrences of the null-ary operators z € X by those of p(z) € Y.

Proof :
The mapping AR-P(f, ) is inductively defined by

A<f,o> = <f(n)> if A=<n> where n€ AN
= p(z) if A=ze X
= (r:a)(Ao <fy,o>,.. ., An1 <fop>) if A= (r:a)(4o,...,An-1)

The proof is by induction on the strcuture of A :

1. Base case

Let A =< n > be an atomic proof tree (i.e. n € ANr). Since < f,p >:
(X,a,T) — (Y, ,4) is a morphism in K, one has

Ta=p5p = Asmy=0p) > o)
Besides, A < f,o>=< f(n)>. It follows

ABFA<Sf, 0> 0(p) S ep)

2. General case
The proof tree is of the form A = (r : a)(Ao,...,An_1) and for every index
1 € I, the proof tree A; corresponds to a proof

’

ak A;:pi 2 p;

with the n-tuple of action b verifying the condition ¢,(b,a). For the other
index the proof A; corresponds to an element in X : A; = z; € X. The
elements p and p are then given by

_ " e if jé1I
P= fa(Po,...sPno1) and p =(C,)alqo,-..,gn-1) where q,—{p; if el

15




By induction hypothesis we deduce

ABF A <f o> 0p) S o(p) for i€l

Moreover, for ¢ ¢ I, one has A; < f,p>= ¢(z;) €Y so it follows

A,BF A< f0>: f5(o(po)s - - 0(Pa-1)) = (Cr)a(¥(q0)s - - - ,(gn-1))

Since ¢ is a T-algebra rﬁorphism from (X, a) to (Y, ) :

Jo(@(po)s -5 9(Pn-1)) = ¢(falPor--ospn1)) = #(p)
(Cr)a(e(q0)s -+ - 9(gn-1)) = @((Crlalgos---1qn-1)) = (p)

Hence,
ABFA<f,o>0(p) = ¢(p)

O
We so obtain an endofunctor D on the category K given by :

(X,a,T) —» (X,a,Dra)

bik—k = {<sp,f> — <¢, AR-P(f,¢)>

Moreover the identities
1. Dr,aoeNr.x ZF
2. Dr’a o mNr,x = DD["Q,G

that are mainly a recasting of the definition of Dr, allows us to define the two
morphisms

Ex,or =<1x,€x. x>: (X,a,T) — D(X,q,T)

and

Mxor =<lx,My. x> DD(X,,') — D(X,,T)

for which
Proposition 10 (D, E, M) is a monad on the category K.

Proof : Follows immediatly from the fact that (AR-P(—,X),€_ x,1M_ x) is a
monad.

0

An interesting consequence of the previous result is the following expansion rule
that involved distinct T-algebra structures. Modulo the two T-algebras and the
morphism () that relates them, that rule says that if every assumption of A has
a proof under assumptions in [, then any proof under assumptions in A can be
expanded into a proof under assumptions in I'.

16
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Corollary 11 (expansion rule)

Let (X,a,T) and (Y, B, A) be two objects in K and ¢ : (Y, B) — (X,a) a morphism
of T-algebras. We suppose that for any assumption n € Na (with A(n) = ¢ LR q)
we have a proof tree B, € AR-P(Nr, X) for which

Tya b By o(g) 2 ¢lg)
then to any proof under assumptions in A |
ABFA:pS D
we can associate the proof under assumptions in T
I ak A[B,¢]: ¢(p) = o(p)

where the proof tree A(B,¢] is obtain from A by replacing each occurrence of a
variable n € N by the corresponding tree B, and each occurrence of an null-ary
operator y € Y by the operator p(y) € X.

Note : The reader may have noticed the similarity of that result with the proposition
stating the functoriality of D. And actually, it follows from that proposition thanks
to the substitution operation Mx o . In more details

Proof : The hypothesis of the above result express the fact that

<B,p>:(Y,3,A) — (X,a,Dr,) = D(X,a,I')
is a morphism in the category K. Let
<B,o>=DWY,8,4) "E) DD(X, o, T) 25" D(X,,T)

be its inductive extension. We recall that < B, >* is the unique morphism that
extends < B, > to D(Y, 8, A), that is to say such that

<B,p>=<B,p>"0oFysa

Eyp.a i
(Y,8,4) (Y,8,Da)
D(< B,p>)
\ <B,99>‘
<B,p>

(X, «, Dr,cx)

DD(X,a,I)
X,a,!

And <B,¢>*= Mx oroD(<B,p>) =<1x,My. x>0 <1x,AR-P(B,p)>=
=<1x,Mu. x o AR-P(B,¢)>. Hence the result with

A[B,¢] = (My, x 0 AR-P(B,¢))(A) = My, «(4 <B,p>)

17




Remark : As a comparison with A < B, ¢ >, the mapping
()[B,¢]: AR-P(N,,Y) — AR-P(N, X) |
is inductively defined by :

A[B,p] = B, if A=<n> with né€Ar
= ¢(z) if A=z€ X
= (r:a)(Ao[B,¢),. ., An-1[B,¢]) if A= (r:a)(Ao...,An)

a

3.3 The operational model

In this paragraph we show how the operational models can be viewed as the algebras
for a monad on a category of transition systems. We have already define a transition
system on a set X as a subset £ C X x A x X and we are familiar with the notation
r %z €€for <z,a,z' >E & now in order to get a category we let a morphism
of transition systems f : (X,¢) — (Y,() be any mapping f : X — Y between the
underlying sets for which

b e = f(z)S f(z)e¢

The category of transition systems so obtained is a particular case of category of
sets with structure.

Definition 12 A (small) category of sets with structure C consists in the following
data. Firstly, for each set X we have a set C(X) of C-structures on X and for
each pair (£,() € C(X) x C(Y') of C-structures we have a subset of mappings from
X to Y said to be C-admissible from (X, ¢) to (Y,(). The two following conditions
must be fulfilled

1. stability by composition :
f (X, €) — (Y,() and g : (Y,() — (Z,k) are both admissible then go f :
(X,€) — (Z,k) must as well be admissible. :

2. transport of structures :
If f : X = Y is a bijection and { € C(X) a C-structure on X, then there
ezists a unique C-structure { € C(Y') on Y for which both f : (X,£) — (Y,()
and f~1:(Y,{) — (X,€) are admissible mappings.

As a consequence of the previous axioms we note that the identity mapping 1x :
(X,€) — (X,§) is admissible for every C-structure £ on X. In this way C can be
construe as a category whose objects are the pairs (X, ¢) with £ € C(X) and whose
arrows are the mapping C-admissible. Moreover we have forgetful functor that erases
the C-structure

UX,f)=X and U(f)=f.

18




In the above definition we can replace the category of set by any base category B
leading to the more general notion of category of B-objects with structure.

Here we are only concerned by algebraic structures that are extensions of some
algebraic structures defined on sets. More precisely,

Definition 13 Let T be a (finitary) monad on the category of sets, a lift of T to a
category U : C — Set of sets with structure is a monad T = (T, 7, i) on the category
C such that '

UT=TU ; Uj=ny and Uj = py

Such a lift amounts to a C-structure T(¢) on TX for every C-structure £ € C(X)
with the following requirements

1. fonctoriality
For every C-admissible mapping f from (X,¢) to (Y,(), Tf is C-admissible
from (T X, T¢) to (TY,T).

2. compatibility with the atomic structures 3
For every C-structure £ € C(X), nx is C-admissible from (X, §) to (T X, T¢).

3. compatibility with the substitution operation .
For every C-structure { € C(X), px is C-admissible from (TTX,TT¢) to
(TX, 7).
The corresponding lift T = (T, 4, ii) for T is then given by

i,
T(X,6) = (TX,T€) for £€C(X)

T(f)=T(f) for f€C((X,£);(Y,())
M(x.6) = 1x for ¢ €C(X)
Bxe) = px for ¢ € C(X)

Moreover, the category of algebras CT is as well isomorphic to a category of sets with
structure whose objects (X, a,£) are sets X equipped with a T-algebra structure
a and a C-structure £ € C(X); those two structure being compatible in the sense
that « is a C-admissible mapping from T(X, €) to (X,£). A mapping ¢ : X — Y
is admissible from (X, a,€) to (Y, 5,() whenever it is a T-algebra morphism ¢ :
(X,a) — (Y, B), C-admissible from (X, ¢) to (Y, ().

For instance we obtain a lift for the algebraic structure of terms to a category of
transition systems by letting T¢ C T X x Ax T X be the set of transitions provable in
the deductive system obtained by adding to SOS the transitions of £ as additional
axioms.

t5t eTé < SOStHt3¢t
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More precisely, we add the axiom < z >-3< z’ > for each transition * = z' € €.
That means that the elements of T¢ are the transitions t =t € TX x Ax TX such
that

el ux bt St

l.e. provable in the free algebra (T'X, ux) under the assumptions
6 S TXxAxTX

where

'

ez > 2)=<z>H<z >

For example, if z 5 z’ and z 5 2’ are in £, both following transitions are in T¢

a ' and v 7N,
<zr>—<z > + <z> <z ><z >
/7 \
<zr><y>

We first check that we actually obtain a lift of T :

Proposition 14 We obtain a lift T of the algebraic structure of terms to the cate-
gory C of transition systems, by letting TE be the set of provable transitions in the
free algebra (T X, ux) under the assumptions [€].

Proof : We check the three requirements :

1. For every admissible mapping f : (X,£) — (Y,(), Tf is admissible from
(TX,T¢) to (TY,T¢).

For this, consider a transition t % t' € T¢, i.e.
rf],ux FA:t S04

due to the naturality of  we know that the following diagram commutes

fg]

i3 TX xAxTX (TX,ux)

f°l 'foleTf Tf
1

¢ i TY x AxTY (TY, py)

where f° stands for the mapping f x A X f restricted to £ C X x A x X and
co-restricted to { CY x A x Y. Since moreover T f is a T-algebra morphism

from (T X, ux) to (TY, uy) we get that
<f°’Tf>: (TXaﬂXa[é]) — (TYaﬂvac])
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O

is a morphism of the category K. Thanks to the functoriality of D we deduce
'L uy b A<f,Tf>: Tf(t) S TH(Y)

hence Tf(t) % Tf(t') € T¢.

. nx is admissible from (X, §) to (TX,T{).

This comes from the fact that for every transition * = z' € £ one has

e ux F<z Sz’ >i<e>b<z >

. px is admissible from (TTX, TTé) to (TX,TE€).

For each transition T = t % t' in T¢ we choose a proof tree Br € AR-P(¢, T X)
for which
el ux b Br:t St

Since the composite pony is the identity and since px 1s a T-algebra morphism
from (TTX, urx) to (T X, pux), we get that

<B,ux > (TTX,urx,"T€) — (TX, px, Dig )

is a morphism of the category K. Now let a transition u % u' € TT¢ be given,
we have therefore a proof

T prx FA:u 34 e TTX x AxTTX
from which we can, thanks to the expansion rule, deduce the proof
(e ux - A[B, ux] : nx(u) S px(v) € TX x Ax TX

Hence ux(u) % ux(u') € T¢ as required.

We recall that the adequé,cy of a premodel w.r.t. the operational specifications is
given by

SOS,éFt 51 = (X,a,8)EtS¢

which can be restated as

tSteTé = at)Sat)et

which in turn expresses the admissibility of a from (T X, T¢) to (X, ¢), property
that characterizes the algebras of T. Hence,

Proposition 15 (full adequacy)
The algebras for the monad T are the operational models.

21
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We can use the above characterization of the operational models as algebras, to
get an equivalent formulation of the adequacy of a premodel that may be more in
accordance with the usual definition. For that purpose, if ¢t € TY is a term and
v:Y — X une valuation we let

[t]a. = (@0 Tv)(t)

be the value of t in the valued interpretation (X, a;v). And we define a relation of
validation
Moketdt = [tfa, D[t ]..EE

that generalizes the relation we already introduced (which corresponds to the case
where v is the identity mapping) :

(X,0,6)Et 31 eTX xAXxTX <= aft) Sat)et
We then have the alternative characterization of the operational models :

Proposition 16 A premodel M = (X, a,{) is an operational model if, and only
if, for every set Y and transition system { CY X A XY the fact that a transition
t 5t €TY x AxTY be provable with SOS under the assumptions ( :

SOS,(Ft3¢
entails its validity in M
MuokEtSt
for every valuation v € XY satisfying (, i.e. such that v is admissible from (Y,()

in (X,€).

Proof : Let M = (X,a,f) be a premodel verifying the above condition, we in
particular (when Y = X, ( = ¢ and v = 1x) get

!

SOS,tFt 4t = (X,a,8)tSt

l.e.
tSteTt = a(t)Sat')et

which means that M = (X,a,€) is a T-algebra. Conversely, let (X, qa,£) be a
T-algebra, t »t' € TY x A x TY a transition provable under the assumption ¢

SOS,(FtS¢t e t3HteT¢

and v : (Y,() — (X, £) an admissible mapping. Thanks to the adjunction situation
corresponding to the Eilenberg-Moore construction for T we know that

Y=aoTv: (TY,uy,TC) — (X, o, §)

22
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is the unique morphism in CT giving rise to the following factorisation in C
p giving

(T)

v=(Y,0) 2o (TY, T¢) % (X, €)

From t = t' € T¢ we deduce ¥(t) 2 9(t') € ¢ thanks to the admissibility of ¢.
And consequently, M,v =t 5 t' (for 1(t) is none other than [t[...).

a

The adjunction that appears in the previous proof describes the free algebra (T X, ux, T¢)
as the ’least operational model verifying the assumptions £’ in the same way as the
algebra (T'X, ux) is the free T-algebra containing the set of variables X.

4 The category of lifts

The above characterization of the operational models as algebras, put emphasize
on algebraic structures (monads) that are lift of algebraic structures on sets to
categories of sets with structure. Provided those additional structures satisfy some
completness properties (to be defined in the paragraph (4.1)) we will show that the
algebraic structure and the additional structure can be used independently to define
quotients.

4.1 Fibre complete categories of sets with structure

In this section we define the completness properties that will be assumed for the
categories of sets with structure. If C is any category of B-objects with structure,
we can define an order relation on the set C(X) of C-structure of a B-object X by
letting £ < ¢ when the identity 1x is admissible from (X, £) to (X, () (the axiom of
transport of structure ensures the antisymmetry). As for the category of transition
systems this relation is given by the set inclusion and therefore each fibre (C(X), <) is
a complete ordered set. The category of transition systems satisfies as well another
completness property : let f : X — Y be any mapping, then for any transition
system £ € C(X) on X there exists a minimal transition system { € C(Y') for which
f:(X,8) — (Y,() is admissible, given by

& ={fla) > f(a) |z > 2" €€}

Conversely for any structure { € C(Y) there exists a mazimal structure £ € C(X)
on X making f: (X,€) — (Y, () admissible, given by

& ={z 52 [ fla) S f(z) e ¢}

Definition 17 Let C be a category of B-objects with structure, f : X — Y an arrow
of the base category and { € C(X) a C-structure on X. The inverse image of
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€ along f, when it exists, is the least C-structure f*(£) € C(Y) on Y making f
admissible; that means this structure is characterized by the equivalence

f:(X,6) = (Y,() admissible <= f*(£) <(
In the same manner, the direct image f.(() of a C-structure {( € C(Y') is given by
f:(X,€6) = (Y,() admissible <= ¢ < f.(¢)

If f has both an inverse image f* and a direct image f., we have for every pair of
C-structures (£,¢) € C(X) x C(Y') the equivalence

) <¢ & €E<£.00

which amounts to the following adjunction situation
ffAf:C(Y)— C(X)

in which the ordered sets (C(X), <) are viewed as categories. It is easy to check
that an inverse (or direct) image when it exists is unique and moreover, as in any
adjunction situation, any of the inverse (or direct) image determines the other as-
suming both exist. More precisely, the formal criterion for the existence of an
adjoint [Lan71, page 230] gives in the particular case of ordered sets the following
result

Proposition 18 We suppose that every fibre (C(X), <) is complete and we consider
an arrow f : X — Y in the base category. If f has an inverse image f* : C(X) —
C(Y) that preserves least upper bounds i.e. such that

FFVE) =V I©&)
then f has as well a directe image f. : C(Y) — C(X) given by
fQ)=Vigecx) s f(&<¢

Dually, if a direct image preserving greatest lower bounds exists for f, then f has
an inverse image defined by

£y =Ncecy) s £< 40}
Now we define the categories of sets with structure we shall be interested in.

Definition 19 A category U : C — B of B-objects with structure is said to be
fibre-complete when

1. each of its fibre (C(X),<) is a complete ordered set, i.e. has arbitrary least
upper bounds and greatest lower bounds; and

2. every arrow f : X — Y of B has an inverse image f* : C(X) — C(Y) and a
direct image f.: C(Y) — C(X).
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4.2 The category of lifts

We shall be concerned only by lifts for algebraic structures over sets to fibre-complete
categories of sets with structure.

Definition 20 The category Lifts is a category of B-objects with structure. The
base category B = Fin-Mon(Set) x FC-Struc(Set)® is the cartesian product of the
category of finitary monads over set with the dual of the category of fibre-complete
categories of sets with structure. The set Lifts(T,C) is made of the lifts T for the
monad T to the category C. An arrow

<p,V>:<T,C>—<S,D>

in the base category B is made of a monad morphism ¢ : T — S together with a
functor V : D — C that commutes with the forgetful functors (i.e. it respects the
underlying sets)

Vv

S D/U'(

Set

>

Such an arrow is said to be admissible from < T,C,T > to <S,D,S > (where
T € Lifts(T,C) and S € Lifts(S, D)) when the following condition is fulfilled

for all D-structure £ € D(X), the mapping px is C-admissible from
(TX,TVE) to (SX,VS¢E).

(for € € D(X), V(X,€) is of the form (X, V) since V respects the underlying sets).

The condition of admissibility in £ifts means that we obtain a generalized monad
morphism (V, %) : (D,S) — (C, T in which the components of ¢ : TV — V8§ are
given by the p-components : @(x¢) = px.

The order relation on a fibre Lifts(T,C) is given by

T<T <« VXeteCX) TESTE

The completness properties we assume for the categories on which our lifts are
to be taken give completness results for the category of lifts itself. The following
proposition, which proof is given in the appendix, state that any such lift may be
transformed in a minimal way in another lift along a monad morphism and along
some functors between the categories in which the algebras takes their values.
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FC-Struc(Set)?

") S Fin-Mon(Set)
Figure 1: The category L fts

Proposition 21 Fach of the fibres of Lifts is complete. Moreover, if V : D — C is
a functor that commutes with the forgetful functors and preserves the greatest lower
bounds (i.e. for every family {& ; i € I} of D-structures & € D(X) on X one has
V(Nier &) = Nier(VE&), then for all monad morphism ¢ : T — S, the morphism
<, V>:<T,C>—<S,D> has an inverse tmage

<@, V>*: Lifts(T,C) — Lifts(S,D)

FC-Struc(Set)°?

b VAT .
V]
C bocueonon. T' ‘P:('.i‘) .......
T —% =S Fin-Mon(Set)

Figure 2: transports of lifts

In the same way, if V preserves the least upper bounds then < ¢,V > has a direct
image.

We'll write o* =<, 1¢>" and V> =<17,V >* in short when one of the component
is an identity. So, for any object (T, C, T) of £ifts and monad morphism ¢ : T — S,
the lift T for T can be transported in a minimal manner along ¢ to give a lift
S = 99‘('1‘) for S. In the same way, every functor V : D — C that respects the
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underlying sets and the greatest lower bounds on each fibre provides a minimal lift
T = V*(T) for T to D. As a consequence the category Lifts has a two-dimensional
structure in the cartesian meaning of the word, since we have the ability to move
parallel to both of the axis. In this way quotients may be defined in that category by
adding constraints either on the underlying algebraic structure (e.g. by considering
equational variety) or on the category in which the algebras takes their values.

4.2.1 Change of the underlying algebraic structure

Each morphism between two finitary algebraic structures on the category of sets
has a uniform extension to the corresponding families of lifts, this enables one to
work at the level of sets. For instance the lift T for the monad of terms to a
category of transition systems that was derived from the operational specifications
may be extended and provide a lift R for the theory of rational trees. R is the least
element of the fibre Lifts(R,C) for which each of the ¢ components are admissible
mappings :

ex : (TX,T¢) — (RX, R¢)

(where ¢ : T — R is the embedding of the terms within the rational trees). Nev-
ertheless this minimal extension of T to R (along ¢) has a more direct character-
ization : R is made of the transitions that are provable in the deductive system
obtained by adding to the operational rules (applied to the rational trees) the tran-
sitions of £ as additional axioms. More precisely, let

vy = TRX &% RRX £% RX

be the free T-algebra structure on the rational trees (the Herbrand interpretation).
By abuse of notation we shall also write (¢! for the mapping

el .6 — RX x Ax RX given by [f](z 5 :1:') =<z>5<z >
(where this time <z >= 7%’ (z) stands for the atomic rational tree associated to z)
R¢ is then characterized by

t St ekt — T uxrtS¢

Proposition 22 If we let RE be the set of transitions provable in the algebra (RX,vx)
under the assumptions [€], we get a lift for R to the category C of transition systems.
Moreover this s the least such lift for which each of the mappings ¢x be admissible
from (TX,TE€) to (RX, RE) (for all £ € C(X)). i.e. R is the inverse image »*(T)
of T along .

Proof : see the appendix.

Another example of transport. of lifts along monad morphisms is obtained by looking
at equational varieties of algebras. Let T = (T,5, x) be a finitary monad over the
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category of set, if (D, 6) is a T-algebra and v : V — D a valuation, we can take each
syntactical expression e € TV to the element in TD

e[v] = Tv(e)

got by replacing in e each variable in V by its v-value. Thanks to the T-algebra
structure we then obtain the walue of this expression in the valued interpretation
(D, 6;v). This value is therefore given by

vi(e) = (60 Tv)(e)

A T-equation is a pair < e;,e; > of elementsin TV. A T-algebra is said to satisfied
such an equation when we have v;(e;) = v;(ez) for any valuation v: V — D. Let E
be a set of T-equation, we define the corresponding equational variety (T,E)-Alg as
the full subcategory of SetT corresponding to the T-algebras that satisfy each of the
equations in E. We now%see e.g. [Man76]) that there exists a monad Tg on Set such
that (T,E)-Alg and Set £ are isomorphic, we let 7g : T — Tg be the corresponding
monad morphism. Now, if T is a lift for T, a T-algebra (D, 6, ¢) is said to satisfied
an equation e; = ey (for e1,e; € TV) when its underlying T-algebra (D, §) satisfies
it. Otherwise stated the subcategory (T, E)-Alg of T-algebra verifying E is given
by the following pull-back

SetTe

(T, E)-Alg

[ Set™®

T SetT
C U*

Now it appears that
Proposition 23 The equational variety (T,E)-Alg is algebraic over the category
C, which means that the forgetful functor
. + uT
Ug=(T,E)-Alg —C" —C

is monadic. Moreover the corresponding monad Tg on C in none other than the
inverse tmage of T along g :

Tp = m(T)
This proposition is in fact a particular case of the following result that gives a char-

acterization of the algebras for the inverse image of a lift along a monad morphism
in terms of that monad morphism and of the algebras for the initial lift.

Proposition 24 Let T and S be two finitary monads on sets, for every lift T €
Lifts(T,C) for T and monad morphism ¢ : T — S we have a pull back
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cS SetS
(644 l Set?
cT SetT

U-v

where

1.S= ©*(S) is the inverse image of T along ¢, that is the least lift for S to C
for which each of the component of ¢ is admissible,

2. ¢ : T — S is the resulting monad morphism :

Grae) = pa: (TATE) — (SA,SE)  and,

8. U* et U'* are the respective lifts for U : C — Set to the categories of algebras.

Proof : see the appendix.

4.2.2 Change of the base category

In this paragraph we outline how quotients in the category Lifts may be defined
by changing the category in which the algebras takes their values still considering
the same algebraic structure on sets. For that purpose, we recall that if C and D
are both fibre-complete categories of sets with structure, every functor V : D — C
between them that preserves the underlying sets and the greatest lower bounds has
an inverse image functor

V*: Lifts(T,C) — Lifts(T,D)

for any (finitary) monad on Set. The above assumption on V amounts to the
existence of a left adjoint F' 4V for it, and this condition is fulfilled by most of the
abstraction functor we usually consider. For instance, to any monoid M = (M, 0,¢€)
we associate the category 7(M) whose objects are the transition systems labelled
with elements in that monoid. These are pairs (X, {) made of a set of states X and
a set of transitions ¢ C X x M x X such that

1. 2 <>z €&, forall z € X and,
2. (zx o yeé and yo2¢€¢) = 20 :zec¢.

A morphism f : (X,€) — (Y, () between two such transition systems is a mapping
f: X > Y between their sets of states such that :

- el = f(z) 2 f() €

29




Then to each monoid morphism o : M — N there corresponds a functor between
the associated categories of transitions systems : 7, : T(N) — T (M) given by

z-"a €T,() = m"—(ﬂmléé
This functor has right and left adjoints 3, 4 7, 4V, given by
-z €3,(() = ImeMst. o(m)=n and z "oz €¢

and, -5z €V,() <> Vme€M st. o(m)=n wehave = -+ 2 €¢

(those three functors act as identity on morphisms).
Then V. = 7, : TW) — T(M) and W =V, : T(M) — T(N) are both
functor preserving the underlying sets and (since they have left adjoints) preserve
the greatest lower bounds. Then we have functors that transport lifts in both
direction

V*: Lifts(T, T(M)) — Lifts(T,T(N))
and

W= : Lifts(T,T(N)) — Lifts(T,T(M))
Notice that if M = A* is the free monoid corresponding to a set A of actions,
then a surjective monoid morphism ¢ : A* — A corresponds to an observation
criterion as defined by Boudol [Bou85]. In the same way, if C is the category of
transition systems we previously defined, the inclusion 7 : ¢ — A* that extends a
transition system by transitivity has a (left inverse) right adjoint P that retains the
only transition of length 1. We then have, as well, an inverse image functor

P*: Lifts(T,C) — Lifts(T,T(A"))

It would be interesting if we could chacterize the category of algebras for the theory
V*(T) so obtained in terms of the category of algebras for the theory T we started
from and of the functor V. At first sight the following pull back diagram seems a
good candidate :

Question : Let C and D be both fibre-complete categories of sets with structure
and V : D — C a functor preserving the underlying sets and the greatest lower
bounds. Can one associate to any lift T € Lifts(T,C) for T to C, a corresponding
lift T € Lifts(T,D) and a generalized monad morphism (V,®) : (D, T) — (C,T)
such that the following diagram is a pull back ?

Ve ot

pT

uyT uT

|4

D C

Unfortunately I have no answer to that question.
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5 Conclusion

We can give some restrictions on the underlying algebraic structures we consider.
Since they are intended to model programs and since those programs are defined by
systems of recursive definitions, those algebraic structures must be closed under sets
of recursive equations. Those equations may be expressed in the clone of operators
of the considered monad. Now the clone of a finitary monad over the category of sets
is none other than a Lawvere algebraic theory. This notion of algebraic structure
closed under recursive definitions has been described in this context of algebraic
theories [Bad89] by giving an axiomatisation for the fixed point calculi. We can
very easily use this axiomatisation to obtain a recursive closure operation on our
category of lifts.

The systematic translation of operational specifications into an equivalent denota-
tional model we have described in this paper rely on the format of conditional rewrite
rules introduced by De Simone. Though the method we give does not seems that
sensible to a specific format, it need to be reconsidered if, for instance, we want to
allow for negative premisses {Gro89). Nevertheless we think that it should always
exists some underlying algebraic structure (the structure of proof trees in the present
case) as long as the operational specifications remain structural.

6 Appendix

This appendix is devoted to the proof of the few results we mention in the section 4.2. .
One of this was the following proposition.

Proposition 25 If we let RE be the set of transitions provable in the algebra (RX,vx )
under the assumptions (€], we get a lift for R to the category C of transition systems.
Moreover this is the least such lift for which each of the mappings px be admissible
from (TX,T¢€) to (RX, RE) (for all € € C(X)). i.e. R is the inverse image o*(T)
of T along ¢.

Proof : The first part of that proposition is proven is the same way as for the
parallel result concerning T and corresponds to the first three items. In the last
two, we verify that this lift is indeed the least such that each of the mappings px is
admissible.

1. For every admussible mapping f : (X,&) — (Y,{), Rf is admissible from
(RX, RE) to (RY, RC).

For this, consider a transition t > t' € R¢, i.e.
lElux At S ¢

due to the naturality of n : I — R, and because Rf is a T-algebra morphism
from (RX,vx) into (RY, vy ) we know that

<f°,Rf>: (RX,vx, €1) — (RY, vy, ()
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is a morphism in K (f° is the mapping f x A x f restricted to ¢ and co-restricted
to {). Thanks to the functoriality of D we deduce

[(V,oy b A< f, Rf>: Rf(t) > Rf(t)
hence Rf(t) = Rf(t') € R¢.
. nx is admissible from (X,€) to (RX, RE).

This comes from the fact that for every transition £ - z' € £ one has

rﬁ],ux F<z bz >i<e>b<s >

. px 1s admissible from (RRX, ﬁﬁf) to (RX, }:7,{)
For each transition 7 = ¢t -5 ¢’ in R¢ we choose a proof tree By € AR-P(¢, RX)
for which

(el ux - Br:t 3t € RX x Ax RX

We notice the two following facts

(a) the composite ponr: R — RR — R is the identity and,
(b) px is a T-algebra morphism from (RRX,vrx) to (RX,vx) :

X OVRX = Mx O pRx ©@Rrrx by definition of vgx
px o Rux o prrx by associativity of u
ux oprx o Tux by naturality of ¢
= vxoTux by definition of vy

thanks to which we deduce that

<B,ux > (RRX,vpx, RE) — (RX,vx,Drg )

is a morphism of the category X. Now let a transition u % u' € RR¢ be given,
we have therefore a proof

(REV,vpx F A:u 354 € RRX x Ax RRX
from which we can, thanks to the expansion rule, deduce the proof
eV, ux F A[B, ux) : px(u) 2 px(u') € RX x Ax RX
Hence px(u) 5 px(u') € RE.

. @x : (TX,T€) — (RX, R¢) is admissible
We notice that < 1¢,x >: (TX,1¢),uy’) — (RX,7€),vx) is a morphism of
K. This comes from the two following observations

(a) ¢ o™ = 9™ (notice that [¢] does not stand for the same thing for the
two objects of K) and,

32




(b) x is a T-algebra morphism from (T X, £%°) to (RX,vx) :

vxoTpx = pP opnrx oTex by definition of vx
= pxouy ¢ is a monad morphism

Let t 2 t' be a transition of T¢, we therefore have a proof
P rA:t 51 eTXxAXTX
from which (by functoriality) we get
Tl ux b A<l ox> px(t) > ox(t) € RX x Ax RX
which means that px(t) 2 ¢x(t') € R¢.

. For every lift R for R such that px is admissible from (T X, T{) to (RX, f%{),
we have the set theoretic inclusion R C RE that holds for any set X and
C-structure £ € C(X) on that set.

We then have to prove that Rf contained every transition t ¢ € RX x A x
RX for which a proof

vy At S ¢
may be found. We prove this fact by induction on the structure of the proof
A€ AR-P({,RX) :

(a) Base case
The proof is of the form
rf],ux F<z Bz >i<r><s >
Since n%” is admissible from (X, ¢) to (RX, R{) as composite
N oD
ny = (X,6) = (TX,T€) <5 (RX, RE)
of admissible mappings, we infer that the transition <z >3<z' > isin
RE.
(b) General case
The proof is of the form A = (r : a)(Ao,. .., An—1) where for every index
¢ € I, the proof tree A; corresponds to a proof
(e vy b Az pi 5 p)

for which the condition ¢.(b,a) is fulfilled. For any other index the proof
tree A; is equal to some rational tree : A; = p; € RX. The rational trees
t and t' are then given by t = f,, (po,- - -, Pn_1) and

t = (C")Vx(qo7'- . vqn—l) with 95 = { p; if ] € Ir
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By induction hypothesis we deduce 7; = p; 5, p; € Rt for i€,
hence the proof

REV, y3% (2 a)(Boy...,Bat): T 5T € TRX x Ax TRX

I <Ti> if ¢,
where B; _{ 772}(}’.‘) if iel
and where T = f[po,...,P.-1) % and T = Cr[go,- -, qn-1]. Now, since
vx is admissible from (T RX,T R¢) to (RX, RE) as a composite

- .. B .
vx = (TRX,TRE) £85 (RRX, RRE) 25 (RX, RE)

of admissible mappings, we get that vx(T) = vx (T') € RE that is to say
t 5t € RE.

]

Before proving our two remaining propositions, we state some elementary properties
for the fibre-complete categories, in particular we give an equivalent definition of
those categories in terms of optimal and co-optimal lifts. Let {f; : X — (¥;,)}
be a family (not necessarily a small set) whose elements are pairs made of an arrow
fi : X — Y; in the base category B and a C-structure (; € Y;. The optimal lift
of this family, if any, is the least C-structure £ on X for which each of the f; is an
admissible arrow. That is

1. the arrows f; are C-admissible from (X, ¢) to (Y;,(:) and,

2. if (Z,«) 1s a B-object with structure and ¢ : Z — X an arrow for which
each of the composite f; o g is admissible from (Z, k) to (Y:,(;) then g is itself
C-admissible from (Z, k) to (X, ¢).

Dually we define the co-optimal lift of a family {f; : (Xi,€) — Y'}. Since such
an optimal (co-optimal) lift is characterized by a universal property it is a priori
defined only up to a unique isomorphism. Nevertheless it is easy to verify, thanks to
the second axiom of the categories with structure (transport of structure), that such
a structure when it exists is unique. We then have the following characterization of
fibre-complete categories which actually serves as a definition in [Man76).

Proposition 26 A category of B-objects with structure is fibre-complete if
1. every family {f; : X — (Y, ()} has an optimal lift and,

2. every family {fi; : (Xi,&) — Y} has a co-optimal lift.

3We recall thatif g € Tnet yo,...,yn-1 € Y, the notation glys, - . ., Yn_1] stands for the element
in TY given by : g[yo,...,¥n-1) = Ty(g) : 1 STy ; and if o is a T-algebra structure on
Y, go is the mapping g, : Y™ — Y given by : ga(¥0,...,¥n-1) = (a0 Ty)(9) = (9[yo, - - -, Yn-1])
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In fact we only need to check one of the two previous requirements, the other one
will be one of its corollaries (cf [Man76]).

Proof : Let U : C — B be a fibre-complete category of B-objects with structure.
We show that the co-optimal lift of the family {(X;, &) Iy ; 1€ I} is given by
¢ = Vies f:(fz)

1. f; is admissible from (X, &) to (Y, () as a composite of admissible arrows :
for (X&) 25 (Y, £7(6) 25 (V)

2. let ¢ : Y — Z be an arrow for which each of the composite h; = go f; :
(Xi, &) — (Z, k) is admissible. we deduce the admissibility of g from (Y, f7(&:))
to (Z, k) which is equivalent to f7(&;) < g.(%), and consequently

¢ =V f1(&) < g.(x)

In the same way the optimal lift of the family {X 2% (V;,() ; ¢ € I} is given by
£ = Aiel(gi)*((i)'
Conversely, we suppose that both requirements of the proposition are fulfilled and
we prove that the category is fibre-complete. First, we see that each of its fibre is a
complete set with

Vier & = co-optimal lift({(X,&) 25 X ; i€ I})
Aic1 & = optimal lift({X 2% (X,&) ; i€ I})

Moreover, any arrow f : X — Y in B has an inverse image and a direct image :
fr(&) € C(Y) is the co-optimal lift of the family {f : (X,{) — Y} and f.({) the
optimal lift of the family {f : X — (¥,({)}.

a

For example, if C is the category of transition systems, the optimal lift £ of a family

{Xx N (Yi,¢i)} is given by
goyef < Vi filz)S fily) € G

Fibre-complete categories have all types of limits and co-limits that exist in B and
moreover they are computed at the level of the base category. More precisely, let
D :7 — C be a diagram in C (with D; = (X;,&) as components), let X be the
limit of the diagram U o D : T — B with f; : X — X; as limiting cone; then
we get a limiting cone f; : (X,€) — (X, &) for the diagram D in C with ¢ the
optimal lift of the f; : X — (X;, ). In the same way, a colimit in C is computed
as the co-optimal lift of the limiting co-cone for the corresponding diagram in the
base category. In particular, a fibre-complete category of sets with structure is a
complete category, i.e. has limits and colimits for all set-indexed diagrams.

First we prove the following criterion for the existence of an inverse image (which
by duality gives as well a criterion for the existence of a direct image).

35




Lemma 27 Let C be a category of B-objects with structure and f : X — Y an
arrow in the base category, we say that the C-structure is multiplicative in f when
for every family ¢; € C(Y) of C-structures on Y and every C-structure £ € C(X) we
have

Vi f:(X,€) = (Y,() is admissible < f:(X,€) — (Y,/\C;) is admissible.

Then

1. if C s fibre-complete, the C-structure is multiplicative tn each of the arrow of
the base category, and

2. if each of its fibre (C(X), <) is complete and if the C-structure is multiplicative
in f: X =Y then f has an inverse image f*: C(X) — C(Y).

Proof :
For the first part, we check on the one hand that that if f is admissible from (X ¢)
to (Y, A; (i) then it is also admissible as a composite

f:X%,0 D mAG 5 (6)

from (X, £) to (Y,{;). On the other hand, if for each index i, f is admissible from
(X,€) to (Y, (), we get f*(€) < (i hence f*(€) < A;(; which establishes the admis-
sibility of f from (X, ¢) to (Y, A\ G)-

For the second part, we show that the inverse image of f is obtained as

(€)= A{¢ec(Y) ; fisadmissible from (X,¢) to (¥,()}

By the very definition we get that
f is admissible from (X,¢) to (Y, () = f () <¢

for the converse part, since the C-structure is multiplicative in f we deduce the
admissibility of f from (X, &) to (Y, f*(£)) hence by composition from (X,¢) to
(Y, () for any C-structure ¢ € C(Y') for which f*(¢) < (.

a.

And we now prove our two promised results

Proposition 28 Fach of the fibres of Lifts is complete. Moreover, if V : D — C 1s
a functor that commutes with the forgetful functors and preserves the greatest lower
bounds (i.e. for every family {& ; i € I} of D-structures & € D(X) on X one has
V(Nier &) = Nie1(VE&) *), then for all monad morphism ¢ : T — S, the morphism
<, V>:<T,C>—<S,D> has an inverse image

<@, V>*: Lifts(T,C) — Lifts(S,D)

4the greatest lower bounds are respectively computed in (D(X), <) and (C(X), <)
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Proof :

For the first part we have to prove that every family {T; ; i € I} of lifts for a monad
T to a fibre-complete category C of sets with structure has a greatest lower bound.
We show that this greastest lower bound is in fact computed componentwise, which
means that we got it by letting

Té = \Tit

i€l

for £ € C(X) (this is well-defined since C is fibre-complete). We only have to prove
that we obtain in that way a lift for T to C, it will then necessarily be the requested
lower bound.

1. For every admissible f : (X,€) — (Y,(), Tf is admissible from (T X,T¢) to
(TY,T¢),
For each index ¢ € I we have

Tf = (TX,T¢) 2% (TX,T:¢) 2L (TY, T)

be admissible as a composite of admissible arrows, now this arrow may also
be decomposed as

Tf = (TX,Tt) 2L (TY,T¢) 25 (TY, T:0)
therefore T'f is admissible from (T X, T¢) to (TY,T¢).

2. For every C-structure £ € C(X), nx is admissible from (X, ¢) to (T X, T¢),
This simply follows from the fact that for any index ¢ € I the followmg arrow
is admissible

nx = (X,€) 25 (TX,T€) =5 (TX, T:€)

3. For every C-structure £ € C(X), px is admissible from (TT X, TT¢) to (TX,T¢).

For each index : € I we have
ux = (TTX,TT¢) I3 (TTX, T.T¢) “5 (1T X, T.T¢) 25 (T X, Tie)

be admissible as a composite of admissible arrows, now this arrow may also
be decomposed as

px = (TTX,TT¢) 25 (TX,T¢) =5 (TX, 1)
therefore px is admissible from (T'T X, TT¢) to (T X, T¢).

For the second part, it remains to prove that the structure is multiplicative in
<@,V > when V preserves the greatest lower bounds. For that purpose, let <@,V >
be admissible from (b, T) to (b,S;) for a whole family {S; ; ¢ € I} of lifts for S
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to D. This means that, for each index : € I and each C-structure { € C(X), ¢x
is C-admissible from (T'X,TV¢) to (SX, V§i§). Since C is fibre-complete this is
equivalent to the fact that @y is C-admissible from (T X,TV¢) to (SX, /\,~€,(V§,~§)).
Now, since V preserves the greatest lower bounds and since those are computed
componentwise in Lifts we deduce

A(VS:£) = V(A(S:€)) = V(N Si)é
el t€f i€l
hence, <,V > is admissible from (b, T) to (b, Nier é,)
0

Proposition 29 Let T and S be two finitary monads over sets, for every lift T €
Lifts(T,C) for T and monad morphism ¢ : T — S we have a pull back

'w

cS SetS
Ce® l Set®
cT SetT

Ul.
where

1. S = ©*(S) is the inverse image of T along ¢, that is the least lift for S to C
for which each of the component of ¢ is admissible,

2. ¢: T — S is the resulting monad morphism :

Giae) = oa: (TATE) — (SA,S5¢)  and,

3. U* et U'* are the respective lifts for U : C — Set to the categories of algebras.

Proof : The main difficulty is to prove that the given pull back does indeed cor-
respond to a lift of the monad S to the category C. It is then easy to check that
the resulting lift must be the inverse image of T along ¢. Consequently the proof
proceeds in two stages.

1% stage :

We recall (cf e.g. [Gro7l]) that the pullback of two functors F' : X — C and
G : Y — C is the triple (2,7, 72)

z—r2 Y
7"1[ lG’
X C
F
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in which Z is the category whose objects are the pairs (X,Y) made of-an object
X of X with an object Y of Y such that F(X) = G(Y). The morphisms (p,9) :
(X,Y) = (X',Y') in 2 corresponds to a morphism ¢ : X — X' of X together
with a morphism % : Y — Y’ of ) for which F(¢) = G(¥). The two projections
m: 2 — X and 7 : Z — Y are then given by :

Lz, _ (X,Y) » X

) 7!'1.2 X = {((p,'l/)) -
ey L XY s Y
mif—Y = {(wb) -

Let (X, y,7,) be the pull back of U* : ¢T — SetT along Set” : SetS — SetT.
The category X is therefore isomorphic to the category of sets with structure whose
objects are triples (A, 8,€) in which § is a S-algebra structure on the set A and ¢ is
a C-structure on A such that @ = o, is C-admissible from (T A, T¢) to (A, €); and
whose arrows are S-algebras morphisms ¥ : (4, 8) — (A, §') that are C-admissible
from (A, ¢) to (A',€).

¥ —"% . getS
™ l Set?
T ———+ SetT
c =

And according to that representation, the projections m; and w2 are given by

WI:X——)CT = {(A’ﬂ’é) = (A)ﬁo(p/h{)

Yy = P
Wz:X——»SetS — {(Angaig : EbA’ﬂ)

We are seeking for a lift S for the monad S such that CS is isomorphic to the
category X. We recall that CS is isomorphic to the category of sets with structure
whose objects are triples (A, 3,£) in which 3 is a S-algebra structure on the set A
and £ is a C-structure on A such that 8 is C-admissible from (SA,S'{) to (A,¢);
and whose arrows are the S-algebras morphisms ¢ : (4, 8) — (A’, 8') C-admissible
from (A, £) to (A',€).

We so obtain our required isomorphism if the C-structure S¢ on A is to satisfy the
following universal property

Let 3 a S-algebra structure on A and a = B o ¢4 the corresponding
T-algebra, then § is C-admissible from (S A, S¢) to (4, ¢) if, and only if,
a is C-admissible from (T A, T€) to (A4, £).
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For that reason, it seems quite natural to define S¢ as the co-optimal lift of
wa:(TA,TE) — SA.

Unfortunately, this is not appropriate because it won’t generally make of y4 an
admissible mapping from (SSA, S(5(€))) to (SA,S(€)). For instance if C is the
category of transition systems, and ¢ : T — R is the embedding of the terms
in the rational trees; with the previous definition one would find in R only the
transitions having the form ¢(t) 2 (t') for t 2 t' € T¢. In particular there would
be no transition between trees of infinite depth. On the other side, if we suppose
the substitution operation on rational trees to be admissible, we have as an easy
corollary that

For every C-structure ¢ on Y and admissible arrow v : (Y, () — (RX, R¢)
one has

tSt eT¢ = tv] DSt eRe
where t[v] = v*(t) stands for the rational tree obtained from t through
the valuation v (i.e. v* = p§? 0o Rvopx : TY — RX is the inductive
extension of v : Y — RX).

and, apart from pathological cases for T, this property allows us to deduce transi-
tions between rational trees of infinite depth.

The suitable structure S¢ is defined as follows : to each C-object (A, £) we associate
the family F(A,¢) whose objects are the 4-tuples (B, (, f,8) in which B is a set,
¢ € C(B) is a C-structure sur B, f an arrow C-admissible from (A4, ) to (B, () and
B : SB — B is a S-algebra structure on B such that the corresponding T-algebra
structure a = B0 @p is C-admissible from (T B, T¢) to (B,¢). And we let S¢ be the
optimal lift of the family

(A2 5B 2, (B,¢); (B,C¢,f.B) € F(A,£)}

In the following lines we verify that we actually obtain a lift S for the monad S, that
the mappings ¢4 are C-admissible from (T'A, T¢) to (SA, S¢) and that the universal
property we gave above is satisfied.

1. @4 is C-admissible from (TA,T{) to (SA4, S¢)
Let (B, f,8,() be an element of F(A,£), a = B0 ¢p is therefore C-admissible
from (TB,T¢) to (B,() and Tf is C-admissible from (T4, T¢) to (T B, T¢),
hence B0 Sfopa = BowgoTfis C-admissible from (T A, T¢) to (B, () and
@4 is C-admissible from (T A, T¢€) to (S A, S¢).

2. If B is a S-algebra structure on A and a = Bop4 the corresponding T-algebra
structure, then B is C-admissible from (SA, S€) to (A,€) if, and only if, « is
C-admissible from (T A, T¢€) to (A,€).

Actually, if 8 is C-admissible, so is a as a composite of two admissible arrows.
Conversely, if a is C-admissible then (A, §,14, 8) is an element of F(A4, €) and
therefore f o S14 = B is C-admissible.
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3. If f is a C-admissible arrow from (A,€) to (B,(), then Sf is a C-admissible
arrow from (SA, 5¢) to (SB, 5¢).
Let (C,«,g,) be an element of F(B,(), then (C,«,go f,3) is an element of
F(A,€) and therefore S o Sgo Sf is a C-admissible arrow from (SA,S'{) to
(C, k). Thanks to the definition of S¢ we deduce that Sf is C-admissible from
(SA, S€) to (SB, 5¢).

4. For every C-object (A, ), na is C-admissible from (A, €) to (SA, S¢).
Let (B,¢, f,B) € F(A,€), (BoSf)ona = Longo f = fisC-admissible from
(A, €) to (B, () hence the result.

5. For every C-object (A,€), pa is C-admissible from (SSA, SS¢) to (SA, S¢€).
Let (B,(, f,B) € F(A,¢£), according to the item (2) the S-algebra structure g
is C-admissible from (SB, S¢) to (B, () and according to (3) SB is C-admissible
from (SSB, $S¢) to (SB, 5¢) and SSf from (SSA, SS¢) to (SSB,S55¢). The
composite 80 SB o SSf is therefore C-admissible from (SSA, SS¢) to (B, ().
But this composite is none other than 30 Sf o u4, hence the desired result.

Now, via the 1somorphlsm ¢S = X the projections 7, and 7, correspond respectively
to C? and U™ where ¢ : T — S is the monad morphism whose components are
those of ¢ :

Bag) = va: (TA,TE) — (SA, 5¢)

(pa is admissible from (T A, T¢) to (SA, S¢) and it clearly is a monad morphism
since ¢ is such) and where U™ is the lift for U corresponding to S.
2™ stage :
We prove in that second stage that the so obtained lift of S is the inverse image
©*(T) of T along ¢. We have defined an order relation on the set of lifts for S to C
by :

SCS <« VX and £€C(X) 8¢ <S¢

SCSis equiva;lent~ to the fact that the identity 1s : § — S is a monad morphism
(in Mon(C)). ¢*(T) is the least lift of S, as regard this order relation, for which
each of the arrows

x + (TX,T€) — (SX, 5¢)
are admissible. We deduce, in particular the following monad morphism
1s:¢*(T) — S (2)
with S the lift we defined in the first stage of this proof.
Let £,(S,C) be the set of lifts § for S to the category C that makes each of the
w-component an admissible arrow. If S € £,(S,C) we obtain a monad morphism

¢:T — S by letting p(x,¢) = ¢x for each C-structure £ € C(X). Moreover the
following diagram commutes
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*

cs SetS
(644 ‘ Set¥
cT SetT

*

The lift G : T — S for ¢ described in the first stage is the least in~the sense that
for every S € L£,(S,C), the corresponding monad morphism ¢ : T — S can be

~

decomposed in a unique way as ¢ = @ o @ where @ : S — S a morphism in
Mon(C). In particular, there exists a unique monad morphism

a:8 — go'(’i‘) (3)
such that ¢ = a0 @.
Thanks to both monad morphisms (2) and (3) we get
~ o P ls ~
B=5— o (T) =S

for which ¢ = B o ¢, we deduce that the components of 8 (that are as the same
time the components of a) are equals to the identities. That means that 1sx is
admissible from (SX,S¢) to (SX,¢*(T)¢) for every £ € C(X), i.e. S T *(T).
Hence S = *(T)

0
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