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ABSTRACT

The purpose of this paper is to present a fast algorithm for the numerical
solution of the one-dimensional obstacle problem. It is proven that it
converges in a finite number of steps and application examples that show

its efficiency are presented.

RESUME

Nous présentons ici un algorithme rapide pour la solution numérique du
probleme de 1l'obstacle. On démontre qu'il converge aprés un nombre fini
de pas et on présente quelques exemples d'application ol la performance

de 1'algorithme est évidente.
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1. DESCRIPTION OF THE CONTINUOUS PROBLEM

et be the imterval I= [OL] and 3 function ¥ ([OL] R, ¢ €W = HZ(O,L>.
The peoklem of finding the upper envelope of function ¥ (the minimum concave
furction that satisfies gis) 2 ¥is) ¥V s € [OL) ) can be raduced to finding tre

solution to the variational ineguality:

9 &
.y
= :_.ld“:_lj ‘f,!l"l'_’“
WS susd) denctes the soczlar in Lz-'jfj,*._;- of tio elements uv
This solution is characterized by the conditions:
TR i
2
47 4 0 am LT Ei
XY > 2 38 >0 /S M =0 Yt e (x=§ +8) €3]

For these rasults see 1)

2. DISCRETIZATION OF THE CONTINUOUS PROBLEM

Y

Far the numerical ssiution of problem (1), thls  variational insqualite

drzzratized by using the finitte diffsrerces method.

- f v = 1 X P | [ N = l
.h—«l i Yl— i—=4ibh . i pa L Y ¥ N}



212 Space W is replaced by space wh

1
/

Hh = { yll /gy l,_ - ;‘R;N*i }

An element of Ky, will then be identified by a vectar "y” of components
g, 1 =1, N+1i.

differential inequalities

W Condition  y'g O is discretized in the following way:

51_1—291+gi+1§0, i=2,. ..,N

W Condition gy ¢ ¥ is trivially discretized:

Yy i=1 .. .., M+l

D TRV IR
P 4e % 3
1

2.2 Presentation of the discretized problem

F .o Find the sindoum alzment of Wy that verifies (S ard (6.
e
F_ o Fird the onlw zlemert bhat erifies (S, &F arnd 7)), whare
vy o= by it T VN
e Wi — i — g+ = 0
=i i TFi-l % Py
by o . ; .
P_  Find the uriguz fixed poirt of the operator
1 td
M Nh -+ Wi
shere

auivalant sresasptations of the discretized groblem will be givan Fhera:



(Apy); = Wx)) if i=1 or i=N+4
3
(Apg); = max (x;) , % (Yi.4 + Yj417? for i=2 ...,N

2.3 Existence and uniqueness of solution to the discretized problem

The above presanted problem are equivalent in the sense that they have a uniaue

sclution but each of them has a particular advantage. Ph is the natural way to

1
obtain the discrete problem from the continuous one; Pz is very useful to prove
h
the converagerce of discrete solution to the oriaginal solution and P3 is the most

convenient set-up to see the discrete problem from the algorithmical point of view.

_h h h . . .
Theorem 1. Frcblems F v F’z, and F‘3 are equivalent and have a unique solution

h

(the discretized proklem will be called P’ and its solution 'gh).

24 Iterative Computation of the Solution
241 Preliminary definitions

we say that g is a supersolution (subscluticr: of problem Ph iff

(3%

9 2 (Ahu)i (91 < (Ahu)i) (3
Theorem 2. Jperator A, is monotone, ie.

9 xd = A XA A

arnd contractive in the following sense:



I P =S € e -5

| (4

iy )
i f D—[§3 (12}

REE

with 8 < 1, 9 = max |

B.
i o= 4Nt 1

Based on the presentation P_ of the discretized proolem and on the properties
) . 3 .
stated above for the cpersztor Ah, the following recurrence for the computation

of Gy, 1s defined:

Ster O set -_-y? = Q)_ wi o= M+l , 3 € W, and set m=0

Ttep 1 sat AL . A iz
steg . 3ab m=m+l and 9o Lo Step 1

With respect to tris algorithe, the follawing result holds:

Theorem 3. Tihe ssgushce L_;m converges to the unique solution 3

K

£ g ig a supersclution {subsclution’,

decreasing incr2aszing’. The following error bound is also walid:

(@3 L
P lg - e

lg-d"l<e

Remark 2.1 although itsratior (13} is 3¢ 3dmiszible compuiation slagribhm U3

corvsESIEnce 3n D extranzly Siow of M ois vary large.

Remark 2.2: Tihe proofs of Theorens 1, 2 and 2 are outside trms maln stream of Whis

-
T

loft 33 an 2rerciss Lo the reader ‘the general lines ofF Lhe oroot

Wiz ==

—4



3. FAST COMPUTATIONAL ALGORITHM

We wWill progose 3 fast algorithm that is inspired on the property of the function
whick {5 sclution to the original problem of being linear in the zone where

ST V16 S
3.1 Preliminary definitions

¢

® vy = wh we define Tig

T = (1 /gy = Wxp ) (1)

1711, 1€ 812 s

eit®  =mni{j/ji>i, j € 8 un
o FluSir = iT— Dy + G~ iy ) /6T~ 00 (1@
N 1

0 1F g 2 FleSh

Jom
ot

Ramark 3.1: insisad of uzirg the suoression (30 to compute the discrete cersion of
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3.2 Description of the fast algorithm

Algorithm Al

.‘f- n —_——— B D 2)ifes yviaq

step O set 4o = J)(,\j) v = L,N+1
5tepiset1.=0.1=2,50={1,2.

= 0.

15
m
[l

P = i
= drL

(3]
0
H(
s
.

iF s 1 and

T e
ey
o

and ac L3 step 2

o N+1)
i 20"
Su+1= 7(911) / iUM. (243
~QU+1= w(kl) \,:] € SU+1 22
) ;
ng’*i_ F(g”, Su+l’ i)
3 .

Carnd 9o tc step Z

iNieY) = Nl .

set T = ¢ and stop f.g":-, ;,_[:-



3.3 Convergence of Algorithm Al

To praove the convergence, we will show that algorithm Al generates an increasing
seqguence of functions which in a3 finite number of steps converges to the solution

wkich satisfies (5, (&) and (7).

4

{emma { : u', 2 Wx Yi=1,N+s Yy =04, . ... (24}

J-)

<a

Proof : Obvicus for v = 0. For each v 2 1, vector 9” is defined when the test
of step Z is positively verified, consequently:

y! = wep) v €8Y (25
; .

Alem, if 3 € 8Y, two options can arise:

a§ = i¥  which implies (Mg¥ 1, SU_l)iy =1 = QUU..l <FeUT4, s/t i
i
. v—1
but Px ) =y . then
1 i¥
s = Vo er T s i = Ff T 8 i a R, 88 i = ) (26
) ,

which implises j € Su_i , conseguently :

g = Fr’ L 8V 9 = Y, sY, R
i

. . R ) R . . . L.
it ig clear that g” beina ketween 3'\8”') and J"'(SU) the linear interpnlation of trhe
i
values:
17 Y

fisYy e

iz also the linear interpolatior of the walues:

y v
y" v Y

2

fetth jetth

Y 2 By
eEY Ty oz imisMy



i S J
then
W = Fw?, sv4 5
but sirce SU'1= sY Uci¥3 , there are two options for j:t(SU'i) :
By! j:t(S‘x’"i) € SY in which case HU:t = Plx + 1) = yu'i
iTevh 1Fevh jEgey
ar
6oy ;T = 1Y in which case gt = Yx ) < gY
z .+ -1 .t -1 Eav-d
JTETD 1TET N Y)THEY T
oy virtue of (258).
Then, as g‘f is the interpclation of the values gY T
¢ =F’, 8t p2 Ftl st p = g;"i
J
oy imdtction, g‘f"l 2 W=y with which (24) is proved.
3 :
Yoo b"i " g 4
Corollary: 1= BRI vy, Wi o= 4, ...
3 i
Froof: Evident by wirtue of (257
Lemma Z: Yo 21 if L 22 then wWa, T £ag il
gg:; FeaY, 3Y.a;
=roof . we will 3o it oy anduction
3t for o o= L, vector o verifies:
'51 =19 = w-&;jz LI

@™



since i¥ ic the index where the test in step 2 is satisfied; it also satisfies

ME®, . =0 w2 ¢igiv-1

1 paicticular vZz<)x£ (ii..‘-‘(Si)—i = i¥=2;
4
Sirce wt =’ w i<y ¢ it—t

]

and also
iteh = et = 76% Vi gi-2

76 = j-1 = 8% v € i1-2

out

RO e

% K3
1 3 . I i -1 . P R
ST o= o ox FigT  Z5 v = Flgt, 3T on WD 4L uTYE T =l 1L
5 3
smd ther Z3) 15 salid
oo d Lndnahiorn, e w1l assome tnat (28 1S valld for vl
=t e el owith Vowir 2 2
a1 - : - ch: i g o e
T immey i defined smen the test i step 2 is positively ecifisgn g Zioios
: - h"*i.
~ima the ooesible cases for g
K 4 'y , »r
;~_~+.n. < iu -r iu+l . iu

Sror bhe spacizl srusture of the alacrithm, whers in loop 2-3-4 the anslgEed ey
i 1S increasing and cnig tzkes a lower value trhan 1Y wher the loocp is startes gt

-9



iz (Vg

By the definition of 9U+1, we have that

H;’-&—i — F(yu"'i, Su-o-i‘ D OVvig Sw-.i

50 in order to verify the validity of (28) it should be enough the analysis of the

casess where j € S”*’1

i <Yt *thog o wwed

oo the defiution of o . g have that
v +1 \ TS N |
§o o=y 9l $p £AavTHNEY TS 2
ol
g 3130
+ —— ' :
TR =2 . PR TS TR S
c;i':“’ Po=pTisn Y2 <o s e =1
thererore
AR W - LT
AN LN Sonsequence, by virtue of 25 and the induction hopothasis, it holds
A T A -
< —\: -
Lhist LE what weE wanhed Lo rouve
o i.'.v"fJ. . lh
Similacly Lo the preanus reasoning, it 1F nefessacy Lo analds: only Lhe Cass.
. gt 1.
22y, reavtt g g utrheethiog
For biese valuass of ) owe hiavE
-t s
: X il —_— £
J:t'.:" 4 = 37=igY =

—10—



at the z=ame time, it alwaus holds that

¢ o=y v i<p £ iVHhevry 3

Ty Y gY i) is satisfied by induction, so that
J

W o s R s = Rt s¥*E ) by virtue of (30) and (L)
b] N

¥ if W < g Phegivh Ly

fg”, 37, J) because the test in step 2 was not satisfied, so that by virtue

v+l o e U

Gt oo R 8Y, h o= Rt gvtd

\)

15 satisfisd, and Lhen the proof by induction is completed.

O

Theorem 4. Aigorithm Al converges in a finite number of steps to the solution Ty,

T
)
_I
1
oy
Ut
L3
3
[y
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w
3
iy
-
2
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m
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-
n
w0
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3
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w
«r
1}
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o
J
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wn
1]
fSad

SY i rerduced by am

ramncved.

i

£ l1=mms, 1,
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is satisfied, moreover, by the construction of element gu, we hava:

W » k) Cie §€5Y = & =Fu, 8P
J N b ’

It remalns only to prove that g‘/ satisfies

g’ 2 F?, 8Y, i vi € g
; _
By lemma Z, we know tnat
u z Ft. 8%, 0 vi€s’, vzgig{uhr-y
]

By entesrina the algorithm again in step 2, the pointg p € Sp guch that

i 241 are snalysed; so, as 7 is the last index, this implies that for those

wW@oints it 1S always verified thsh

-
)
i
lad
'
it

= Im this wag we have proved that the algorithm finishesz in 2 firite rurber of
SLa0s
€]

3§12



4. PRACTICAL IMPLEMENTATION OF THE ALGORITHM

e descriptior of algorithm Al is a detailed theoretical version that allows us

to prove its convergence. Bu observing that actually the algorithm operates on

values Wb /3 € SY
]

values lwhich constitute a set of decreasing cardinality), because between them,

it is obvious that it is only necessary to preserve those

vector whas a linear behaviour. In this way, the algorithm can take the following

practical implementation:

Algorithm Al’:
Step G set NT= MN+1

xj=(,j—1)h , ¥ i=1, NT
gy= Q")(Xj) , W j=1, NT

i=2

Step L0 IF 1+l 0 MNT , stop (the solution By, is the limne@ar interpolaticn of

d; on the poirts x; j=1, NT)

If 1 < NT-4 9 to steg 2.
Ztag 20 o=zst ['2= a1 5;‘), Gripa— %
D= e o8ty Ry
1¥ 1’.:.2 Y Di , set i= i+l , and go to step 1.
iFDg » Ly, mat By= ey WIS NT—i
$i=diq Y=L » NT-1

MT= INT—1

ut
14
o

i= max 2, i~1), and 9o to step {



3. APPLICATION

le .present. hers some examples corresponding to different functions ¢ and

The function i has the followirg form

W=-gsenint) sen{mat) t € (0,1}

the problem was solved for the values of n=13, MN=1000. See Figure 1.

I

sample Z:
The function ¥ has & linear behavior between values generated in a rardom

fazhiorn. The results are shown in Figure 2 for the value N=200.

=Y 7
PR AN BN BN
&ocoressponds o 3 gractical problem originated in the analygsis of tre solicifica-

Lizry of steel inoa continuous casting machine. Rezults ars shown in Flgure 2.

5.2 Time comparison between Algorithms A1 and A0

ot following Lables are soowh bhe Limes of computaticn smploged by Algorithi

AL oand &0 wsee slso Fiaures 4-50  Alagorithm AC 15 stopped when the relative srror
ntn rezgect to solutize I iz zZmaller than <. The wvalues correspornas Lo

srproves dramzhically the performancse of the comoutational procedure Lo solve tng
mipstazlz oroplem - For ¢ = 107 © and N= 400 the improvenert iz of $2,35 Y%

—14—



TABLE 1

Times
c 107% 1078 107t 1076
N Al Al Al A0 Al AC Al AD
20 5" 358" 3" 6.2%" 5 7.03" 3” 851"
40 52" 807" 52° 9 gg” 32" 11697 527 1543"
100 571 43 81" 57y 73.40" 5710 L 370 571" 2 &~
200 5 .8E 4 33 5 85 7'55" 686" 11'17° 686" 18'{"
(o' faSl —4 »n 14 "™ = 40 ﬂh ) » h ) " h‘ﬂ L
300 551 = 23514 215 851 31 8514 420 .
TABLE Z
4 Times A1)
100 571"
200 5.86"
400 851"
1000 13.73"
4000 39.78"
8000 74 427
10000 31 78"
Remark 35.1: These results were cobtained in a2 computer PC-IBM/AT, ang tre

Droarams were written in Fortran7?.

—15—



6. CONCLUSIONS

e hsve presentsed here s fast algorithn for the rumerical solution of the one-
ciimernsicnal obstacle problem. W have proved that it converges itn a finite number
af steps. Examples of comparison show ite efficiency and usefulness.
The methodology above pressnted can be

extended to deal with a problem issued
frony a field of image processing, that is the problem of fiding the least convex

ervolopge of 3 closed curve. This will ce the subject of a paper in preparation.

—16—
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