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STABILIZATION OF EULER-BERNOULLI BEAM 

BY NONLINEAR BOUNDARY FEEDBACK 

Francis CONRAD *, Michel PIERRE * 

Abstract 

We study the damping of transversal vibrations of a system of non-homogeneous connected 

Euler-Bernoulli beams. Controls are forces or torques applied at one end of the system. These 

controls are assumed to be nonlinear functions of the observed velocities of deflection. 

We show that the problem is well-posed, and that asymptotic stability is achieved when the 

nonlinear feedback is monotone dissipative. No assumption involving monotonicity in the bending 

moment or linear mass distributions is necessary. 

STABILISATION D'UNE POUTRE D'EULER-BERNOULLI 

PAR CONTROLE FRONTIERE NON LINEAIRE 

Résumé 

Nous étudions l'amortissement des vibrations transversales d'un assemblage de poutres non 

homogènes d'Euler-Bernoulli. On contrôle par des forces ou des moments appliqués à l'une des 

extrémités du système. Les contrôles sont supposés être des fonctions non linéaires des vitesses de 

déflection observées. 

Nous montrons que le problème est bien posé et qu'il y a stabilisation asymptotique quand le 

feedback non linéaire est monotone dissipatif. Aucune hypothèse n'est faite sur la monotonie des 

coefficients de densité linéique ou de rigidité en flexion. 

(*) Université de Nancy I, U.R.A. CNRS 0750 and Projet NUMATH, INRIA Lorraine 

Département de Mathématiques, B.P. 239, 54506 VANDOEUVRE-lès-NANCY, France.



1. INTRODUCTION 

We consider an Euler-Bernoulli beam with variable mass density and flexural rigidity.The beam 

is clamped at one end. The other end is controlled by a point force and a point bending moment 

which are assumed to be nonlinear functions of the observation. By observation we mean velocity 

and angular velocity of the transversal deflection at the end. 

Let u(x, t) denote the transversal deflection at point x and time t. For a beam of unit length with 

flexural rigidity a(x) and linear mass density b(x), we get the following system of equations: 

Open-loop system 

b uy + (à Uxx)xx = O in (0,1) 

u(0,t) = u,(0,t) = O (the beam is clamped at x = 0) 

- (a uxx)(1, t) = fi(t) (moment) (1) 

(a Uxx)x(1, t) = fo(t) (force) 

u(x, 0) = uo(x), uy(x, 0) = u1(x) 

with a € L°(0, 1), b e L°(0, 1), 0< m S a, b. We refer to [RU] where several mathematical models 

for the elastic beam are presented. 

Closed-loop system 

Extending the case of linear feedback [CHE-DE, CHE-KRA], we assume the controls fp and 

f, to be nonlinear nondecreasing functions of u,(1, t) and u,(1, t), vanishing at zero. This implies 

dissipation of the elastic energy of the system. From a practical point of view, it may be of interest to 

consider nonlinear feedback involving some "saturating effect" for large values of the argument, or 

some delay between observation and control. 

Thus, we consider in this paper general feedback laws of the form: 

fo(t) € œ(u,(1, t)) 

f, € Blu,e(], D) 

where œ and B are maximal monotone graphs in RZ such that O € œ(0), O € B(0). This will imply 

dissipativity since & o(&) and & B(&) C R, 

Therefore the system with boundary feedback control we study is the following:
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buy, + (a U, xdxx = .40 1n (0, 1) 

u(0,t) = u,(0,t) = O 

'(a uxx)(la t) e B (uxt(l’ t)) (2) 

(a uxx)x(lv t) e à (ut(1: t)) 

Typically our formulation includes the case of serially connected beams, with regular (variable) 

mass density and flexural rigidity for each beam, strongly connected, with no force or bending 

moment applied at the internal nodes. | | 

Boundary stabilization of elastic systems is presently the subject of extensive work. The case 

of the wave equation with nonlinear boundary feedback has been considered in [LA1], in [WA-CHE] 

for the asymptotic stability properties and in [ZU] for estimates. 

For plates, also with nonlinear boundary feedback acting through shear forces and moments, 

- werefer to [LA2], [LA3]. for stabilization results and [LA] for estimates of the decay. The more 

difficult case of control by moment only has been studied in [LA4]. AIl these papers concern systems 

with constant coefficients, and, except in [WA-CHE)], are based on multiplier techniques. 

The case of serially connected beams has also been considered, with linear feedback acting 

genuinely on the force at the nodes [CHE-DE]. Exponential stability is proved in the case of 

nondecreasing density and nonincreasing flexural rigidity. The same result has been proved in the 

more difficult case of control by moment only, for a single homogeneous beam [CHE-KRA]. 

This brief survey is certainly far from being complete, but, to our best knowledge, the case of 

“ -variable coefficients with nonlinear boundary feedback has received much less interest. In particular, 

most of the techniques developed so far, when applied to systems with variable coefficients, 

generally require strong and somewhat unnatural assumptions on the structure or on the regularity of 

the coefficients, this even in one space-dimension. Extra assumptions on the coefficients like 

monotonicity [CHE-DE] are likely to be unnecessary in order to get the decay of the energy to 0. 

It is our purpose here to prove that stabilization occurs in (2) with no restriction on the 

functions a and b. The proof relies on the use of spectral methods and Fourier series and not on 

multiplier techniques. 

The paper is organized as follows: 

‘ In Section 2, we show that Problem (2) is well-posed, in the sense that it defines a nonlinear 

semi-group of contractions generated by a nonlinear maximal monotone operator , on the natural 

energy space. 

In Section 3, using the invariance principle of LASALLE [DA-SLE], combined with 

elementary nonharmonic Fourier analysis, we obtain the strong stability under "minimal” 

assumptions on the graphs & and B. In particular, stability is achieved if the system is controlled 

either by a shear force only or by a bending moment only.
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2. WELLPOSEDNESS OF SYSTEM (2) 

We set H = L2(0, 1), equipped with the norm 
1 

Uvligy = [Jb v2 dx]1/2 , 

and 

V = {u € H2(0, 1) ; u(0) = u,(0) = 0}, 
equipped with the norm 

1 

luily =[Ja uîx dx]1/2, 

which is equivalent to the usual H2(0, 1)-norm on V. The "energy space” V x H is equipped with the 

norm: 
1 

Ku, Yl y z = [Ja uîx dx + Jb v2 dx}1/2. 

We also assume that a e L°(0, 1), b € L*(0, 1), O<m S a, b. 

Dividing the equation in (2) by b and setting v = u, , we write (2) in the form: 

â(3)+A(u,v) > 0, (u,v)e VxH (3) 

where the nonlinear operator À is defined on the space V x H by: 

Dom (A) = { (u, v) € Vx H; au,x € H2(0, 1), v € V, 

-(a u,x)(1) € B(v,(1)), (a u, x)x(1) € œ(v(1) } 
-V 

V (u, v) € Dom (A), A(u, v) = (1< ) . 
pa Ux x)xx 

To get the wellposedness of system (2), we prove that À is a maximal monotone operator with 

dense domain, thus generating a strongly continuous nonlinear semi-group of contractions [PA]. 

Lemma 2.1. Dom (A) is dense in V x H. 

Proof. We recall that 

Dom (A) = ( (u, v) € V x V; auyx € H2(O, 1), -(a uy y)(1) € Blvy(1)), (auz x)x(1) € œkv(1)) }.
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Let E={ue V;au,x € H2(0, 1); (a u,x)(1) = (a Uxx)x(1) = 0 }. Since 0 € a(0), 0 e B(0), 

É x D(O, 1) C Dom(A) C V x H. Obviously, E is dense in V, and 7X0, 1) is dense in H. Thercforc 

E x D(0, 1) is dense in Vx H. + 

Lemma 2.2. À is monotone on V x H. 

Proof. Let (u, v)and_(ü, V) « Dom(A). Then: 

A 

; ; AA.,.U- U ; 
(A(u,{v) - Aÿ(u,v) _l' V- Ç)VxH 

1 1 

=-Ja (u - Udex (V - Vx +J[a(u -0)ex1xx (v - V) 

1 

=- Ja Cu - Dx (4 - Dgxe + [a(u - Dcx (v - 915 

1 

- {façu - Dgx) C - Da 14 + 0[a cu - Dax V- Ürx 

= (a(u - D)xx)x(1) (v - V) (1) - (@(u - W)yx)(1) (v - YÎx (1) 
€ [v(1) - V(1)I [a(v(1)) - a(VI + [ve(D - Vy(DI Brx(1) - BVx(D] 

€ R, since the graphs & and B are monotone . # ‘ 

The maximal monotonicity of A on V x H will be established if we prove that, for any (f, g) € 

VxH , 

(u, v) + A(u, v) = (f, g) (4) 
admits a (unique) solution (u, v) € Dom (A). First, we note that (4) can be rewritten as: 

u-v=f 

4h - v+5 (a uxx)xx = E ; (4}' 

(u, v) € Dom (A) 

Ifue€ V,then v=u-fe V. Therefore, it is equivalent to prove that the following problem



u+ lB(a Uxx)ex = h 

u(0) = u, (0) = 0 

- (auxx)(1) € Blu,(1) - fx (1)) 

(a Uzx)x(1) € a(u(1) - f(A)) 

(5) 

admits a solution u € V, (a Uxx)xx € H, for any h € H,f € V, and then set h = f + g, v = u- f. In 

other words, we have to prove that the following unbounded operator B defined on H by: 

Dom (B) = {u € V; (a uxx)xx € H; -(a Ux x)(1) € B(ux(1) - Fx (1)); (a uxx)x(1) € *(u(1) - f(1))} 
V ue Dom (B) Bu =%(a Uxx)xx 

is maximal monotone on H. 

… ; .… A 
The monotonicity of B is easy to check: if u,u & Dom (B), 

u-0,Bu-Büp = J(u - ù) [a (u - WDdyxlex dx = 

1 ‘ 

Û{ à (u - D2 dx + [u-D@a w -Dooxly - (0- Dx à (u-Dxxlg 

[u - D)(a (u - U)ga)a] (1) - [(u -0)x à (u - D)yx] (1) € 
[u(1) — 0(1)] [æ(u(1)) - #(0(1))] + [ux(1) — Gx CDIEBCux(1)) - BUx ( - 

And the last expression is a subset of R 4 since œ and B are monotone . 

In order to show that (S) admits a solution, we introduce the Yosida- approximations of the 

graphs & and B: 

œ _ 1-(+Aa)! B _1-@+ABy-! 
A = À A 7 À , 

The functions œ and B, are Lipschitz continuous and maximal monotone from R to R. 

We consider then the "regularization" of problem (5) 

u+ 1B(a Uxx)xx = h 

u(0) = u, (0) = O 

- (a uxx)(1) = Balux(1) - f, (9)) 

(à uxx)x(1) = & (u(1) - f(1)) 

(6)
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Lemma 2.3. For any h € H, f € V, Problem (6) admits a unique solution uÂ € V, such that 

(a uÎ}x))Oc e H. 

Proof. Since œ and B are maximal monotone, we have & = dj, , B = oj,, where j, and jy are 

proper, convex, l.s.c., with Dom (œ) C Dom ( aj;) , Dom (B) C Dom (0jy) [BRE1]. Moreover, 

œ =0j1x, B =’ôj2)\ [BRE1] where 

in©=Fay©Ë + ;; [A+10-1©) 

© =FIB,©P + j3 [I +ABY1E). 

We introduce the following functional, defined for any v € V: 

1 

\Py, (v) = %J[b v2+a vîx -2bhv]dx + j19 (v(1) - f(1)) + 329 (Vx (1) - f, (D 

The functional ‘F,, is convex, differentiable, 1.s.c. and satisfies lim \P) (v) = + æ as Ivly > + œ. 

Let uÀ € V be a minimizer of \F,. Then, for any $ € V: 

< (uh), 0>yy = 0, ie. VHe V 
À ‘ 

j [bukpra uk Oax- bhéJax+ opluX(1) - FCD] GC + Baluk (D - EDJ 400 =0, (, 

First we choose à € (0, 1) in (7) and obtain: 

buk + u” )yx = bh in D, 1), ue V. 

Therefore (a uîÏx)xx € H; the above equation has a sense in L2(0, 1) and we can divide it by b to 

recover the first equation of (6). 

Next we choose à € V in (7) and integrate by parts (this is valid since (a uÎ)()Xx € H): 

l 

À À _ À à _taut 1 J[b uk + (au” )ex - D hl 6 dx + [a uŸ 6,- u* , 8l 

+ a[uŸ(1) - f(I] CI) + Balu/ ( - E(DI 650 =0, 

which implies 

(a uî‘x)(l) = —Bx(uî(l)-fx(l)) and (a uîx)x(1) = aÀ(uÀ(1) - f(A).



This completes the proof of Lemma 2.3. + 

Remark. It is also possible to get existence for Problem (6) by linearizing (6) and using a fixed point 

argument. 

Now we return to Problem (S) and prove the maximal monotonicity of B. 

Lemma 2.4. For any h € H,f € V, Problem (5 ) admits a unique solution u € V, such that 

au,, E H(0, 1). Moreover, there exists a constant C > 0 such that: 

juf, + laufagz $ C Lhfgy + M- 

Proof. We first establish estimates for the regularized problem (6), then pass to the limit as \> 0. 

To do so, we essentially argue as in [BRE2] where similar nonlinear boundary conditions are 

considered. ; 

Estimates for Problem (6) . Let uÀ be the solution of (6). 

a) Multiply the equation in (6) by b uÀ and integrate: 

1 1 

J[b (u4)2 + à (uX 21 dx = Jb h uÀ dx - wÀ(1) œ fu*(1) - fC1] - uA(DBATUX N - EÉCDI 

Since & « (&) and & B4 (&) are nonnegative, we have 

uX(1) 0ù [uÀ(1) - f(1)} = f(1) œ [uX(1) - f(1)] 

VÉ(1) BafuX U - ,OI > E,( Balu” Q - ,I 

therefore 
1 1 

J[b (uX)2 + à (uX )2} dx < Jb huk dx + I£(1) (à uX J, (I + I£,(1) a u* (D 
xx xx xx 

b) Multiply the equation in (6) by (a “îx)xx and integrate: 

1 | 1 
à,2,tl À J 214x -— à d[[a (uT 324 Fla u  px)21 0x = Jh (a ul yx 9x 

- 0k uÀ1 - fCD] - W2(1) Balu2 ( - f, CDI- 

Using then the same trick as in a) for the last two terms, we get the estimate:



1 1 

d|' [a (uX }2 + 5 (c uX u01 dx < th (a uŸ )ex Ax + IÉCI) (@ u% )yCDI + 1EÇ01) à Ÿ C1 

c) Summing the estimates obtained in a) and b) , we get: 

1 1 1 
1 

Jb (u7»)2 dx + 2Ja (uîx)2 dx + d[g [(a uîx)xx]2 dx < 

1 1 
Jb h uk dx + th (a uŸ )ax dx +2180) (a uk O (DI + 21 (Dauk . @ 

d) Now we use the following simple inequalities (C denotes various constants): 

ME(1)1 < Clfiy; I£,(1)1 < Clfy 

À (Z à 2 , 72 . \(a uxx(l)l < C[la uxle + l(a uxx)xle] 

1 1 
à 2 1 À 2 <CL |a (uk 20x + Jb [(a u% yxlZ dx 

1 1 

au} px < CL [a (uî‘x)2 dx + J%[(a uîx)xx]2 dx . 

We plug these inequalities into the estimate (8) and apply Young's inequality to all terms of the 

R.H.S. of (8) with suitable coefficients (small enough relatively to the uncontrolled terms: 

u%, (a ut Îyoe @ uX )y(1), (a uk \(1) ). We obtain (using also the positivity of b 

1 1 1 
À À 2 uel Jb (uk)2 dx + Ja (uk 22 dx + J[(a e )ad2éx < C[h +MÿI - © 

Passing to the limit as À—> 0. From (9), we deduce that, as À> O (and, as usual, up to à 

subsequence): 

.uÂ — u, weakly in V, strongly in C)([0, 1}) 

3 uÏx — v, weakly in HZ(0, 1), strongly in Cl([O, 1])
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Thus u(0) = u, (0) = O, and v = a u,, in L2(0, 1). We deduce also from (9) that (a u)‘ Mx > Yx 
xx 

weakly in L2(O, 1). Therefore u + ÿ (à Uyy)yx = h ae.in L2(O, 1. 
Finally, we have to study the limit, as À — O, of the boundary conditions: 

u U) = BaluX1) - E(D); (auX )a(1) = uX 1) - f(D). 

For instance for the second equation, we set 

xa = @uX )y(D, yx = A+A0) (uk()) - fI 

À 
xx 

First, since au * —> au,x in C1([0,1]), lim x) = (a u,£x)x(1) as À — 0. Then 

luÂ(1) - f(1) - (F+ Ao)-} (uÂ(1) - fUN 

À 

tuX(1) - f(1) - ya | 
4 

À = à(1) - = l@uf )x(I = lox [uX(1) - fCDII 

is bounded; thus lim y, = u(1) - f(1) as à > O . But 

x) = ay(uMI) - f(1)) € (( + Ao)"! (uM1) - f(1))) = 0(y)) [BRE1]. 

Summarizing the preceding results, we have: 

x), € X(y)), lim x, = (a u,x)x(1) as À — O, lim y), = u(1) - f(1) as à + 0. 

By [BRE], Prop. 2.2], we obtain (a u,x)x(1) € œ(u(1) - f(1)). 

The proof for the boundary condition involving B is similar. 

We conclude that the limit u is a solution of (5), withu e V,au,x € H2(0, 1), and in 

particular (a u,x)xx € H- 

The estimate of Lemma 2.4 is an immediate consequence of (9). The proof is now complete. + 

Proposition 2.5. ÀA is à maximal monotone operator with dense domain. Moreover, for all (f,g) 

in V x H, (u, v) = (I + A)'1(f, g) satisfies: 

/w%,+ /v/%,+ /auxx/Î{2 SC[/}7%,+/g/ÿ,]. 

Proof. This result immediately follows from Lemmas 2.1, 2.2, 2.4, and the fact that (4) and (5) are 

equivalent provided we set h = f + g, v = u - f (see (4)" and (5)). + 

Now the evolùtion problem (2) makes sense in a standard way.
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Theorem 2.6. (i) For any initial data (up, u;) in V x H, Problem (3) admits a unique "mild 

solution”. In fact, (3) defines a nonlinear semi-group of contractions on V x H. 

(ü) IF (up, u;) € Dom (A), then u is a strong solution of (2) or (3), ie.: 

(u, u,) € Dom (A) ae(t); — 

t € (0, +oo) —> (u, u,) E Vx H is (a.e.) differentiable w.r.t. t, 

and (2 )or (3 ) are sansfied a.e. int. 

Proof. For Problem (3), (i) and (ii) are direct consequences of Proposition 2.5 by standard results 

[BRE1, PA]. We just have to notice that for (ii), u,, € H, %(a Uxx)xx € H, so that we can multiply 

equation (3) by b to get (2). Let us recall that Dom (A) = 

{(u, v) € V x H; (à uyx) € H2(0, 1); v € V; -(a uxx )(1) € B(vx(1)); (auxx)x(1) € A(v(1)}. + 

Remark. As mentioned in the introduction, Theorem 2.6 is relevant for a system of serially connected 

beams with variable (piecewise regular) mass densities and flexural rigidities, with no force or 

moment acting on the internal nodes. The system is clamped at the left end, and control is exerted at 

the right end. 

We now have the material to study the asymptotic behaviour of Problems (2) or (3). 

3. ASYMPTOTIC BEHAVIOUR 

We prove the strong asymptotic stability of the solutions of (3) in V x H, using the invariance 

principle of LASALLE [DA-SLE, SLE]. 

Let (u, u,) = S(D)(ug, u1) be the solution of (3) with initial conditions (up, u1) € Vx H.We 

define the elastic energy of the solution (u, u,) by 

l 

E(t) =%H(u(t),u&t))ll%xH ! d[[b u (x t) + a u (x t)] dx.
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Lemma 3.1. (i) E is nonincreasing w.r.t. t 
! 

(ii) if (up, u7) € Dom (A), then E(t) - E(0) € - J[a(u,{], s)ju,(1, s) + B(“xt(l' s))u,;(1, s)] ds 

Proof. (ii) Let (up, u1) € Dom (A); by Theorem 2.6 and standard results [BRE1, PA], the mapping 

te (0, + æ)+ (u, u,) € V x H is Lipschitz continuous in V x H, and a.e. differentiable. Thus we 

apply the dominated convergence theorem and differentiate E(t): 

4 | 
w J[b up(x, 1) upp(x, D + à u, (% D U, p* DJ dx. 

Sincc_ (u, uy) € Dom (A), uy € Vandau,x € H2(O, 1). We can integrate the first term in the integral 

by parts, repÏacing b'u,, by -(a U,xxx € L2(O, 1): 

SE © = -Lu,0s D @ uypOxCS Dlq + Lugy(x, D @ uç)C 0Q 
=- u,(1, 1 (a u, x)e(1, 1) + U, e (, t) (a U,x ) CI, t 

€ - &(u;(1, t)) up (1, t) - Blu,e(1, )) uy (1,) C R.. 

Integrating from O to t gives the energy formula (ii) of Lemma 3.1. 

(i) In particular, E(t) is nonincreasing. 

By the density of Dom (A) in V x H, and the contraction property of the semi-group, this last 

result is also valid if (up, u1) € V x H. Thus (i) is also established. . + 

Lemma 3.2. The resolvent operator (I + À A)'l is compact from V x H to Vx Hand0 € R(A). 

Proof. Since 0 € a(0) and 0 € B(0), we have 0 € Dom (A) and A(0) = 0. 

By the estimate of Proposition 2.5, the compactness of the resolvent will be true if we show 

that . 

{(u,v)e Vx V;au,x € H2(0, 1)} is compactly imbedded in V x H. 

Since V is compactly imbedded in H, it is enough to prove that if, for a sequence u"! bounded in V, 

auîx is also bounded in H2(0, 1), then u” converges strongly in V.This is obvious since a2> m > 0. 

+ 

It follows from Lemma 3.2 and standard results [DA-SLE, PA] that, for any (ug, u1) € Vx H, 

the trajectories (S(t)(up, u1), t = 0} are precompact in V x H, and that the &-limit set @(ug, uy) is a 

non-empty, invariant, connected, compact set such that lim dist ((u(t),u;()), @(ug, u1)) = 0 as 

t70,
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1 2 . ; 
By Lemma 3.1, 5 N(u, VI y u is a Lyapunov function on V x H. We have now all the 

material to apply the invariance principle of LASALLE, in order to get the asymptotic stability for (3). 

Let us sketch how the method works in our case. 

In order to prove that (u, u;) — O in V x H as t ” o, it is enough to prove that @(ug, u]) = 

“ {0), for any (ug, u1) € V x H. By the density of Dom (A) in V x H, and the contraction property of 

the semi-group S(t), it is enough to prove that aXup, u1) = {0}, for any (ug, u1) € Dom (A). 

Consider thus (up, u1) € Dom (A). Then , since À S(t) (up, u1) remains bounded in VxH 

uniformly in t, &(ug, u,) C Dom (A) [BRE1). 
| Choose (wg, W1) € @(up, u1), and set (W,w,)(t) = S(t) (wg, wW1) € @(ug, u1) C Dom (A). 

By the above remarks, the asymptotic stability will be true if we prove that (wp, w,) = O, or else, 

(w,w,)(0) = O, for any t> 0. 

Now, we apply the invariance principle [DA-SLE, SLE]: 

1 

E() = 31IS(0 (wg, w]) u= ; J [b w2(x, 1 + à w2,(% D] dx is constant w.rt, t 

By the energy formula (ii) of Lemma 3.1, applied to (Wg» W1), we deduce that 

t 

0€ J[a(wt(l, s))wy(1, s) + Bw pp(1, S)W,g(1, 5)] ds 

which, since & œ(&) and & B(&) € R,, implies that 

0 € a(w,(1,)w,;(1,1, 0 eBlw,;(1, D)w,;(1,t) ae.t. 

Summarizing the whole discussion above, we have shown that the strong asymptotic stability of (3) 

will be a consequence of the following "uniqueness” result: 

Let w be a solution of the following "overdetermined" system (10), (11): 

b w, + (A W,x)yx = O in (0,1) 

w(0,t) = w,(0,t) = O 

-(a W, x )(1, t) € B (wW,g(0, t)) (10) 

(a W,x)x(1, t) € à (w,(l, 1)) 

(Wg, W1) € O(ug, u1) Ç Dom (A)
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0 e a(w,(l, t))w,(1, t) 

(11) 
0 e Bw,e , Dw,gl1, 1) 

then necessarily (w, w,) = 0. 

Now we prove this uniqueness result under weak assumptions on the graphs & and B. In fact, 

we give two results, one in the case when the force is genuinely active, and one in the case when the 

moment is genuinely active. 

°We obtain the results by expanding the solution of (10), (11) in Fourier series. We could also 

use a multiplier technique as in [LA1]. But, it seems to require monotonicity assumptions on a and b. 

This is not the case here. Thus it appears that, at least in the case of dimension one in space, the 

spectral method is preferable. 

Some definitions and notations. 

We introduce the operator Bp, on H, which is in fact the operator B as defined in Section 2, in 

the specific case & = B = 0: 

Dom (Bp ) = {u € V; au,x € H2(0, 1); à u, x(1) = (a u, x)x(1) =0}, 

which is dense in H, and, ‘ 

V ue Dom(Bp), Boq=%(auxx)xx. 

The operator B is self-adjoint, and by Lemma 2.4, R(I + Bg) = H and (I +Boy7! is compact. 

Let0O < À; < A9 <… S A be the sequence of eigenvalues of Bp and , associated 

eigenfunctions. In other words, (À,,> Ÿp) Satisfy the following system: 

(a Oxx)xx = À b $ in (0, 1) 

d(0) = 4,(0) = O (12) 

(a $yx)(0) = Ca Ox x)x(1) = 0 

1 1 

We assume the à, are normalized by ||q>nuâ = Jb q>â dx=1= 7ÇnlJa Q)âxx dx. We introduce 

also the operator Ap on V x H, which is in fact the operator À as defined in Section 2, in the specific 

case œ = B =0: 

Dom (Ag ) = { (u,v)e Vx V;au,x € H2(0, 1); -(a u, x)(1) = au,x)x Q) = 0 }, 

which is dense in V x H, and,
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V (u, v) e Dom (A0) Ag (u, v [—(a “xx)x") 

The operator Ay is skew-adjoint, and, by Proposition 2.5 and Lemma 3.2, R(I + Ag) = V x H, and 

(K+ Ag) 1 js compact. 

Let U, be the sequence of eigenvalues of Ap and , the associated cxgcnfuncuons, normalized 

so that Wn "VxH =1. 

Iti that '\,k d h v 1 'n tlseasytosee a },ln=£l n and we can choose n= ; —— , 

\/2 À.n '81\/À'n q)n 

where € = + 1, and n = |, 2, … 

Wcsetl—tn—l\/-_n Vn = \/2—£— {-i\jd%_o ]forn=l,2,… 

An Pn 

Ô 1 n 
nd u =—i\,k Vn = — for n = 1, 2, .… (Un = 0, Vo = 0). and Un n n {—2 Â.n [i 'Àn $n] Ho 0 

Theorem 3.3. Assume 

(i) œ(0) = (0} and V E#0,0 € d(Ë) 

(ii) B(0) = {0} and VE, OEBME) = ME) ={(0} . 
Then, V (up, u1) € Vx H, S{1\(up, u7) >Oin Vx H as t ! œ. 

Remark. Assumptions (i) and (ii) imply that the graphs are single-valued at O (no vertical part at 0); 

(i) implies also that the graph œ is not "flat" at O. But B may be "flat". Therefore, Theorem 3.3 

applies in the particular case of feedback control by a force only (B = 0). 

Theorem 3.4. Assume 

(i) f(0) = (0} and V E=0,0 € M(8) 
(ii) a(0) = {0} and VE, Oea(g) = (é) ={0} . 

Then, V (up, u1) € Vx H, S(1)(up, u7) >Oin Vx H as t ! æ. 

Remark. Theorem 3.4 applies in the particular case of feedback control by a moment only (& = 0).
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Proof of Theorem 3.3. We solve system (10) - (11) and prove that (w, w,) = 0. 

First, consider (11). Assumption (i) implies w,(1, t) = 0 and o(w,(1, }) = {0}, a.e. (0. 

Assumption (ii) implies B(w,;(1, 1)) = {0}, a.e. (t). 

Therefore, system (10) reduces to 

b w, + ; (a W,x)xx = O in (0,1) 

w(0,t) = w,(0,t) = O 

-(a W,x)(, t) =0 
(13) 

(a W,x)x(1, t) = 0 

(Wo. wW1) € Dom (A) 

or, in condensed form, 

d /w 
æ (w,) * Ao (4 w) 3 0 (13) 

with the subsidiary equation induced by (11) 

w(l,t) = 0 . (14) 

The solution of the linear evolution equation (13) is obtained by spectral analysis: 

w 

(Wt) © =efot G(l))= 2°n e-Hnt Vn 
ne Z 

Wo 

where Ch = [ "Vn)v (for the complexified scalar product on V x H) and where the series 
W1 xH 

converges in V x H uniformly in t. One finds that 

* . * . « * . * . 

Cn =ä, +ib, ifn>0, ch=a,-ib, ifn<O, 

where 

* 
1 

-— Ja(x) WOxx*) Onxx(*) dx , n = 1, 2, … 
nn 

1 

b: = —15 b(x) wj (x) Op(«) dx , n = ], 2, … 

After an easy computation, we get
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1 | 

w( = ë[aÉ cos (JAn t) + bn sin V An 11 Tm (15) 

n=o00 

w, = î}[bn cos (V An t) - an sin (VJ An tI $n (16) 
n= 

whérc | | 
| 1 

E 

ân = J2 an = a(x) Woxx(*) Onxx(*) dx _ÈJ 

bn =v2 bî = Û[b(x) w1(x) $p(x) dx . 

The series given by (15) (resp. (16)) converges in V (resp. H). In fact, because of (13") and the 

right continuity oft —> À (w, w,) from [0, æ) into V x H, (wp, w1) € Dom (Ag). Therefore these 

convergences can be improved. Indeed 
n=c.o n=c 

w1 = D, bnên € V, thus Exn bZ <w since Ippig, = Ap and 
n=l 

' n 

\/ \n 

We conclude that bn ‘\/ ME 12(N) and that the first series defining w,(t) in (16) converges in V 

uniformiy in t. 
n=œ Q : 

Similarly, wp = Zan — € V,thus a, € 12(N). Moreover, since (wp, W,) € 

n=l q Àrn 

Dom (Ag), (@ Woygx)yx is in LA(O, 1) and ay \[ An =<(a Woxx)xx On >L2xL2- 

n=ce n=c… 

Therefore E Àn a% llcbnllâ = ZÀn a% < œ. 

n=l n=l 

We conclude as above that an \, ME 12(N) and that the second series in (16) converges in V 

uniformly in t. 

Therefore the series in (16) converges in V uniformly in t. By continuity of the trace operator
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v — v(1l) on V, the subsidiary equation (14) w,(1,t) = O rewrites as 

n=00 

, tbn dp(1) cos (JfAn t} - 2n On(1) sin (4 An 91 = 0 ac.t>0 (17) 
n=i 

where above real valued series converges uniformly in t (a priori not absolutely). 

Now, we have to deduce from (17) that the coefficients a, and b, are identically equal to 0. ' 

This will be a consequence of the following proposition whose proof will be given in the appendix. 

Proposition 3.5. Let À, be an eigenvalue of Problem (12), G, an associated eigenfunction. Then 

(i) À, is simple 

(ii) Op(1) #0 

(iti) Opxl 1)=0 

According to Proposition 3.5 (i), all the numbers \, Ày appearing in (17) are distinct. It is a 

wellknown fact that the uniform convergence of the series (17) implies that bn $n (1) and -a, $ ) 

are the Fourier coefficients of the uniformly almost periodic function 0. Thus 

ân On (1) = bn On (1) =0. 

For the sake of completeness, we prove directly that result here. 
n=N 

Let Pyt) = îî [bn On(1) cos (V An t) - 2n Op(1) sin J An DI 
n= 

Let pe N be fixed, € > 0 be arbitrary, and choose N = N = p large enough so that IPN (I < €, 

V tz0.Then 
T | — 

—T—J Py(t) cos (1/ Àp 1 dt = 

n=N T 
î1Î ÎËÎ bn $n (1) J[cos (\/î_n+ \/î},)t + cos (\jÎn - \/Îp)t] dt 

n=N T _— __ _ 

+# â an On (1) J[sin (V'Ant VAp}t + sin (V An - V Ap)9 de 

Now pass to the limit in the right hand side as T c. For n # p all the terms go to zero. For n = p 

the limit of the si1m is just % bp 4)p (1) (the three other terms goe to zero, or cancel).
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t T 

-On the other hand, I%J PN(t) cos (\l)"p t) Qtl < e.Thus} | lbp °p (I <2 €, for any € > 0. 

In a similar way, one proves that la.p q>p (1)| <2 €, for any € > 0. Thus âp q>p (1)= bp % (1)=0. 

Thanks to the observability condition (ii) in Proposition 3.5, we deduce next that 

ap= bp = 0 for any p = 1, which implies (w,ÿt) =0. | 

Therefore, the proof of Theorem 3.3 is complctè. + 

. Proof of Theorem 3.4. 

As in Theorem 3.3, we consider system (10)-(11) and prove that (w, w,) = 0. 

First, consider (11). Assumption (i) implies w,(1, t) = 0 and B(th(l, t)) = {0}, a.e. (t). 

Assumption (ii) implies œ(w,(1, t)) = {0}, a.e. (t). Again, system (10) reduces to 

b w, + (AW,x)yx = O in (0, 1) 
w(0,t) = w,(0,t) = O 

-(a W,x)(1, t) = 0 

(a W,x)x(1, ) =0 

(Wg , W1) € Dom (A) 

with the subsidiary equation implied by (11) 

wy;(1,0 = 0 

The solution of Equation (18) is obtained by the same Fourier expansion as before: 
nNn=o 

w(t) = E [an cos ('\/7L_rl t)+ b, sin (\/În t)} Jî_ 

n 
n=l 

n=o 

w,() = nzî [bn cos (V An t) - a, sin (V An DI On 

but now, the subsidiary Equation (19) rewrites as 

n=o0 

îî [n Onx(1) cos (V An t) - an Onx(1) sin (4 A DI = 0 ae.t>0 
n= 

(18) 

(19) 

(20)
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where, by continuity of the trace operator v — v,(1) on V, the above real valued series converges 

uniformly in t (a priori not absolutely). We conclude as before from (20) and Proposition 3.5 (i) that 

än Onx(1) and b, Opx(1) =0 for any n 2 1. Thanks to the observability condition (iii) in Proposition 

3.5, we deduce next that an = bh =Oforanyn2 1, which implies (w,w,) =0. 

Therefore the proof of Theorem 4.4. is alsocomplete. + 

Remark 1. À similar procedure has been used in [SLE] to obtain the asymptotic stability for a beam 

with dynamic boundary feedback. 

Remark 2. 1f a and b are constant coefficients, it is possible to prove the "uniqueness” of (10)-(11) 

in a more refined way: if w, (1, t) (resp. w,g(1, 1)) = 0 on (0, T) for some T > O, then (w, w )=0. 

The proof, based on an inequality for lacunary Fourier series [BA-SLE], requires an asymptotic gap 

for the eigenvalues \/ À, (this gap is even infinite in our case so that T can be arbitrarily small ). 

Here we do not need such a precise assumption (simplicity of the eigenvalues is sufficient) because 

we use the property that the observation is O on (0, c). In fact, we only need the observation for 

large time. 

Remark 3. The method developed in this paper can be adapted (in a slightly more simple way) to the 

case of boundary stabilization of the wave equation by nonlinear feedback: 

bu, - (au,), = O 

u(0,t) = O 

-(a u, )(i, t) € @ (u,(1, t)) 

where the energy space is V x H, with V = (v € H}(0, 1); v(0) =0}. 

When a and b are constants, this problem has been studied in [WA-CHE] in the case of space 

dimension 1, in [LA1], [ZU] in the general case.
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APPENDIX 

Proof of Proposition 3.5. 

Preliminary remarks. We recall the eigenvalue problem (12) which was considered in Section 3: 

(a °XX)XX =Ab Ô in (0, 1) 

6(0) = 6,(0) =0 A 

(a O,x )(1) = Ca O, y) x (1) = 0 

Let À, > O be the sequence of eigenvalues of (A ;) and let $, be an associated sequence of 

1 

eigenfunctions, normalized by Ilÿ ll2 = |b 4>2 dx = 1. n'H n 

Results on the simplicity of the eigenvalues for fourth order O. D. E. ‘s can be found for 

instance in [LE-NE, Section 4]. There, it is in fact asserted that simplicity is a quite general property 

of fourth order equations with regular coefficients, provided they are given in "variational" form. 

However, the precise statement we need here with irregular coefficients and with our specific choice 

of boundary conditions was not given explicitly in [LE-NE]. Moreover, we need also the 

observability results. 

We begin with an improvement of a result of [LE-NE] (Lemma 2.1). Set E = {v € H2(0, 1); 

av,x € H2(0, 1)}, and consider the equation 

(à Oeudxx = A b à in (0, 1). (A3) 

Lemma A;. Let $ € E be a solution of Equation (A2). Assume there exists Ë € [0, 1) such that 

HE), B,(8), (A Oex)(S), (A Opx)(5) are 20, and HE) + GAE) > 0. 

Then Q, G,> A O,yyp ANd (A Gyx)y Are > 0 on (E, 1]. 

Proof. We integrate Equation (A3) from & < x to x: 

x 

(à Oy)x) = à O, O + J(a@>xx>xx(o dt 
e 

x 

=(a0)x(6) + Î d)00 t . (A3) ‘ Ë | 

Integrating once more, we get
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x 

t 

(a 600 - @ 6JO = (x - D OOx (O + À Jdt fe 6)æ) d 
€ 

é 
x 

=(x-Da6)x0)+A Jx -H OOde = 
é 

x 

(a Oyx)(«) = (a OpxE) + (x - E)la Ox )x(6) +A J(X - t) (b à)(t) dt . (A4) 

é 
Since 4(&) + $ (6) > O and d(&) = O, there exists N > O such that & > O on (, n). Let n < 1 as large 

as possible, and suppose n < 1, that is, $(n) = O. By (A4) and assumptions in Lemma A1 a Ox > 0 

on [&, n]. Thus G, is nondecreasing, and therefore > O on [é, N]. 

Then à is also nondecreasing on [Ë, n]. But this contradicts &(n) = 0. Thus n = 1 and q is > O 

on (€, 1]. By (A3), (A4), and integration of (A4), the same is true for (a Oyx)y> (A Oyx)» ANd O, - 

This completes the proof. + 

Corollary A2. Let $ € E be a solution of Equation (A2) such that &(1) >0, G,(1) <, 

(a & (1) 20, (a Opx),(1) <O, and &(1) - $,(1) > 0. Then & > 0 on [0, 1). 

Proof. We set w(x) = à(1-x). Then w satisfies 

(AWyadxx =Ab w on (0, 1) (As) 

with y(0) = $(1) = 0, Wy(0) = -G,(1) 2 0, @ Vyy)(0) = (A Oyx ( = 0, 
(A Wex)x(0) = - (a Oyx)x(1) Z 0, w(0) + W,(0) > O, and a(x) = a(1-x), b(x) = b(1-x). 

Then Lemma À, applies to Equation (As). * 

Corollary A3. Let $ € E be a solution of the following problem 

(a Dex)yx = À b ® in (0,1) 

d(0) = p,(0) = 0 

(a Gyx)(1) = ( à Oyg)y(1) = 0 

d(1) or y(1) = 0 

Then à = 0 on (0, 1) 

(A6) 

Proof. 

(i) Case &(1) = 0. Assume à,(1) # O, for instance 6,(1) < O, without restriction. By Corollary Ay, 

à > O on [0, 1), thus à(0) > O, which is a contradiction. Therefore,
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O(1)= $x(1) =(a $xx)(1) = (a q’xx)x(l) =0. 

Setting a 0,,x = Z, (Ag) is then equivalent to the Cauchy problem in ($, H,> Z, Z,) 

°xx=î' Zyx = A bq 

G(1) = 6,(1) = 0, z(1) = z,(1) = 0 
thust=z=0. 

, (ii) Case $ (1) = 0. Assume 4(1) # 0, for instance $(1) > O, without restriction. Apply Corollary A 

to get a contradiction. Thus 4(1) = à,(1) = 0 and we concludé as in case (i). + 

Proof of Proposition 3.5. Since $, # O, 6 (1) and $ x (1) are nonzero by Corollary A3. Set 

Op(1) = H, then w = — is à solution of 
u 

(a W,ex)xx = An b w in (0, 1) 

w(0) = w,(0) = 0 

(a w,x)(1) = (à wW,x)y(1) = 0 

w(l) =1l 

(A7) 

By Corollary A3, (A7) has a unique solution w. Therefore ®, = H W = 6,(1) w, so the eigenspace 

associated with \, has dimension one. This proves Proposition 3.5. +
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